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1 Introduction

Differential equations with impulses have a considerable importance in varied
applications as physics, engineering, biology, medicine, economics, neuronal
networks, social sciences, and so on. Many investigations have been car-
ried out concerning the existence, uniqueness, and asymptotic properties of
solutions. We refer to the monographs [7, 11, 29, 40] and the references
therein. It is well known that the study of controllability plays an important
role in the control theory. In recent years, some research dealing with the
study of controllability for impulsive systems [10, 16, 23, 32, 34, 41, 44, 47].
The most dynamical systems are analyzed in either the continuous or dis-
crete time domain. The population dynamical models in continuous time
are usually appropriate for organism that have overlapping generations. On
other hand, many biological populations are more accurately described by
non-overlapping generations. The dynamics of these populations often are
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more appropriately expressed by so-called difference equations. A hybrid
model, so-called sequential-continuous dynamical models, was developed by
Busenberg and Cooke [17] for models of vertically transmitted diseases (see
also [18]). The sequential-continuous systems are characterized by the fact
that they, during certain periods of time, are governed by continuous equa-
tions, and during the other periods, are governed by sequential equations.
A such sequential-continuous model can be formulated by the help of dy-
namical systems on time scales. For more details and results in this area
see [5], [6], [15] and [45]. S. Hilger [24] introduced the theory of time scales
in order to create a theory that can unify continuous and discrete analysis.
There has been significant growth in the theory of dynamic systems on time
scales, covering a variety of different qualitative aspects. We refer to the
books [13, 14, 30] and the references therein. We also refer to the papers
(1, 3, 19, 27, 28, 36, 42, 43, 46]. Some authors studied impulsive dynamic
systems on time scales [4, 11, 12, 26, 31, 33, 35]. The study of stability, con-
trollability and observability for dynamical systems on time scales has been
studied in few works [8, 9, 20, 21, 22, 25, 38, 39|, but there has been no result
about the controllability and observability of piecewise linear time-varying
impulsive control systems. The main purpose of this paper is to derive nec-
essary and sufficient criteria for controllability and observability of a class of
such systems on time scales.

2 Preliminaries

Let R™ be the space of n-dimensional column vectors x = col(xy, z, ...x,)
with a norm || - ||. A time scale T is a nonempty closed subset of R. The
notations [a, b], [a,b), and so on, will denote time scales intervals such as
[a,b] := {t € T;a <t < b}, where a,b € T. The set of all rd-continuous
functions f : T — R™ will be denoted by C,.4(T,R™). A function f : T — R"
is piecewise rd-continuous (we write f € Cpq(T,R")) if it is regulated and if
it is rd-continuous at all, except possibly at finitely many, right-dense points
teT.

We denote by C!,(T,R") the set of all functions f : T — R™ that are
differentiable on T and its delta-derivative f2(t) € C,q(T,R"). The set
of rd-continuous (respectively rd-continuous and regressive) matrix-valued
functions A : T — M,(R) is denoted by C,q(T, M, (R)) (respectively by
CrgR(T, M,,(R))). We recall that a matrix-valued function A is said to be
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regressive if I + p(t)A(t) is invertible for all + € T*, where I is the n x n
identity matrix. We refer to [13, 14] and also to the paper [1, 2] for more
information on analysis on time scales.

Consider the following impulsive dynamical system

12 = Ap(t)x + Bp(t)u, t € [tp_1,t),
xEt,j)) = (1+cp)z(ty), k=1,2,.., (1)
x(to) = 2o,

where T is a unbounded above time scale with bounded graininess, [t;_1,%;) C
To := [to,00) NT, t; € T are right-dense, 0 < ty < ¢ < ty < ... <
ty < ..., such that limg .t = oo, x(t}) = limy_o+ x(tx + h), z(t,) =
limy, o+ z(tx — h) and ¢, € R are constants. In this paper, we assume that
Ay € CrgR(To, M,(R)), By € CraR(To, Myysmn(R)), x € R™ is the state vari-
able, and v € R™ is the control input.

Corresponding to impulsive system (1), consider the following dynamic
system on time scales

™ = Ap(t)z (2)
where k= 1,2,..., and t € [tx_1, ).

A matrix X4, € CyR(T, M,(R)) is said to be a matriz solution of (2)
if each column of X, satisfies (2) for all ¢t € [ty_1,tx). A fundamental
matriz of (2) is a matrix solution X4, of (2) such that det Xy, () # 0 for
all t € [ty_1,tx). A transition matriz of (2) at initial time 7 € [t;_1,1x) iS
a fundamental matrix such that X4, (1) = I. The transition matrix of (2)
at initial time 7 € [tx_1,x) will be denoted by @4, (¢,7). Therefore, the
transition matrix of (2) at initial time 7 € [tx_1,tx) is the unique solution of
the following matrix initial value problem

X2 =A0X, X(r)=1 (3)

and x(t) = g4, (t,7)n for 7 € [ty_1, k), is the unique solution of initial value
problem
™ = Ap(t)z, z(t) =n.

If A(t) = Ay is a constant matrix, then we use the notation ey, (¢, 7) instead
of @y, (t,7).

