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Abstract. We consider a nonlinear boundary value problem driven by the (p,2)-
Laplacian, with a (p — 1)-superlinear reaction and a parametric concave boundary term
(a “concave-convex” problem). Using variational tools (critical point theory) together
with truncation and comparison techniques, we prove a bifurcation type theorem de-
scribing the changes in the set of positive solutions as the parameter A > 0 varies. We
also show that for every admissible parameter A > 0, the problem has a minimal posi-
tive solution 7, and determine the monotonicity and continuity properties of the map
A=,
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1 Introduction

Let O C RN be a bounded domain with a C?>-boundary 9Q. In this paper we study the
following nonlinear parametric (p,2)-equation

—Apu(z) — Au(z) + E(z)u(z)P ' = f(z,u(z)) inQ
a?:,z Vi on 92, (P))

u>0,A>01<t<2<p<N.
In this problem, A, denotes the p-Laplace differential operator defined by
Apu =div (|Du|P~>Du) forallu € W'*(Q), 1< p <N.

The potential function ¢ € L®(Q)), {(z) > 0 for a.a. z € ), ¢ # 0. The reaction term f(z, x)
is a Carathéodory function (that is, for all x € R, z — f(z,x) is measurable and for a.a.
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z € O, x — f(z,x) is continuous). We assume that f(z,-) is (p — 1)-superlinear satisfying
the Ambrosetti-Rabinowitz condition (the AR-condition for short). In the boundary condition,
a%z denotes the conormal derivative of u corresponding to the (p,2)-Laplace differential op-
erator. This directional derivative of u, is interpreted via the nonlinear Green’s identity (see
Papageorgiou-Radulescu-Repovs [21], pp. 34, 35). If u € C1(Q), then

d

_ p—2 ou
[|Du| +1]an

Ju
ai’lpz

with n(-) being the outward unit normal on 9Q). Also A > 0 is a parameter and 7 € (1,2).
So, in problem (P,) we have the competing effects of two nonlinearities of different nature.
One is the reaction term which is superlinear (“convex” nonlinearity) and the other is the
parametric boundary term, which is sublinear (“concave” nonlinearity). Therefore, problem
(P,) is a variant of the classical “concave-convex” problem, with the concave term coming
from the boundary condition.

The study of “concave-convex” problems was initiated with the seminal paper of
Ambrosetti-Brezis—Cerami [2] (semilinear Dirichlet equations). Their work was extended to
nonlinear Dirichlet problems driven by the p-Laplacian by Garcia Azorero-Manfredi—Peral
Alonso [7] and Guo-Zhang [9]. In these works the reaction has the special form

x> AxT P4 x™ 1 forallx >0,

with A > 0 (the parameter) and 1 < T < p <r < p¥,

y nb ifp <N,
+oo if N <p.

Recently more general reactions and different boundary conditions were considered by
Papageorgiou-Radulescu—Repovs[18] (semilinear Robin problems), by Leonardi-Papageorgiou
[12], Marano-Marino-Papageorgiou [14] (nonlinear Dirichlet problems) and by Papageorgiou—
Scapellato [23] (nonlinear Robin problems). In these works the competition phenomena occur
in the reaction of the equation, where we have the presence of concave and convex nonlineari-
ties. Problems with parametric concave boundary term were considered by Hu-Papageorgiou
[11] (semilinear equations), Papageorgiou—-Radulescu [16], Papageorgiou-Radulescu-Repovs
[20], Sabina de Lis-Segura de Leon [25] (nonlinear problems driven by the p-Laplacian). Fi-
nally we mention the recent work of Papageorgiou-Scapellato [22] where in the reaction we
have the combined effects of linear and superlinear terms.

Our work here extends those of Hu-Papageorgiou [11] and of Sabina de Lis-Segura de
Leon [25].

Using variational tools based on the critical point theory, together with truncation and
comparison techniques, we prove a bifurcation-type result describing in a precise way the set
of positive solutions of problem (P,) as the parameter A > 0 varies. Also we show that for
every admissible A > 0, problem (P,) has a smallest positive solution.

We mention that boundary value problems driven by a combination of differential op-
erators of different nature (such as (p,2)-equations), arise in many mathematical models of
physical processes. Among the first such examples we mention the Cahn-Hilliard equation
(see [4]) describing the process of separation of binary alloys. More recently, we mention the
works of Benci-D’Avenia-Fortunato-Pisani [3] (quantum physics) and Cherfils-Il"yasov [5]
(reaction-diffusion systems).



