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Abstract. We shall consider weak solutions of initial-boundary value problems for
semilinear and nonlinear parabolic differential equations for t € (0,c0) with certain
nonlocal terms. We shall prove theorems on the number of solutions and certain qual-
itative properties of the solutions. These statements are based on arguments for fixed
points of some real functions and operators, respectively, and theorems on the existence,
uniqueness and qualitative properties of the solutions of partial differential equations
(without functional terms).
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1 Introduction

It is well known that mathematical models in several applications are functional differential
equations of one variable (e.g. delay equations). In the monograph by Jianhong Wu [7] semi-
linear evolutionary partial functional differential equations and applications are considered,
where the book is based on the theory of semigroups and generators. In the monograph by
A. L. Skubachevskii [6] linear elliptic functional differential equations (equations with non-
local terms and nonlocal boundary conditions) and applications are considered. A nonlocal
boundary value problem, arising in plasma theory, was considered by A. V. Bitsadze and
A. A. Samarskii in [1].

It turned out that the theory of pseudomonotone operators is useful to study nonlinear
(quasilinear) partial functional differential equations (both stationary and evolutionary equa-
tions) and to prove existence of weak solutions (see [2,4]).

In [5] we considered some nonlinear parabolic functional differential equations for t &
(0,T) (T < ) and proved existence of several weak solutions of initial-boundary boundary
value problems.

In the present work we shall prove existence of weak solutions of some parabolic functional
equations for t € (0,00) and show certain qualitative properties of the solutions (boundedness
and stabilization as t — o).
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2 L. Simon

First we remind the reader of the definition of weak solutions of initial-boundary value
problems of nonlinear parabolic (functional) differential equation for t € (0,T) and ¢ € (0, %)
with zero initial and boundary conditions.

Let O C R" be a bounded domain with sufficiently smooth boundary, 1 < p < co. Denote
by WLP(Q) the usual Sobolev space of real valued functions with the norm

1/p
llwisiey = | [, (Dul? + 1)

Further, let V. C W?(Q) be a closed linear subspace containing C°(Q2), V* the dual space of
V, the duality between V* and V will be denoted by (-, -).

Denote by LP(0,T; V) the Banach space of functions u : (0,T) — V (V C WYP(Q) is a
closed linear subspace) with the norm

T L/p
lullwor = | [ 1n@la] @ <p<w)

The dual space of LP(0,T;V) is L1(0, T; V*) where 1/p+1/q = 1. (See, e.g. [8].) Let A :
LP(0,T; V) — L9(0,T; V*) be a given (nonlinear) operator and F € L7(0, T; V'*).

Weak solutions of

D+ A(u) =F (1.1)

for t € (0, T) with zero initial and boundary condition is a function u € LP(0, T; V) satisfying
Dyu € L1(0,T;V*), (1.1) and u(0) = 0. (For p > 2, u € LP(0,T;V) and Dyu € L9(0,T; V*)
imply u € C([0, T]; L>(Q))) thus the initial condition makes sense.)

Consider first the particular case (without functional terms) A = A where

([A(u)](t),z;}:/n [‘nla]-(t,x,u,Du)D]-U+ao(t,x,u,Du)v dx (1.2)
j=

for all v € V, almost all ¢ € [0, T]. By using the theory of monotone operators the following
existence and uniqueness theorem is proved. (See, e.g., [3,4,8].)

(C1) The functions a; : (0,T) x Q x R" — R (j = 0,1,...,n) satisfy the Carathéodory
conditions, i.e. (f,x) + aj(t,x,¢) is measurable for all § € R™ 1! and ¢ — aj(t,x, &) is
continuous for a.a. (f,x).

(C2) There exist a constant ¢; and a function k; € L7((0,T) x Q) 1/p+1/9=1, p > 2) such
that

laj(t, x,8)| < ca[1+ 517 + k(8 %),
j=0,1,...,n foraa. (t,x) € (0,T) x Q, each & € R

(C3) The inequality

n

Y [t x,8) —aj(t,x,8)|(5j — &) = el — &*IP

j=0

holds with come constant ¢, > 0.

