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Abstract. In this paper, we study the following quasilinear Schrodinger equation of the
form
wu

By VGl (80 S

=k(u), x € RN,

where p-Laplace operator Apu = div(|Vu|[P"2Vu) (1 < p < N) and a > 1 is a param-
eter. Under some appropriate assumptions on the potential V and the nonlinear term
k, using some special techniques, we establish the existence of a nontrivial solution in

cP (RN) (0 < B < 1), we also show that the solution is in L®(RN) and decays to zero

loc

at infinity when 1 < p < N.

Keywords: quasilinear Schrodinger equation, variational method, mountain-pass theo-
rem, p-Laplace operator.

2020 Mathematics Subject Classification: 35]62, 35]20, 35Q55.

1 Introduction

In this work, we are interested in the existence of nontrivial solution to the following quasi-
linear Schrodinger equation

XU
2(1+ u2)Ea)/2

— Apu+ V(x)u|P~u — [Ap(l + uZ)”‘/Z} =k(u), x € RN, (1.1)

where p-Laplace operator Apu = div(|Vu[P~?Vu) (1 < p < N) and a > 1 is a parameter. V
is a positive continuous potential and k(u) is a nonlinear term of subcritical type.
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Such equations arise in various branches of mathematical physics. For instance, solutions
of equation (1.1), in the case p = 2 and a« = 1 are closed related to the existence of solitary
wave solutions for quasilinear Schrodinger equations

izy = —Az + W(x)z — k(|z]*)z — Al(|z|2)I'(z]?)z, x € RV, (1.2)

wherez : RxRN - C, W: RN - Risa given potential, k,1: Rt — R are real functions.
The form of (1.2) has been derived as models of several physical phenomena corresponding to
various types of I. For instance, the case I(s) = s models the time evolution of the condensate
wave function in super-fluid film [15,16], and is called the superfluid film equation in fluid
mechanics by Kurihara [15]. In the case I(s) = (1 +s)'/?, problem (1.2) models the self-
channeling of a high-power ultra short laser in matter, the propagation of a high-irradiance
laser in a plasma creates an optical index depending nonlinearly on the light intensity and
this leads to interesting new nonlinear wave equation (see [2,4, 8,28]). For more physical
motivations and more references dealing with applications, we refer the reader to [1,13,17,
25-27] and references therein.

It is well known that, via the ansatz z(t, x) = exp(—iEt)u(x), where E € R and u is a real
function, (1.2) can be reduced to the following elliptic equation

— M+ V(x)u— [AIW)] (W) u=k(u), xRV, (1.3)

where V(x) = W(x) — E and k(u) = k(u?)u.
If we take I(s) = s in (1.3), then we obtain the superfluid film equation in plasma physics

—Au+V(x)u— [AW?)] u=k(u), x € RV, (1.4)

Clearly, when p = 2 and a« = 2, equation (1.1) turns into equation (1.4). Equation (1.4)
has been paid much attention in the past two decades. Many existence and multiplicity re-
sults of nontrivial solutions have been established by differential methods such as constrained
minimization argument, changes of variables, Nehari method, a dual approach, perturbation
method, see [7,12,14,20-24,26,29,31] and references therein.

If we take I(s) = (1+5)'/? in (1.3), then we get the equation

2y1/2 u
—Au+V(x)u— [A(1+u N4 } A1)z
which models the self-channeling of a high-power ultrashort laser in matter. Obviously, equa-
tion (1.1) turns into (1.5) for the case p =2 and a = 1.

The existence of positive solutions for (1.5) has been studied recently. In [32], by a change
of variables and the Ambrosetti-Rabinowitz mountain-pass theorem, the authors proved that
(1.5) has a positive solution. They assume that the potential V € C(RY,R) and the nonlinear-
ity k : R — R is Holder continuous and satisfy the following conditions:

1) V(x) > Vo >0, forall x € RY;

=k(u), xcRY, (1.5)

(v
(V2) limy e V(x) = V(o0) < o0 and V(x) < V(0), for all x € RN,
(Hp) k(s) =0ifs <0;
(Hp) k(s) =o(s)ass — 0F;

(H3) There exists 2 < 6 < 2* such that |k(s)| < C(1+ |s|?~1);
(Hy)

H,) There exists y > /6 such that 0 < uK(s) < sk(s) for all s > 0, where K(s) = [; k(

In [5], by a dual approach, the authors studied the existence of positive solution for the fol-
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lowing equation
xu
2(1 + uZ)(Zfa)/Z

where K > 0, N > 3,04 > 1land 2 < g+1 < p+1 < a2*. Similar works can be found in
[3,6,18,22] and reference therein.

However, to the best of our knowledge, in all works mentioned above, there are no exis-
tence results in the literature on the case p # 2,« > 1 and the nonlinear term becomes general
function. Motivated by the works mentioned above and [5,7,20,22,31,32], our purpose in this
paper is to study the existence of nontrivial weak solutions of (1.1) under some assumptions
on the potential V(x) and nonlinear term k(s).