Positive solutions for (p,2)-equations 3

2 Mathematical background — hypotheses

In the study of problem (P,), we will use the Sobolev space W' (Q)), the Banach space C!(Q)
and the boundary Lebesgue spaces L*(dQ2) (1 <'s < ).
By || - || we denote the norm of the Sobolev space W7 (Q)), defined by

lull = [llull} + IDu[[}]7  for all u € WH?(cY).
The Banach space C!(Q)) is an ordered Banach space with positive (order) cone
C, = {u e CY@Q) : u(z) >0 forall z eﬁ}.
This cone has a nonempty interior given by
intCy ={ueCy:u(z) >0 forallze Q}.

We will also use another open cone in C!(Q)) given by

_ ou
_ 1 : s
Dy = {u €eC(O):u(z) >0 forallz € Q, i ‘anmrl(o) < 0}.

On 0Q) we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-). Using o (),
we can define in the usual way the boundary Lebesgue spaces L*(9Q)) (1 < s < c0). We know
that there exists a unique continuous linear map o : W?(Q) — L?(9Q)), known as the trace
map, such that

Yo(u) = u‘aﬂ for all u € W'P(Q) N C(Q).
So, the trace map extends the notion of boundary values to all Sobolev functions. This map

is compact into L5(0Q)) for all 1 <s < % when p < N and into L°(Q)) forall 1 <s < o0
when N < p. Moreover, we have

1
imyo = W¥""(0Q2) (1 PR 1> ,
keryg = Wé’p(Q).

In what follows for the sake of notational simplicity we drop the use of the trace map. All
restrictions of Sobolev functions on d() are understood in the sense of traces.
If u,v € WY (Q) with u(z) < v(z) for a.a. z € Q, then we define

[u,v] = {h € WP (Q) : u(z) <h(z) <ov(z) foraa. z<cQ},
[u) ={h e W (Q) :u(z) < h(z) foraa.zec Q}.
Given g1,82 € L®(Q), we write g1 < g2 if for every K C () compact we can find cx > 0

such that
ck < g2(z) —g1(z) foraa.ze K.

Note that if g1, ¢ € C(Q) and g1(z) < g2(z) for all z € ), then g1 < .

We say that a set S C W'P(Q) is downward directed, if given uj,u, € S, we can find u € S
such that u < uq, u < u,.

Let (-,-) denote the duality brackets for the pair (W'7(Q), W'?(Q)*) and let A, :
WLP(Q) — WIP(Q)* be the nonlinear operator defined by

(Ay(u),h) = / \Du|P~2(Du, Dh)gn dz  for all u, i € W(Q).
Q
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Proposition 2.1. The operator Ay(-) is bounded (maps bounded sets to bounded sets), continuous,
monotone (hence maximal monotone too) and of type (S), that is,

up = uin W(Q) and limsup(A,(uy),un —u) <0 = u, —u in WP (Q).

1—00
Ifp=2,then Ay = A € L(HY(Q), H(Q)*).
For x € IR, we set x* = max{+x,0}. Then, given u € W?(Q)), we define
ut(z) = u(z)* forallz € Q.
We know that
ut e WY(Q), u=u"—u, |ul=u"+u.

Finally, if X is a Banach space and ¢ € C!(X,R), then by K, we denote the critical set of
¢(-), that is,
Ky = {u € W(Q): ¢'(u) = 0}.

Now we introduce our hypotheses on the data of problem (P,).
H(E): ¢ € L*(Q),&(z) > 0foraa.z€ O, #0.
H(f): f:Q xR — Ris a Carathéodory function such that f(z,0) = 0 for a.a. z € Q) and
(i) 0< f(z,x) <yx"lforaa. zeQ,allx >0, with0O <7, p<r<p’
(i) if F(z,x) = [ f(z,5)ds, then there exist 8 € (p,r) and M > 0 such that
0 < ®F(z,x) < f(z,x)x foraa.ze Q,allx > M,
0< es%infl-"(-,M).

Remark 2.2. Since we are looking for positive solutions and the above hypotheses concern the
positive semiaxis Ry = [0, +o0), without any loss of generality we may assume that

f(z,x) =0 foraa.ze€ O, allx <0. (2.1)

Hypothesis H(f)(i) implies that
lim f(zx)

xs0t xT1

Hypothesis H(f)(ii) is the well known AR-condition (unilateral version due to (2.1)). The
AR-condition implies that

=0 uniformly for a.a. z € Q. (2.2)

cox® < F(z,x) foraa.ze O, allx > M, some ¢y >0
= cx® 1< f(z,x) foraa.zeQ,allx > M
= f(z,-)is (p — 1)-superlinear (since & > p).
It is an interesting open problem whether we can replace the AR-condition by a less re-
strictive one as in Papageorgiou—-Radulescu [17].