Theorem 1.1. Assume (C1)—(C3). Then for any F € L1(0, T; V*) there exists a unique u € L¥ (0, T; V)
weak solution of (1.1) with A = A which depends on F continuously.
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A more general case is when [A(u)](t) is depending not only on u(t) and (Du)(t), then
(1.1) is a functional equation. By using the theory of pseudomonotone operators, one can
prove existence of solutions for t € [0, T] in this more general case. (See, e.g., [4].)

Now we formulate a theorem on weak solutions of (1.1) for t € (0, ). The set L (0, 00; V)

consists of all functions f : (0,00) — V for which the restriction f| 1) belongs to L7(0, T; V)
for each finite T > 0. Furthermore, by using the notations Qr = (0, T) x O, Qe = (0,00) x Q
denote by LI (Q) the set of functions f : Qe — R for which f|o, € LP(Qr) with arbitrary
T > 0. Assume that

(Ce1) Functions a; : Qoo X R"*! satisfy the Carathéodory conditions.
(Cs2) There exist a constant ¢; and a function k1 € L7(Q)) such that
|aj(t,%,8)| < 18P + ki (x).

(Co3) For a.a. (t,x) € Qu, all &, &* € R
Z aj(t,%,8) — a;(t, 5,8 (& — &) > eal — &P

with some constant ¢, > 0.

Theorem 1.2. Assume (Coo1)—(Coo3). Then for arbitrary F € L?OC(O, co; V*) there is a unique u €
LP (0,00; V) such that u' € L?OC(O, oo; V*) and

loc
Diu(t) + [A(u)](t) = F(t) foraa.t€ (0,00), u(0)=0
with the operator A defined in (1.2).
If|[E(t)|lv+ is bounded for a.a. t € (0,00) then for a solution u, ||u(t)||2(q) is bounded and

T
/ lu(®)||idt < c3(To — Ty) with some constant cs. (1.3)
Ty

Now we formulate a theorem on the stabilization of u(t) as t — co.

Theorem 1.3. Assume that the assumptions of the above theorem are satisfied. Further, there exist
Carathéodory functions aje : Q X R"™ — R, a continuous function ® : (0,00) — (0,00) and
Feo € V* such that

\uj(t,x,é) — aj,oo(x,é)] < <I>(t)(](;‘]p*1 +1), where im® =0, (1.4)
|F(t) — Fool|vs < @(t) foraa. t> 0. (1.5)
Then
) . T+a p
lim [[u(t) = tes [ 120 =0, Jim /H [14(t) — uoo|| Bt = 0 (1.6)

for arbitrary fixed a > 0 where us, € V is the unique solution z € V to

n .
2/ 0o (X, 2, Dz)D]-vdx+/ a0,00(X, 2, Dz)vdx = (Fo, ), veV.
i—17/Q O

(For the proofs, see, e.g., [4].)

By using the above results, we shall consider parabolic functional equations (equations
containing some nonlocal terms) of certain particular type. In Section 2 equations with real
valued functionals and in Section 3 equations with certain operators will be studied.
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2 Parabolic equations with real valued functionals, applied to the
solution

Case 1. First consider a semilinear parabolic functional equation for ¢ € (0, 0)

n
Dyu+ Bu = Dy — Y Djlag(t, x)Dgu] + ao(t, x)u = k(M(u))Fy + F (2.1)
jk=1

(i.e. the elliptic operator A in (1.2) is linear), where M : L2(0,Tp; V) — R is a given linear
continuous functional (Ty < o), V. C W2(Q), k : R — R is a given continuous function,
F,b € LIOC(O, oco; V*). Further, Ajk, ag € Lloc((O,oo) x Q)), ajx = ai; and the functions aj satisfy
the uniform ellipticity condition

QlEP < Y ant, x)EE 4+ ao(t, 0)E < el

j k=1
for all & = (&, &1,...,&n) € R, x € O, t € (0,00) with some positive constants cy, ¢;.

