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Abstract. We consider the multiplicity of solutions of a class of quasilinear Schrédinger
equations involving the p-Laplacian:

—Apu + V() |[u|P~2u + Ap(uz)u = K(x)f(x,u), x € RN,

where Apu = div(|Vul[P72Vu), 1 < p < N, N > 3, V, K belong to C(RY) and f is an
odd continuous function without any growth restrictions at large. Our method is based
on a direct modification of the indefinite variational problem to a definite one. Even for
the case p = 2, the approach also yields new multiplicity results.

Keywords: quasilinear Schrodinger equations, variational methods, Brezis-Kato type
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1 Introduction

In this study, the multiplicity of solutions for the quasilinear elliptic problem
— Apu+ V (x) [ulP2u + tA, (u*)u = K(x) f(x, u), x € RY, (1.1)

will be analyzed, where A,u = div(|Vu|P~2Vu) is the p-Laplacian, 1 < p < N, T € R, fisa
continuous function and is only p-sublinear in a neighborhood of u = 0, V' and K belong to
C(RY), satisfying

(VK) forall x e RN, 0 < Vy < V(x),0 < K(x) < K; and

W(x) := K(x)P/ P~V (x)1/ =P ¢ LY(RN) (q will be defined in (f1)).
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For p = 2, quasilinear Schrodinger equations (QSE) are widely used in non-Newtonian
fluids, reaction-diffusion problems and other physical phenomena. It should be noted that
the solutions of problem (1.1) are closely related to solutions of the nonlinear Schrodinger
equations:

0z = —Az+ V(x)z — I(x, |z*)z + T[Ap(|2|P)]0’ (|2]*)z, (1.2)

wherez : RN xR — C, K : RN — R is a given potential, T is a real constant, p is a real function
and [ : RN x R — R. They have been derived as models of many physical phenomena
corresponding to various types of the function p. For example, when p(s) = 1, one has the
classical stationary semilinear Schrodinger equation [3,12]. If p(s) = s, the equations of fluid
mechanics, plasma physics and dissipative quantum mechanics are established [4,11]. When
p(s) = (1+5)'/2, the equation models the propagation of a high-irradiance laser in a plasma
and the self-channeling of a high-power ultrashort laser in matter [13]; problem (1.2) is related
to condensed matter theory. For more information on the physical background, please refer
to [4,5,18].

In what follows, we discuss the case of p(s) = s and p = 2. A standing wave of problem
(1.2) is a solution of the form z(x, t) = exp(—iEt)u(x) where E € R. It is also called stationary
waves. It is generally known that z is a standing wave solution for problem (1.2) when and
only when u is a solution for the quasilinear elliptic problem (1.1), where V(x) = V(x)—E
indicates the new potential.

When T = 0, equation (1.1) degenerates into a semilinear equation (i.e., the nonlinear
Schrodinger equation), which has been widely studied using the variational method for the
past 30 years, see [14]. Obviously, if T # 0, the energy functional of the quasilinear term
T [gn u2|Vu|?dx is not well defined in H'(IRYN). Therefore, the energy functional I of (1.1) is
not a C! functional.

When T < 0, scholars have obtained a large number of existence and multiplicity results
for equation (1.1) based on variational methods. For instance, Poppenberg, Schmitt and Wang
proved the existence of positive solutions with a constrained minimization argument in [19]
for the first time. By utilizing variable substitution and converting the quasilinear problem
(1.1) into a semilinear one in an Orlicz space framework, Liu et al. in [15] obtained a general
existence result. Colin ef al. in [6] adopted the same method of variable substitution but chose
the classical Sobolev space H 1 (]RN ). For further results, please refer to [8,16,21,22,25].

When T > 0, in [1], Alves et al. introduced a substitution of variables u = Gfl(v), where

8 = R

— 1
{\/1 << b
v T e

-_ /STI

() = g(—t) forall t < 0and G(s) = fosg(t)dt. Given a sufficiently small T > 0, the authors
proved that there exists a solution of

—Au+V(x)u+1AW)u = |ulT?u, x € RN,

where 2 < g < 2*. Wang et al. [23] investigated the existence of solutions for QSE with
critical growth nonlinearities. [2] with potential V' vanishing at infinity and the superlinear
nonlinearities, [24] with f(t) = A|t[172t + |t|!~2t for g > 22*,4 < i < 22* and A > 0 small
enough, [20] with potential V being large at infinity and nonlinearities being superlinear or
asymptotically linear at infinity.
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Now, from [1], two natural questions arise:

(Q1) Can the appropriate variational framework for problem (1.1) with 7 = 1 (not small
enough) be established?

