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Abstract. In this paper, we study the existence of ground state solutions for the fol-
lowing nonlinearly coupled systems of Choquard type with lower critical exponent by
variational methods

—Au+V(x)u = (I * [u| V) u| 8 "+ plulP~2ulv]?, in RV,
—Av+ V(x)v = (I * |[o| V) |o| ¥ "o 4 g|v|720[ul?, in RN.

Where N > 3, « € (0,N), I, is the Riesz potential, p,q € (1,1/%) and Np +

(N+2)g < 2N +4, Nﬁ % is the lower critical exponent in the sense of Hardy-
Littlewood-Sobolev inequality and V € C(IRV, (0, )) is a bounded potential function.
As far as we have known, little research has been done on this type of coupled systems
up to now. Our research is a promotion and supplement to previous research.
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1 Introduction and main result

We are interested in the following nonlinearly coupled systems of Choquard type with lower
critical exponent

{—Au + V(x)u = (Lo || ) [u ¥+ plulPufol?, in RN, 1)

—Av+ V(x)v = (I * [o| VT[]V Lo 4 g|v|720|ulP, in RV,

Where the dimension N > 3 of RV is given and function I, : RN\ {0} — R is a Riesz potential
of order a € (0, N) defined for each x € RN \ {0},

r(¥7%)

(&) 20 |x|N=o’

L(x) =
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I' denotes the classical Gamma function, * represents the convolution product on RY, p,q €
(1,/+%5) and Np+ (N +2)g < 2N +4, V € C(RN, (0,0)) is a bounded potential function.
More precisely, we make the following assumptions on V,

(Vl) Vo := inf V(x) > 0;

x€RN

(1) V(x) < lim V(y) = Vi < co.

|y|—o0

For the following Choquard equation
—Au+V(x)u = (I % |ulP)|ulP?u, inRN, (1.2)

when N =3, a =2, p = 2 and V is a positive constant, this equation appears in several physi-
cal contexts, such as standing waves for the Hartree equation, the description of the quantum
physics of a polaron at rest by S. I. Pekar in [13] and the modeling of an electron trapped in its
own hole in 1976 in the work of Choquard, as a certain approximation to Hartree-Fock theory
of one-component plasma (see [4]). In some particular cases, this equation is also known as
the Schrodinger-Newton equation, which was introduced by R. Penrose [14] in his discussion
on the selfgravitational collapse of a quantum mechanical wave function. The existence and
uniqueness of positive solutions for equation (1.2) with N =3, V(x) =1, « = 2 and p = 2 was
firstly obtained by E. H. Lieb in [4]. Later, P. L. Lions [6,7] got the existence and multiplicity
results of normalized solution on the same topic. Since then, the existence and qualitative
properties of solutions for equation (1.2) have been widely studied by variational methods in
the recent decades. For related topics, we refer the reader to the recent survey paper [12].

To study equation (1.2) variationally, the well-known Hardy-Littlewood-Sobolev inequal-
ity is the starting point. Particularly, V. Moroz and J. Van Schaftingen [9] established the exis-
tence, qualitative properties and decay estimates of ground state solutions for the autonomous
case of equation (1.2) with X < p < N+ and V(x) = 1. In view of the PohoZzaev identity
[9-11], Choquard equation (1.2) with V is a positive constant has no nontrivial smooth H' so-

lution when either p < % orp > %f% Usually, le, % is called the lower critical exponent and

N+ is the upper critical exponent for Choquard equation in the sense of Hardy-Littlewood-
Sobolev inequality. The upper critical exponent plays a similar role as the Sobolev critical
exponent in the local semilinear equations. C. O. Alves, S. Gao, M. Squassina and M. Yang[1]
established the existence of ground states for a type of critical Choquard equation with con-
stant coefficients and also studied the existence and multiplicity of semi—classical solutions
and characterized the concentration behavior by variational methods. G. Li and C. Tang [8]
obtained a positive ground state solution for Choquard equation with upper critical exponent
when the nonlinear perturbation satisfies the general subcritical growth conditions. The lower
critical exponent seems to be a new feature for Choquard equation, which is related to a new
phenomenon of “bubbling at infinity” (for more details see [10]).

J. Van Schaftingen and J. Xia [15] studied the ground state solutions of the following
Choquard equation with lower critical exponent and coercive potential V,

—Au+V(x)u = (Iy* |u| ¥ ) |u| ¥4, in RN, (1.3)

Later, J. Van Schaftingen and J. Xia [16] also obtained a ground state solution for the following
Choquard equation with lower critical exponent and a local nonlinear perturbation

—Au4u= (L |u ¥V u|vTu+ f(x,u), inRN. (1.4)
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For the autonomous case f(x,u) = f(u) satisfies some superlinear assumptions, the existence
and symmetry of ground state for equation (1.4) were also got. Furthermore, they derived
a ground state solution of equation (1.4) for the nonautonomous case f(x,u) = K(x)|u|7"2u
with g € (2,2+ 37) and K € L®(RV) satisfying inf,cgn K(x) = Koo = limy_,o, K(x) > 0.