Remark 2.1. The linear continuous functional M : LZ(O, To; V) — R may have the form

-

where Ko, K1 € L2((0, Tp) x Q).

Ko(t, x)u(t, x) + Zn:Kj(t,x)Dju(t,x) dxdt (2.2)
=1

According to Theorem 1.2, for arbitrary F € L} (0, 00; V*) there is a unique solution u €

L2 (0,00; V) of

loc

Dju+ Bu=F,
denoted by u = (D; + B)F.

Theorem 2.2. A function u € L _(0,00; V) is a weak solution of (2.1) if and only if A = Mu satisfies
the equation
A =k(A)M[(D; + B)'Fy] + M[(D; + B)'F]. (2.3)

and
u=k(A)(D;+B)"'F, + (D; + B) 'F. (2.4)

Proof. By Theorem 1.2 function u € L? (0,00; V) is a weak solution of (2.1) if and only if
u=k(M(u))(Dt+ B)"'F, + (D: + B) 'R,

thus
M(u) = k(M(u))M[(D¢ + B)'Fy + (D¢ + B) ' F)]

which implies the theorem. O

Corollary 2.3. The number of weak solutions of (2.1) (with zero initial-boundary conditions) equals
the number of solutions A of equation (2.3). Consequently, it is easy to show that for any natural
number N or for N = oo one can choose functions k such that (2.1) has exactly N solutions.
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Remark 2.4. If we know the values of M[(D; + B)"'F| and M[(D; + B) 'F,] then by using
some numerical procedure one can calculate the A roots of (2.3). Further, it is easy to show
simple sufficient conditions on M[(D; + B)~'F], M[(D; + B)"'F,] and the function k which
imply that (2.3) has zero, exactly one (two or three) roots.

From Theorem 1.3 it directly follows

Theorem 2.5. If there exist measurable functions @ k,c0r A0,00 € L*(Q) and Fi o, Fo 00 € V* such that

lag(t, x) — ap.e0(x)| < D(1), |ajk(t,x) = ajgo(x)] < D(t), where lim® = 0,

|F1(t) = Freo|lve < @(2), |E2(t) = Fyoo|lvs < ®(t) foraa. t >0

then we have (1.6) where us € V is the unique solution z € V to

j/kzn_:l/Q”j,k,oo(x>(DjZ)(DkU)dx + /an,oo(x)zvdx = (k(M(1))Fi0,0) + (Foo0,0), 0EV.

Case 2. Now consider nonlinear parabolic functional equations of the form
Dsu + [IM(u))]7A(u) = [IM(u)))PF, te (0,00), u(0)=0 (2.5)
where the nonlinear operator A has the form (1.2) and has the property
A(yu) = yP~YA(u), forall u > 0 with some p > 2 (2.6)

(e.g. A(u) = —Apu + cou|ulP~2 with ¢y > 0 has this property), further, M : LP(0, Tp; V) — R
(V. C WP(Q)) is (homogeneous) functional with the property

M(pu) = uM(u) for all u > 0 with some ¢ > 0; (2.7)
[ is a given positive continuous function and the numbers S, 7y satisfy

v=p2-p), B>0.