The following functions satisfy hypotheses H(f). For the sake of simplicity we drop the
z-dependence:

+yr—1 V1) iy <
fl(x):{x) Fin(1+ G ifxs1 withp <r<g<oo,p<s<yp’,

s—1 ifl<x
fo(x) = (x")"1 withp <r<p*
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In the sequel, by 7, : W (Q)) — R we denote the C'-functional defined by
Yp(u) = HDqu-i-/ z)|ulP dz for alluEWlp(Q)

On account of hypothesis H() and Lemma 4.11 of Mugnai-Papageorgiou [15], we have
crl|ull? < yp(u) forallu € WH(Q), some ¢; > 0. (2.3)

3 Positive solutions

We introduce the following sets

£ ={A > 0: problem (P,) admits a positive solution},

Sy = set of positive solutions of (P,).

Proposition 3.1. If hypotheses H(¢), H(f) hold, then £ # @ and Sy C intC forall A > 0.
Proof. For every A > 0, let ¢, : WP(Q) — R be the C!-functional defined by

¢Aw:;%WHQMMM—APQMUM—QAJWYmTﬁnmueww@)

On account of (2.2) and hypothesis H(f)(i), we see that given € > 0, we can find
c2 = c2(€) > 0 such that

F(z,x) < ex" 4 ca]x|” foraa.ze Q,all x € R.
Then we have
oar(u) > Clequ —cs [ellu||” + ||ul|” + Allu||T]  for some c3 >0, all u € WP(Q).  (3.1)

Here we used (2.3) and the fact that via the trace map the Sobolev space WP(Q) is

embedded continuously (in fact compactly) into L7 (9Q}).

_lap™”
Forp > 0, we let € = 27 o Then we have

1C1

p
=50 (3.2)

C1 p—T ]
— — €C3
{ p P o*
Using (3.2) in (3.1) we obtain
pr(u) > Cplp” —c3[p" +Ap"] for all u € W'P(Q) with |jul| = p.
Since p < r, we can choose p € (0,1) small such that
1 C1 —
SO P g’ > .
2P TP 2T >0
Then we choose Ay > 0 small so that
1
7= Aocsp" = 577 > 0

= 77— Acp’ > %ﬁ>0 for all A € (0, Ag]

—_

= ga(u) 257 >0 forallue WP (Q) with |Ju] = p,all 0 < A < Aq. (3.3)
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We introduce the open ball
By ={ue W' (Q): [lul| <p}.

By the Alaoglu and Eberlein-Smulian theorems, we have that B, is sequentially weakly
compact. Also, using the Sobolev embedding theorem and the compactness of the trace map,
we see that ¢,(-) is sequentially weakly lower semicontinuous. Invoking the Weierstrass—
Tonelli theorem, we can find 1y € W"7(Q) such that

@a(10) = min [ (u) 1 u € B, . (3.4)
Since T < 2 < p, we see that
1_
Pa(io) <0 =a(0) < 37
= up € B, \ {0} (see (3.3)). (3.5)
Then from (3.4) and (3.5) it follows that
@) (u0) =0,
= (Ay(uo), h) + (A(uo), ) + /Q &(2)|uo|P~2ugh dz

:/ f(x,uar)hdz—k)x/a (uf)™hde  forall h € WYP(Q). (3.6)
QO Q

In (3.6) we choose h = —u, € W'P(Q)). Then

Tp(ttg ) + || Dug |3 =0
= cilug||P <0 (see (2.3))
= ug >0, ug 7§ 0.

From (3.6) we see that ug € WP(Q) is a positive solution of (P)) and we have

—Apug(z) — Aug(z) + E(2)uo(z)P ! = f(z,up(z)) foraa.ze Q,

% = Au(T)_l on 0Q).
8np2

3.7)

Proposition 2.10 of Papageorgiou—Radulescu [17] implies that 19 € L*(Q)) and then from
Theorem 2 of Lieberman [13], we have that ug € C1 \ {0}. From (3.7) we see that

Aptio(z) + Aug(z) < ||&]|eotto(z)P~! foraa. x € Q
= up €intC; (see Pucci-Serrin [24], pp. 111, 120).

So, we have proved that

(0,A] € Z, thatis, ¥ # &,
S, CintC, forall A > 0. O

Next we show that . is an interval.