Proposition 1 ( [13, Theorem 5.24]). If A € C.yR(T, M,(R)) and h €
Cpra(T,R™), then for each (1,m) € T x R™ the initial value problem

a® = Atz + h(t), 2(1)=n
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has a unique solution given by

x(t) = (IDA(t,T)n+/ Du(t,o(s))h(s)As, t>7. O

The following theorem shows that we can express the matrix exponential
as a finite sum of powers of the matrix A with infinitely rd-continuous delta
differentiable functions as coefficients.

Proposition 2 ([19, Theorem 5.1]). For the system (3) with A € M, (R)
constant, there exist scalar functions vo(t,7), ..., yn-1(t,7) € C2(T1,R) such
that the unique solution has representation

ealt,7) = z_: yi(t, )AL (4)

i=0
O
Lemma 1. Forany t € (t;_1,t], k = 1,2, ..., the solution of the initial value
problem( 1) is given by

k—1 1
{L‘(t) :(I)Ak(t’tk 1 H 1+Cz H (I)AZ iyt 1
=1 i=k—1
k—1 k-1
+ Li,l Da, (t,o(7)) B T)AT + Z H 1+ Cj ;i Dy, (t,tk—1) (5)
=1 j=i
i+1
X H Dy, (tr,tr1)Pa, (i, o(T))Bi(T)u(T)AT].
r=k—1

Proof. If t € [tg,t1], then the unique solution of (1) is given by

x(t) = P4, (t, to)z0 +/ Dy, (t,0(7))Br(T)u(r)AT, t € [to, t1].

to

For t € (t1,ts] the initial value problem

{ 12 = Ay(t)z + By(t)u,
w(tf) = (L+ er)a(ty),
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has the unique solution

x(t) = Oy, (t, t)x(t]) +/ Gy, (t,0(7))Bo(T)u(T)AT.

t1

Since
2(tf) = (1+c)a(t) =

= (14 ¢1)Pa,(t1,t0)z0 + (14 1) ftil Do, (t1,0(7))By(T)u(T)AT

it follows that
l‘(t) = (I)A2 (t, tl)(l + Cl)q)/h (tla tO)xO+

Hi4e) / B, (6 1) B, (1, 0 (7)) By (F)u(r) Ar

to

+ [, @a,(t,o(7))Ba(r)u(r) AT

and so, (5) is true for £ = 2. Next, suppose that (5) is true for k = p, that
is, for t € (t,-1,t,], we have

p—1 1
w(t) = Pa,(t,tp1) H(l + i) H Dy, (ti, ti1)z0
i=1 i=p—1

p—1 p—1

+ [ ®a,(t,0(r)By(7)u(T) AT + Z H (L+¢) [ ®a, (1)

i+1
< [T ®a.(tr trm1)@a, (i, 0(7)) Bi(r)u(r) AT,

r=p—1
Then, for t € (t,,t,+1], the initial value problem
{ 22 = Ay (t)7 + By (t)u,
55@;) = (1 +cp)a(ty),

has the unique solution

t

(t) = Qa4 tp)a(ty) + / Do, (8,0(7)) Bpa (T)u(T) AT, € Ly, tpra]-

tp
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Since

a(ty) = (1+¢)a(ty) = H(l +¢) H D4, (L, tim1) o

p—1 p
+(1+¢) [, Da, (o (1) By(r)u(r)Ar + > ([ [(1+¢) [ @, (bt
=1 5=t
i+1
X H Dy, (tr,tr1)Pa, (L, o(T))Bi(T)u(T)AT].
r=p—1
It follows that
P 1
x(t) = Qa,, (¢t )H(l +Ci)Hq’Ai(tz‘atz‘—1)$o
i=1 i=p

f (I)Ap+1< ( ))Bp+1 AT + Z H + C] t,z (I)Ap_H(

5 [T @, (trstro1) @, (1, 0(7) Bi(r)ulr) AT,

and thus (5) is true for k = p + 1. Therefore, by induction, (5) is proved. O

3 Controllability

Definition 1. The impulsive system (1) is called controllable on [to,ts],

)

with ty > to, if given any initial state xo € R" there exists a piecewise
rd-continuous input signal u(-) : [to,ts] — R™ such that the corresponding

solution of (1) satisfies x(ts) = 0.

We consider the following matrices:

Gi = G(to,ti_l,ti) = /tz \I/i(to,O'(T))Bi(T)B;T(T)\I/;F(tQ,O'(T))AT, (6)
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fori=1,2,....k—1, and

Gy = G(to, ti—1,t5) = / ' ‘I’k(tmU(T))Bk(T)Bg(T)\Dz(toaU(T))ATa (7)

th—1
where Uy(7) := Wy (tg,0(T) = P4, (to,0(7)), for T € (o, t1], and
i—1
Uy(7) == Wy(to, 0(7)) = H (I)Aj (tj—l’ tj)(I)Ai (tic1,0(7)), 7€ (timn,ti],  (8)
j=1
fori=2,3,..., k.
If Ax(t) = Ax and By(t) = By are constant matrices then

t;
Gl' = G(to, tz;l, tl) = / \Ili<t07 O'(T))BZBZT\I/?(to, O'(T))AT, (9)
ti—1
fori=1,2,....k—1and

Gy = Gty tyr.ty) = /t " Wt o) BeBIV (10, o(m)AT,  (10)
k—1
where Wy (7) := Wy (to,0(7) = ea, (ty, (7)), for 7 € (ty, 1], and
Ui(7) := Wy(tg,0(7)) = ﬁeAj (tj—1,tj)ea,(tir,0(7)), 7€ (tica, 6], (11)
j=1
fori=2,3,..., k.
The Gramian matrix in the case of time scales was defined in [21]. The

above definition is adopted from [21] for impulsive case. Now we are formu-
lating the results for controllability.