A simple calculation shows

Theorem 2.6. A function u € LI (0,00; V) satisfies (2.5) in weak sense if and only if

loc
i = [I(M(u))] Pu satisfies Dyii + A(i) = F.
This theorem implies

Theorem 2.7. A function u € Llp OC(O, co; V) is a weak solution of (2.5) with zero initial and boundary
condition if and only if A = M(u) satisfies the equation

A=[A)IFM[ByH(F)] and  u=[I(A)]PBy " (F) (2.8)

where By is defined by Bo(u) = Dyu + A(u), i.e. By (F) is the unique weak solution of (1.1) (with
A = A and zero initial and boundary condition). If F € L*(0,00; V*) then ()|l 12 is bounded
and (1.3) holds.
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Corollary 2.8. The number of weak solutions of (2.5) equals the number of roots of (2.8). Further,
assuming M[B 1(1—" )] > 0, for arbitrary N = 1,2,...,00 one can construct a continuous positive
function | such that (2.5) has exactly N solutions, in the following way. Let ¢ : R — R be a
continuous function such that g(A) +A > 0 for all A € R and g has N real roots. Then for

I(A) = [g(AHA o

M(B, ' (F))

(2.5) has N weak solutions.

Remark 2.9. An example for functional M with property (2.7) is integral operator

T
M(u) = / / K(t, x)|u(t, x)|” dtdx.
0 Ja
By Theorems 1.3 and 2.6 one obtains

Theorem 2.10. If the assumptions (1.4), (1.5) are satisfied then we have (1.6) where us € V is the
unique solution z € V to

n
Z/Qajloo(x,z,Dz)Djvdx—i—/an,oo(x,z,Dz)vdx
j=1

= (I(A)#(Fw,0) = [[(M(u)))(Fw,0), v EV.

3 Parabolic equations with nonlocal operators
Now consider partial functional equations of the form
Diu+ A(u) = C(u) (3.1)

where A is nonlinear differential operator (1.2) satisfying (Ce1)—(Cx3) (or A = B is a uni-
formly elliptic linear differential operator (see (2.1)) and C : LfOC(O, oo; V) — LIPOC(O, oo; V*) is a

given (possibly nonlinear) operator. Clearly, u € LI (0, c0; V) satisfies (3.1) if and only if
u=(Di+ A)7C(u)] =: G(u) (3.2)

where G : L

loc

point of G. Then

(0,00, V) — L

1oc(0,00; V) is a given (possibly nonlinear) operator, i.e. u is a fixed

C(u) = (D¢ + A)[G(u)]. (3.3)
Now we consider three particular cases for G.

Case 1. The operator G is defined by

[G(w)] (%) = (Lu)(t,x) + E(t, x) :./OOO/()K(t,r,x,y)u(r,y)drdy%—F(t,x) (3.4)

where K € L2((0,00) x (0,00) x Q x Q); u, F € L?>((0,00) x Q).
By using (3.1) and (3.3) we find
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Theorem 3.1. If K and F are sufficiently smooth and “good” then the solution u € L?(0, ) x Q) of
(3.2) with the operator (3.4) belongs to Lf o C(0, c0; V), Dyu belongs to L?OC(O, o0; V*) (in the linear case
A=B,p=q=2),u(0) =0 and the equation (3.1) has the form

Diu+ (A(u))(t, x) = /Ooo /Q DiK(t, T, x,y)u(t,y)dxdy + DiF(t, x)

+ Ay [/Ooo/()K(t,T,x,y)u(T,y)dey+F(t,x) : (3.5)

In the linear case A = B
Dyu + (Bu)(t,x) = / / DiK(t, T, x,y)u(t,y)dxdy + DiF(t, x)
0o Jo
+ / / BLK(t, 7, %, y)u(t,y)drdy + B.F (L x). (3.6)
0o Ja

(AxK(t,T,x,y) denotes the differential operator A applied to x — K(t,T,x,y) and ByF(t, x) denotes
the differential operator B applied to x — F(t,x).)

Further, if 1 is an eigenvalue of the linear integral operator L : L?((0,00)Q)) — L2((0,00)Q)) with
multiplicity N then (for certain functions F) (3.6) may have N “linearly independent” solutions.

The proof is similar to the previous ones.

Remark 3.2. The value of solution u at some time t is connected with the values of u for all
t € (0,00) (and for all t € [0, Ty] if K(t,7,x,y) = 0 for T > Tp).

