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Abstract. In this paper, Hardy’s uncertainty principle and unique continuation proper-
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1 Introduction

Here, the unique continuation properties of the following abstract Schrodinger equation

idu+Au+A(x)u+V(x,t)u=0, xeR", te[0,T], (1.1)

are studied, where A = A (x) is a linear and V (x,t) is a given potential operator functions
in a Hilbert space H; A denotes the Laplace operator in R” and u = u(x,t) is the H-valued
unknown function. This linear result was then applied to show that two regular solutions u,
up of non-linear abstract Schrodinger equations

i0iu+Au+ A ((x))u=F (u,i), xeR", te[0,T] (1.2)

for general non-linearities F must agree in R” x [0, T], when u; — uy and its gradient decay
faster than any quadratic exponential at times 0 and T.

Hardy’s uncertainty principle and unique continuation properties for Schrodinger equa-
tions studied e.g in [4-7] and the references therein. Abstract differential equations studied
e.g. in [2,12-15,17-19,23,25]. However, there seems to be no such abstract setting for nonlin-
ear Schrodinger equations except the local existence of weak solution (cf. [15]). In contrast to
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these results we will study the unique continuation properties of abstract Schrodinger equa-
tions with the operator potentials. Since the Hilbert space H is arbitrary and A is a possible
linear operator, by choosing H and A we can obtain numerous classes of Schrodinger type
equations and its systems which occur in the different processes. Our main goal is to obtain
sufficient conditions on a solution u, the operator A, potential V and the behavior of the so-
lution at two different times ty and t; which guarantee that u (x,t) =0 for x € R", t € [0, T].
If we choose H to be a concrete Hilbert space, for example H = 12 (Q), A =L, where Qisa
domain in R™ with sufficiently smooth boundary and L is a regular elliptic operator then, we
obtain the unique continuation properties of the anisotropic Schrodinger equation

o =i (Au+Lu)+V(x,t)u, xeR", yeQ, te[0,T]. (1.3)

Moreover, let we choose H = L? (0,1) and A to be differential operator with Wentzell-Robin
boundary condition defined by

D(A)={ueW**(0,1), Au(j)=0, j=0,1}, (1.4)

Ax)u=a(x,y) u@ 1 p (x,y) u(l),

where 4, b are sufficiently smooth functions on R" x (0,1) and V (x,t) is a integral operator
so that

1
Vx,t)u= / K(x,y,t)u(x,y,t)dy,
0

where, K = K (x, 7, t) is a complex valued bounded function. From our general results we ob-
tain the unique continuation properties of the Wentzell-Robin type boundary value problem
(BVP) for the following Schrodinger equation

. u  du 1
o =i <Au + aa—yz + bE)y) —1—/0 K(x,y,t)u(x,y,t)dy, (15)
xeR", ye(0,1), t€]0,T],
aaﬁu (x,j,t) +boyu(x,j,t)=0, j=0,1 (1.6)

Note that, the regularity properties of Wentzell-Robin type BVP for elliptic equations were
studied e.g. in [10, 11] and the references therein. Moreover, if put H = I, and choose A to be
a infinite matrix [a,;], m,j =1,2,..., 00, then we derive the unique continuation properties of
the following system of Schrodinger equation

Auy + i (amj (x) + bj (x,1)) uj] , xeR", te(0,T), (1.7)
=1

where a,,; are continuous and b,,; are bounded functions.
Let E be a Banach space. L? (();E) denotes the space of strongly measurable E-valued
functions that are defined on the measurable subset () C IR” with the norm

Il = Uy = ([, 1F ), 1< p <o,

Let H be a Hilbert space and

N=

1
ul| = lullg = (w,u)} = (u,u)? foru € H.
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For p =2and E = H, L? ((); E) becomes a H-valued function space with inner product:

(F: ) = [, F().8@)udx,  fig € 2(QH),

Here, W52 (R"; H), —o0 < s < co denotes the H-valued Sobolev space of order s which is
defined as:
W2 = W2 (R"; H) = (I — A) 2 L* (R"; H)

with the norm

Nlo

u

el = | (7= 8) ] <0
It clear that W2 (R";E) = L? (R"; H). Let Hy and H be two Hilbert spaces and Hy is con-
tinuously and densely embedded into H. Let W2 (R"; Hy, H) denote the Sobolev-Lions type

space, i.e.,
W2 (R"; Hy, H) = {u € W2 (R"; H) N L% (R™; Hy),,

4w ot ) = 118l 2oy + 1l ozenny < o0 -

Let C (Q); E) denote the space of E-valued uniformly bounded continuous functions on Q)
with norm

H”HC(Q;E) = sup [|u (x)][g .
xeQ)

C™ (); E) will denote the spaces of E-valued uniformly bounded strongly continuous and
m-times continuously differentiable functions on () with norm

D(
ullen(ey = ) ax, sup ID%u (x) | -

Here, O, = {x € R", |x| <r} for r > 0. Let IN denote the set of all natural numbers, C
denote the set of all complex numbers. Let E; and E; be two Banach spaces. B (E;, E;) will
denote the space of all bounded linear operators from E; to E;. For E; = E; = E it will be
denoted by B(E). By (E1,Ez)g,, 0 < 6 < 1,1 < p < co we will denote the interpolation
spaces obtained from {Ej, E;} by the K-method [24, §1.3.2]. Here, S = S(R"; E) denotes the
E-valued Schwartz class, i.e. the space of E-valued rapidly decreasing smooth functions on
R", equipped with its usual topology generated by seminorms. S(R";C) will be denoted by
just S. Let S'(R"; E) denote the space of all continuous linear operators, L : S — E, equipped
with topology of bounded convergence.

Let A = A(x), x € R" be closed linear operator in E with independent on x € R" domain
D (A) that is dense on E. The Fourier transformation of A (x), i.e. A = FA = A (¢) is a linear
operator defined as

A@u(p)=Ax)u(¢) foruecs (R;E), ¢ €S(R").

(For details see e.g. [1, Section 3]).
For linear operators A and B, [A, B]-denotes a commutator operator, i.e.

[A,B] = AB — BA.

These kind of operators are of fundamental importance in real analysis, potential theory
and in the study of elliptic and parabolic differential equations (see e.g. [9,16,22] and refer-
ences therein).
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Sometimes we use one and the same symbol C without distinction in order to denote
positive constants which may differ from each other even in a single context. When we want
to specify the dependence of such a constant on a parameter, say a, we write C,.