(Q2) When T = 1, if the nonlinearity |f|77?t with ¢ > 2 is replaced by g < 2 or a more
general sublinear term f(x,t) in problem (1.1), will this problem possess infinitely many
solutions?

Regarding the question (Q;), our earlier work [9] studied the existence of a positive so-
lution for problem (1.1) with T = 1 under a local superlinear growth condition. Our aim in
this work is to seek clear answers to question (Qy). Therefore, we will be mainly interested
in the existence of infinitely many solutions for the following general QSE involving local
p-sublinear nonlinearities:

— Apu+ V() [ulP2u+ Ay (u*)u = K(x) f(x, u), x € RN, (1.3)

where 1 < p < N, N > 3, V and K satisfy condition (VK). We remark that our results are
new also in the case p = 2. Next, we suppose that the nonlinearity f is continuous and meets
the following conditions that describe its behavior only in a neighborhood of the origin:

(f1) there exist 6 > 0,1 < g < p and C > 0 such that f € C(RN x [-4,4],R), f is odd in ¢
and
If(x,t)] < C|t|"!, uniformly in x € RY;

(f2) there exist xp € RN and rp > 0 such that

lim inf inf F(x 1) > —o00
t-0  \ xeBy(x0) [t|P

and

where By, (x9) C RN and
F(x,t) = (x,s)ds.
0
Remark 1.1. We do not need any growth condition on f at infinity. There exist many functions
satisfying (f1) and (f2), for example
(i) f(x,u) = |ul7'sgn u with g € (1,p);
(i) f(x,u) = Q(x)|ul7'sgn u+ P(x)|u|""'sgn u, where 1 < g < p,i > p* := I\’;—ﬁlp, Q(x) and
P(x) are bounded Holder continuous functions on RN and Q(xp) > 0 at some xg € RN.

Remark 1.2. Although problem (1.3) is not a standard elliptic equation, we can still give the
definition of the weak solution of problem (1.3). Suppose that conditions (VK), (f1) and (f2)
are satisfied. A weak solution of problem (1.3) is a function u € X (X will be defined in
Section 2) such that

—op=1iy|P p—2 _op-1 Ply|P—2 P—2
/]RN(l 2P ulP) [ Vu|P~*VuV edx — 2 /]RN|Vu| |1 ugodx+/]I{NV(x)|u| u@dx

=/ K(x)f(x,u)pdx, forall ¢ € C¥(RYN).
JR
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From a variational perspective, we give a formally Lagrangian functional of (1.3):

_1 —op—Liyp P 1 / Pdx — /

J(u) P/]RN(l 2P u|P) | Vu| dx—l—p e V(x)|u|Pdx IRN1'((3()1-’(3c,u)dx,

which is not well defined in W?(RN). For this reason, conventional variational methods
cannot be applied directly. Problems such as (1.3) become interesting and challenging in this
dilemma. First, because of our lack of information about the function f at infinity, the term
Jrn K(x)F(x,1u)dx may not be well defined. Second, the presence of [pn (1 — 2P~ u|?)|Vu|Pdx
makes us unable to work in a classical Sobolev space. Third, ensuring the positiveness of the
principal part, i.e., [n(1—2P"1u|P)|VulPdx > 0, is also difficult.

Drawing lessons from the work of Costa and Wang [7], our earlier work [9] and the vari-
ant symmetric mountain pass lemma [10,17], we can obtain infinitely many solutions for a
modified functional with modifications made on the nonlinearity and the principal part of the
Lagrangian functional J. Then, we obtain Brezis-Kato type estimates for these critical points
of the modified functional. After fine estimates of the solutions for the modified problems
we can show that some of these solutions for the modified problems give rise to solutions of
problem (1.3) with desired properties.

We now proceed to present our main result.

Theorem 1.3. Suppose that conditions (VK), (f1) and (f2) are satisfied. Then problem (1.3) possesses
a sequence of weak solutions u, € X with u, — 0 strongly in X, u, — 0 strongly in L*(RN) and
J(u,) — 0.