Proposition 3.2. If hypotheses H(C), H(f) hold, A € £ and y € (0,A), then y € Z.
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Proof. Since A € £, we can find uy € Sy C intC, (see Proposition 3.1). We introduce the
following truncations of the data of problem (P),):

~ ~Jf(zxh) if x <uy(z) .
f(z,x) = {f(z, ir(2)) ifun(2) < x forall (z,x) € QO X R, (3.8)
Cu(t)T it x <up(z)
eu(z,x) = {WM(Z)Tl i 10y(2) < x for all (z,x) € 90} x R. (3.9)

Both are Carathéodory functions. We set

F(z,x) = /Ox f(z,5)ds, Eu(z,x) = /Ox eu(z,5)ds

and consider the C!'-functional Py : WLP(Q) — R defined by
) = 2o (u) + 1||Du||§—/ Flzu)dz— [ Ey(zu)do forallu e WHH(0).
p 2 Q 00
From (2.3), (3.8) and (3.9), we see that 1, (-) is coercive. Also it is sequentially weakly lower
semicontinuous. Therefore we can find u, € W?(Q) such that

$ulu) = inf | () u € WH(Q)]. (3.10)

Let u € intC, and choose t € (0,1) small (at least so that tu < u,, recall that u, € intCy,).
Then since T < 2 < p, we will have

Pu(tu) <0
= Pu(uy) <0=1,u(0) (see (3.10))
= u, #0.
From (3.10) we have
lp;(“ﬁ =0
= (Ap(up), h) + +/ z)|uy|P~ uyhdz
= /Qf z,uy)hdz + /BQe z,uy)hdo forallh € Wl’p(Q). (3.11)

In (3.11) first we choose h = —u,, € WLP(Q)). We obtain

Yp () + || Du |3 =0
= c1|\u II” <0 (see(2.3))
= uy >0, u, #0.
(14
(u

Next in (3.11) we choose h = - u/\) € WP (Q). We have

(Ap(), (1= 102) ) + (Al (=) ")+ [ 8@l =)+ dz =
:/fx,uA ” —u;\)+dz+/anyu)\’ (, — )" do (see (3.8), (3.9))
/fzuA —u/\)+dz+/a ATy —1y)* dz (since j < A)

= (Ap(2), (uy — 1)) + (A(ua), (u o [ el - )z

(since uy € S,)
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= uu <uy (seeProposition 2.1).

So we have proved that
u, € [0,uy] \ {0}. (3.12)

From (3.11), (3.12), (3.8), (3.9) it follows that

= uez. O

An interesting byproduct of the above proof is the following corollary.

Corollary 3.3. If hypotheses H(G), H(f) hold, A € £, uy € Sy C intCy and u € (0,A), then
u € £ and there exists uy, € S, C intC such that u, < u,.

We can improve this corollary, by imposing an additional mild condition on f(z,-). So, the
new hypotheses on the reaction f(z, x) are the following:

H(f): f : QxR — R is a Carathéodory function such that f(z,0) = 0 for aa. z € Q,
hypotheses H(f)'(i), (ii) are the same as the corresponding hypotheses H(f)(i), (ii) and

(i) for every p > 0, there exists (fp > 0 such that for a.a. z € Q) the function
x— f(z,x) + pr’“’l
is nondecreasing on [0, p].

Remark 3.4. The extra condition is a one-sided local Lipschitz condition (recall that p > 2). If
f(z,-) is differentiable for a.a. z € ) and for every p > 0, there exists ¢, > 0 such that

fi(z,x) > —coxP™? foraa.ze€Q,allx € 0,p],
then hypothesis H(f)'(i) is satisfied.

Proposition 3.5. If hypotheses H(E), H(f) hold, A € £, uy € Sy C intCy and y € (0,A), then
u € £ and we can find u, € S, C intC, such that

uy —uy € Dy

Proof. From Corollary 3.3 we already know that y € £ and we can find uy € SH C intCy
such that
Uy < u,. (313)

Let a : RN — RN defined by
a(y) = |y|p’2y—|—y forally € RN,

Evidently a € C!(RN,RN) (recall that p > 2) and

Va(y) = [y|"2 1+<p—z>y,j2y +1

= (Va(y)d,0)gy > |0]* forally,d € RN, (3.14)
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Observe that
diva(Du) = Ayu+ Au  for all u € WP (Q). (3.15)

From (3.13), (3.14), (3.15) and the tangency principle of Pucci-Serrin [24], p. 35, we have
uu(z) <up(z) forallze Q. (3.16)