2 Main results

Let A = A(x), x € R" be closed linear operator in a Hilbert space H with independent on
x € R" domain D (A) that is dense on H. Let

H(A) = {u € D(A), [ullea) = | Aully + lully < oo},

X=1*(R";H), X(A)=L*R%,H(A), X(A)=L>(R"H(A)
X®(A) =L (R, H(A)), Y =W?(R"H), Y (A)=W"?(R",H(A)),
B=L*(R"B(H)) and u(t)=at+p(1—1t).

Definition 2.1. A function u € L* (0, T; X (A)) is called a local weak solution to (1.1) on (0, T)
if u satisfies (1.1). In particular, if (0,T) coincides with R, then u is called a global weak
solution to (1.1). If the solution of (1.1) belongs to C ([0, T]; X (A) NY?), then it is called a
strong solution.

Our main result in this paper is the following.
Theorem 2.2. Assume that the following condition are satisfied:

(1) A = A(x)and g—ﬁ are symmetric operators in a Hilbert space H with independent on x € R"
domain D(%) = D (A) that is dense on H. Moreover, (A (x)u,u) > 0 and (A(x)u,u) €
L*(R") foru € D (A);

(2)

ké <Xk [Aaf—aAf} ,f>X >0 for felL® (O,T;Y1 (A));

axk axk
(3) A(x) A7t (xp) € L' (R"; B (H)) for some xo € R"and V (x,t) € B (H) for (x,t) € R" x [0,1];
(4) either, V (x,t) = V1 (x) + Vo (x,t), where V1 (x) € B(H) for x € R" and

M = sup |[Vi ()|l <o, sup |
xER" te[0,1]

R OLA ("t)HB < o0

or

rhl?o HVHL1(0,1;L°°(1R”/Or);B(H)) =0

(5) u e C([0,1]; X (A)) is a solution of the equation (1.1) and

B2Ix? OH
oo, <o

02|’ 1H <
e u(,)X 0.

where
x, >0, B < 2.

Then u (x,t) = 0.
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As a result of Theorem 2.2 we get the following Hardy’s uncertainty principle result for
the non linear equation (1.2).

Theorem 2.3. Suppose that the assumptions (1)—(2) of Theorem 2.2 are satisfied. Let uj,uy €
C ([0,1];Y* (A)), k € Z™ be strong solutions of the equation (1.2) with k > %. Moreover, assume:

(1) F € C*(C?,C) and F (0) = 9,F (0) = 95F (0) = 0. There are , p > 0 with af < 2 such that
e P (g (,0) —ua (0)) € X, e F (uy (1) —ua (1)) € X
(2) there exists a constant By > 0 such that

IF (u, )|y < Bo llull (ma),m) )

==

forallu € (H(A),H). .

==

Then uy = us.
One of the results we get is the following one.

Theorem 2.4. Assume that the all conditions of Theorem 2.2 are satisfied. Suppose A + A + Vi
genemtes a bounded continuous group. Let u € C([0,1]; X (A)) be a solution of (1.1). Then

He‘x‘ w HX is logarithmically convex in [0, 1] and there is N = N («, B) such that

|

B(1—t)u(t) atp(t)

4

TP O ()| T < N (Mt M)

‘eﬁ‘2IX\2u(.,0)H He“_z‘x|2u(-,1)

X X X
when
M; = ) sup [ OV, (1), B(V2) = sup [ReVa (-85
te[0,1] B te[0,1]
Moreover,
/[t — 1) ’ olxPu2(t)
L2(R"x [0,1];H)
< eN(M1+M2+M%+M%) [Heﬁ’zmzu(‘ O)H a2|xf? u ( H }
g 7 X

Consider the Cauchy problem for abstract parabolic equations with variable operator co-
efficients
o =A0M+AX)u+V(x,t)u, (2.1)

u(x,0)=f(x), xeR", te]0,1],

where A (x) is a linear and V (x, ) is the given potential operator functions in H. By employ-
ing Theorem 2.2 we obtain the following result for the abstract parabolic equation (2.1):

Theorem 2.5. Assume the assumptions (1)—(3) of Theorem 2.2 are satisfied. Suppose that u &
L* (0,1, X (A)) N L? (0,1; Y1) is a solution of (2.1) and

11

for some 6 < 1. Then, f (x) =0 for x € R".

5720, (1 H
e u(,)X<oo
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First of all, we generalize the result of G. H. Hardy (see e.g. [20, p. 131]) about uncertainty
principle for Fourier transform:

Lemma 2.6. Let f (x) be H-valued function for x € R" and

42

r@i=o(e ), @) =o(-*¥). xeer prap<s

|2

Then f(x) = 0. Also, if xf = 4, then || f (x)|| is a constant multiple of e # .

Proof. Indeed, by employing Phragmén-Lindelof theorem to the classes of Hilbert-valued an-
alytic functions and by reasoning as in [8] we obtain the assertion.
Consider the Cauchy problem for free abstract Schrodinger equation

10;u +Au+ Au =0, xeR", te[0,1], (2.2)

u(x,0) = f(x),

where A = A (x) is a linear operator in a Hilbert space H with independent on x domain
D(A).
The above result can be rewritten for solution of the (2.2) on R" x (0, ). Indeed, assume

B x|
|lu(x,0)] = O(e # >, |u(x,T)|| =0 <e|a2> for af < 4T.

Then u (x,t) = 0. Also, if af = 4T, then u has as a initial data a constant multiple of
ei(ﬁ%Jrﬁ)lx‘Z. ]

Lemma 2.7. Assume that A is a symmetric operator in H with independent on x € R" domain
D (A) that is dense on H. Moreover, A (x) A=t (x0) € L' (R"; B(H)) for some xo € R". Then for
f e W2 (R"; H), s > 0 there is a generalized solution of (2.2) expressing as

u(et)=F P @), A= A@) -2, (2:3)
where F~1 is the inverse Fourier transform and A () denotes the Fourier transform of A(x).

Proof. By applying the Fourier transform to the problem (2.2) we get

il (&,t) + As1 (&) =0, x€R", te(0,1], (2.4)

2(g,0)=/(¢), ¢eR"
It is clear to see that the solution of (2.4) can be exspressed as
a(,1) = f (2).

Hence, we obtain (2.3) O



Abstract Schrodinger equations 7

3 Estimates for solutions

We need the following lemmas for proving the main results. Consider the abstract Schrodinger
equation
o = (a+ib) [Au+ Au+ Vu+ F (x,t)], xeR", te[0,1], (3.1)

where 4, b are real numbers, A = A (x) is a linear operator, V = V (x,t) is a given potential
operator function in H and F (x, t) is a given H-valued function.