Remark 1.4. Since problem (1.3) is not a standard elliptic equation, conventional critical point
theory is not directly applicable. Hence, some fundamental results for elliptic equations are
not expected. For instance, without the symmetric condition regarding nonlinearity, the exis-
tence of solutions for problem (1.3) may not be proved.

The remainder of this paper is arranged as follows. In Section 2, the problem is refor-
mulated. We provide the variational framework for the reformulated problem in Section 3.
Section 4 is devoted to discussing the reformulated problem in detail via a cut-off technique,
Morse L*-estimation and proving Theorem 1.3.

In what follows, C denotes positive generic constants.

2 Reformulation

Define X = {u € W'P(RN) | [pn V(x)[u|Pdx < co} endowed with the norm

1/
= ([, (9 + Ve lulriax)

As usual, the norms of L¥(RN)(s > 1) are denoted by | - ||s.
For fixed § > 01in (f1), set d(t) € C(R) as a cut-off function satisfying :

1, if |t <&,
aey = & IS
0, ift| >34,

d(—t) =d(t) and 0 < d(t) <1 for t € R. Define
f(x,t) =d(t)f(x,t), forallx e RN, t € R
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and ,
F(x,t) = /0 f(x,s)ds.
Inspired by [7,9], a modified QSE can be established:
— div(h? (u)|[VulP2Vu) + hP Y)W () [ Vul? + V(x)|uP2u = K(x) f(x,u), x€RN, (2.1)
where h(s) : [0, +00) — R satisfying

(s) = (1—2r-1gp)1/p if 0<s < (350)7,
T LE B s> (35

and h(s) = h(—s) for s < 0. It deduces that h(s) € Cl(R,((f%)l/P,l]) and decreases in
[0, +00). And then, we define

H(t) = /O n(s)ds.

Obviously, H(t) is an odd function, and there exists an inverse function H~!(¢). Moreover,
H(t) has the following attributes, the similar proofs of which can be found in [9].
Lemma 2.1.

H1(t
t()zl'

4

(i) lim
t—0
.. . H-1(t
(i) tim 5 = (5%5);
(iii) [t| < [H7H(t)| < (525)YP|t], forall t € R;
(iv) ﬁh’(t) <0, forallt € R.

Our goal is proving that (2.1) has a sequence of weak solutions {u,} satisfying ||u,|/1~ <
min{d/2, (le_p)l/ P}, in this situation

h(uy) = (1=2P"Yu,|P)VP and  f(x,u,) = f(x,uy).

Thus, they are also the weak solutions of (1.3).
To find the weak solutions of (2.1) with desired properties, we focus on a Lagrangian
functional defined by

~ 1 1 -
= [ Vulrdx [ V) uldx - [ KEFu)dx. 22
) = [ lvaltaxs o [ vEldax - | K@Fnd @2)
Taking the change of variable
v = H(u),
it is clear that functional | can be written as follows:
Io) = 1 / VolPdx + - / V(x)|H Y (0)|Pdx — / K(x)E(x, H'(0))dx.  (2.3)
p JRN p JRN RN

From the definition of F(x,t), we deduce

|F(x,t)] < C|t]7, forallx € RN andt € R,
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where 1 < g < p. This together with Lemma 2.1 implies that

/RNK()( dx<C/ 0)|9dx

(r—q)

gc(/RN W(x)dx> ' </RN V(x)|v|”dx>

< Clloll.

(2.4)

==

From the above estimation and Lemma 2.1, we obtain
I(v) is well defined in X.
Then, it is standard to see that I € C!(X,R) and for all ¢ € X

H™(v)

W )

I'(v)e / |Vo|P~ ZVvVgodx—l—/ X)|[H () |P72

flx, H"}(0))
—/]RNK(x) n(HT(0) @dx.

Lemma 2.2. Suppose that conditions (VK) and (f1) are satisfied. If v € X is a critical point of 1, then
u = H"Y(v) € X and u is a weak solution for (2.1).

Proof. From v € X and Lemma 2.1, we have u = H~!(v) € X. By v being a critical point for I,
we deduce that

H1(0)

/ |Vo|P~ 2VUV¢dx+/ x)|H (v )|”_2W

pdx

_ /RN K(x)]m(pdx, for all ¢ € X.