By using (3.2), (3.4) and the Cauchy-Schwarz inequality, one obtains

Theorem 3.3. Assume that there exist sufficiently smooth K € L?((0,00) x Q x Q) = L?(Q) and
Fx € L?(Q) such that

Jim [[K (5,7, %,9) ~ K (7, 5,9l 1200) = 0,
Jim [IF(t, ) — Fo(x) (0 = 0

Then

fim ) = s (5) 2y = O,

where

Uoo(X) = /OOO/QKOO(T,x,y)u(T,y)dey—i—Foo(x)

and ue satisfies

[A(ueo)](x)

A, [/ / Koo (T, x,y)u(T,y)dtdy + Foo(x) | .
0o Jo
Case 2. Now consider operators G of the form
G(u) = Lu+ h(Pu)F + H, t € (0,00) (3.7)

where operator L is defined by

(Lu)(t,x) = /Ot/QK(t,T,x,y)u(T,y)dey,
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K € L2((0,00) x (0,00) x Q x Q), u € L?((0,00) x Q) and the kernel K has the same smooth-
ness property as in Theorem 3.1, P : L2(0,Ty; V) — R is a linear continuous functional
(To < ), h: R — R is a given continuous function and F, H € L?((0,00) x Q), D;F, D;H €
L%((0,00) x Q). In this case the integral operator L is of Volterra type and so (I — L)~ ! :
L2((0,00) x Q) — L?((0,00) x Q) exists.

Theorem 3.4. If A = B (i.e. A is linear) then equation (3.1) has the form

¢
Diu + Bu = / /Q[DtK(t, T,x,y) + B:K(t, T, x,y)|u(t,y)drdy
0
+ /QK(t, t,x,y)u(t,y)dy + h(Pu)(D;+ B)F + (Dy + B)H,  u(0,x) =0. (3.8)

Further, u € L*((0,00) x Q) is a weak solution of (3.8) if and only if u = h(A)[(I — L)~'F] +
(I — L)~YH where A is a root of the equation

A =h(A)P[(I—L)"'F]+P[(I - L) 'H]. (3.9)
Thus the number of solutions of (3.8) equals the number of the roots of (3.9).

Proof. Equation (3.8) is fulfilled if and only if

t
u(t,x) = /0 /QK(t, T, x,y)u(t,y)dtdy + h(Pu)F(t,x) + H(t, x), (3.10)
ie.
(I —L)yu=h(Pu)F+H, u=hPu)[(I-L)"'F]+(I-L)'H. (3.11)
Let uy = h(A)(I —L)"'F+ (I — L) 'H then
P(uy) = h(A)P[(I — L) 'F] + P[(I — L) 'H].
Consequently, (3.11) (and so (3.8)) is satisfied if and only if A = Pu satisfies (3.9). O

Corollary 3.5. If P[(I — L)~'F] # 0 then for arbitrary N (= 0,1,...,00) we can construct h such
that (3.8) has N solutions, in the following way. Let ¢ : R — R be a continuous functions having N
zeros. Then (3.8) has N solutions if

§(A)+A—P[(I— L)"'H]

M) = TR

Remark 3.6. The linear functional P : L2(0, Tp; V) — R may have the form (2.2).
By (3.10) and the Cauchy-Schwarz inequality we obtain

Theorem 3.7. Assume that there exist sufficiently smooth Fe, Heo € L?(Q) and Ke € L?((0,00) x
Q x Q) such that

tim [[F(6%) ~ Fo(0)ll 2y =0, lim [[H(t,%) — Heo () 1200y = 0,

t
I //Kt,,,—Koo,,zdd dx = 0.
i [ [} 1K 50 — Ko,y Py | d

t—o0

Then

fim [Ju(t, ) = eo(3) 120 = O,
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where
oo (X / /K (7, %, y)u(t, y)dtdy + h(A) Fao (%) + Heo(x),

A = P(u) and ue satisfies

(Bu / / B[Keo(T, %, y)]u(T, y)dTdy + h(A) (BF) (x) + (BHa) (x).
Case 3. Finally, consider the case
[G(u)](t,x) = P(Mu(t))F(t, x), (t,x) € (0,00) x O
where
(Mu))(t) = /0 /QM(T,y)u(T,y)dey, M € C([0,00] x Q),

P:R — R is a given continuously differentiable function, P(0) = 0, F is sufficiently smooth,
F(0,x) =0, F(t,x) = 0 for x € 9Q).