Condition 3.1. Assume that:

(1) A = A(x) is a symmetric operator in Hilbert space H with independent on x € R”
domain D (A) that is dense on H; moreover, (A (x)u,u) > 0 and (A (x)u,u) € L>(R")
foru € D (A);

(2) g—fk are symmetric operators in H with independent on x € R" domain D(gTA;) = D (A).

Moreover,
" af aA . |
- _ 7 > . . .
k; <xk [Aan Bxkf} ,f)X >0, forfel (O,T,Y (A)), (3.2)
3 a>0,beR;V=V(xt)eB(H).
Let
\Vv|2 = i v i forv e W2 (R"; H)
" = 119Xk T

Lemma 3.2. Assume that the Condition 3.1 holds. Then the solution u of (3.1) belonging to
L*(0,1; X (A)) NL? (0,1;Y') satisfies the following estimate

Mr || 0(T),, (. < o712, ¢ (1)
o < ], R o Anl, 63
where
2
o (x, 1) = —1I¥ Mr = [laReV —bIm V|, =R+, ~>0.

a4y (a2 +p2)t

Proof. Let v = e?u, where ¢ is a real-valued function to be chosen later. The function v verifies
010 = Sv+Kv+ (a+ib)e?F, (x,t) € R" x[0,1],

where S, K are symmetric and skew-symmetric operators respectively given by

S=aA;—ibBi+ ¢t +aReV —bImV, K=1ibA; —aBy+i(bRev+almv),

here
A=A+ A(x)+|Vel?, B =2Ve.V+Agp.

By differentiating the inner product in X, we get

3t ||v]|% = 2Re (Sv,v)y + 2Re (Kv, )y
+2Re((a+ib)e"F,v)x +2Re(a+ib) (Vv,v)y, t>0. (3.4)
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A formal integration by parts gives that
— 2 2 2
Re (Sv, v)y = a/w |Vv]de+/]Rn (a1Vol*+gt) 101 dx+a/IRn (Av, v) dx,
Re (Kv,v)y = —a'y/ [(ZV(p.Vv,v) +Ag HUHZ} dax. (3.5)
Rﬂ

It is clear that

Re (a+ib) (Vu,v)y =a / (ReVuv,v)dx — b/ (Im Vv, v) dx,
R” R"

Re ((a+ib)e?F,v)y = aRe/ (e?F,v)dx — blm/ (e?F,v)dx
R” R"
=ae?Re (F,v)y — be?Im (F,v)y.

Then by using the Cauchy-Schwarz inequality, by assumptions (2), (3), in view of (3.4) and
(3.5) we obtain

2 2
It [[vllx <2[laReV —bIm V| [[v][x +25¢[[e?F (¢, -)|[x lv][x +a | (Av,0)]|x,

where a, b and ¢ are such that
b 2 : n+1
a+— Vol + ¢ <0 in R (3.6)

The remaining part of the proof is obtained by reasoning as in [7, Lemma 1] .
When ¢ (x,t) = q (t) i (x), it suffices that

(a+2) 20199 +4 9 ) <0 6

If we put ¢ (x) = |x|* then (3.6) holds, when
b2
q (t) = —4 <a + a> 7 (1), q(0) =1, v>0. (3.8)

Let

o= {1 1<

o, |x|>r.
Regularize i, with a radial mollifier 6, and set
Por (x,8) = q(t) 0 Py (x), Vpr (X, 1) = e¥oru,
where q () = va [a + 47 (a* 4+ 1?) t] ~!is the solution to (3.7). Because the right hand side of
(3.5) only involves the first derivatives of ¢, i, is Lipschitz and bounded at infinity,
Op * Py (x) < 0% |x|2 =C (n)p2

and (3.6) holds uniformly in p and r, when ¢ is replaced by ¢,,. Hence, it follows that the

estimate
eMr

Ty (T)HX < My Heﬂx\zu (O)HX + Va2 + B2 (| Fl 11 o 1)

holds uniformly in p and r. The assertion is obtained after letting p tend to zero and r to
infinity. O
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Remark 3.3. It should be noted thatif H = C, A = 0 and V (x, t) is a complex valued function,
then the abstract condition (3.3) can be replaced by

MT = Hﬂ ReV — bIm V||L1(O,T;L°°(R”)) < Q.
Let
QW)=(fflx, D) =(5fflx, N(H)=D(HQ'(t), &S=5:
In a similar way as in [7, Lemma 2] we have the following result.

Lemma 3.4. Assume that S = S (t) is a symmetric, K = K (t) is a skew-symmetric operators in H,
G (x,t) is a positive and f(x,t) is an X-valued reasonable function. Then,

Q" (t) =201Re (0if — Sf — Kf, f)x +2(Sef + S, K] f. f)x
+110ef — Sf + Kf[% — 19:f — Sf — Kfllx (3.9)

and
AN ()= Q7 () [(Sif +S,KI £, f)x— 5 Ionf — S~ KFI

Moreover, if
10tf =Sf=Kfllyg < Mi||flly+G(xt),  Se+[S,K|=—-Mo
forx e R", t € [0,1] and

Mz = sup |G (1)l paqwey (1f (- )lIx) < 0.
te[0,1]

Then Q (t) is logarithmically convex in [0, 1] and there is a constant M such that

Q (t) < eM(M0+M1+M2+M]2+M%)Q17t (O) Qt (1) , 0 <t< 1.

Lemma 3.5. Assume that the Condition 3.1 holds. Moreover, suppose

sup [V (-, )llg < M1, [ u(,0) <o,
te[0] X

e e oo

2
He"”x| u (,1)HX < 00, M, = sup < 0.

te[0,1] (]| x
Then, for solution u € L*(0,1;X (A)) N L?(0,1;Y") of (3.1), ey (-, t) is logarithmically
convex in [0,1] and there is a constant N such that

t

Heﬂx|2u <"t)H < NM(ab) Heﬂx\zu ("O)H;t Helefu (1) HX (3.10)

X

where
M (a,b) = 57 (YM7 + M3) + » (M + M)

when 0 < t < 1.
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Proof. Let f = e7%u, where ¢ is a real-valued function to be chosen. The function f (x) verifies
oif =Sf+Kf+ (a+1ib) (Vf+e"F) inR" x[0,1], (3.11)
where S, K are symmetric and skew-symmetric operator, respectively given by

S=aA1—ibyBi+ ¢t +aReV —bImV,
K =ibA; —ayB; +i(bRev+almv),

where

A=A+ A(x)+9%|Ve>, By =2V¢.V +Ag.