Taking ¢ = h(u)i as the text function, where u = H~!(v) and ¢ € CF(RY), we obtain
/}R V0P 2V oVl (i) pdx +/ Vo|P 2V oV yh(u)dx +/ x)|ulP2uydx
- /]RN K(x)f(x,u)pdx = 0.
or
/R ) (—div(hp(u) IV ulP2V ) + 1P () (1) |Vl + V() [u]P 20 — K(x)f(x,u)) pdx = 0.
This ends the proof. O

Therefore, for the weak solutions of (2.1), we only need to discuss the existence of the weak
solutions of the following problem:

— Ao+ V(x)|H (v) yP—zh H7 (o) _ K(x)w x € RV, (2.5)

(H~(v))
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3 Clark’s theorem

Denote
Ir={AcX\{0}]|Aisclosed, —A = A}.

Let A €T, define
7(A) = min{n € IN | there exists an odd, continuous ¢ : A — R"\ {0}},

If such a minimum does not exist, then we define y(A) = +o0. Moreover, set 7(@) = 0.
In order to prove Theorem 1.3, we introduce the following Clark’s theorem due to [10].

Proposition 3.1. Let X be a Banach space and ® € C'(X,R) be an even functional with ®(0) = 0.
Assume that O satisfies the following.

(i) @ is bounded from below and satisfies the Palais—Smale condition.

(ii) Forallk € N, Iy = {A € T|y(A) = k}, there exists a Ay € Ty such that sup,, , ®(v) <O0.
Then, at least one of the following conclusions holds.

(i) There exists a critical point sequence {vy} such that ®(vy) < 0 and vy — 0 strongly in X.

(ii) There exist two critical point sequences {vy} and {wy} such that ®(v;) =0, vy # 0, vx — 0
strongly in X, ®(wy) < 0, limg_,0o ®(wy) = 0 and {wy} converges to a non-zero limit.

The following lemma plays a fundamental role in verifying Proposition 3.1. In the proof
of this lemma, we adapt some arguments of dealing with the Schrodinger-Poisson systems in
[26] and the elliptic problem in [10].

Lemma 3.2. Suppose that (VK), (f1) and (f2) hold. Then for all k € IN, there exists Ay € T such
that genus «y(Ax) = k and sup ., 1(v) <O0.

Proof. Without loss of generality, we may assume that xo = 0 in condition (f). Let Q be the
cube
Q:={x=(x1,x2,...,xN) | |xi| <r9/2,i=1,2,...,N},

where r( is chosen in condition (f). Obviously, Q C B, (0). From (f2) and Lemma 2.1-(iii),
we can find two sequences 6, — 0, M,, — co(J,,, M, > 0) and a positive constant a such that

F(x,t)
|£]P

> —a, forallx e Qand |t <6 3.1)

and
F(x, H(5,))

[H=1(6,)17

Next, for any k € IN fixed, we shall construct a Ay € I which satisfies genus y(Ax) = k
and sup, 4, 1(v) <0.

Firstly, let k € IN be fixed and m € IN is the smallest integer that satisfies mN > k. Then,
by planes parallel to each face of Q, we can equally divide cube Q into m" small cubes. Set
them by Q; with1 <i < mN. Tt is well known that the length of the edge of Q;is d = ro/m.
Furthermore, for each 1 < i < k, let U; be a cube in Q; such that U, has the same center as that
of Q;, the faces of U; and Q; are parallel, and the length of the edge of I/; is %.

>M, forallx € Qandn e IN. (3.2)
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Define a cut-off function y € C(R) such that 0 < u <1, u(x) = 1fors € [—%,%] and
u(x) =0fors € R\ [-4,4]. Denote
v(x) := pu(x)p(xo) ... u(xy), forall x = (x1,x,...,x5) € RN,