Theorem 1. (i) If there exists at least | € {1,2, ..., k} such that rank(G;) =
n, then the impulsive system (1) is controllable on [to,ts] (ty € (th—1,tk))-

(ii) Assume that ¢; # —1,i=1,2,....k — 1. If the impulsive system (1)
is controllable on [to,t¢] (tf € (tr—1,tk]), then

rank(Go G; ... Gi) = n. (12)
Proof. (i) Let | € {1,2, ..., k} be such that rank(G,) = n, that is, G(to, t;-1,t)

is invertible. Then for a given xy € R", choose

u(t) :{ Bl (VTG g it e (tiy, b

0 if t € [to, ty] \ (ti—1, tl, (13)
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where q; is a constant such that

k—1 k—1
[[a+e)+a]J+c) =0
i=1 j=l

Obviously, the control input u(-) is piecewise rd-continuous on [tg,ts]. By
Lemma 1, we have

k-1 1 k—1
w(ty) = D, (tr, tr) H 14 ¢) H Da,(ti, ti1)To + [H(l + ¢j)a;x
i=1 i=k—1 j=l
I+1
j;t?,l q)Ak<tf7tk*1) H (I)Ar<tratr71)q)Az<tlvU(T))Bl(T)Bf(T)Wf(T)GflAT]xO
r=k—1
Since
I+1

H Dy, (L, tr—l)q}Al (t, 0(7))11[1_1(7_) = (I)Ak—l(tk—latk—Q)"'q)Al (t,0(7))

r=k—1

i=k—1
it follows that
k—1 1
x<tf):q)Ak<tf7tk‘ 1 H +Cl H (I)AZ iy tie 1
i=1 i=k—1
k—1 I+1
t _
HITO+e)a fi @ty tees) J] Pa,(te tro)®a, (b, 0(7)) ¥ (7)
j=l r=k—1
x U, (1) By (1) B (1)¥T (1)G; P At
Therefore, we obtain
k—1 k—1 1
w(ty) = |[J+ )+ JJ+cpar| @a,(ty.ticr) T @aititic) =0,
i=1 7=l i=k—1
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and so, the impulsive system (1) is controllable on [to, tf].
(ii) Suppose that (1) is controllable on [to, 7] and rank(Gy Gy ... Gi) <n
Then, there exists nonzero z, € R” such that

ti
0= $£G(to,ti—1, ti)To = / ZL‘g\I/i(to, O'(T))Bi(T)BiT(T)\I/ZT(tO, o(7))z, AT,
ti—1

fori=1,2,....k—1, and

tr
0 =2l G(ty, th1,tf)Ta = / v W (t, o (7)) Be(T) BL (7)Y (to, 0 (7)) 2o AT.
th—1

Since 2 W, (ty,o(7))B;(7) are rd-continuous functions and
20, (to, (7)) Bi(T)BE ()W (to, 0(7)) 20 = HxT\II (to, o H
for 7 € (t;_1,t:], i = 1,2, ..., k, then from the last equahtles we obtain
2, (to, 0(T))Bi(T) =0, 7€ (ti1,ti],i=1,2,.... k. (14)

However, the impulsive system (1) is controllable on [t, tf], and so choosing
To = T, there exists a piecewise rd-continuous input wu(-) such that

— 1

0:$(tf):q)Ak(tf,tk 1 H 1+Cz H (bAz tl,tz 1

i=k—1
k—1 k—1
+ [yl ®a(ty, o (7)) Be(ru(m)Ar + Y [ ] (1 +¢))x (15)
=1 j=1
i+1
S @ tpteer) [ @t tr)@a,(ti, 0(7)) Bi(T)u(r) Ar].
r=k—1

Multiplying by @4, (to, t1)Pa,(t1,t2)...Pa, (tk—1,ts) in (15) we obtain
k—1 k=1 k—1

[T+ c)za = =D [T+ c))@a, (to, 1), (t1, 12)... P a, (ti1, 1)

i=1 =1 j=1

« / " B (10 (7) Bi(r)u(r) A7)

ti—1

—(I)Al (to, tl)(IDAQ (tl, tg)...(bAk(tk_l, tf) / ' (I)Ak (tf, O(T))BK(T)U(T)AT.

te—1
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Now, using (14) and multiplying by I to the both side of the above equality,
we obtain

k—1 k=1 k-1 t;
H(l +¢i) T ola = Z H(l +Cj)/t. $£‘I’i(t0,U(T))Bz‘(T)U(T)AT]

-:/f ST (to, (7)) Bu(r)u(r) Ar = 0.

th—1

Since H (14 ¢;) #0, it follows that z,x, = 0. This contradicts z, # 0 and

SO we conclude that rank(Gy G .. Gk) =n. O

If T = R, then we obtain the result of Theorem 1 in [47]. If Ax(t) = A(t),
By(t) = B(t), then we obtain the Theorem 1 in [36], and the Theorem 3.1
in [23] if T = R. The version of non impulsive case on time scales (¢; = —1)
can be found in [8, Theorem 4], [21, Theorem 3.2] and [25, Theorem 3.7].