A calculation shows that,

Si + [S,K] = 79?9 +272aV 9.V g; — 2iby 2V 1.V + Agy)
— 37 [4V. (D*@V) — 49°D*pV e + A’9| +2[A(x) V.V — V.V A]. (3.12)

If we put ¢ = |x|?, then (3.12) reduces to the following

d
Si+[8,K] = =752 [88 — 3297 x| + ZA+2[A(x) V.V VoV A].

Moreover by assumption (2),
(St +1S,KI£,0) =1 [ (819 f1h+3207 o I1£]1)
+ 2/ X) V.V f — V.VAf], f)dx > 0. (3.13)
This identity, the condition on V and (3.13) imply that

19ef = Sf = Kfllx <5 (My || fllx + € [|Fllx) - (3.14)

If we knew that the quantities and calculations involved in the proof of Lemma 3.4 (similar
as in [7, Lemma 2]) were ﬁnite and correct, when f = 71 we would have the logarithmic

convexity of Q (t) = He""x‘ u ( H « and the estimate (3.10) from Lemma 3.4. But this fact is
verifying by reasoning as in [7 Lemma 3]. O
Let

o= 1/t(1—te" Y =12(]0,1] x R"; H).

Lemma 3.6. Assume that a, b, u, A and V are as in Lemma 3.5 and <y > 0. Then,

loVully + o2l ully < N[(1+ M) [sup | Fu |+ sup (e PR, H]

te[01 X tefo1)

where N is bounded number, when 7y and s are bounded below.
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Proof. The integration by parts shows that
2
L (s 1A ) = [ [ (19uff 207 ) ulP] dx,

when f = 7" 1, while integration by parts, the Cauchy-Schwarz inequality and the identity,
n = V-x, give that

2 2 2
| (942 2 £1) e = 29m 111
The sum of the last two formulae gives the inequality

2
2 [ (197 + 42 WP 171 dx = [ e V£ (3.15)

Integration over [0,1] of t(1 — t) times the formula (3.6) for Q” (¢) and integration by parts,
shows that

2/01t(1—t) (Stf+[S,K]f,f)th+/(]1Q(t)dt
1
<Q+Q(0)+2 [ (1-2)Re(auf — Sf —Kf, )y dt
+/01t(1—t)Hatf—Sf—KfH%(dt. (3.16)

Assuming again that the last two calculations are justified for f = e7** . Then (3.13)—(3.16)
imply the assertion. O
4 Appell transformation in abstract function spaces

Let

. 2
p(t) =a(l—t)+pt, (p(x,f)zm’

_ 2 (a—p)a
v(s) = |rapp”(s) + m() (s)]-
Lemma 4.1. Assume A and V are as in Lemma 3.5 and u = u (x,s) is a solution of the equation

dsu = (a+1ib) [Au+ Au+V (y,s)u+F (y,s)], yeR", se0,1].

Leta+ib#0,v € Rand a, p € R,. Set

i (x,t) = (Vapo™ (1))

[STE

u (Vapxp™! (1), Bt~ (1)) e, (4.1)

Then, ii (x, t) verifies the equation
ol = (a+1b) [Ai + Ad+ V (x,t)u+F(x,t)], xeR" tel01]

with

V (xt) = app 2 (1) V (Vaprop~! (1), Bto" (1),
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)= (VB (¢ ) (vﬁkp ) Bt (1))

Moreover,

| PE )| = a2 (1) e |E(s)

lerFa | = e u (s)llx.
when s = y (t) and v € R.
Proof. If u is a solution of the equation

dsu = (a+ib) [Au+Au+Q(ys), yeR", sel0]] (4.2)
then, the function uy (x,t) = u (\/rx, rt + T) verifies
oy = (a+ib) [Aur + Auy +rQ (Vrx,rt+1)],  yeR", se[01]

|x[2

and uy (x,t) = t72u (%,1) e%@ @ is a solution to

=

. 1\ k2
8mz=—OpHM[MQ+Au+t@+QQ<?t>ﬁwwq, yeR", s€0,1].

These two facts and the sequel of changes of variables below verify the lemma, when « > B,

i.e.
ap ap p
u( a—ﬁx'tx—ﬁt_oc—ﬁ>

is a solution to the same non-homogeneous equation but with right-hand side

p b ap, B
a—ﬂQ< w—ﬁ”a—ﬁt_a—ﬂ>'

The function,

1 ” MX OC,B _ ’B e4(a+|+‘)z(“*t)
(a—1)2 \Va—PBa—t) («a=p)(a—t) a—p
verifies (4.2) with right-hand side
© ﬁ _ Q \/@X , DC‘B _ ‘B e4(ﬂ+|7;;7‘)2(“4) .
(a=B) (- " \Va—pla—p (@=p)a—t) a=p

Replacing (x,t) by (\/a — Bx, (« — ) t) we get that

-1 — X2 t
PR (W Bt (), L _(t/)s - 5) e (43)
is a solution of (4.2) but with right-hand
a—p) Ix2p(t)
pf (\ﬁp_l "‘.BPD( _(t[[)% :3) o P stk (4.4)

Finally, observe that
_ app ' (1)~ P
s=hp(t)=———5
and multiply (4.3) and (4.4) we obtain the assertion for « > B. The case § > « follows by
reversing by changes of variables, s’ =1 —sand t' =1 —t. O
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5 Variable coefficients. Proof of Theorem 2.4
We are ready to prove Theorem 2.4. Let
B=1L'(0,1;L° (R"; B (H))).

Proof of Theorem 2.4. We may assume that « # B. The case & = B follows from the latter by
replacing B by B+ 6, 6 > 0, and letting ¢ tend to zero. We may also assume that a < B.
Otherwise, replace u by (1 —t). Assume a > 0. Set W = A+ A+ V;. By Lemma 2.7 the
problem

o = (a+ib) [Au+A(x)u+ Vi (x)u], x€R", te0,1], (5.1)
u(x,0) =uy(x).
has a solution u = U (t) ug = €'@+®)Wy, € C([0,1]; X (A)), where

um=r"0e@), Q@) =(+ib) [~ +A@)+ @),

here, F~! is the inverse Fourier transform, A (&), V; (&) respectively denote the Fourier trans-
forms of A (x), V; (x). By reasoning as the Duhamel principle we get that the problem

o = (a+ib) [Au+A(x)u+V(x,t)]u, x€R", te[0,1],
u(x,0) =up (x)
has a solution expressing as

u(x,t) = H(t) u0+i/0tH(t—s) Vo (x,s)u(x,s)ds forx e R", se[0,1], (5.2)

where
eitW — H(t) — H(t, x) — F—l |:61Q(C):| .