Definition 1.1. We say that u : RN — R is a weak solution of (1.1) if u € W (RN) N L%
and

= ul"Yu+uf'u, xRN,  (16)

— Au+ Ku — {A(l + uz)”‘/z]

(RN)

“P|u’ p—2
/RN [1+2(1+u = am} VP2V UV pdx
af 1+ (a —1)u?]
2 RN (1_|_u2)1+(2 a)p/2

—/ (x,u)pdx, Vi € CF(RN),

where 77(x,u) = k(u) — V(x)|u|P~2u.

|V ulP|ulP~>updx (1.7)

In such a case, we can deduce formally that the Euler-Lagrange functional associated with
the equation (1.1) is

J(u) = 1/ SRR LS 1 N / 0)fulfdx— [ K(uw)dx
p JRN 2(1 + u2)@-ap/2 RN ’
where K(s) = [, k(
For (1.1), due to the appearance of the nonlocal term [y %|Vu| dx, | may be

not well defined. To overcome this difficulty, enlightened by [7,20, 32], we make a change of
variables as

v=H(u) = /0 h(t)dt, (1.8)

1/p
where h(t) = [1 + %} , t € R. Since H(t) is strictly increasing on R, the inverse

function H1(t) of H(t) exists. Then after the change of variables, J (1) can be written by

]-"(v):](H_l(v)):;/ IVolPdx + ~ / )| H ()|7"dx—/IRNK(H‘1(v))dx. (1.9)

According to Lemma 2.1 and our hypotheses on V(x) and k(s) below, it is clear that F is well
defined in W'?(RN) and F € C!. The Euler-Lagrange equation associated to the functional
Fis -1
— Ao = ’7,5’(‘;11(753)))), x € RY. (1.10)

In Proposition 2.2, we will show the relationship between the solutions of (1.10) and the
solutions of (1.1).

Throughout this paper, let 1 < p < N, a > 1. Besides, we assume that the potential
V(x) € C(RN,R) and satisfies (V1) — (V2), the nonlinearity k(s) € C(RR,R) and satisfies the
following conditions:
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(K1) kis odd and k(s) = o(|s|P~2s) as s — 0;
(K2) There exists a constant C > 0 such that
k(s)] < C(1+ Js]®71), Vs € R,
whereap <0 <ap*ifl<p<Nand 0 >apif p=N;

(K3) There exists > T(p, )p such that 0 < uK(s) < sk(s) for all s > 0,
where K(s) = [Jk(t)dt, T(p,a) = 1+ T(p,«) and

T(p,a) th' (1) alt [1+ (a = 1)¢]
, ) = su = su
PO T e RO AR

> 0. (1.11)

Our main result is the following.

Theorem 1.2. Let 1 < p < N, a > 1. Suppose (V1)—(V2) and (Ky)—(K2) hold. Then (1.1) admits a

nontrivial weak solution u € Cllof( NY (0 < B < 1) provided that one of the following conditions is
satisfied:

(a) (K3) holds with u > T(p,a)p;
(b) (K3) holds with u = T(p,a)p =2pand p <@ < p*if 1 <p < Norf > pifp =N in (Kp).
Furthermore, if 1 < p < N, then u € L*(RN) and u(x) — 0 as |x| — oo.

Remark 1.3. It is not difficult to verify that T(p,a) =a —1ifa >2anda —1 < T(p,a) < 1if
1<a<2Ifp=2then T(p,a) = T(2,a), which equals to the T(«) in [5]. If p=2and a =1,
we obtain T(2,1) = 5 —2v/6. Thus, u > T(2,1)2 = (1+ T(2,1))2 ~ 2.202 in (K3) is better
than y > 2v/6 ~ 2.449 in (Hy). If p = 2 and & = 2, we have T(2,2)2 = 4, which coincides with
that in [7]. Therefore, our conclusion in Theorem 1.2 can be viewed as an extension result in
[5,7,20,32].

The organization of this paper is as follows. In Section 2, we give some properties of H(t)
and some preliminary results. In Section 3, we present an auxiliary problem and some related
results. In Section 4, we complete the proof of Theorem 1.2.

Throughout this paper, C and C; stand for positive constants which may take different
values at different places. Br denotes the open ball centered at the origin and radius R > 0,
Cg°(RN) denotes functions infinitely differentiable with impact support in RN. For 1 < p < oo,
LP(RN) denotes the usual Lebesgue space with the norms

1/p
lully = ([ Jurax) ™, 1<p<es

|u]lo =1inf {M > 0: |u(x)| < M almost everywhere in RN }.
WLP(RN) denotes the Sobolev spaces modelled in L? (RN) with its usual norm

1/p

Jull = ([ (a7 +[ul?)dz)

(+,-) denotes the duality pairing between X and its dual X*. The weak (strong) convergence
in X is denoted by — (—), respectively.
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2 Preliminaries

We first give some properties of the change of variables H : R — R defined by (1.8), which
will be used frequently in the sequel of the paper.