Theorem 2. Assume that ¢; # —1, i = 1,2,..,k — 1, and Ai(t) = Ay,
By (t) = By, are constant matrices. Then the impulsive system (1) is control-
lable on [to, t¢](ts € (tr—1,tx]) if and only if

rank(Wy Wy ... Wy) =n, (16)
where I/VZ = Az(Bz Asz A?ile) fore = 1, 2, ceey k‘—l, Wk = Ak—leAk(tk—la tf)
(Bk AkBk Az_lBk), cmd Az = eAl(tO,tl)eAQ(tl,tg)...eAi(ti_l,ti).

Proof. Suppose that the impulsive system (1) is controllable on [to, ts]. If the
rank condition (16) does not hold, then there exists nonzero z, € R™ such
that

T A;AIB; = 0,
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fori=1,2,...k j=0,1,...,n— 1. Using (4), (9) and (10), we obtain that

t;
ZL‘ZG(tQ,ti_l,ti) = / l‘g\llz(to,O(T))BlBZT\I/Z(T)AT

ti—1

x Az e, (ti- 1,0(7’))Bz~BZ-T\Ifi(7')AT

2T Nseq, (t;, 0(7))B;BIU,(T)AT

/..

:/ xl A jea, (i1, t)ea, (t,0(7))B;BI W, (T)AT
/.
/

[Z inj (tl, O'(T))SL’ZZAZAzBZ B;T\I’Z(T)AT =0

ti—1

fori=1,2,...,k— 1. Similarly, L G(to, tx—1,t;) = 0. It follows that rank(Gy
G ... G) < n. This contradicts the conclusion (ii) of Theorem 1 and there-
fore, we can conclude that the condition (16) is true.

Conversely, suppose that (16) holds. If the impulsive system (1) is not
controllable on [tg,tf] (tf € (tx—1,tx]), then it follows from conclusion (i) of
Theorem 1 that the matrices G(tg, t;—1,%;) (i = 1,2, ...,k—1) and G(to, tx_1,ty)
are not invertible. Thus there exists nonzero z, € R" such that

t;
0= l’gG(to, tl',l, ti)l’a = / .Tg\l’i(to, O'(T))BZBZT\I/ZT(to, O'(T)).CL’QAT,
ti—1
fori=1,2,....k—1, and

tf
0=alGto, tr1,tf)T0 = / XU (to, o (1)) B BEYT (to, 0 (7))zo AT.

th—1

Exactly as in proof of Theorem 1, it follows that
0= l’g\pz(to, O'(T))BZ = l’gAieAi(ti, O'(T))Bi, T E (tifl, tl]

and
0= .T}g\l’k@o, O'(T))Bk = xZAkeAk(tf, O'(T))Bk = 0, T E (tkfl, f}f].
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By continuity of e4,(t;,-) and density of o((¢;_1,t;]) in the interval
(O’(tifl), O'(tl)] = (tifl, tz] we obtain that

.I‘ZAl'eAi<ti,T)Bi =0 forall T € (tifhti]’ 1= 1, 2, ceey k—1. (17)

Also, by continuity of ey, (t7,-) and density of o((tx_1,tr]) in the interval
(0(tg—1),0(ts)] = (tk—1,1ts] we obtain that

xZAkeAk(tf, T)Bk =0 forall 7 € (tk—la tf]. (18)

In particular, if we take 7 = ¢; in (17) and 7 = t; in (18), then, it follows
that zZA;B; = 0 for i = 1,2,.... k. Since e, (t;, ) is delta differentiable and
L ea(ti,7) = —ea,(ti,o0(1))A; (see [13, Theorem 5.23]), then subsequent
derivatives and the density argument as above, gives

(—1)]$£A16Az(tz,T)AzBl = 0, T € (ti—lati] (19)
forj=0,1,...n—1land¢=1,2,...,k — 1. Similarly,
(—1)jl‘£Ak6Ak(tf,7')A£Bk =0Te€e (tk_l,tf] (20)

for j = 0,1,..,n — 1. If we take 7 = ¢; in (19) and 7 = t; in (20), then it
follows that I A;A?B; =0 for i = 1,2,...,k, j =0,1,...,n — 1. Therefore,

which implies that the rank condition (16) fails. This contradiction proves
that the impulsive system (1) is controllable on [to,tf] (t; € (tx—1,t]). O

If T = R, then we obtain the result of Theorem 2 in [47]. If Ax(t) = A(t),
By (t) = B(t), then we obtain the Theorem 2 in [36], and the Theorem 3.2
in [23] if T = R. The version for non impulsive case (¢; = —1) of the above
theorem can be found in [8, Corollary 3], [21, Theorem 2.7] and [25, Theoem
3.3].