For 0 <e <1 set

_ i etW
Fe (.X', t) - e+ ie V2 (X, t) u (X, t) (53)
and t
we (x, ) = eV 1 (e 41) / eEFNE=IWE (x,5) u (x,5) ds. (5.4)
0

Then, u, (x,t) € L* (0,1; X (A)) N L? (R"; Y!) and satisfies
dile = (¢e+1) (Wu+F) inR"x[0,1],

ue (+,0) =up (+).

The identities

21+22)W Z1 Wezzw
7

el =e when Rez;, Rez, > 0,

and (5.2)—(5.4) show that

ue (x,1) = eWu (x,t), forte [0,1]. (5.5)
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In particular, the equality u, (x,1) = ¢V
the fact that u.(0) = u (0) imply that

A second application of Lemma 3.2 with a +ib = ¢, F = 0, the value of v = u~

show that
|2

for t € [0,1]. Setting, &, = & + 2¢ and B, =

e OE, (1)

2(t)+et Fs (., t)

Jx[?

eﬁ2+4e Ue (., 1)

Jx[2

X

|x[2

e B2 ue (-, 1)

I

e 1, (-,0)

< ¢fIMllp
S

e u(-,0)

< oVills

V. Shakhmurov

u(x,1), Lemma 3.2 with a +ib =, ’y—ﬁ,FEOar\d

< ¢tlVills
X

< etlills
X

elx P2

(~0)

< eflVills
X
12
ey
X

Jx[?

g1 Vs (',t)

1x
er u

X

B

|2

e u(-,1)

|x[2

e u(-,0)

G|l

u(-1)

[ (-,

7

2(t) and (5.2)

)l x

B + 2¢, the last three inequalities give that

, (5.6)

)l x, te0,1]. (5.7)

A third application of Lemma 3.2 witha +ib =b, F =0, v = 0, and (5.2), (5.5) implies that

I1Fe (D)l < eVl V2 () llue (- )l

e ()1 < e¥le ffu (-, 6)] .,

Set 7, = %{35 and let

0 ) = (Vabeor

(5.8)

€[0,1].

0) " u (Vacpow:t (1), Betpi (1) e

be the function associated to u, in Lemma 4.1, where a +ib = €+ i and «, B are replaced

respectively by a,, B when

Pe (1)

= (1 —1t) + Bet,

Pe = @e (X, t) =

(e —
4(a+1b)pe (1)

Be) |x[*

Because « < B, I € L* (0,1; X) N L? (0,1;Y') and satisfies the equation

Orile = (e +1) (Afle + A (x) 1l + V§ (x, t) ile

where

Vf (x,t) = “sﬁspe_z (t

= [VaBep:!

Wi (Vadbeor!

0]

n

t)x),
F (Vg ¢

)x,Betp ! (1)) e,

+F (x,t)) inR"x[0,1],
sup ||V (1)l < ﬁMl,
te[0,1]

5.9)
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ol oo, -
17 Colly < B el
and
He%\xlu H —H p2(s) +oe(s )] Iy, (’S)H , (5.11)

X
17 (D)l x < llu (8)llx

when s = Bo. ! (t). The above identity when ¢ is zero or one and (5.6) shows that

=2
He%\ﬂzﬁs(',o)HX S eﬁz u(',O) ,
X i (5.12)
e )| < Ve 2 )l e (1)
X X
On the other hand,
Ny G 0)lx < Jlu G )llx < Nuflu(-,0)llx, e 0], (5.13)
where
Ny =eBY2),  B(V,) = sup |[ReVa (-, 1)|5-
te[0,1]
The energy method imply that
1t (1)1 < 26|75 (x)llg e ()% + 2[R (oDl (Bl 614)

Let0 =ty <t <--+ <ty = 1be a uniformly distributed partition of [0, 1], where m will
be chosen later The inequalities (5.8)—(5.10), (5.13) and (5.14) imply that there is N,, which
depends on , IV1]|g and B (V3) such that

[77e (- i) [ x < exlls [7e (- )| x + Nan/ti — ti [ (-, 0)[|x (5.15)
fort € [ti_1,tj]and i =1,2,...,m. Choose now m so that
1
< — :
Np miax ti—ti1 < N (5.16)

Because lim,_q [|7; (-, t)||x = || (+,5)||x when s = Btp (t) and (5.13), there is &y such that
e (- £l = 411\] I (- 0)lx, when0<e<ey i=12,...,m (5.17)
and now, (5.15)—(5.17) show that
llite (-, t)||x > —||u(-,0)|lx, whenO<e<egy tel01]. (5.18)
It is now simple to verify that (5.18), the first inequality in (5.7), (5.10) and (5.13) imply that

2 ~
He'}’£|x| Fg (’t)HX 4ﬁ
sup _ < —M;(e), when0<e<eg, (5.19)
ey e (5 8)llx a
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where
P IRe Va (1) [ g+ellVallp 2u-2(s)
M, (&) = et<l sup ’ 0y, (,t)H .
te(01] B
By using Lemma 3.5, (5.12), (5.9) and (5.19) to show that He%‘x i /% HX is logarithmically
convex in [0, 1] and that
2 2 1-t 2 t
| ae ()], < e e ) et o (520)

when 0 < e <egp, t €[0,1] and N = N («, ). Then, Lemma 3.6 gives that

Vi, + |7 [x] e,

< N(1+4+ M) | sup He7| 11, (- t)H + sup Heﬂx‘ E(, )H
te[0,1] X teo Y
x[2 x
< NN (Mot MMy () +M] +M(c)) [ e%u(',O) + elT‘;u(',l) ],
X

X

when 0 < & < g9, the logarithmic convexity and regularity of u follow from the limit of the
identity in (5.11), the final limit relation between the variables s and ¢, s = Btp (t) and letting
e tend to zero in (5.20) and the above inequality. O

By reasoning as in [4, Lemma 6] we obtain the following lemma.

Lemma 5.1. Let the assumption (1) of the Condition 3.1 holds and ||V||; < eo for a g > 0. Let
u e C([0,1];X (A)) be a solution of the equation

o =i[Au+ Au+V (x,t)u+F(x,t)], xeR", te[0,1].