Lemma 2.1. For functions h, H and H™!, the following properties hold:
(1) H is odd, strictly increasing, invertible and CZinR;
(2) 0< (H1(t) <1,VtER;

(3) [HY(t)| < |t],Vt € R;

Hl(t)
{ a>1;

(6) h(H-'(£))H™'(t) < T(p,a)t < T(p,a)h(H-'(t))H-1(t), ¥Vt > 0;

(4) limy_yo

(5) limt—>+oo

7) h(H’l(f))(H”(t))z < T(p,a)tH 1 (t) < T(p,)h(H1(1)) (H ()", Vt € R;
(8) |H1(t)| < C|t|"* for some C > 0 and Vt € R;

(9) There exists C > 0 such that

Clt tH <1,
|H_1(t)‘ Z{ | |r | |—

Clt|/*, |t > 1.

Proof. By the definition of H, it is easy to verify that (1)-(4) hold.
(5) If &« > 1, since

alt? Yy

h(t) |14 PP 1/p . (1 + tz)(afl)p/Z) £>0
a 2(14£2)@-wp/2| 2(14 £2)p/2 ' '

one has h(t) ~ (4 tPe"H)/p = %t"‘_ as t — ~+oco. Moreover, H(t) = [ h( %t"‘ as
t — +oo. Remember the fact H~(t) is the inverse of H(t), so we get H1(t ) ({@t)l/“ as
t — 400, which implies lim;_; | o w
increasing bounded function when ¢t > 0.

(6) Denote ¢1(t) = h(H 1(t))H 1(t) —t, t > 0. Obviously g;(0) = 0. Since « > 1, one has

= {/2.1f a = 1, the result is obvious since /(t) is an

_ o (HTH(8)P [1+ (a = 1) (H'(1))?]
(1+ (H2O)) [2(1+ (H10)2) 2w ar(HA(1)P]

which implies
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Consequently,
T(p,oc)t < T(p,tx)h(H_l(t))H_l(t), Vvt > 0.
Set go(t) = T(p,a)t — h(H~1(t))H 1(t), t > 0. Clearly g,(0) = 0. By virtue of H~!(t) >
0, t > 0and (1.11), we can deduce that
H-'(H)W (H™'(1))
/ — i
gZ(t) - T(p,zx) ]’Z(Hil(t))

= 7(p0) = 5 e

>0, vVt >0,

which implies
h(H Y (t)H'(t) < T(p,a)t,  Vt>0.

(7) Since tH~1(t) > 0, Vt € R, utilizing (6), we have

RH (1) (H'(1)* < T(p,a)tH (1) < T(p,a)h(H'())(H'(1))?,  VteR

It is not difficult to verify that (8) and (9) are right from (1), (4) and (5). O

Under the hypotheses (V1)—(V,) and (K;)-(K3), we readily derive that 7 € C'(W?(RN))
and )
P - oG H ()

(F'(v),w) /]RN |Vo|P~*VoVwdx /]RN H(HT(0)
for v, w € WP (RN). Thus, the critical points of F correspond exactly to the weak solutions of
(1.10). The following results characterize the relationship between the solutions of (1.10) and

(1.1).

wdx

Proposition 2.2.

(i) If v € WYP(RN) N L2 (RN) is a critical point of the functional F, then u = H~'(v) is a weak
solution of (1.1);
(ii) if v is a classical solution of (1.10), then u = H~1(v) is a classical solution of (1.1).

Proof. (i) It is easy to see that |u|f = |H '(v)|P < |v|P and |VulP = [(H™1) (0)|P|Vo|F <
|Vo|P. Hence, u € WY (RN) N L (RN). Since v is a critical point of F, we get

loc
-1
p—2 — 77(le (U)) Lp(mN
/RN |Vo|P~*VoVwdx /]RN W(H-(0)) wdx, Vw € WHP(IRY). (2.1)
Note that
Vo = H (u)Vu = h(u)Vu = (1 alul? Ty 22
v=Hu)Vu=h(u)Vu = ( +2(1+u2)(2”‘)r’/2> u. (2.2)

For all ¥ € C°(RN), one can achieve

ap|u|p
2(1 + u?)(2-«

1/p
H )y =y = (1+ i) PEWTERY,
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and
v (h(H‘l(v))¢) = 1 (1) ypVu + h(u) Vi

_ o o |ul? D (@) |
= 7 <1+ 2(1+u2)(2—a)p/2> (1+u2)1+(2 x) P/Z‘ ‘ ul[JVu (23)

[xp|u|P 1/p
’ (1 METEen u2)<2a)p/2> VY.