As we mentioned above, all the results in the literature are concerned with a single equa-
tion. More recently, P. Chen and X. Liu [2] obtained the existence of ground state solu-

tions for the following linearly coupled systems of Choquard type with subcritical exponent

p e (Nie Nty

—Au+u= (I % |ulP)|ulP2u+ Av, inRN,
—Av+v = (L *|v]))|v|f"2v 4+ Au, in RN,

Later, M. Yang, J. de Albuquerque, E. Silva and M. Silva [19] obtained the existence of positive
ground state solutions for the following linearly coupled systems of Choquard type

(1.5)

—Au4u = (I % [u|P)|ulP2u+ Av, inRN,
—Av+v = (L *|v|D)|v]7 %0+ Au, in RN,

when the exponents satisfy one of case 1, case 2 and case 3, and also obtained that there is no
nontrivial solution for system (1.5) in case 4, where

case 1, Mt <p < N and =144,

case 2, p = D« and NE < g < R
case 3, p= NKI“" and g¢g= %fg,

case4, p,q< N;]“" or p,q> %fg

Motivated by [2,15,16,19], in this paper, we will study the existence of ground state solu-
tions for system (1.1). Our main result reads as followed.

Theorem 1.1. Let N >3, € (O,N), p,q € (1,y/555), Np+ (N +2)q < 2N + 4 and V satisfies
(V1), (Va), then system (1.1) admits at least one ground state solution.

Remark 1.2. The assumption Np + (N +2)g < 2N + 4 is mainly used to get the energy

estimate of ¢y in Lemma 2.6. In particular, p,q € (1, %—ﬁ) satisfy our assumptions on p, g.

The method used to prove Theorem 1.1 is as follows. Firstly, we establish the variational
framework for system (1.1). Let H!(RY) denote the normal Sobolev space equipped with the
norm

1
— 2 2 2
lull:= ([ (902 +ul)ax)
Define X = H!(RVN) x H'(RN) equipped with norm
1
1w, o) = ([lull* + [o]?)z.
Similar to H'(IRN), X is a Hilbert space and satisfies

X < LP(RN) x LP(RYN),  p€[2,2*], where2" = ——.



4 A. Li, P. Wang and C. Wei

By Hardy-Littlewood-Sobolev inequality and Sobolev embedding theorem, the energy func-
tional associated to system (1.1)

Jv(u,v) = ;/RN(|VL[‘2+V(X)W|2)(1X+;/RNOVU|2+V(X)‘U‘2)CZX

N y+1 ! N N1 N1
S gy ool Bl — s | (ol 4ol
~ [ lullolidx

RN

is C'(X,R) and

Uy (), (0,9)) = [ (VuVg + V(up)dx+ [ (VoVg+ V(x)ag)ix
[ e 3l gy — [ (Lo ol §4 ol Mog)ax
— p/IRN 0|7 u|P~2updx — q/IRN |u|P|v|" 2vpdx, for (¢, @) € X.

Thus, any critical point of ]y is a weak solution of system (1.1). As usual, a nontrivial solution
(1,v) € X of system (1.1) is called a ground state solution if

Jv(u,v) = cg = inf{Jy(u,v) : (u,v) € X\ {(0,0)} and Ji,(u,0)=0}.

Secondly, in the process of finding ground state solutions for system (1.1), the following
limiting problem plays a significant role

—Au+ Voot = (I * [u| V) [u| N u 4 plu|P~2ulvl9, in RV, 16)

—Av 4 Vv = (I * |08 ) |o|¥ "o + g|v|T2v[u|P,  in RV, .

Compared with the autonomous system (1.6), the potential V in system (1.1) breaks down
the invariance under translations in RY, then we cannot use the translation-invariant
concentration—compactness argument. The strategy to prove Theorem 1.1 is a comparison of
the energy of the functional |y with the functional [y, associated to system (1.6). On the one
hand, we construct a Palais-Smale sequence {(u,,v,)} of Jy, at the level ¢y defined in (2.4),
that is, a sequence {(u,,v,)} in X such that Jy_ (u,, v,) — co and ]{,m(un,vn) —0asn — co.
On the other hand, we prove that up to translations the sequence {(u,,v,)} converges to a
nontrivial solution (1, v) of system (1.6). Then, in the same way we obtain a (PS)., sequence of
Jv. Furthermore, by the equivalent characterization of ¢y, we can show that cy < ¢y under the
assumptions on the potential V. Based on cy < cy, the compactness maintains and a ground
state solution for system (1.1) is obtained.

The rest of the paper is organized as follows. We give some preliminaries in Section 2. We
obtain a ground state solution for system (1.6) in Section 3. Theorem 1.1 is proved in Section 4.