Then,

C = n leue o+ feuen] o+ P o],
sup [l u | < e uo e r el
where A € R" and N > 0 is a constant.
Theorem 5.2. Let the assumption (1) of the Condition 3.1 hold and

VeB and rh_)rgo Vllow =

Suppose that «, B are positive numbers and

|x[2

e u(-,0)

122
eazu(',l) < 00,
X

< o0,
X

Let u € C([0,1]; X (A)) be a solution of the equation

o =i[Au+AX)u+V(xt)u], xeR", te[0,1].
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Then, there isa N = N(«, B) such that

Sl H 1 el
sup Je
re[0,1] ‘ \/7 LZ(IR"><[O,1];H)
12 122
< NPV lle#u(-,0)|| +l|leu(-,1)| + sup [[u(t)|x|,
x X te0]]

where
B(V) = sup |[V]s.
t€[0,1]
Proof. Assume that u(y, s) verifies the equation

osu=i[Au+AWy)u+V(ys)u+F(y,s), yeR", se0,1].

Set y = (aB) ! and let

v = (Vapo™ (6) " u (VB (1), Bt (1)) . (5.21)

The function (5.21) is a solution of

o =i[Au+AX)u+V(xt)u], x €R", t €[0,1]

with
V (x,8) = aps 2 (1) V (Vapro~! (1), Bt~ (1),
su \7 < max <(x ﬁ) sup ||V (-, 8]z, lim V =0
sup [V ()l < max (5.8) sup IVl i 19 0
and
Heﬂ’qu ,tH —He" ‘x‘u H (5.22)

[ Dlx = llu(9)llx  whens = Bt (t).
Choose r > 0 such that ||V (-,t)Ho(r) < g we get
ol =i[Ai+Ad+V, (x,t)u+F (x,t)], xeR", tel01],
with
Vi (x,t) = xrej0,V (%, 1), E (x,t) = xo,V (x,t) 1.
Then using the Lemma 5.1 we obtain

ap 70,0

t€[0,1]

c=[lerne o]+ e sae ]+ 19 ol sup o

2
Replace A by A,/7 in the above inequality, square both sides, multiply all by e*% and inte-

grate both sides with respect to A in IR”. This and the identity

/ ezﬁ)\'x_#d/\ = (271’)% 2l
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imply the inequality

sup (|7 (-, 1)]|x
te[0,1]

<N

whxﬁpﬁﬂk+ﬂ¥7wﬁﬂﬂwx+HJMVCJWB§£”WCJNkI (5.23)

This inequality and (5.22) imply that

Jx[2

e (1)

sup (17 (Bl <N | |e# (,0)

te[0,1]

+
X

+ sup ||V (-, 1)[[p sup ||“('/f)||x]
X tG[O,l} tG[O,l]

for some new constant N.
To prove the regularity of u we proceed as in (5.2)=(5.4). The Duhamel formula shows that

) £
ue (x,1) = ey +i/ e =WV, (x,5) u (x,s)ds, xeR", te[0,1]. (5.24)
0
For 0 <eg <1, set ‘
E(x,t) = ieftmf‘)f/ (x,£) 11 (x,1), (5.25)

and

e (x,1) = eETHATA) 0 4 (e 44) /Ot eEFE=S)AEAFE (x s)u (x,5) ds,
xeR", te[0,1]. (5.26)
The identities
e(zl+zz)(A+A) _ ezl(A+A).ezz(A+A) for Rez;, Rezp >0
and (5.24)—(5.26) show that
e (x, 1) = et B+ (x, 1) fort € [0,1]. (5.27)
From Lemma 3.2 with a +ib = ¢, (5.27) and (5.25) we get that

sup He%‘x' il (-, t)H < sup He”x‘ i, t)H ,

te[0,1] X tefo] X (5.28)

sup He%m E(, )H < e sup He“”"| F(, )H ,

te(01] X te(0] X
where

Ye=—T—, Vo= sup V],
1+ 4ve refo]
Then, Lemma 3.6, (5.28) and (5.23) show that
e’)/flx‘Zu (’t) H\/ 1—t el‘k'xl VM
H ]RnX 01 L2 R" x [ ]H)

|2

e u(-0)

|x[2

+ e u(-,1)

X

< NeVY [

+ sup IIM(»f)le],

X te[o1]

where

Vo = sup ||V (x,£)[[p-
te[0,1]

The Theorem 5.2 follows from this inequality, from (5.21)-(5.23) and letting ¢ tend to zero. [J
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6 A Hardy type abstract uncertainty principle. Proof of Theorem 2.2

The assertion about the Carleman inequality in Lemma 6.1 below is the following monotonic-
ity or frequency function argument related to Lemma 3.4. When u € C([0,1]; X) is a solution
to the free abstract Schrodinger equation

ot —i(Au+A(x)u) =0, xeR", te[0,1],

satisfies

rat ol <o [ertucn], <o
and

f=eu, QW)= f(1))x,
where

r2t(1—t) (14+¢)t(1—1t)

7 (x,1) :‘u|x—|—rt(1—t)]2— T o(et) = 164

Then, log Q (t) is logarithmically convex in [0,1], when 0 < u < 7.
The formal application of the above argument to a C([0, 1]; X) solution of the equation

o —i[Au+Au+V (x,t)u] =0, xeR", te[0,1], (6.1)

implies a similar result, when V' is a bounded potential, though the justification of the correct-
ness of the assertions involved in the corresponding formal application of Lemma 3.4 were
formal. In fact, we can only justify these assertions, when the potential V verifies the first
condition in Theorem 2.2 or when we can obtain the additional regularity of the gradient of
u in the strip, as in Theorem 5.2. Here, we choose to prove Theorem 2.2 using the Carleman
inequality in Lemma 6.1 in place of the above convexity argument. The reason for our choice
is that it is simpler to justify the correctness of the application of the Carleman inequality to a
C([0,1]; X) solution to (6.1) than the corresponding monotonicity or logarithmic convexity of
the solution.

Lemma 6.1. Let the assumptions (1)—(2) of Conditon 3.1 hold. Moreover,
VeB and rlgglo 1Vllop =0

Then the estimate

r\/g HEKWUHU(WH;H) < e [Pru — i (Au+ Au)] UHLZ(]RHH,-H)
holds, when ¢ > 0, u > 0,7 > 0and v € Cy (R"™; H (A)).
Proof. Let f = e*~7v. Then,
e 7 [0 —i(Au+ Au)|v = 0:f + Sf — Kf.
From (3.8)—(3.10) with y =1,a+ib =iand ¢ (x,t) = s (x,t) — 0 (¢,t) we have

S = —4ui(x+rt(1 —t)ey)-V —2uni +2ur(1 —2t)(x1 +rt(1 —t)) — o,
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K=i(A+A)+4%|x+rt(1—t)er|?