Let p = ||ua|| and let Ep > 0 be as postulated by hypothesis H(f)'(i). Let &, > @A'p. We
have

— Byt — by + [6(z) + & |
= flau) + Eul "+ [& - & b
< fzoup) + Eul '+ [Ep - Ep} u? ™! (see (3.13) and hypothesis H(f)'(i))
= Ay — Auy + [g(z) n Ep} ! ™' foraa. z € Q. (3.17)

On account of (3.16), we see that

1

~ ~ pfl ~ ~ p—
[Cp - Cp} Uy = [gp - 59} uy -
Then from (3.17) and Proposition 3.2 of Gasifiski-Papageorgiou [8] we have
uy —uy € Dy O

From Papageorgiou—-Radulescu-Repovs [19] (see the proof of Proposition 7), we know that
S, is downward directed. We will use this fact to show that for every A € .Z problem (P))
has a smallest positive solution u, € S,, thatis, 1y < uforallu € S,.

Proposition 3.6. If hypotheses H(C), H(f) hold and A € £, then problem (P,) admits a smallest
positive solution
EA € int C+.

Proof. Since S, is downward directed, using Lemma 3.10, p. 178, of Hu-Papageorgiou [10],
we can find {u, },>1 C S, decreasing such that

;r;fl Uy, =inf§,.
We have
(Ay (1), 1) + (A, ) +/Qg(z)u,’;‘1hdz - /Qf(z,un)hdz—i—)t/an Wlhde  (3.18)
for all h € WP (Q), all n € N.

In (3.18) we choose = u, € W4?(Q). Since 0 < u, < u; for all n € N, using (2.3) and
hypothesis H(f)(i), we see that

{u,}u>1 € WHP(Q) is bounded.
From Lieberman [13] (Theorem 2), we see that there exist « € (0,1) and ¢4 > 0 such that

u, € C**(Q) and [tnllcramy < ca foralln € N.
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Recall that C*(Q)) < C!(Q) compactly. This fact and the monotonicity of the sequence
{uy }n>1 imply that there exists ), € C'(Q) such that

u, — 1, in C1(Q) as n — co. (3.19)

We need to show that 1, # 0. To this end we consider the following auxiliary boundary
value problem

—Apu(z) — Au(z) + E(z)u(z)P1 =0 inQ

aiuz = At on dQ) . Q)
p

u>0A>01t<2<p

Claim 1. For every A > 0 problem (Q,) admits a unique solution u, € intC,.

First we show the existence of a positive solution for problem (Q,). For this purpose we
introduce the C!-functional 8, : W'?(Q)) — R defined by

BA() = Sy () + 5 [ Dull3 -

; A/ (ut)Tdo forall u € WYP(QQ).

T Jao
From (2.3) and since T < 2 < p, we see that
Ba(+) is coercive.
Also the Sobolev embedding theorem and the compactness of the trace map, imply that
B(-) is sequentially weakly lower semicontinuous.

So, we can find 1, € W'P(Q) such that
B (il)) = min [m(u) ‘u€ W”’(Q)] . (3.20)
Since T < 2 < p, we infer that

Ba(uy) <0=pBa(0)
= u, #0.

From (3.20) we have
Bi(iiy) =0
> (Ap(@n), )+ (A(@), ) + [ S@mIr iz =2 [ (@) hdo
for all h € WP (Q).
Choosing h = —ii;, € W'7(Q) and using (2.3), we infer that
iy >0, uy,#0.

Moreover, as before (see the proof of Proposition 3.1), using the nonlinear regularity theory

of Lieberman [13] (Theorem 2) and the nonlinear maximum principle of Pucci-Serrin [24]
(p. 120), we conclude that

i) € intCy. (3.21)
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Now we show the uniqueness of this positive solution of problem (Q,). To this end, we
consider the integral functional j, : L'(Q)) — R = RU {+oc0} defined by
, HDuz |h+ 1| Duz |3+ 1 [ &(z)urdz, ifu>0,u> € WP(Q)
]A(u) =7 p

400, otherwise.

From Diaz-Saa [6] (Lemma 1), we know that j,(-) is convex.
Let domj, = {u € L1(Q) : jy(u) < oo} (the effective domain of j,(-)). Let 7y be another
positive solution of (Q,). Reasoning as we did for ,, we show that

7y € intCs. (3.22)

Then from (3.21), (3.22) and Proposition 4.1.22, p. 274, of Papageorgiou—Rddulescu-Repovs
[21], we have 22, 22 € L*(Q). Let t = u5 — 33. For t € [0,1] we have

]
i3 —th € domj, and @ +th € domj.