2 Preliminary

In this section, we first provide some preliminary results.
The following well-known Hardy-Littlewood—-Sobolev inequality will be frequently used
in this paper.
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Lemma 2.1 (Hardy-Littlewood-Sobolev inequality, [5]). Let p,g > 1,2 € (0,N),1 <r <s < o0
and s € (1, %) such that

11 e 11
p q N’ ros

(i) Let f € LP(RN) and g € L1(RN), we have

2| =

 f(¥)s(y)
| S o T anzaexty] < CON,, )l gy

(ii) Forany f € L'(RN), I,  f € L*(RN) and
[ Lo * fllsmny < CN, o, 7) || £l vy

By Hardy-Littlewood-Sobolev inequality mentioned above and the classical Sobolev em-
bedding theorem, we obtain

[14 o £+1
/}RN(IQ* | ) e B e < C(N,oc)(/IRN )" 2.1)

This inequality can be restated as the following minimization problem
S = inf{/ ufdx : u € H'(RV) and / (T # |ut| K1) e S = 1}.
RN RN

By Theorem 4.3 in [5], the infimum S is achieved by a function u € H'(RY) if and only if

N
€ 2
ux)=A(—"—1) , x e RN, 2.2
0 =4 (asian) @2
for some given constants A € R, and a € RY, ¢ € (0,0). The form of the minimizers in (2.2)
suggests that a loss of compactness in equation (1.3) with V is a positive constant may occur
by both of translations and dilations.
First, we recall that pointwise convergence of a bounded sequence implies weak conver-
gence.

Lemma 2.2 ([18, Proposition 5.4.7]). Let N > 3, g € (1,00) and {u,} be a bounded sequence in
LI(RN). If uy(x) — u(x) almost everywhere in RN as n — oo, then u, — u weakly in L1(RN).

Similarly as in [3], we can get the following lemma.

Lemma 2.3. Assume that {u,} C H'(IRN) is a sequence satisfying that u, — u in H'(RY), then
for any ¢ € HY(RY),

. & & _ & & _
lim RN(LX*|un|N+1)’Mn’N 1un(pdx:/RN(Ia*\u|N“)|ulN Yugdx.

Proof. For the reader’s convenience, we give a complete proof here. Up to a subsequence, {u, }
is bounded in H'(RYN), u, — u in H'(RY) and u,(x) — u(x) a.e. in RN. By Sobolev’s em-
bedding theorem, {u,} is bounded in L2(RN) N L2 (RY), the sequence {|un|%} is bounded
in LN+ (RN). Then by Lemma 2.2

|1y | N L 8T in L (RN).
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un| N Mg — [u|¥ lug, in LI\%(]RN), for any ¢ € H'(RN).

By Lemma 2.1, the Riesz potential defines a linear continuous map from LN%(IRN ) to
2N
L= (RN). We know that,

L # ([t |V Yup@) — Lo+ (Ju| ¥ tug), in L (RN).

Thus,
/ (I,X*\un\%+1)|un|%*1un¢dx_/ (o ] 41 )5 g
RN RN

= [l 8 o (¥ ng)tx = [ 8 (L (g
= /IRNlunﬁ“(la*(|un|%—1unqo)—Ia*(|u|%-lu¢))dx (23)

[ CanF9 = Jul 50 (1 (] )
R
— 0, asn — oo.

The proof is complete. O
Lemma 2.4 ([17, Lemma 1.21]). Let ro > 0 and s € [2,2*). If {u,} is bounded in H*(R"N) and

sup |un|* — 0, asn — oo,
yERN B(y,r)

then u, — 0in LY(RN) for t € (2,2%).
Lemma 2.5. The functional ]y, satisfies the following properties:
(1) there exists p > 0 such that inf(, e x, | (u0)|=p JVe (4, 0) > 0;
(2) forany (u,v) € X\{(0,0)}, it holds lim;_,e Jv,, (tu, tv) = —oo.
Proof. (1) By (2.1) and the classical Sobolev inequality, we can deduce that

1 N « a
S, 2 2 2y / LS N S|
i) 2 a1, Vsl + [0l) = g [ (el )+
N

AN ) o e Ul R N [ fofiax
. 20 20

min{1, Veo} | (o, 0)|[2 = Ca (el ¥2+ Jol|¥2) = [ (1w +[o)d
. 2

min{1, Veo} | (1, 9)|[2 = Cal| (1, 0) |2 = Coll 1,0) | = Ca (1, 0)|[¥,

where C;, C; are positive constants. Since p,q > 1 and « > 0, we have that

inf Jv.,(u,0) >0,
e ey =TV 14 0)

provided that p > 0 is sufficiently small.
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(2) For any (u,v) € X\{(0,0)}, we have

NN +2

t2 2 2
<= o " 2(N+a)
Jv., (tu, to) < 5 max {1, Veo } ([|u[|” + [[v]|%) 2(N +a)

[l # )l 4ax
R

Nt¥+2 T f41) || K1y — pp+a Plo|7d
ot T o # AR =40 [ upolray
t2 Nt%-O—Z « N

< o max{1, Vo } | (1,0) |2 - 2(1\1+a)(/m<1"‘ e ) R

+/ (I # [o] ¥ 1) o ¥ +1dx).
]RN

Then the conclusion (2) follows. O

By the classical Mountain Pass theorem [17], we have a minimax description at the energy
level cy defined by

¢ = inf max v (7(1)), (2.4)

where
I'={y € C([0,1], X) : 7(0) = (0,0), Jy (7(1)) <0}
Lemma 2.6. Let N > 3, a € (O,N), p,q € (1,/5~5) and Np+ (N +2)q < 2N + 4, then

N
Co < Cx 1= m(VwS)’ﬁr .