Letting w = h(H !(v))y in (2.1) and combining (2.2)~(2.3) enable us to deduce (1.7), which
means that u = H~!(v) is a weak solution of (1.1).
(ii) From

N9 v N9 ou
;axi( o > Z;'a (h w)[Vul™” axi>'

l
we deduce that
N 5 ou ou 9
= p-1 p—2 p—2 p—1
A= ) 5 (Ivalr 232 ) +1vu Zaxlaxl (1 w))
=" (w)Apu + (p — 1)hP~ 2(u> (u)|Vul

B o |ulP (p=1)/p
= <1 + 201 uZ)(Z—a)p/2> Apu

lulp TP Dl (At (@=Dud)
+<1+2(1—|—u2)(2—ﬂ)lﬂ/2> 2(1 + u2)1+(2-a)p/2 [P ul VulP.

Consequently,

af u|P (p=1)/p
(raardis) oo

@ |ul” P (p—Da? (L4 (@)
+<1+2(1—|—u2)(2—“)l’/2) 2(1 4 u2)1+2-w)p/2 P~ u[Vul

P |u|P -1/p
- <1 + 2(1 + u2)(2—0<)p/2> ﬂ(xr u);

that is,

P |ulP N (p—1)a? (1+ (a —1)u?)
2(1 1 u2yz-wp2 ot 2(1 + u2)it @ wp/2
Noticing that

Apu + lulP"2u|Vulf = —5(x,u). (2.4)

P |u|P (p—Da? (14 (x — 1)u?)

p-2 P
21+ )2 T T e )P %ulVul
— 2\a/2 au
= [Ap<1 +u”) } 20 1 2) D7
This together with the (2.4) derive
_ _ 2\a/2 au B
Apu [Ap(l + u®) } 2(1+ u2)(2—zx)/7_ = U(x,u),

The proof is finished. O
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3 Auxiliary problem
To prove the main result, we employ the results [9] for the equation

— Apv = g(v), x € RV, (3.1)
The energy functional associated to (3.1) is

1
I(v) = —/ VolPd —/ G(v)dx,
(v) ; 1RN| v|Pdx o (v)dx

where G(s) = [ g(t)dt. Obviously, I € C'(W"#(R")) under the assumptions on g(s) below:
(Go) gisoddand ¢ € C(R,R);

(G1) —o0 < hrnmf| |’E )2 < lir?jyp @525 =-—0<0ifl<p<N,

—oo<l1m”g() =—0<0ifp=N;
s—0

(G2) When1 < p < N, 11m JgG)l = 0, where p* = I\%; when p = N, for some positive

oo |8 |p -1 N
constants C and By, that

3()] < C [exp (BolsI™/™M71) = Sn-a(Bo,s) |

for all |s| > R > 0, where
2

SN—Z(ﬁO/S) — Z ;BO|S|/<N/(N—1)’_

(G3) There exists ¢ > 0 such that G(&) > 0.

We recall that a solution v(x) of (3.1) is said to be a least energy solution (or ground state solution)
if and only if

I(v) =a, wherea =inf{I(w):w € W (RN)\ {0} is a solution of (3.1)}. (3.2)
Theorem 3.1 ([9, Theorem 1.4]). Let 1 < p < N and suppose (Go)—(Gz) hold. Then setting

A= {’r € C([0,1], W' (RN)) : (0) =0, I((1)) < 0}, b= inf max I(y(1)),

we have A # @ and b = a. Furthermore, for each least energy solution w of (3.1), there exists a path
v € A such that w € ([0,1]) and

max I((t)) = I(w).

Theorem 3.2 ([9, Theorem 1.6]). Let 1 < p < N and assume that (Go)—(Gg3) are satisfied, then
equation (3.1) has a least energy solution v which is positive.

Theorem 3.3 ([9, Theorem 1.8]). Assume that all conditions of Theorem 3.1 hold, then there exist
A > 0and 6 > 0 such that 1(v) > Al[v||P if ||v] < 6.
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Lemma 3.4. Assume that (V1)-(V2) and (Ky)—(Kz) are satisfied, then the functional F has a
mountain-pass geometry.

Proof. Let the energy functionals corresponding to the equations —A,v = my(v) and —A,v =
Mo (0) be

Folo) = ; /RN Vo|Pdx + ; /]RN Vol H1(0)|Pdx — /IRN K(H(0))dx,
Fo(v) = ;1?/1RN |Vo|Pdx + 119 /IRN V(co)|H Y (v)|Pdx — /]RN K(H Y(v))dx,
respectively, where
m(®) = 1oy (K@) = WlH @21 @),
me(v) = iy (K@)~ V@)H @) 2H (@)

Notice that Fy(v) < F(v) < Feol(v) for all v € WIP(RN).
Now, we claim that my and me satisfy (Go)-(G2).
Obviously, my and m. satisfy (Go).
By use of k(s) = o(|s|P~2s) as s — 0 and Lemma 2.1 (4), we derive that

. mo(s) _ L Meo(s) .
sz = TS0 gz = V() <0 L <p <N,
e (s) (s)
. mop(s . Mo S .
P Ja2s = RSO g = V() <0 iy

Hence, mg and me satisfy (Gq).
Similarly to the argument in the proof of Lemma 2.1 (5), we can show that

- a— 2 =
lim M — {</7’ a=1 (3.3)

SR RHTE) |82 e,

o 7
When 1 < p < N, it follows from (K;) and Lemma 2.1 (2), (3), (8) that

1
W(H(3))
H() !
h(H1(5))

mo(s)| < (C+CIH ()" + VolH ()]

<C+cC + Vols|P~!