Then j, (+) is Gateaux differentiable at 713 and at 73 in the direction h. Moreover, using the
nonlinear Green'’s identity, we have

> A

) =5 [ TR - ) do,
g A 2~
K@) =5 [ o728 -5 do.

Since j,(-) is convex, we have that j/ (-) is monotone. Since T < 2 we have

A 1 1 SN
0< = —— — —— | (5 —0v5)do <0
=2 an[ﬁi‘T 5%\‘T]<A A do <
= U, =7,.

Therefore the positive solution i, € intC, is unique. This proves Claim 1.
This solution provides a lower bound for the elements of S,.

Claim 2. uy < uforallu € S,.
Let u € Sy C intC,. We introduce the following Carathéodory function

AT if x < u(z)

by(z,x) = for all (x,z) € 002 x R. 3.23
Az %) {Au(z)fl ifu(z) <x or all (x,2) (3:23)

We set B)(z,x) = fox by (z,s) ds and consider the C!'-functional 8, : W' (Q)) — R defined
by

1 1
02(1) = Jvp() + 51Dl - /aQ Bi(z,u)do forall u € W(Q).

From (3.23) and (2.3) it is clear that 9, (-) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find i, € W'?(Q)) such that

9. (iiy) = inf [ﬂA(u) ‘U € wer(Q)} . (3.24)
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As before (see Claim 1), since T < 2 < p, we see that

O (iy) <0 =10,(0)

= Uy #0.
From (3.24) we have
83 (i) =0
> (A @)+ (A@) ) + [ @Il Pindz= [ hEakde (29

for all h € WP (Q).

As before (see the proof of Proposition 3.2), if in (3.25) we choose first h = —ii; € WP(Q))
and then h = (i, —u)™ € W'P(Q) and using (3.23), we show that

iy €[0,u]\{0}. (3.26)
From (3.26), (3.23), (3.25) and Claim 1, it follows that
iy = Uy
= Uy <u forallu e S, (see (3.26)).

This proves Claim 2.
From (3.19) and Claim 2, we have

uy <uy
= Uy #0andsou, € Sy, CintCy, uy =inf§,. O
Proposition 3.7. If hypotheses H(C), H(f) hold and 0 < p < A € Z, then
(@) uy <uy;
(b) uy, < uy.
Proof.

(@) Let u) € intC, be the minimal positive solution of problem (P,) (see Proposition 3.6).
On account of Corollary 3.3, we can find u, € S, € intC, such that

=

A

uy recall that, < uforallu € §,.

uy <
= Uy <

(b) Let e,(z, x) be the Carathéodory function defined by

+\7—-1 ifx<iu
eu(z,x) = V(NX ) ' f_ i (2) for all (z,x) € 002 x R. (3.27)
uii) ()71 ifuy(z) < x

We set E, (z,x) = [; €u(z,5) ds and consider the C!-functional ¢, : W#(Q2) — R defined
by
- 1 1 ~
Fu) = 70+ Dulf~ [ Fuzu)dz forallu € WH(Q)
0



Positive solutions for (p,2)-equations 13

Evidently ¢,(-) is coercive (see (3.27) and (2.3)) and sequentially weakly lower semicon-
tinuous. So, we can find I, € W?(Q) such that
¢y (i) = inf [@(u) Tu € Wl'p(Q)} <0=¢,(0) (sinceT <2< p)
= U, #0.

We have
<$;4(ﬁﬂ)fh> =0 forallhe WLP(Q)_

Choosing h = —ii,, € WP(Q) and h = (i1, — i)t € W'"P(Q), we obtain

i, €[0,1,], i, #0
= U, =1u, €intCy (see (3.27) and Claim 1 in the proof of Proposition 3.6)

Let0 < p < Aand 19 = % Then 1 < Azp. Motivated by hypothesis H(f)(i), we consider
the following auxiliary boundary value problem

—Apu(z) — Au(z) + E(z)u(z)P 1 = Agou(z) ! inQ,

ou _
sz - )\MT 1 on aQ, (R/\)

u>0A>0t<2<p<r.
Reasoning as in the proofs of Propositions 3.1 and 3.6, we obtain the following result.

Proposition 3.8. If hypothesis H(G) holds and A € £, then problem (R)) admits a smallest positive
solution u} € intC and there exists uy € Sy C intCy such that

) <uy < uj.
Let A* = sup .Z.
Proposition 3.9. If hypotheses H(Z), H(f) hold, then A* < co.