Example 1. Consider the following impulsive system on a time scale T:

72(t) = Ap(t)x(t) + Be(Hu(t), t € [tp_1,tr),
() =ta(ty), t=t, : k=1,2,3, (21)
z(0) = xy,
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where

2 0] [ es(a(t),0) ]
Al:_1 g | Br= 0
(1 2] [ 0
=10 387 gom ) (22)
[ -3 -2 0 ]
L=13 }’B?’: {e_g(a(t),g) |
Then the exponential matrices corresponding to Ay, As, As are given by
[ —ea(0,0(t)) 0
ca(0:00) = 0,00) es(0,0(t)) |
cnl0a) = [ A0 500
_ [ 3e2(0,0(1)  ge—(0,0(1))
ca(0.0) = | 210 0,0(t)) 2es(0,0(t))

respectively. We have to compute the following matrices
t;
Gi = G(O,ti,btl’) = / \I/Z‘(t(),O'(T))BZ'(T)BZT(T)\I/ZT(to,O'(T))AT, (23)
ti—1

where

U1(0,0(t)) =ea,(0,0(t)) te(0,t4],

and
i—1
Ui(0,0(t) = [ [ ea, (tjimr, ti)ea, (tico(t))  t € (timy, ti], i =2,3.
j=1

If T =R then o(t) = ¢, u(t) = 0 and e,(t,7) = e?*~7). Next, if we choose
tr, = %=3 kL =1,2,3, then we have

2
. . o2t et
no0mOsT o= ( ), 21)
pAt—4 e2t=7/2 _ At=9/2
‘I’2<Ovt)B2<t)BzT(t)\I’2T(Oa t) = ( e2=T/2 _ M=9/2  At=5 _ 9,2t—4 4 =3 |

(25)
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and

W4(0, 0) By (£) BE (1) UT (0, 1) — (

(26)

a b
b ¢

(2275t — 4575 429/2-10t _ 4,,37/2-10t _ 6—13/2)

where

a = i(4619710t+4613/275t_'_676)
25
1

b = —
25
1

CcC =

25

_(461071(» _ R0t 4 g 18100 4 3/2-5t 4 g 11/2-5t | 677).

Substituting (24), (25) and (26) in (23), we obtain

1 —el/?

lp_ 1
— 2 2
o= (1 ),

1 1
2 i€ T
and
Gs =
where
2 a6 —16 _ ,—26
a = —(8e° =20 —e™)
125
2
b = —
125
2
c = 35(8677—46711+6715—

Then we obtain

det G3 ~
det G2
det G1 ~

Q

1,3/2 _ i€—5/2 _ ieu/Z

1 _.-3 1.5 )a
1€ e+4e

b
c )

(26—21/2 Qe 18/2 4 9pB3/2 | —41/2 4 =532 _ 6—61/2)

26717 + 26721 _ 6727 + 26*31 _ 6*35).

1.3712 x 10712
5.0518
8.7324 x 1073.

It follows that rank(G;) = 2,7 =1,2,3.
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Further, if we choose T =P;; = U[Zk,Qk + 1], then e,(t,t) = (1 +
k=0
pYert=t)e=Pi for t, € [2i,2i + 1), t € [2(i + 7),2(i + j) + 1] with j > 0.

In this case, u(t) = 0if t € U[Zk,Qk + 1) and p(t) =1ift € U{Qk + 1}.

k=0 k=0
Then it follows that

2t

wO0B@E OV = ( C T Jrewgl e

Wy(0,¢) Ba(t) B3 (£)¥3 (0,1) =
A4 p2-T/2 _ pAt—9/2
( Q2-T/2 _ At=9/2 -5 924 4 -3 | > te (%, 1] (28)

(& (&

fpht—8 p2—11/2 _ [ At-17/2 .
( 9e2—11/2 _ oA—17/2  4o4t—9 _ 4,20-6 | =3 ) , te[2,35],

and ;
(Z C), te.3
d e 9
( e f ) ) S [47 5]
where
0 — %(621—1015 _ 7/2-5t +111 1)
11 1 1
b — 25(4 65t 4 85t 2637/2 106 _ 41/2-10t _ 1679/2)
11 1 1
c = 25(4616 10t + 618—10t + 620_10t _ 5611/2—5t _ 615/2_5t + 16—5)
d —_ ﬁ(%e?ﬂlot _ 2627/27525 + 674)
b s 2 3 L s 1 61/2-10¢ —9/2
¢ = 7005 3 " 18° 9° —e )
o 1 1 26 10t 1 28 10t 1 30—10¢t 1 21/2 5t 2 25/2—5t -5
I = To0(55° e e — 3¢ 3¢ +e).
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Substituting (27), (28) and (29) in (23) we obtain

1, _ 1 _ pl/2

e 1—e

Gl——< 2 2 1 ),
1—61/2 1

2 _ 1,2 _ 3 7.-1/2 _1,-3/2 _ /3/2 _ 1,-5/2
Ga=| ¢ 1 ;1 i 1126 g 72
1671/2 _ 5673/2 _ 32 _ 1675/2 c— 1671 +e 24 1673 )

and
a b
Gs = ( b ¢ )
where
: - 9 U4 ~13/2
a = 9000( 546 —+ 23e +e — 60e )
1
b= —goag (120677 + 307 + 10862 — 46e ™% — 200722 —
—%¢ —-29/2 6_33/2)
1
c = 36000(21655 1+ 36672 — 92710 — 116712 — 351 — 4¢P — 417
19 4 240e715/2 4 120e719/2).
Then

det Gy =~ 1.4581 x 107!
detGy =~ 0.12274
detG; =~ 8.7324 x 1073.