Foreach1 <i <k, let
vi(x) = v(x —y;), forall x € RY,

where y; € RN is the center of both Q; and U;. Obviously, for all 1 < i < k, we have

supp v; C Q; (3.3)
and
vi(x) =1, forall x €U, 0 <wvi(x) <1, forall x € RV, (3.4)
Denote
Dy := R* =1
k {(611621 /€ ) € | 1n<11a<>§< ‘ez‘ }
and

k
Ly := {Zeivi | (61,62,...,€k) S Dk} .
i=1

It is well known that using an odd mapping, Dy is homeomorphic to the unit sphere in RF.
Thus, v(Dy) = k. And then, since the mapping £ : Dy — Ly defined by

k
L(erez,...,e) =Y ey, forall (e, e,...,e) € Dy,
i—1

is an odd homeomorphism, this deduces y(Dy) = 7(Ly) = k. Due to the compactness of Ly,
there exits a constant C; > 0 such that

|v]| < Cr, forallv e Ly (3.5)
For v =YX ,e; € Ly and any ¢ € (0, %(21%)1/”5), by Lemma 2.1-(iii), the definition of F and
the fact that [H~!(te;v;)| < § for all 1 < i < k, we have

p .op—1p k ~
I(to) < L/N VolPdx + SZPt/NV(x)\v\”dx— Z/Q K(x)E(x, H (teqv;))dx
i=1 i

3.2 1P

< == —oll” - z [, KCOFCx H ()

From the definition of Dy, there exists i, € [1,k] such that |e; | = 1. Then, we rewrite the term
Yk, Jo, K(x)F(x, H~1(te;v;))dx in (3.6) as follows:

(3.6)

K(x)F(x, H ' (te;, vy, ) )dx + K(x)F(x, H '(te;,v;,))d
J, KRG H e+ [ KGFGH ()

+ Z (x, H  (tejv;))dx. (3.7)
i#iy

From Lemma 2.1-(2), (3.1) and (3.4), we deduce

/ K(x)F(x, H  (te; v;,))dx + Z/ “Ltev;))dx > —%(xré\]Klt”. (3.8)
Qi \Ui, iy 2"
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Choosing t = J, € (0, %(21%)1/?5) in (3.6), by using F(x, t) is even for |t| < §, Lemma 2.1-(iii),
(3.2) and (3.5)—(3.8), we obtain

3.op-1

[(6y0) < C,f&ﬁ + Zlizxro Kq6F — / K(x)F(x, H’l(éneivviv))dx

iy

3.9p-1 3 dM, .
< Col + srpart Kol — C i [H 1 (64)[" (3.9)
3.2°71 3 dNM
P p n
<4y < p G + T p ar Nk, —C N ) .

Note that M,, — o0 as n — oo, there exists an nyg € IN such that for n > ngy, we obtain

3.2r71 3 dNM
Cp~l——ocrOK1 C ZNn < 0.
Choosing
Ay = {00 | v € Ly},
we deduce that A satisfies
v(Ax) = v(Ly) =k and sup I(v) <O0. O

vEAL
Next, we show a compactness result for the functional I.

Lemma 3.3. Provided that assumptions (VK) and ( f1) hold, then I is bounded from below and satisfies
the Palais—Smale condition.

Proof. Let v € X. Then, from (2.4), we have

/ K(x)E(x, H Y (v))dx
RN

< Cl[o||7.
Therefore, we obtain

I(v) = ;/ IVolPdx + - / )| H (v )|de—/IRN K(x)E(x, H ' (0))dx

> Lo|l? - ol
p

Note that 1 < g < p, we can derive that I is bounded from below and I is coercive.
Next, we shall prove that I satisfies the Palais-Smale conditions. For {v,} C X, such that

|I(vy)]| <c and ['(v,) — 0.
By I being coercive, we have the sequence {v, } bounded in X. Up to subsequence, we obtain

v, — v weakly in X, v, — vstrongly in L] (RN) and v, — vae onRY.
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Consider

(I'(vn) = I'(0), 00 — 0)
/ (|Vo,|F~2Vo, — |Vo|F~2V0)(Vo, — Vo)dx

_ _ H! (vn) — — Hﬁl(v)
+ [ V) (I @l 2 s = I )P 2 s ) (o — o)

) o H 0n)  Fl @)
Jon K& )< WH (o) WH1(0)) )” )