Proof. Let u € (0,A) and set 0 < 711, = min i, (recall that i, € intC). From Propositions 3.8
O

and 3.7(b), we have

We have
At} — D+ E(2) ()P = Aoy in
a *
R on 20, (3.28)
8np2

A>0,T<2<p<r.
Let a(z) = no(u(z))" 2 and d(z) = u}(z)" 2. Thena € L*(Q) and d € C(Q2). We rewrite
(3.28) using a(-) and d(-). So, we have
—Apuy — Auj + E(2) ()P = Aa(z)u) inQ,
ou}

EY = Ad(z)u} on oQ), (3.29)

A>0.
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Let i - {w € WIP(Q) : k(w) = /Qg(z)wdz—i- /an(Z)ZUdU = 0}.

We have W7 (QQ) = R& VAVP (see Abreu-Madeira [1], Lemma 2.2). Then from (3.29) and
Theorem 1.1 of [1], we have
Ly(w) + 3 Dwl}3
k(w)

0<A§Einf! wGW,,,w;éO]<oo for some ¢ > 0.

This fact combined with Proposition 3.8 implies that we have A* < oo. O

Proposition 3.10. If hypotheses H(¢), H(f) hold and A € (0, A*), then problem (P,) admits at least
two positive solutions:
U, U € intCy, up < U, up 75 1.

Proof. Let ¢ € (A, A*). Using Proposition 3.5 we can find up € Sy C intCy and uy € Sy C
int C; such that
ug —ug € D4 (3.30)

We introduce the following truncations of the data of (P,)

Az x) = {f (zu0z) Hxsuoz) ¢y eaxR, (3.31)
f(z,x) if up(z) < x
-1
Wy (z,x) = {M‘O(z) ifx< 40(2)  for all (z,x) €9Q x R. (3.32)
AxT1 if up(z) < x

These are Carathéodory functions. We set
~ X — X
M(z,x) = / H(z,s)ds and W,(z,x) = / Wy (z,s)ds
0 0

and consider the Cl-functional d, : W% (Q)) — R defined by
() = ;yp(u) +;|\Du|\%—/ Wiz, u)dz— [ Wy(z,u)do forall u € WH(Q).
0 90

In addition, we introduce the following truncations of ji(z, -) and of @W,(z, -)

fio(z, x) = {f(z'x) Hx<us(z) ol (1) e QxR (3.33)
fi(z,ug(z)) if us(z) < x

@ (z,x) = {?A(Z”‘) ifx< 49(2) forall (z,%) € 80 x R, (3.34)
Wz, up(z)) ifug(z) <x

These are Carathéodory functions. We set
X

Mo(z,x):/o fio(z,s)ds and Wg(z,x):/o @9 (z,8) ds

and consider the C'-functional d L : WP(Q) — R defined by

A%(u) = ;'yp(u)—l—;HDuH%—/ Mo(z,u)dz—/ WO(z,u)do for all u € WP(Q).
(@) Q)
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From (3.31), (3.32), (3.33) and (3.34) it is clear that

7, =40 and d| =Y . 3.35
g ’[o,m A ‘[o,m Mo () 0,19 (339
Moreover, we have
K; € [p) NintC4+  (see (3.31), (3.32)) (3.36)
KAAO C [uo, ug] NintCy  (see (3.33), (3.34)). (3.37)

From (3.35) and (3.36) we see that without any loss of generality we may assume that
KdA/\ N [0, uﬁ] = {uo}. (338)

Otherwise we already have a second positive smooth solution of (P,) bigger than u( (see
(3.36)) and so we are done.
From (3.33), (3.34) and (2.3) it is clear that d )?() is coercive. Also it is sequentially weakly
lower semicontinuous. So, we can find iip € WP (Q)) such that
d?(ilp) = min [dAAO(u) ‘u€ wlfr’(Q)}
= g € [ug,up] NintC4 (see (3.37))
= Up€ K3 (see (3.35))

= Ug=ugy (see (3.38)).
From (3.30) and (3.35) it follows that

ug is a local C!(QY)-minimizer of d,
= 1wy is a local W'?(Q))-minimizer of d,

(see Papageorgiou-Radulescu [17], Proposition 2.12).