Proof. We first show that cp < c;, where

= inf tu,to).
“ (u,v)eg(n\{(0,0)}r?gg( Jv., (b, t0)

Indeed, for any (u,v) € X\{(0,0)}, by Lemma 2.5 (2), there exists t,, > 0 such that

]Voo (tu,vuz tu,vv) < 0.
Hence, by (2.4), we have

co < max Jy, (Tt out, Tty ov) < max Jy, (fu, tv). (2.5)
re0,1] >0

It leads to ¢y < ¢1.
By the representation formula (2.2) for the optimal functions of Hardy-Littlewood-Sobolev
inequality, for each € > 0, we set

_N
2

U(x) = A1+ x]*)"2, xRV,

N+p

Uy (x) = €2 U(ex) and Vi(x) = e 2 U(ex), where B € (N(”thq—Z), 4—N(F;+Li_2)). For each ¢ > 0
the function U, satisfies

/ |Ue|?dx =S and /(Ia*|ug|%+1)|ug|%+1dx:1'
RN RN

Through direct computations, we have that

/ Vel = gﬁ/ [ufdx, / (I # | Ve M) [V 8 e = eﬁ%m,
RN RN RN
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[ VuPdx=e [ vuPax, [ [9ViPdx—e? [ vus
RN RN RN RN

For every ¢ > 0, we now consider the function ¢, : [0,00) — R defined by

Ce(t) := Jy (tUe, tVe) = g(t) + he(t) + fe(t), t € [0,00),

where the functions g, ki, f; : [0,00) — R are defined by

1 N 20
£) = —VoSt2 — - N 12
8(t) =3 VeSt =t
(N+a)
* 2 # 2 Nt R 41\ [y | S+
hg(t)—E ]RN|V‘/€‘ dx+EVmA{N|%| dx—m ]RN(I“*“/S’N )|‘/£|N dx,
t2
Al =1 ]VLISIde—t””/ UL ||V, |7dx.
2 RN RN
Since ¢,(t) > 0 whenever t > 0 is small enough, lim;_,o () = 0 and lim;_, §:(t) = —oo0, for

each ¢ > 0 there exists £, > 0 such that

Ce(te) = Igaox Ge(t)-

By the definition of the function g, we have

€1 < T?SOXCS("L) = Ge(te) = g(te) +he(te) + felte) < g(t) + he(te) + fe(te), (2.6)
where t, = (VaS)# satisfies that

_ & atleN4n
glt) =maxg(t) = sy Ve S =

Since &.(t;) = 0, we have
52/ yVU|2dx+sﬁ+2/ |vu|2dx+sﬁ/ U2dx + VioS
RN RN RN

2 e a a —
= 1t [ o VRV S e (p T [ Ul @)

Z|

> ¢t

e -

b2 N
Hence, we have limsup, ,,t < V&S, which is equivalent to limsup,_,,t. < V&' S3. Notice

that
27“ 4 & —
[ VIR Vel dx o+ (p 772 [ UL |Vepiax
RN RN

B(N+a) 2u N(p+q=2)+pq9 ptg—2
—e ¥ Y+ (ptqe 7t /N\U!p”dx/
R

we can obtain that

ZA ® o p—
lim (tgv U (VD ¥ (p el 2 rugmvgrqu):o. 28)
e—0 RN RN

2 2
Then (2.7) and (2.8) imply liminf, ,ot)' > V.S. Therefore, lim, 0t = VS. It leads to
hmg_)o tg — t*.
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We now observe that

1 1
folke) + (k) < 5P+ /IRN VUPdx + e /RN VU [2dx

1 N(p+q-2)+p _
+—£5t§Voo/ UPdx—e 7 8T 2/ |u|P*dx.
2 RN RN

Since p,q € (1,y/555), Np+ (N+2)g <2N+4and B € (N(p;:qq_z), 4_N(Z+‘7_2)), through
direct computations, we can get that w < min{pB,2}. Thus
fe(te) + he(te) <0, when e > 0 is small enough.

Then it follows from (2.6) that ¢; < ¢, and thus ¢y < c. in view of (2.5). O

3 Existence of ground state solutions for the limiting problem (1.6)

In this section, we will prove that the limiting problem (1.6) admits at least one ground state
solution.