(3.10)
>C [ Vo, Volrid
RN
_ _, H Y(v,) 7 _, H Y(v)
1 p—2 n o 1 p—2 _
# [ V) (1B @l 2 s = I )P 2 s ) (o — o)
_ fl, H ' (on) _ flx,H'(v)) _
Jor KO ( WH (o) h(H1() ) O 7O
= c/ Vo, — VolPdx + I — I,
RN
where we use the elementary inequalities:
C b|)P2|la—bf?, f beRNif1 2
(|a’p—2a_|b’p—2b)(a_b)2 (|€l|—i—| |) |6l | , fora,b e rl<p<sz,
Cla —b|?, fora,b € RN if p > 2.
Firstly, we will show that
L > 0. (3.11)

In fact, a direct computation shows that second derivative of the function
G(t) = |H Y(t)|P forteR

satisfies the equality

((p = Dg(H (1)) - SELARAD ) |1 (1) |2
$2(H1(1))

G'(t) = >0 forteR\{0},

which implies that G is a convex function. From this, we obtain
(G'(t) —=G'(s))(t—s) >0, foralltseR,

that is

I

_ _ Hﬁl(vn) — — Hil(v)
/}RN V(x) <|H o) |P ZW —|H Y (0)|? 2h(Hl(v))> (v —v)dx > 0.
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Secondly, for any R > 0, we estimate I, as follows:

[ koo [fuon _Jwmoon
RN ~(vn)) W(H-1(v) |
<€ Jmo K(x) (IH @)1+ [H @)1 (Joul + Jo])dx

+C [ (loalt 4 olt 1) o — old
oy Lol ol o — oldx

<C K |1+ qd+c/ 2T 0|77 o, — o|d
< qu(@@\ o) dx (loul? 4 Jol" ) o — ol
< CIWE) I s on (VRN e o) + 1V P 1320
= LY( IRN\B L1(RN\ Bg( ORI (RN BR (0))
+C (llonllfs 5o 4Wﬂmm Mw—ﬂwwm
/
smw<mﬁ@g>+qm—wmhm

it follows that

- fx,H Y (v))  f(x,H '(v))
tim, RNK(")< WH 0y h(H () >(U”_”)dx:0'

From the above estimate, (3.10) and (3.11), we get
/ Vo, — VolPdx = 0,(1) (3.12)
RN
and
B _, H Y(v,) _ » H'(v)
_ 1 p—2 n - 1 p—2 _
b= [ V) (1 P 2 iy = I @ s o —o)ds
— On(].).
It is easy to say (3.13) can also be expressed as

B , H (o) _ - -
o VO P ryonde = o VOO @0 g o
1
)

- o, H (v
1 p—2_-~ \Y) o
—I—/]RN V(x)|H (v i 71(0))(0,1 v)dx
+0,(1).
Since v, — v weakly in X,

[ VI @ 2D 0, ) = 0,),

and so,

_ _ Hﬁl(vn) - - - Hil(vﬂ)
/]RN V(X)|H 1(vn)|P Zh(H—l(zjn))vndx_/]RN V(x)|H l(Un)|p vadx (3.14)

+ 0, (1).
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Recalling that
3 1/p 21 1/p
[H71(t)| < <2> t| and <3> <h(H Y(v,)) <1 foralltc R.
From this, we know V(x)ijl|H_ (vn)|P~ 2@,7((””))) is bounded sequence in Lil( N). Thus,
_ , H (o)
1 p—2 n
S VOH ()2 s o
2 H'(vn)
— r=1/p p—2 n 1y 3.15
V( ) |[H Y (v,)] h(H—l(vn))V(x) vdx (3.15)
H'(v)
= )P~ 2 11 \0)
/ O pEE oy +on (1)
It follows from (3.14) and (3.15) that
7 _, H Y(v,) , _, H Y(v)
1 p—2 n — 1 p—2
| V@I @) (e | VI @) WO e
+0,(1).

By Lemma 2.1, we have

1/ .
V(x)|H (on)]" < <213p> pv(x)yH1<vn)|v2mvn.

Then, using the above discussions together with Lebesgue’s Theorem, we obtain

/ V(x)|H " (0n)|Pdx = / V()| H " (0)|Pdx + 0, (1). (3.17)
R3 R3

which implies

_ 3\
V(x)|[H (v, —0) [P <2PV(x) <|H Yow) [P + (21—1’) |v|’”> :
From the last inequality, (3.17) and Lebesgue’s Theorem, we get

/]R V(@)H (00— 0)[Pdx = 0,(1). (3.18)
Finally, combing (3.12) and (3.18), we have
/IR (IV (0n = 0)|P + V(x) |05 — 0]) dx < /m (IV (s = o) + V()| H (00 — 0)|") dx

= 0,(1),

which concludes the proof of the lemma. O
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4 Proof of Theorem 1.3

In this section, we firstly study Brezis—Kato type estimates of the critical points of I.