Theorem 3.8. In this case the partial functional equation (with possibly nonlinear operator A) (1.2)
has the form

Dyt + A(u) = P'(Mu(t))F /Q M(t, y)u(t,y)dy + P(Mu(t))D:F
+ A [P(Mu(t))F], u(0,x) =0, u(t,x)=0 forx € aQ (3.12)
which is satisfied if and only if

u(t,x) = P(Mu(t))E(t, x). (3.13)
Then v(t) = Mu(t) satisfies the separable differential equation
/ M(t,y)u(t,y)dy = P(v / M(t,y)F(t,y)dy and ©(0) = 0. (3.14)

Conversely, if v satisfies (3.14) then u(t,x) = P(v(t))F(t, x) satisfies (3.13).
Proof. Clearly, (3.12) is equivalent with (3.13). If u satisfies (3.13) then for

o(t) = (Klu)(t / / M (z,y)u(t, y)ddy (3.15)
we have by (3.13)
:/ Mt y)u(t,y)dy = D((Wu)(t)) /M L y)E(t y)dy
— P(o / M(t,y)E(t,y)dy and, clearly, o(0) = 0.

Conversely, if v satisfies (3.14) then for

u(t,x) = P(o(t))E(t,x) (3.16)

we have u(x,0) =0, u(t,x) = 0 for x € Q) and by v(0) =0

:/ / (t,y)d7dy

:15 //Mry (t,y)dtdy = / v(t),
thus by (3.16)

u(t,x) = P((Mu)(t))F(t, x). O
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Theorem 3.9. Assume that P(w) > 0 for w > 0 and P(0) = 0, further,

A v dw oA .
Qv) = A %<00, Z}g{}oQ(U)— ;

F(0,y) =0 forally € Q, / M(t,y)F(t,y)dy >0 forallt> 0.
0
Then we obtain for the solution of (3.14) v = 0 (v identically 0) and
t
o(t) = Q! [/ / M(T,y)F(T,y)dydT]
0 Ja

and, consequently, we have solutions u = 0 and
t
u(t,x) = P(v(t))E(t,x) = P {Q1 [/ /QM(T,y)F(T,y)dydT] } F(t, x). (3.17)
0

Proof. By the assumptions on P, Q is strictly monotone increasing, Q maps from R to R,
Q(0) = 0, limy o Q(v) = oo, thus

o(t) = 0! [/Ot/QM(T,y)F(T,y)dydT} , t>0

is a solution of (3.14). By the previous theorem, function u, defined by (3.17) and u = 0 are
solutions of (3.13) and (3.12). O

By using the continuity of functions P and Q~!, we obtain

Theorem 3.10. Assume that there exist Foo € L?(Q)) and co € R such that

. . 2 o
lim [ |F(t,y) = Fu(y)Pdy = 0, (3.18)
t ~
tlgg/o /Q|M(T,y)1-"(r,y)dydrzco. (3.19)

Then for the nonzero solution u we have
lim [|u(t, x) — tieo (%) 2() = O

t—o0

where

A

oo () = P(Q 7 (c0)) Feo (%).
Remark 3.11. If there exists M € L?(Q) such that

t—o0

fim | [/OtM(T,y)dT — Mw(y) | dy =

then (3.18) implies (3.19) with ¢y = [, Moo (y) Foo (y)dy.
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