Before giving a complete proof, we state the following lemmas, which will be frequently
used in the sequel proofs. Set

1
2
| (u,0) ||y, = (/ (|Vul® + VoouZ)dx+/ (|Vol* + Voovz)dx>
RN RN

Define
cg"" = inf{Jv, (1,0) : (u,0) € X\ {(0,0)} and [y, (u,v) =0}
Lemma 3.1. If {(un, v,)} is a sequence in X such that
h};l’_l}%glf”(un,'()n)“vm >0, and nli_r£1°<<I>’(un,vn),(un,vn)) =0,

where the functional ® : X — R is defined by

1 N a « a @
D(u,v) = zH(u,v)H%/m — m (/]RN(I‘X * ’M‘N+1)|u’1\]+1dx+ /RN<I”‘ * |v|N+1)’v|N+1dx) ,

then lim inf,_,co @ (11, vy) > Cs.

Proof. From li_1>n (® (1, vy), (un,vy)) = 0, we observe that
n o]

Gen, o) = [ (Bt a0 a5 [ (1t o $) o] § 1 + 0, (1),
By the assumption liminf, s || (s, v4)|lv., > 0 and (2.1), we can deduce that
liminf/ (a2 + [o[2)dx > 0.
n—oo RN
It follows from the definition of S that
(ot el D[4 [ (O fou 7)o 71 + 0, (1)
RN RN

> [ Vsl + Violon P)dx
RN

N N
M M N+a M P N+a
(/ (I * |un|N+1)|un|N+1dx> + (/ (I * \vn|N+1)|vn|N+1dx> ]
RN RN

N
o o o o m
> VoS (/ (I * |un|ﬁ+1)|un|ﬁ+1dx+/ (I * \vn|N+1)]vn|N+1dx> ,
RN RN

> VoS
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which leads to
timin | 1,0, |,
zliminf</ (Ia*yunyﬁﬂ)wn\%ﬂdw/ (Ia*|vn|ﬁ+1)|vnyﬁ+1dx) (3.1)
n—oo RN RN

> (VaoS)a t1,

Therefore,
N
D(uy,vy) = P(ttn, vy) — m<q)/(un,vn), (Un,vy)) +0,(1) 62
— sl oull, + ou(D) |
2(N+a)" ©
Then combine (3.1) with (3.2),
. .. e 2 & 1+N
= _ > — (Vs & = Cy.
hrrlglongD(un,vn) 11rrgg)1f2<N+ ) i, vully, > ANt a) (VS) c
The proof is complete. O

Lemma 3.2. Let {(u,, v,)} be a bounded (PS). sequence with ¢ € (0, ¢.) for functional Jy,,, then up to
a subsequence and translations, the sequence {(uy,,v,)} converges weakly to some (u,v) € X\{(0,0)}
such that

Jy (w,v) =0 and ]y, (u,0) € (0,c].

Proof. First we show that

1
timsup > [ (" + [ou)dx > 0. (3.3)

n—o0

Otherwise, up to a subsequence, we have

lim sup . |ty |P|0y]7dx < limsup ]RN(|un|2p + [0 [*)dx = 0. (34)

n—o0 n—oo

Since 3%(]{,00(%,0”), (un,vn)) = 0, we have

N o) B = [ (Lo ol 84D [0t [ (O ol 84 ol €2t + 0, (1)
While, Jy, (un,v,) — ¢ > 0, n — oo, together with (3.4) and (2.1), imply that
liminf || (#,, v4)||v.,, > 0.
n—oo

Then we deduce from Lemma 3.1 that
c= liﬂgf]vw(un,vn)

= liminf ®(u,, v,) — limsup |tun|P |0 |Tdx
n—oo n—300 RN

= liminf ®(u,, v,)
n—oo

Z C*/
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which contradicts with the fact ¢ € (0, ¢,). Thus (3.3) holds. It implies that

lim sup N|un|2pdx>0, or limsup

|0,[*1dx > 0.
n—00 R n—o00 RN

By the Lions inequality (Lemma 1.21 in [17]),

12
/ |y |’dx < C (/ |V, >+ ]un]2> dx | sup / |, |*dx ,
RN RN yeRN /B1(y)

1—2

S

/ |og|?dx < C </ Vo, |? + ]vn|2> dx | sup / |v,|°dx ,
RN RN yeRN Bi(y)

where s € (2,2%). Then there exists sequences of points {y,} € RN such that

lim sup |un|*’dx >0, or limsup [0, [*dx > 0.
n—co Bi(yn n—c0 B1(yn
Thus we have
lim sup (|un|? + |04 [*T)dx > 0. (3.5)
n—00 B1(yn)

Define i, := uy(- + Yn), On := vu(- +yn). Since the functional Jy,_ is invariant under
translations, the sequence {(ii,,7,)} C X is also a bounded (PS), sequence of Jy, . Then by
(3.5) there exists some (u,v) € X\{(0,0)} such that

(U, 0y) — (u,v) in X.

i, = u, v, — v in H'(RN),
iy —u, o, — o in L (RN), r € [1,2%),
i, (x) = u(x), o,(x) = v(x), ae. x € RN,

Sincel < p,g < % implies that 2 < 2p,2q,2pgq < 2*, we have

r—1

1 p-1
/ |00 27, [P~ Vdx < (/ |%7n|2"”4dx> v (/ |ﬁn|27”dx> " < o,
RN RN RN
That is to say {|0,|7|i,|P~2i,} is bounded in L?(IRYN). Then by Proposition 5.4.7 in [18],
(O |11 |V 210, — [0]9[0|P 21, in L2(RN).