Si+[S,K] = —8x+rt(1—t)e|> —4r(xy +rt(1—t))
2
+2ur*(1 —2t)* + (1—;;)1’ + —4iur(1 — 2t)0y,
and
_ 293 r

6J+wxvjn—ezA;x+ﬁu—wa—mw [ IfId

1
+8y/||V fHde+8y/ 9, f — (—t) dx

_w/rmr 62)

Following the standard method to handle L,-Carleman inequalities, the symmetric and skew-
symmetric parts of d; — S — K, as a space-time operator, are respectively —S and d; — K, and
[—S,é)t — K] = St + [S,K] Thus,

19:f = SF = Kf | T2 rot,m0
= [10ef — Kf oy + ISy ~ 2Re [ [ (SF,0uf = Kf) dxat
z/}/wu—aa—KVJwam
= [ ST +IS K ud (6.3)

and the Lemma 6.1 follows from (5.2) and (5.3). O

Proof of Theorem 2.2. Let u be as in Theorem 2.2, I and V be corresponding functions defined
in Lemma 4.1, when a + ib = i. Then, 7 € C([0,1]; X (A)) is a solution of the equation

o —i[Au+Au+Vu] =0, x e R", t € [0,1]

and
1
LY > <.

T H H wx|2~.1H for v — L
He u(,O)X<oo, e u(,)X<oo or 7y :

ap

The proof of Theorem 2.4 shows that in either case

[t _ 'Ys‘x|
L2(R" x[0,1];H) H 1 t e Vi

For given r > 0, choose y and ¢ such that

N, = sup Hem’" i(-t)
te[0,1]

< ©0. (6.4)
L2(R"x[0,1];H)

3
2

(1+¢) ¥
21—ep ST ©2)

and let 7751 and 6, be smooth functions verifying, 651 (x) = 1, when |x| < M, 6 (x) = 0, when
x| >2M, M > 2r, 7, € C§(0,1),0 < 1, () <1, (t) =1 fort € [, 1— 1] and 5, (t) = 0

r
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for t € [0,5]U[1—2,1]. Then, v(x,t) = n, (t)0m (x) il (x,t) is compactly supported in
"% (0,1) and
00 — i [Av+ Av+ Vo] =5y (£) On (x) i1 (x, 1) — (2VOM. Vi + TTAO M) 775 (6.6)
The terms on the right-hand side of (6.6) are supported, where

ulr+rt @ —HPR < vlxl+ 2,

Hlx -+ rt(1 = Der 2 <y [x + T2

Apply now Lemma 6.1 to v with the values of y and e chosen in (6.5). This, the bounds for
p|x +rt(1 — t)e1|? in each of the parts of the support of

90 — i [Av + Av + V]

and the natural bounds for V6, A6y and 7, show that there is a constant N, such that

rHe%_UUHL“’(]R”X[O,l]; S Ne [V |5 [le* UUHLZ R" x [0,1];H )+N87’€f :{é}; Heﬂx‘ (., t)HX
—1,2¢? v|x|?
4 NM e | (al + 1900 e ©7)

where
T2 2r |

The first term on the right hand side of (6.7) can be hidden in the left hand side, when
r > 2N, 5 while the last tends to zero, when M tends to infinity by (6.4). This and the
fact that v = u in Oy, x [5%, 4], where

r2 8(1—82)21’

>1y(4;42(1—e)6—(1+8)3>, re= —
and (6.5) show that
eC(re) 181 2(0(r.0):61) < Noves O (r,e) =Or x [1 ; £ 1 ;L g] (6.8)
when r > 2N, HVHB . At the same time
(B(V) a0 lx < @ t)lx < B (V) [la(, 1)l (6.9)
for0<t<1land B (V) = SUP;c (o1 HVHB. Moreover, from (6.4) we get
I 0llx < 1Dl 2o, 4ed N, when0<t<1. (6.10)

Then, (6.8)—(6.10) show that there is a constant N,, . v, which such that
e it (-,0) | < Noev-

For » — oo we obtain u = 0. O
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Proof of Theorem 2.5.
First of all, we show the following.
Lemma 6.2. Let the assumptions (1)—(2) of Condition 3.1 hold. Moreover, let
lim [[Vllo) = 0.

V eB,
(6.11)

Then the estimate
€ — —
r\/; e a+vaLz(Rn+1;H) < e 7tX [9pu — Au — Au UHLZ(RM;H)

r?t(1—t) (1 —2t)

holds, when € > 0, u > 0, r > 0and v € CF (R""1; H (A)), where

x ()

Proof. Let f = e*TX%v. Then,
e* X [9pu — (Au+ Au)]v =9 f — Sf — Kf.

From (3.8)-(3.10) with y =1, a+ib=1and ¢ (x,f) = s (x,t) + x (t) — 0 (¢, t) we have
)

S = A+ A+4uPi|x +rt(1 — t)ey|* + 2uni
+mﬂﬂ—20@y+ﬁﬂ—ﬂ)—a+<ﬂ—t+é

= —4du(x+rt(1 —t)er)-V —2un,
St+[S, K]l = —8uls + 3217 |x + rt(1 — t)ey|?
2
+ dpr (4 (1—2t—1)((x1+rt(1—t))+(2t—1)r2+(1;;”
and
4p(1—-2t—1)r |?
6J+HMﬂﬁX:&ﬁAﬁwwm—0ﬁ+(ﬂlwz L NTIEER
2 2
2 Er 2 &r 2
= > : .
b8 [ VS [P = [P 612)
0
ii be the
_ =14+ %

Then from (6.12) a similar way as Lemma 6.1 we obtain the estimate (6.11).
Proof of Theorem 2.5. Assume that u verifies the conditions in Theorem 2.5 and let
Appel transformation of u defined in Lemma 4.1 with a +ib = 1, « = 1 and B
i€ L®(0,1;X(A))NL*(0,1;Y?) is a solution of the equation
o = Au+ Au+Vu, x€R", te€l0,1]

with V a bounded potential in R” x [0,1] and y = ;. Then, we have
~ 2~ ~
=20l [, = 1a el

vxP . H
He ii(-,0) N
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From Lemma 3.5 and Lemma 3.6 with a +ib = 1, we have

tH(1— e v

s lsenl,s

L2(R"  [0,1];H)