-1 ax—1
— C—FC’H_l(S)‘e_” ‘H (S)‘

h(H-1(s)) +Volsl”™

e H () _
< (6 “)/“‘7 p—1
< C+Cls| GEIO) + Wols|P—,

where ap < 6 < ap*. Combining (3.3) and (3.4), we can deduce

lim MG _

s—eo s pr-1
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On the other hand, when p = N, applying (K>) and Lemma 2.1 (2), (3), we conclude that
]mo(s)\ <Ci+ Cz’S’efl.

Then there exist positive constants C and o such that
mo(s)| < C |exp (Bols|™ N=Y) — Sn-a(Bo,s)]

for all [s| > R > 0, where Sy_2(Bo,s) = Z,I(\I:})zi—?\s]kN/(N_l). Therefore, m satisfies (Gy).
Analogously, m also satisfies (Gy).
Based upon Theorem 3.3, there exist A; > 0 and é; > 0 such that

F(v) = Fo(v) = Ml[o]|Pif o] < 61.

Moreover, for the functional F, by virtue of Theorem 3.1, we obtain that there exists e €
WLP(RN) with ||e|| > 6; such that F(e) < 0, which implies F(e) < 0. Thus I’ # @, where

r={yec(o1,W#®RN): 7(0) =0, F(z(1)) <0}.
The proof is complete. O

Remark 3.5. By (K3), for any given sy > 0, there exists C > 0 depending on sy such that
K(s) > Cst for all s > sp. Particularly, we have lims_, 1 K(s)/sP = +oo. Thus, there exists
¢ > 0 such that My(&) > 0 and M (&) > 0, where

Mo(s) = [ mo(t)dt = K(H7(8)) = S|H ),
M) = [ e 0t = K(H ) = T 11 o)

Hence, mg and m. also satisfy (G3). Taking advantage of Theorem 3.2, the equations
—Apv =mp(v) and — Apv = me(0), x € RN

have least energy solutions in W'?(RN) which are positive.

4 Proof of Theorem 1.2

Since F has the mountain-pass geometry, we know (see [10]) that for the constant

= inf F(y(t)) >0,
¢ = inf max (v())

where
r={yec(o1,w#®R"): 7(0) =0, F(r(1)) <0},

there exists a Cerami sequence {v, } for F at the level ¢, that is,
F(vy) —c and ||F'(v0)||(1+ ||oa]]) =0 asn — co. (4.1)

Lemma 4.1. Assume that (V1)-(V3) and (K;)—(K3) are satisfied. Let {v,} C WYP(RN) be a Cerami
sequence for F at the level ¢ > 0, then {v,} is bounded in WP (RN).
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Proof. First, we will prove that if {v,} satisfies
/ |an|”dx—|—/ ) |H Y (0,)|Pdx < C 4.2)

for some constant C > 0, then it is bounded in W'?(IRY). In fact, we only need to verify that
Jrn |0n|Pdx is bounded. We start splitting

/ |vn\’”dx:/ \vn|f’dx—|—/ |0, |Pdx.
RN {x:[on () <1} {x:[on(x)[>1}

Note that p > T( p,a)p > ap, then it follows from Lemma 2.1 (9) and Remark 3.5 that there
exists C > 0 such that K(H!(s)) > C|s|? for all |s| > 1. Consequently,

' o|Pdx < C1 KH Yo))dx < C ' [ KH Y(o))dx.  (43)
/{x~|vn< a2 oy L () o KU (00))

Using Lemma 2.1 (9) again, we derive that

/ lon|Pdx < C P/ |H " (0,)|Pdx
[xfon ()1 xfon ()] <1

(4.4)

< CPVy / “Ho,)|Pdx.

Combining (4.1)~(4.4), we can achieve that {v, } is bounded in WP (IRVN).

Next, we will show that (4.2) holds. By (4.1), we obtain
;/ Vo, |Pdx + - / Ol @)Pax— [ KE @)dx=c+o,(1), @)
R
and for all y € WIP(RN),
(F'(vn), ) = / V0, |P~2V0, Vipdx + / V(x) [ (00" H " (0) Ppdx

n)s RN n n RN ]’l(Hil(U”)) (4 6)

k(H™! (vn))
_/]RN h(Hfl(vn))v’bdx'
Denote ¢, = h(H '(v,))H !(v,), taking advantage of Lemma 2.1 (6), one can find [¢,,| <

T(p,a)\vﬂ and

aPtP[1 4 (o — 1)#2]
(1+12) (2(1 + £2)2=0p/2 4 qptp)

[Vipu| = |1+

=1 (0,) ] [Vou| < T(p, )| Voul.