It follows that rank(G;) = 2, ¢ = 1,2, 3. Therefore, the impulsive system (21)
is controllable in the both cases.

4 Observability

Consider the following impulsive dynamical system

22 = Au(t)z + Bi(t)u, te[tk 1,tk),

x(k) (1+C)( k), k -
o8 = Cutye + Dt (30)
z(to) = o,
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where T is a unbounded above time scale, [tx_1,tx) C Ty := [to,00) N T,
tr € Ty are right-dense, 0 < t5 < t; < ty < ... < t < ..., such that
limy,_o tx = 00, z(t)) := limy, o+ z(tx + h), z(t;) = limy, o+ z(t; — h) and
cr € R are constants. Also, we assume that Ay € C.qR(Ty, M, (R)), By €
CrdR(TO, Mnxm(R)), Ck € CrdR(To, Mpxn(R)), Dk - CrdR(To, Mpxm(R)), xr €
R™ is the sate variable, u € R™ is the control input, and y € RP? is the output.
Definition 2. The impulsive system (30) is called state observable on [to,t]
(ty > to) if any initial state x(ty) = xo € R" is uniquely determined by the
corresponding system input u(t) and system output y(t) for t € [to, ts].

Theorem 3. Assume that 14+c¢; >0,i=1,2,....,k — 1. Then the impulsive
system (30) is observable on [to, ts](ts € (tx—1,tx]) if and only if the matriz

k—1i—1 k—1
M(to, tf) = M(to, to, t1)+z H(1+CJ)M(tO’ ti—la tz)+H(1+CJ)M(t0, tk—la tf)
1=2 j=1 j=1

18 invertible, where

M(to,ti1,t;) = [}° QF (7,0)CT () Ci(T)Qu(r o) AT, i = 1,2, ... k — 1,

t;

M(to,tr 1, tg) = [ QL(1,t6)CE(T)Ch(T)Q(T, to) AT,

th—1

and
Qi(7,t0) = Pa, (1T, tio1)Pa,_, (i1, tia)...Pa, (t1, t0)

for T € (ti_q1,t;] and i =1,2,..., k.
Proof. Suppose that M (ty,tr) is invertible. From (5) and (30) we obtain

y(t) = C1(t)Pa, (L, to)xo + C1(t) /t Gy, (t,0(7))Br(T)u(T)AT + D1 (t)u(t)
(31)
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for t € [to, t1] and
y(t) = Ci(t)x(t) + Dit)u(t)

-1

— Gty (bt 1) TLO + ) 11 Bt ti )

1=1 7 1

ti i+1

i,l_[:li(l_._cj)/ (I)Az<tva<7-)) H q)Ar@ratrfl)q)Ai(ti,U(T))Bi<T)U(T)AT

ti—1 r=l—1

Ci(t) ié

t

+C(t) / Dy, (t,0(7))Bi(T)u(r)AT + Di(t)u(t),
ti—1

(32)

for t € (t;_1,t], 1 = 2,3, ...k. Tt is easy to see from the Definition 2 that the

observability of system (30) is equivalent to the observability of y(¢) given by

Cl<t)q)A1 (tut(])xOu te [t(]utl]

y(t) = § 1 (33)
[T+ ce)Cit)ult to)zo, te (tior,t], 1=1,2,.. K,
i=1

as u(t) = 0. Now, multiplying QI (¢,%,)C{ () to both sides of (33) and
integrating with respect to ¢ from ¢, to t, we have

tl

/ v QO (7,t0)Cf (T)y (1) AT = [ / O (7, t0)CT (7)Cy (7) D a, (7, o) AT

to to

ST+ ) / QT (r ) CT(7)CU(T) u(r to) AT

1=2 j=1 ti—1

+kﬁ1(1+cj) / QT (7 40) T (F) (1) (7 £0) AT | 0

Jj=1 t—1
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and so,

| et et mumar

to

k—1i—-1

= [M(to, to, t1) + 3 TT(1+ c;) M(to, i1, ;) (34)

i=2 j=1

k=1
+ H1(1 + Cj)M(to, tk—la tf)]ZL‘Q.
=
Obviously, the left-hand side of (34) depend on y(t), t € [to,ts]. Since the
matrix M (o, ts) is invertible, so from linear algebraic equation (34) we de-
duce that x(ty) = x¢ is uniquely determined by the corresponding system
output y(t) for t € [to, ty].

Conversely, if we suppose that the matrix M (to,tf) is not invertible, then
there exist nonzero z,, € R™ such that z1 M (tg,t;)z, = 0. Since 1+ ¢; > 0,
i=1,2... .k, M(to,t;i_1,t;), i = 1,2,....k — 1, and M(to,t5_1,ty) are positive
semidefinite matrices, we have

l‘gM(to,ti_l,ti)l‘a = 0, 1= 0, 1, ceey k—1
(35)
xl M (to, tg—1,t5)xe = 0.