Since ¢ € H'(RN) C L2(RN),

/R AU A A P /R [aa gy, o e (3.6)
Similarly, we can also get

/IR Tl Bl 2B /IR ala2gdy, 0 oo, (3.7)
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We now claim that Ji, (u,v) = 0. For any (¢, ¢) € X, by Lemma 2.3, (3.6) and (3.7), we
have

(T (ttn, 0n), (@(x = yn), (x = yn)))
/ (Vitn - Vo (x = Yn) + Veoltn®(X — yu) + Vou - V(x = yn) + VeoUn@(x — yu))dx
— [ ot ) o $ g =y — [ (Lot oul §) ol § Mo =y )
RN RN
— [ oal P (e =y = [ JualPlonl® 20ug(x = y)dx
RN RN
- /RN(W,Z N+ Vaoln + V- Vo + VeTn)dx
. o By o L Iy o ~ 1441\ |y (L1
/IRN(LX* |1y | N0 |1 | N Tty pdx /IRN(LX* [T | N ) [0 | N T 0, dx
_ 51903 P25 — i Pla, 19725
/IRN\U,J ity [P~ pdx /]RN|un| |Tn |10, pdx
= (Jv.(1,0), (¢, 9)) + 0u(1).
Thus Ji, (u,v) = 0.
By the Fatou lemma,
1
Jve.(#,0) = Ju, (u,0) = 5 {Jv,, (1, 0), (u,0))

114 N . N .
= Z(N—i—(x)/]RN((LX * ’M|N+1)|u|N+1 4 (Ia * ‘U’N+1)|U‘N+1)dx

+ (”T”’ ~1) /IRN lulP[o]dx

.. © ~ & ~ & ~ & ~ &
= hmg}f <2(N+DC) /RN((ID‘ | [N [N 4 (T # [0, V) [T N dx

rP+tq_ RLAE AL

+ ( 2 1) /]RN |un| |vn| dx)

— liminf (Ju (in5) — = (nr 0n), (ins )
H—y00 2

= C.

Thus Jy_(u,v) <c.
We finally conclude that

o 10,2) = Joa(4,2) = 54T (1,0), (0,0)

[ « « « «
=— Ly # |u| 8 ) [ VT (I [o| MY o] v d
2(N+f)AN<<a ) a1 4 (1 ¢ o] #+1) o8
rPrq_ / Plyld
+( : 1) [l [ol7dx
> 0.
Therefore, the lemma follows. ]

By Lemma 2.5 and Mountain Pass theorem, there exists a Palais—Smale sequence { (uy,, v,) }
of Jy,, at the energy level ¢. It then follows lemma 2.6 that ¢y € (0, ¢.). The sequence {(uy,,v,) }
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N+oc

is bounded in X. In fact, by taking y € (2, min { ,p+4q}], we can get

o+ 0u(1) = Ju (it 00) — ;U'Vm(un,vn), (1t 0))

/11 )
(373 ) Mol
+ <1—N )(/ (o ata ) 0a 4 [ (T ol 1) o |r“v+1dx)
" 2(N—|—0() RN o n n RN o n n
<P+q 1)/ |1t |P 0|7
RN

+
1
> (375 ) N o)l

Thus {(u#y,v,)} is bounded in X. Up to a subsequence if necessary, there exists (u,v) € X
such that

(uy,vn) — (u,v) inX, (un(x),00(x)) = (u(x),0(x)) ae.in RN.

Then Lemma 3.2 infers that (1, v) is a nontrivial critical point of functional Jy, and Jy, (u,v) €

(0, Co] .
Let{(zy, wy)} be a sequence of nontrivial critical points of Jy,, such that

Voo

11m Jv. (zn, wy) = g™

It is easy to see that c;™ < ¢y < c4. By using the same arguments as above, we can get that
{(zu,wn)} is bounded in X. In view of (i, (zn, wn), (zn, wy)) = 0, it follows that {||(zx, wu)||}

has a positive lower bound, which together with (3.8) implies that Cg°° > 0. Therefore,
{(zn,wy)} is a (PS) [V Sequence of Jy, with cg"" € (0,co]. It follows from Lemma 3.2 that

up to a sequence of {(z,, w,)} and translations,

(zn,wy) = (z,w) #0 in X, asn— oo, Ju.(zzw) =0 and Jy (z,w) € (O,cg‘”].
Furthermore, by the definition of c;,/"", we conclude that Jy_(z,w) = cg‘”. Hence, (z,w) is a
ground state solution of system (1.6). U

4 Proof of Theorem 1.1

Lemma 4.1. For any solution (u,v) € X\{(0,0)} of system (1.6), the function Jy,_(tu,tv), t > 0
achieves its unique strict global maximum at t = 1, that is to say

Jv.(u,0) = r?;aoxjvw(tu, tv) > Jy, (tu,tv), fort>0andt # 1.