We assume that K is finite or otherwise on account of (3.36) we already have an infinity
of positive smooth solutlons bigger than 1y and so we are done. Invoking Theorem 5.7.6,
p. 449, of Papageorgiou-Radulescu—Repovs [21], we can find p € (0,1) small such that

dy(ug) < inf[dy(u) : ||u — uo = p] = 7iy. (3.39)
Moreover, on account of hypothesis H(f)'(ii)=H(f)(ii), we have that
d)(-) satisfies the Palais-Smale condition (3.40)

and if u € intC., then
dy(tu) — —oo as t — +oo. (3.41)

Then (3.39), (3.40) and (3.41) permit the use of the mountain pass theorem. So, we can find
i € WP (Q) such that

iI\EKdAA and Tﬁ/\ Sd/\(b/l\)
= up < u €intC, (see (3.36)), ug # it (see (3.39)), i € S, (see (3.31), (3.32)). O

Proposition 3.11. If hypotheses H(¢), H(f) hold, then A* € Z.
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Proof. Let A, T A* asn — oco. We can find u, € S,, C intC,, n € IN, such that

¢r,(un) <0 forall n € IN (see the proof of Proposition 3.2), (342)
¢y (uy) =0 foralln e N. (3.43)

From (3.42), (3.43) and hypothesis H(f)(ii) (the AR-condition) we deduce that
{u,}u>1 € WHP(Q) is bounded.
So, we may assume that
Uy = up- in W(Q)  and  u, — uy in L'(Q) and in LP(9Q)). (3.44)
From (3.43) we have
(A (i), ) + (A(un), 1) + /Q &)l hdz = /Qf(z, w)hdz + Ay /m W hde  (3.45)
forall h € W'P(Q).
We choose I = u, — uy- € WP (Q), pass to the limit as n — oo and use (3.44). Then

lim [(Ap(un), 1ty — 1ps) + (A(un), uy — up)] =0

n—00

= limsup [(Ap(un), tun — ups) + (A(up-), 1y —up+)] <0 (since A(-) is monotone)
n——+oo

= limsup(Ap(uy), un —uy-) <0 (see (3.44))

n—sco
= u, = uy.  in WP(Q) (see Proposition 2.1). (3.46)
Passing to the limit as n — oo in (3.45) and using (3.46), we obtain
(Ay(ur), 1) + (A(up:), 1) + /Q E(2)ul  hdz = /Qf(z, 1y )hdz + A" /aQ Wlhde  (347)
for all h € W7 (Q),

uy, <u, (see Claim 2 in the proof of Proposition 3.6 and Proposition 3.7(b)). (3.48)
From (3.47) and (3.48) we infer that

uy- € S+, thatis, A* € Z. O

Therefore we have
< =(0,A7].

Next we examine the properties of the minimal solution map A — #, from . into C!(Q)).

Proposition 3.12. If hypotheses H(E), H(f)' hold, then the minimal solution map A — 1w, from &
into C1(QQ) is

(a) strictly increasing in the sense that

O<u<AZA = uy—u,€Dy;

(b) left continuous.
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Proof.

(a) Let 0 < p < A < A*. According to Proposition 3.5, we can find u, € S, C intC, such
that

Uy — Uy S D+
= uy—u, €Dy (sinceu, <uforallu eS§,).

(b) Let Ay, T A € Z. We have u,, = 1y, < uy« € intCy for all n € IN. So, from Theorem 2 of
Lieberman [13], we know that there exist « € (0,1) and ¢5 > 0 such that

u, € C**(Q)) and [unllcram) < s forallm € N. (3.49)

Exploiting the fact that C*(Q)) — C'(Q) compactly and the monotonicity of {i,},>1
(see part (a)), from (3.49) we have

i, — i, inCY(Q). (3.50)

If i1y # 1), then we can find zy € Q such that %) (zg) < #)(z0). On account of (3.50) we
have
Uy (z0) < un(zp) foralln > ny,

which contradicts part (a). So, we conclude that A — 1, is left continuous. O

The following bifurcation-type theorem describes the dependence on the parameter A > 0
of the set of positive solutions of (P,).

Theorem 3.13. If hypotheses H(G), H(f)' hold, then there exists A* > 0 such that

(@) forall A € (0,A*) problem (P,) admits at least two positive solutions
U, U € intCy, ug < U, up 75 u;
(b) for A = A* problem (P,) has at least one positive solution uy- € intC;

(c) forall A > A* there are no positive solutions;

(d) forall A € £ = (0, A*| problem (P,) has a smallest positive solution
Uy € int C+
and the map A — U, from & into C1(Q) is

e strictly increasing, that is, 0 < y <A < A* = Uy —uy € Dy;
* left continuous.
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