Lemma 4.1. Assume that {vy} C X is a critical point sequence of I satisfying vy — 0 strongly in X.
Then, vy — 0 strongly in L (RN).

Proof. Let v € X be a weak solution of (2.5), i.e.,

_ H ()
p—2 p=2_—- \7)
/RNWU\ qu)dw/w VI @)ty o
_ flx, H(v)) oo (N
/]RN K(x) W(H-(0)) pdx, forall ¢ € CF°(RY). (4.1)
Set T > 0, and denote
T, ifo<-T,
T =40, if —T<ov<T,
T, ifo>T.

Taking @ = |v7|P7~Dor as the text function, where 7 > 1 to be determined later, we obtain
/N lor|PU=D|Vo|P2VoVordx + p(y — 1) /N lop [P0 | Vo|P~2VoVordx
R

+ [ VI ZM\MW‘%TW / NK(x)mwTV’(”‘l)dex.

By using the facts

p(n—1) /N lor|PU- D1 V0|2V uVordx > 0,
R
_ _, H(v) _
Lo P2 g P1—1) >
/RN V(x)|H ™ (0)] W1 (0)) |or| vrdx >0

and Lemma 2.1-(iii), we have

1

77 Jo [V 0117 < c/ Flx, H(0)) o] D+ 1dx < C/N | Ay, (42)
R

On the other hand, it follows from the Sobolev inequality that
17” rliy < o5 oy (43)
where S = inf{ [x |[Vo|Pdx | [px [0]7 dx = 1}. In what follows, by (4.2) and (4.3), we get
1 P +q—
gl < C/RN 0|1+ dx. (4.4)
From Fatou’s lemma, sending T — oo in (4.4), it follows that

1 /
[ollype < (Cp)M/ 7 [0 B2/ P, (4.5)
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Let us define 7, = Pt tp=

of Moser’s iteration as follows:

,wherek =1,2,... and 5o = W. We show the first step

1 + /
[0]ly,pe < (Cr)" ™ o] (pm+q4-p)/pm

P’71+q p (4 6)
1/ 1/ )/ + / + / ’
< (Cmp) mn (Cro) no-(pm+qa—p)/pm anpzzoﬂq pp) pro-(pr1+q—p) P

Without loss of generality, we may assume C > 1. For i < j, we have
(Cyy)P1ia=P () < . (4.7)
From (4.6) and (4.7), we have

1/ 1/ + / +q—p)/
HUHﬂlp* < (Cm) M (Cro) o HUHMZ%L] pP) pro-(pi+q—p) P

Then by Moser’s iteration method we get

k
In(C i
1ollseqp < exp (2 (,7_’7 )> o],

i=0 !

where ;. = [T5, P’71+L7 P. Sending k — oo, we deduce that

2 In(Cry;
ol < exp ( £ 24580 oy,

i—o i

where 1 = I, p'71+‘7 PO < u < 1) and exp (L2, In( ”C”’)) is a positive constant. This,
together with the Sobolev embedding theorem, shows that if {vy} is a critical point sequence
of ] satisfying vy — 0 strongly in X as k — oo, then vy — 0 strongly in L®(RY). This completes

the proof. O

Proof of Theorem 1.3. It is well known that I is an even functional with I(0) = 0. In addition,
by Lemma 3.3, Lemma 3.2 and Proposition 3.1, the functional I possesses a sequence of critical
points {v,} such that I(v,) — 0 and v, — 0 strongly in X. Recall that the weak solutions of
(2.1) with an L®-norm not more than min{45/2, (35 ")1/P} are also weak solutions of problem
(1.3). Then, by Lemma 4.1, this {v,} is a sequence of weak solutions for (2.5) with v, — 0
strongly in L*(RY). Letting u, = H (v,), from Lemma 2.2, there exists n* € IN such that u,
is a weak solution of (1.3) for each n > n*. This ends the proof. O
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