Proof. Let (u,v) € X\{(0,0)} be a solution of system (1.6), for every t > 0, we have

t2
Jv., (tu, tv) = E/N(]Vu|2 + Vol |2 4 | V0| + Vio|0]?)dx
R

N 20 o a o o
—7tﬁ+2/ L # |u| VY u |V (I [o| V) Jo| v T dx
2N+ o) oo (% [ N5 (Lo [N [0 VT7) wn
_ thrq/ |M’p"0’qu
RN
— étz BN t%-ﬁ-z - Ctp+q’

2" 2(N+a)
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where

A= /N(|Vu|2 + Vool |? + | V0> + Vi |9|*)dx;
R

Bim [ (s B[S Ul 4 (L s ol o] 1)
R

C ;:/ lu|P|o]9dx.
IRN

By (4.1), it is easy to get that Jy,_(tu,tv) € C!([0,00),R) and lim;_e v, (tu,tv) = —co. Thus
Jv., (tu, tv) can achieve its global maximum. Since 0 = (Ji, (u,v),(u,v)) = A—B — (p+q)C,
by a direct calculation, we can get that t = 1 is the only point such that W = 0. Then
Jv., (tu, tv) achieves the unique strict global maximum at t = 1. O]

Lemma 4.2. Assume (V1), (Va) hold, then there exists a (PS)., sequence for Jy with 0 < cy < cg"".

Proof. Firstly, we claim that there exists (1°,v°) € X such that ]y (u?,v°) < 0. Indeed, for any
(u,0) € X\{(0,0)}, we have Jy(u,v) < Jy.(u,0). In view of (4.1), by taking u® = tu,o* = tv
with t large enough, where (1,v) is a ground state solution of system (1.6). Then we get that
Jv (1,9 < Jy, (u°, %) < 0.

Similar to Lemma 2.5, we see that the functional ]y also enjoys the Mountain Pass geome-
try. Then we have a minimax description at cyy. We show that

cy = inf max Jy(y(t)) > max{Jv(0,0), Jy(u°,2°)},
YEY te[0,1]

where
Y = {7 € C([0,1], X) : 7(0) = (0,0),7(1) = (u°,2")}.

In fact, (V1), (V2) and (2.1) imply that

1 . 2(N+a) 2(N+a) 1
Jo(w,0) 2 5 ming1, V) bl + lol?) = G (Jul 5 + o) 5= = 2 [ (uf? + [o)dx
2 2 JRN
1 . 2(N+a)
> 5 min{l, V() (w,0)|? = Cill(w,0) | 7% = Call (w,0) |17 = G5l (u, 0) 1”7,

where C;, C; are positive constants. Since p,q € (1, \/g), Jv has a strict local minimum at
0 and then cy > 0.

Next, we show that cy < cg*. Let (u,0) be the ground state solution of system (1.6)
mentioned above. From the proof of Lemma 4.1 and by using (1), we see that

v,
® = ,0) = tu, tv) > tu,tv) > cy.
Cq Jv., (1,0) max Jv, (tu, tv) max Jv(tu, tv) > cy

The proof is complete. O

Proof of Theorem 1.1. The proof is divided into four steps.
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Step 1. Let {(uy,v,)} be a (PS), sequence of functional Jy with 0 < ¢y < cg"". Then take

pe (2 mm{ N“‘ ,p—f—q}],we have

ev + 0u(1) = Jy (1t 00) — ;U'V(un,vn), (1t 00))

_(1_1 2 2 > >

= (37 3) o Va4 Vlua + [0 4 Vo P
1__N N1 vt 241 &4

+<V 2(N+0{))/]RN<(I(X*’M”’N )‘“n‘N +(L,¢*\vn!N )‘Z)n|N )dx

praq_ / Plo, |9
+( . 1) [ Junl?lou 1

1 1 2 2 2 2
= (z_y) /RNUWM + V() un? + Vo |* + V(x)[04*)dx

Thus (V1) and (V,) imply that {(u,,v,)} is bounded in X. Therefore, there exists (u,v) € X
such that up to a subsequence if necessary,

(tn,vn) — (u,v) weakly in X, (u,(x),0,(x)) = (u(x),0v(x)), for almost every x € RY.