< Jertatol, + oo,

where
My = ||V
The proof is finished by setting v(x, t) = Op(x)y,(f)ii(x, t), by using Carleman inequality
(6.11) and a similar argument that we used to prove Theorem 2.2. O

7 Unique continuation properties for the system of Schrodinger
equations

Consider the system of Schrodinger equation

Oy, = 1 , xeR", te(0,T), (7.1)

N N
Aum + 2 am]-u]- + Z bm]-u]-
j=1 j=1

where u = (uy,uy,...,un), uj = uj (x,t), amj and byj = by; (x,t) are real-valued functions.
Letl, =1, (N) and [5 =[5 (N) (see [24, § 1.18]). Let A be the operator in I, (N) defined by

D(A) = qu={uj}, |lullpa, (i (“mj”]')2>%<°°},

m,j=1

A=lay], mj=12...,N, NeEN (7.2)

and

V (x,t) = [byj(x,1)], m,j=1,2,...,N, NeN.

Let
X, = L2 (R%L), Y2 = H%*(R"%1,).

From Theorem 2.2 we obtain the following result.
Theorem 7.1. Assume:

(1) amj = ajm >0, a; € CH (R, 2%:1 i >0, (A (x)u,u) € L*(R") for u € I5. Moreover,

n af oA ] ) )
X | A= — —f|, >0 forfeC (R%5);
5 (v |Agk - Sat| r) 20 grrecimen
(2)
1 1
N ) 2 |x|2 _2
sup Y b (x,t)] < o, sup e ’ Z |byuj (x, 1) } < oo,

te[0,T], xeR™ \m,j=1 te[0,T], xeR" m,j=1
where

p(t)=at+p(1—-t), a,>0 af<2;
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(3) u e C([0,T];12) be a solution of the equation (7.1) and

Jx[?

eTZu(-,T) < o0.

Xz

Then u (x,t) = 0.

Proof. Consider the operators A and V (x,t) in H = [? defined by (7.2). Then the problem
(8.1)~(8.2) can be rewritten as the problem (1.1), where u (x) = {u;(x)}, f (x) = {fj(x)},
j=1,2,...,N, x € R" are the functions with values in H = [?>(N). Since Apj = ajmy for
m,j=1,2,...,N, N € N, it is easy to see that

i.e.,, A is a symmetric operator in I, and other conditions of Theorem 2.2 are satisfied. Hence,
from Theorem 2.2 we obtain the conclusion. ]

8 Unique continuation properties for anisotropic Schrédinger equa-
tion

Let us consider the following problem

o =1 |Ayu+ Z aaD;‘u(x,y,t)—l—/K(x,y,t)u(x,y,t)dy ,
G

|ae|=2m

xeR", yeG, tel0,T], (81)

Bju = Z bjﬁDgu(x,y,t)zo, xeR", yeodG, j=1,2,...,m, (8.2)

|Bl<m;

where G is a bounded domain in R? for d > 2 with sufficiently smooth (d — 1)-dimensional
boundary dG, a, = a, (x,y) are real valued function on Q) = R" X G, bjg are the real valued
functions on 0G, a = (ay,a2,...,&4), B = (B1,B2,---, Ba), Hi <2m, K =K(x,y,t) is a complex
valued bounded function in Q) x [0, T| and

ok d
k .
Dx:axk/ Dj:_ZT%’ Dy:(Dlz---/Dd)/ y:<y1""’yd)’

My = sup |[Vi (%)]lpn) <00 sup |
xelR" te[0,1]

0y, ("t)HB < co.

Theorem 8.1. Let the following conditions be satisfied:

(1) Q€ C%ay(-) € CV(Q) and bjg € C(9Q) such that A(x) is symmetric in L2(G), (A(x)u,u) €
L%(R™) for u € W™ (G). Moreouver,

I:Z:l <Xk [Aaf — aAf} ,f> o >0 for feCHR; W™ (G));

8xk axk
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(2) ,
e HOK (x, -, 1)

< o0,

sup K (5 ) <00 sup
te[0,T], xeR" te[0,T), xeR"

wherey()—zxt—l—ﬁ( t), a,p>0,ap <2;
3) uecC ( ) e a solution of the equation (8.1)—(8.2) and

L2(G)

1x
e u(,-0)

Jx[2
eZu(-,-,T) < 0.

12(Q)

< 00,
L2(Q)

Then u (x,y,t) = 0.
Proof. Let us consider operators A and V (x, t) in H = L? (G) that are defined by the equalities
D (A) = {u € W*?*(G), Bu=0,j=12,...,m}, Au= Y acDyu (y),

|a|=2m

V(x,t)u= /GK(x,y,t)u (x,y,t)dy.

Then the problem (8.1)—(8.2) can be rewritten as the problem (1.1), where u (x) = u (x,-),
f(x) = f(x,+), x € ¢ are the functions with values in H = L2 (G). In view of assumptions
(1)—(4) all conditions of Theorem 2.2 are hold. Then Theorem 2.2 implies the assertion. O

9 Theorem 9.1.

Theorem 9.1. Suppose the the following conditions are satisfied:

(1) let a(x,-) be positive, b (x,.) be a real-valued function on (0,1),a € CV ([0,1] x R™), moreover,
A is symmetric in L? (0,1) and (A (x) u,u) € L>(R") for u € W2 (0,1)

f <Xk { ;}’:—gff} ’f>L2(17) >0 for f € C'(R;W?(0,1)),

k=1
b(-,y) € C(R") fora.e.y € [0,1],b(x,-) € L& (0,1) for a.e. x € R" and

oxp (- [0 (w D) dT) €LOY) foraex € R
2

(2)

< 0

e PHOK (x, -, 1)
12(0,1)

sup  [|K(x, - £) || 1201y < 00 sup
te[0,T], xeR" te[0,T], xeR"

where y (t) =at+p(1—t), a,>0 a8 <2;
(3) u € C([0,T];L?(0)) be a solution of the equation (1.5)—(1.6) and

2 122

ey (., T) < 0.

L2(0)

Then u (x,y,t) = 0.

Proof. Let us consider the operator A in H = L? (0,1) defined by (1.4). Then (8.1)—(8.2) can
be rewritten as the problem (1.1) where u (x) = u(x,-), f (x) = f(x,-), x € o are the func-
tions with values in H = L? (0,1). Hence, by virtue of assumptions (1)—(4), all conditions of
Theorem 2.2 are satisfied. Then Theorem 2.2 implies the assertion. O
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