Thus, ||¢,]| < T(p,a)||va||. By choosing ¢ = ¢, in (4.6), we deduce that

aPtP[1 + (a — 1)#2]
/IRN [1+ 1+ 1) (2(1 +t2)(2*"‘)P/2+aPti’) 1= |H-1 ] Vv, |Pdx
+/ Un)lpdx_/]RN k(H_l(Un))H_l(Un)dx
= <f’(vn>,zpn> = 0,(1).
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Combining (4.5), (4.7) and (K3), one has
1 1 aPtP[1 + (a — 1)82]
2 ! Vou,|Pd
/IRN {P 1 [ + 1+ 1) (2(1+t2)(2—a)p/2+aptp) 1= |H-1(0,) |Vv,|Pdx

(7)o Ve @ 0
< c+0,(1).

If u > T(p,a)p in (K3), by virtue of (1.11), it follows that

W [ Ivonlrax+ (’;’ Y [ VEIH o) Pdx < e oa(1)

which implies that (4.2) holds and hence {v,} is bounded. If u = T(p,a)p = 2p, applying
Remark 1.3, we derive a = 2. In this case, we can apply the estimate (4.8) to derive

1 |an| )
—_ < .
2p/]RN1+2p TH- (o) T / ~H(on)|Pdx < ¢+ 0a(1). (4.9)

Set u, = H (v,), we get that
Vo |P = (1 + 2p_1|H_1(vn)|”> Vit |P. (4.10)
According to (V) and (4.9)-(4.10), it holds that

1 1
— mi n P — np nP < n
3 min{1, Vol [ < 5 /]Rqu Pdx + — / ) |itn|Pdx < ¢ + 0n(1).

This implies {u,} is bounded in W?(IRN). The conditions (K;)-(K3) yield that
K(s) < |s|P +CJs|°. (4.11)

Combining the condition (b) in Theorem 1.2 with (4.11), we can apply Sobolev embedding
theorem to achieve that [y K(H *(v,))dx = [y K(uy)dx is bounded. Thus, utilizing (4.5),
we derive (4.2), which implies {v,,} is bounded in W'?(IRN). The proof is finished. O

4.1 Existence of nontrivial critical points for F

According to Lemma 4.1, {v,} is a bounded Cerami sequence in W*(RYN). Since W'?(RV)
is a reflexive Banach space, up to a subsequence, still denoted by {v,}, such that v, — v. We
assert that 7/(v) = 0. In fact, since CJ’(R") is dense in W7 (IRN), we only need to verify that
(F'(v),¢) = 0forall p € CF(RN). Note that

(F'(vn), ) = (F'(v), ¢)
= /]RN(]an]P’Zan — |Vo|P~2Vo) Vipdx

H (0P 2H (0,)  |H(0)[P2H1(0)
R e T (o e ML

KH(00)  k(H(2))
= oo ltET003) ~ BB ¥
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Remember the fact that v, — vin L] (RN) forg € [1,p*)if 1 <p < Nandg >1if p= N, by
virtue of the Lebesgue dominated convergence theorem and (Kj)-(K3), we derive that for all
p € CP(RY),

(F'(vn), p) — (F'(v), ) = 0 asn — oo.

Since F'(v,) — 0 as n — oo, the desired result is obtained immediately.
Now we will prove that v # 0. Assume on the contrary that v = 0. The argument will be
divided into the following three steps.

Step 1. We claim that {v, } is also a Cerami sequence for the functional F,, which defined in
Lemma 3.4, at the level c.

Indeed, since V(x) — V(o0) as |x| = o0, v, = 0in L} (RN) and Lemma 2.1 (3), one can
get that

Foolon) — Flon) = ;/RN (V(o0) — V(x)) [H " (0n)|Pdx
< ;/}RN (V(0) — V(x))|oulPdx — 0,

and

[ Feo(vn) = F'(on) | = sup [{(F(on), ) — (F'(vn), 9)]|

lpl<1
< sup [ JoalPTHV(e0) — V(x)[¢pldx
lpl<1 /R
/( 71) (P—l)/l’
< (/ [oul?|V(c0) = V(x) [P/~ Vitx) =0
IRN

as n — oo, which implies

| Fo @) I(1+ lloall) < 17 (@) = F (@) [+ [[onll) + 17 (@) (1 + [loall) — 0

as n — 0.