Choose xy = x4. Then, from (33) and (35), it follows that

ti ty

Y7 (r)y(r)Ar + / yT(r)y(r) A

th—1

[ vromar=5

ti—1

t1
:/ xZ(I)El(T, tO)C’lT(T)Cl(T)CI)Al(T,to)xaAT

2

k=1 [i-1 t;
s |Ta+e)| [ a0l nCmr tais
=2 | j=1 ti—1
2
k-1 ty
+ | 11 +¢)) / 2L QL (7, t0) O (1) Co(T) (7, to) o AT
Jj=1 th—1

EJQTDE, 2011 No. 95, p. 19



Further, we have

[ v

to

2

(2

[T(1+¢)

J=1

JTTM(t(J’ ti—1, tz‘)l’a

07

k—1
= al M(to,to, t1)Ta + >
=1

2
k—1

[T(1+¢)

J=1

+ cI M (to, tr—1,t5)x0 =0

and so,
tf 5
/ Iy Ar = 0.
to

It follows that

e

Cl (t)q)Al (t, to)ﬂfo, t e [to, tl],

-1
H (1 + Cj)Cl(t)Ql(t, to)l’a, t e (tlfl, f}l], [=1,2,..k—1,
O=yt) =4 =

kﬁlu + ) Cu) Qb to) Ty tE (b, tf].

\  J=l

The last equality implies, by Definition 2, that the impulsive system is not
observable on [to, t¢] (tf € (ty—1,tx]). O

If T = R, then we obtain the result of Theorem 3 in [47]. If A(t) = A(t),
By (t) = B(t), then we obtain the Theorem 3 in [36], and the Theorem 3.3
in [23] if T = R. The version of non impulsive case on time scales (¢; = —1)
can be found in [21, Theorem 3.2] and [25, Theorem 3.7].

In the following, we consider the sufficient and necessary criterion for
time-invariant case. For impulsive system (30), we denote
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- - [ C, ]
" CiA;
S=1- and V; = ' T, (36)
L Vk i I CiAgmfl |

where Y; = e, (t;, ti_1)...a,(ta, t1)eq, (t1,to) if i = 1,2, ...k,

Theorem 4. Assume that 1 4+¢; > 0,1 = 1,2,....k and Ax(t) = A,
Cr(t) = Cy are constant matrices. Then impulsive system (30) is observable
on [to, t] (tf € (tr—1,tx]) if and only if rank(S) = n.

Proof. Suppose rank(S) = n and we have to show that system (30) is
observable on [to, t7](tf € (tk—1,tx]). If otherwise, namely, system(30) is not
observable then, by Theorem 3, it follows that the matrix M(t,ts) is not
invertible. Hence there exists a nonzero vector z,, such that 22 M (o, t;)xe =
0. Similar to the proof of Theorem 3, we obtain
t;
IL‘Z:M(to, ti—la ti)l‘a = / [ZL‘ZQZT(T, tQ)CZT] [CZQZ(T, to)l‘a]AT

ti—1

= /ti [CiQ4 (7, t0) x| T [Cihi (T, to) 2] AT = 0, i =1,2,...,k —1
tio1
and
T M (b, b1, )0 — / G (1 0)a T [C (7 to ) AT = 0,
th—1
Since Q;(7,t0) = ea,(T,ti—1)...€a,(t2, t1)ea, (t1,to) for ¢ = 1,2, ..., k, it follows
that

CZ‘GAZ.(T, ti_l)...eAQ (tg,tl)eAl (tl,to)l‘a =0 (37)
for 7€ (tiq,t],i=1,2,....k — 1, and
C’keAk (T, tk_l)...eAQ (tg, tl)eAl (tl, tQ)ZL‘a = 0 (38)

for 7 € (t;_1,tf]. Obviously, at 7 = t;_1, we have C;Y;_1z, = 0,1 = 1,2, ..., k,
and differentiating in (37) and (38) j times and evaluating the result at
T=t;_1,1=1,2,...,k, we obtain

CiAIY 12a=0,i=1,2,...k j=0,1,2..n—1. (39)

EJQTDE, 2011 No. 95, p. 21



Therefore, by (36) and (39) it follows that Sz, = 0 and moreover, x, # 0
implies that rank(S) < n which leads to a contradiction with the assumption
that rank(S) = n. The proof of the sufficiency part is finished.
Conversely, we suppose that rank(S) < n. Then there exist z, # 0 such
that Sz, = 0, which leads to (39). By (4) and (39) we have
t;

n—1 .
M(to,tio1,ti)T0 = > i (7, ti-1) [Ci€ (7, 80) | T [CLAI T 1 ]xa AT = 0

ti—1 j=0
fori=1,2,....k—1, and

ty n—1 .
M(to, th—1,tf) 0 = > %ii (7, 0) [CuS (7, 10) | [Cr AL Tr 1]z o AT = 0,

t—1 J=0
and so, by (39), we obtain M(ty,tf)z, = 0. Since z, # 0 the matrix
M{(tg,tf)x, is not invertible. Hence system (30) is not observable from The-

orem 3, and it contradicts with the assumption of observability. The proof
is completed. [

If T = R, then we obtain the result of Theorem 4 in [47]. If A(t) = A(t),
Byi(t) = B(t), then we obtain the Theorem 4 in [36], and the Theorem 3.4
in [23] if T = R. The version of non impulsive case on time scales (¢; = —1)
can be found in [8, Theorem 4], [21, Theorem 3.7] and [25, Theorem 3.9].

Example 2. Consider the following impulsive system on a time scale T:

72(t) = Ap(t)x(t) + Br(H)u(t), t € [ti1,tr),
w(th) = x(ty), k=1,2,3, (40)
y(t) = Ce(t)z(t) + Dy(t)u(?),
2(0) = o,
where 9 0
A= 1 3_,01:[0 e3(0,1) ]
(1 2 )
AQ—_03_>CZZ[O €3<§7t)] (41)
[ -3 -2 5
A32_3 4 ,03:[0 63(5,75)}.
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Then the exponential matrices corresponding to Ay, As, As are given by

. [ _62(t70) 0
eAl(t’tO) - I eQ(t, 0) €3<t7 0) }
[ el(t,O) 63(ta0)
6A2<t7t0) = I 0 €3<t,0) :|
[ 2e_5(t,0)  es(t,0)
eay(tto) = | —e_o(t,0) —3es(t,0) }

respectively. We have to compute the following matrix

9 1 1 15 1 59
5) = M<0707§)+_M(0 _'__M(O’_ _>7

M -
(©, 2 ’2’2> 4

where
1/2

M(0,0,1) = / 0T (7,0)CT (7)Ch (7) (7, 0) AT
5/2
M(0,1,5) = /Qg(T,O)CQT(T)CQ(T) Qo(1,0)AT (42)
1/2
9/2
M0, g, g) = /Q{(T, 0)CT(7)C3(7) Q3(7,0)AT,
5/2

and
Qi(S,O) = (I)AZ'(Satifl)q)Ai,1<ti717ti72>---q)A1 (tl,O), S € (tz;l,tl'], 7= 1,2, 3.

If T =R then

1
M(0,0,1) (_%(_QSH) _ﬁ(_emﬂ)),

ey e
202 2¢%/2
M(Ov %7 g) = ( 265/2 263 )
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and

Gz as
where
1
a; = T (1264 +e 8 —ef — 20710 1 14610 4 e — 19361 — 12)
4y = _i (—661/2 112692 4 11/2 _ o-19/2 4 7 21/2 193629/2)
10
1
az = —e ”(—12e" +193¢* —1).
10
We obtain 9
det M (0, 5) ~ —1.7799 x 10°.
Further, if T =Py, = U [2k, 2k + 1], then
k=0
1 5 1 11/2
—L (= +1) —& (—e'V2+1)
M(0,0,1) = 10( € 11
( ) 72) ( _1_11 (—611/2 + 1) _% (—66 + 1) )
2 5/2
15\ es e
M(07 2 5) - ( 65/2 63 )
and
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where

3 1 3 1 2 1 56
ay = 3—63 — 36 ——e ety —et 4 St — —e b - b
10 10 10 8 10 ) 40 5
824
+?e8 + 12€7/% — 24¢!1/2
1 9 1 33
ay = 6et—24eb — 1—0(3’% — %e% 2—0677/2 + 1—067/2 —
28 824
_3613/2 + 7617/2
33, 1 _, 824, 13
= —e - — ——e? — 246132,
as 106 106 + 5 e e
We obtain

det M (0, g) ~ —9.4 x 10°.

Therefore, the system (40) is observable in the both cases.

5 Applications

5.1. Consider the following application to population growth model with
impulse

NA(t) = rpN(t) + U (t), t# ty,
N(tf) = (rea — )N (), t=t,
N(0) = N,

where N(t) is the number of population at the time ¢, 7 is the rate of popu-
lation growth between two consecutive impulsive points and U(t) is a control
input. Such model can be describe the evaluation of cicada magicicada sep-
tendecim. In this case is need to consider the time scale T =P ; (see [13,
Example 1.39] ) Using the Theorem 2 it is easy to see that the system is
controllable.

5.2. Next application is a impulsive model in Nonelectronic [44, Example

EJQTDE, 2011 No. 95, p. 25



11.1.1], that is

02 (t) = —26(t) + y(a — beost), t# t,
6(t)) = —3m, t=t,
6(0) = b,
16(0)] <7

Using the Theorem 2, with A = —1, B = v and n = 1, it is easy to see
that the system is controllable if v # 0 and v # w. The controllability of this
system is independent of the choice of the time scale T.

6 Conclusion

In this paper, the issue on the controllability and observability criteria for
linear impulsive time-varying systems on time scales has been addressed. Sev-
eral sufficient and necessary criteria for state controllability and observability
of such systems have been established, respectively, by the variation of pa-
rameters for time-varying impulsive systems on time scales. In addition, two
examples and two applications have been presented to show the effectiveness
of proposed results. As it has been shown that a larger class of systems are
considered, the results generalize some known results in [8, 21, 23, 25, 36, 47].
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