Step 2. We claim that for all R > 0,

lim sup |on|Pdx =0 (4.12)
"% yeRN Y Br(Y)

cannot occur. Assume on the contrary that (4.12) occurs, that is, {v,} vanish, then by the
Lions compactness lemma [19], we have v, — 0 in L1(RY) for any g € (p,p*)if 1 <p < N
and g > p if p = N. It follows from (K;) — (K) that for any € > 0, there exists C; > 0 such
that

0<k(H s))H Ys) <elH '(s)|P +C|H '(s)|?, VseR. (4.13)
In view of (4.13) and Lemma 2.1 (3), (8), for any v € W'?(RN), one can get
/ k(H ' (v))H '(v)dx < e/ \v\pdx—i—CS/ lv|%dx, (4.14)
RN RN RN
/ K(H'(0))H (0)dx < ¢ / lo|Pdx + C. / l0]¢/*dx. (4.15)
RN RN RN

If u =T(p,a)p = 2p, we use inequality (4.14) , if pu > T(p,a)p, we use inequality (4.15),
we just think about the case y > T(p, «)p because the other one is similar. Since 6/« € (p, p*)
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ifl <p<Nand68/a > pif p= N.Combining Lemma 2.1 (6) and (4.15) enable us to deduce
that for any € > 0,

. k(H ! (vn)) . -1 -1
— /7 <
P h(H—l(vn))U”dx—JS’EL o K (@) H™ (o) dx

< lim (s/ ]vn\”dx—i—Cg/ \vn|9/"‘dx)
n—o0 RN RN

< ¢ lim |0, |Pdx,
n—oo JRN

which implies

. k Hil n . _ _
nlgr.}o o th_lgzn;;vndx =0, nlgr(}o - k(H Y(v,))H Y (v,)dx = 0. (4.16)

Combining the first limit in (4.16) with the fact (F'(v,), v4) — 0 as n — oo, we get

-1 —2py-1
fo IVenlritr e [ v ol B a0 o u17)

as n — co. Based upon (4.17) and Lemma 2.1 (7), we derive
/ Vo |Pdx + / V(x)[H (o) — 0 4.18)
RN RN
as n — oo. According to the second limit in (4.16) and (K3), we deduce that

. -1 .

&grolo . K(H *(v,))dx = 0. (4.19)
limy, 00 F(v,) = 0 is obtained immediately from (4.18) and (4.19), we get a contradiction since
lim,—,co F(v,) = ¢ > 0. Thus, {v,} does not vanish and there exist 7,R > 0 and {y,} ¢ RV
such that

lim |vg|Pdx > T > 0. (4.20)

n—e0 /By (y,)

Step 3. Set Uy (x) = vp (X + Yy ). Since {v, } is a Cerami sequence for Fo, it is easy to verify that
{v,} is also a Cerami sequence for F. Arguing as in the case of {v,}, up to a subsequence,
still denoted by {7, }, we have 7, — ¥ with F/,(0) = 0. Since 0, — 0 in LP(Bg), by (4.20), we
derive that
|o|Pdx = lim /B |0,|Pdx = lim |og|Pdx > 7 >0,

R Yn

BR n—oo n—oo BR ( )

which implies v # 0.
Make use of Lemma 2.1 (7), we get

_H @) [P2H N (@)
h(H=(0n))

|H Y(3,)| o, >0, Vn € N.
On the other hand, in view of Lemma 2.1 (6) and (K3), it can be deduced that

i = HET @) @)
W(H(3,)) n— pK(H " (0n)) T(p,lx)

v

—pK(H Y(3,)) >0, VneN.
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Note that 7, is a Cerami sequence for F, by Fatou’s lemma, straightforward computations
generate that

pc = Uminf [pFeo(0n) — (Fio(Tn), Un)]

n—oo

- 1 [H™1 (@) [P2H 1 (B0)
> hﬂg}f - V(oo) ||H Y (7,)|P — MGEIGA) vn} dx

1/
+ lim inf i [Mﬁn — pK(Hl(ﬁn))] dx

Z / V(oo) [’H—l(m’p_ |H1(5)|p2H1(5)5:| dx
RN
)

h(H-1(9))
K(H1(3)) .
+/RN [h(H_l(ﬁ))v—pK(H 1(5))} dx

Thus, ¥ # 0 is a critical point of Fo, satisfying Fe(?) < c.

In view of Step 3, we derive that the least energy level a., for F, satisfies 4., < c. Denoting
@ as a least energy solution of the equation —A,v = m(v) (see Remark 3.5). Applying
Theorem 3.1 to the functional F., there exists a path y € C([0,1], W' (IRY)) such that (0) =
0, Foo(v(1)) <0, @ € 9([0,1]) and

max Feo(7(t)) = Feo(@).
te[0,1]

If V(x) = V(o0), we prove the desired conclusion. So we assume that V(x) # V(o0), we have
Fr(®) < Foly(t),  vie(01]

and hence

c < max F(y(t)) < max Feo(y(t)) = Foo(@) = a0 < c.
te[0,1) te(0,1]

We get a contradiction. Therefore, v is a nontrivial critical point of F.

4.2 L*-estimate and decay to zero at infinity

Let v € WYP(RN) be a nontrivial weak solution of (1.10), then for all w € W'?(IRY), it holds
that

- |H ()" ?H'(0) [ k(H'(v))
/]RN |Vo|? ZVvadJH-/RN V(x) W(H-1(0)) wdx = /]RN Wwdx. (4.21)

Assume that 1 < p < N. Without loss of generality, we suppose that v > 0. Otherwise, we
work with the positive and negative parts of v. For each m > 1, define

v, if0<ov<m,
U = ]
m, ifv>m,

-1 _
Cm = vf,’fr )v, Pm = VU, 1
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with 7 > 1 which will be given later. Choosing {,, as a test function in (4.21). Note that

Vo

k(H(0)) < - (H' ()" + C(H ' (2))"

and (V1), we can deduce

/ vﬁfril) |Vol|Pdx + p(r —1) / v,’;(r*l)flv\VvW’szvadx
IRN IRN

(H'(0)" -1
=< C/RN mvv,’; Vg

X.
Noticing Vv, Vo > 0 in RN, using Lemma 2.1 (6) and (8), one has
/ b Y |VolPdx < C/ /0o gy = C/ vé”"cpﬁzdx, (4.22)
RN RN RN
where 0 = 0/«. It follows from the Gagliardo-Nirenberg inequality [11] and (4.22) that
X p/p*
([ ohax)™" <[ 1Vgulrax
< C12p’1</ v,’i(r*l)]Vv\pdx + (r— 1)”/ v”vﬂriz)wvm\pdx)
RN RN
< C12p_1r”/ ob" V| Vo|Pdx
RN

< Cor? 0-pb dx.
< Cor /IRNU Pmdx

According to the Holder inequality, one sees that

(/IRN (Pﬁjdx)l”/p* - Czrp(/]RN Z}p*dx)(éI!J)/rw(/]RN ¢ﬁ1p*/(p*fé+p)dx) (P**éJrP)/p*.

As 0 < ¢, < 07, the continuity of the embedding W7 (RN) «— LF"(RN) leads to

p/p* s NP (p*—0+p)/p*
r=1yp* Pllo||0—P rpp*/ (p*—0+p)
(/RN(UU’” ) dx) < CsrP||v]] (/]RNZ) dx) ,

that is,

*

* p/p A
([ ontyrax)™" < cortloll ol (423)

with A* = pp*/(p* =0+ p) and r = p*/A* = 14 (p* — 0)/p > 1. By virtue of Fatou’s lemma,
we conclude from (4.23) that

i_p\1/
[0]lrp < (Car[|o[|*=7) """ |[o]| 0
or
[o]lrpr < A7 0] e (4.24)

with A > 0 and A? = C3|v||.
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We now use the classical Moser’s iteration scheme to prove v € L*(IRN). For each k =
0,1,2,..., we define ri A" := p*ry with rg = r. Clearly, we have ry = "1 4 400 as k — oo.
Employing the previous argument for r1, we get from (4.24) that

1
L i %

= AV o]

< Al/r+l/r1r1/rr%/71 HU

p*-
By iteration scheme, we have
[0]lrpr < AeT[|v]| - (4.25)
with §p = YK % =k, -7 and Ty = YK, h:ir" =y, (itii)llnr. Recall r = p*/A* > 1, we get

lim Sy = p/(p* —9), lim Ty = rInr/(r — 1)
k—o00 k—o0

Letting k — oo in (4.25) and by the Sobolev embedding theorem, we can deduce that v ¢
L= (RN) and

19]|es < AP/(v*fé)rr/(rA)zHUHP*

< Y0 | =PV (7" =8)pr/ =12 .

< Cyllo|| PP/ (7 =0),

In the case p = N, [30, Theorem 1] enables us to derive that v is locally bounded in RN.
By a result in [33], we conclude that v € Cll(f(lRN)(O <B<l)forl<p<N.

Next, when 1 < p < N, we will show that v(x) — 0 as |x| — co. Since v € L®(RN), it
follows from (V;), (K;), Lemma 2.1 (8) and (4.21) that

/ |Vo|P2VoVypdx < C/ (1+ |o]P~Hwdx
RN RN
forall p € C8°(IRN ), ¥ > 0. Applying [34, Theorem 1.3], one sees that for any x € RY,

sup v(y) < Clv||1p(B,(x))-
yEB(x)

In particular, v(x) < Cl|v|[1p(p, (x))- Since
0/l Lr(By(x)) — 0 as |x| — oo,

one has v(x) — 0 as |x| — oo.
We conclude that u = H™1(v) is a nontrivial weak solution of (1.1) in Cl1 of RM)(0<B<1)

by Proposition 2.2. Since |u| = |H (v)|] < |v], we get that u(x) — 0 as |x| — oo, which
finalizes the proof of Theorem 1.2.
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