By a similar argument as in the proof of Lemma 3.2, we see that there exists {y,} C RN such
that

lim sup (|tn|? + [0027)dx > 0. 4.2)

n—oo  JBi(yn

Step 2. We can claim that {y,} is bounded in RV. In fact, suppose that for a subsequence still
denoted by {y,} such that

lim |y,| — oo, (4.3)
n—oo

we define z,(-) = uy(- +yu), wn(-) = vn(- + yn), then {(z,,w,)} is bounded in X, and
by (4.2) (zy,wn) — (z,w) # (0,0). In the following, we will show that Ji, (z,w) = 0 and

Jv.,(z,w) < cy, which contradict that ¢y < Cg‘” Hence {y,} is bounded.

In order to prove Jj, (z,w) = 0, by (4.3), (V1), (V2) and Holder inequality, for any (¢, ¢) €
X, we have

’/ V(x4 yn) = Veo) (2n(x )<P(x)+wn(x)q0(x))dx‘
< ‘/B b V(x+yn) — Veo) (zn(x)p(x) —I—wn(x)(p(x))dx‘
‘/R N8, n (V(x +yn) = Veo) (zn(x )‘P(x)-l-wn(x)q)(x))dx‘

< sup |V(x+yn) = Vool (Iznl 2y [ 12(rN) + 00| 12rV) | @] 12(RN) )

Blyyl/2
3 3
+ C<’2n’L2(RN) ( /IRN\Byn/z ’(P]zdx) + ‘w”‘LZ(RN) ( /]RN B ‘(PFdx) >

\ lynl/2
== On(].).

(4.4)
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Thus Lemma 2.3 and (4.4) imply that

(Jv (un, on), (P(x = yn), @(x — yn)))
= [ (T )V = ) 4+ V (510 () (x = )

— [ Gl $ 1) T — )

+ [ (Vou(x) V(s = y) + V()ou(x)p(x = ) dx

— [ U loal ¥ o F 10,9 (x - )

—p [ oul PP =y = [ o9 20 (x — )
= [ (T2 V() + V(x4 )2 (x)9(x)

+ [ (Vou() V() + V(x+ y)on(x)p(x))dx

a /]RNUD! * |Zn|%+1)’Zn’%ilz”¢dx - /]RN(I"‘ * ’wnﬁﬂ)’wﬂ%ilwn?d’c

(4.5)

—p [ Jonllzal 22pdx = q [ [zl | P onpdx
= b ), (9,9)) + [ (V(r+y2) = Vi) Gal() () + 0a(x) ()
= bz ), (9.9)) +0u(D)

Then from (4.5) we deduce that Ji, (z,w) = 0.
To prove Jy, (z,w) < cy, by the Fatou lemma, we have

oo (2,0) = Joa(2,0) = 5 {Jh (), (2,0)

0 « o N N
= m /]RN((LX * |Z|N+1)|Z|N+1 + (ID( * |w|N+1)|w|N+l)dx

+ (B3 -1) [l otz

. o« r+1 N+l

< h,ﬂg}f [Z(N—Hx) (/]RN(I“*|Z”|N Y| zn| N dx+
« a +

/]RN(I"‘ * |wn|N+1)|wn\N+ldx> + (% - 1) /]RN |Zn|p|wn|qu]

o oc s 8
= liminf |:2(Z\I-f-0()(/IRN(LX* ‘un‘N+1)|un|N+1dx

(4.6)

n—oo
@ I +
+ /IRN(Ia o [oul F ) ol ¥ ) + (P21 — 1) /IRN ]un|p|vn|‘7dx}

= hﬂglf(]v(un,vn) — %(]{,(un,vn), (tn,vn))) = cv.

Therefore, Jy_(z,w) < cy.

Step 3. We show that (u#,v) obtained in step 1 is a nontrivial solution of (1.1) and Jy(u,v) €
(0, cv]. By the classical Sobolev embedding theorem, (4.2) and step 2, we have (u,v) # (0,0).
In view of Lemma 2.3, Lemma 3.2, (V;) and (V3), we can show that (u, ) is a critical point of
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Jv. Similarly to the proof of (4.6), we have Jy(u,v) < cy. Direct calculation gives that

Jo(,0) = Jy(w,0) = 3y (,0), (1,0))

g s @« I rs
= W(/RN(Ia* |“’N+l)|”|N+1dx+/IRN(Lx* ‘U’NH)‘UWde)

ptaq _ m/ Plpld
+( . 1) [ Jul?loldx

> 0.

Thus 0 < Jy(u,0) < cy < cg"".

Step 4. We show that there exists a ground state solution of system (1.1). By Step 3 and the
definition of c‘g/, we see that c;,/ < c;/”. Let {(zn, wy)} be a sequence of nontrivial critical points
of Jy satisfying Jy (z,, w,) — cg as n — oo. By using the same arguments as in Step 1, we
can show that {(z,,wy,)} is bounded in X. In view of (J{,(zu, ws), (zn, wyx)) = 0, it follows
that {||(zx, wx)||x} has a positive lower bound. By similar arguments as step 1, we can show
that cg > 0. Therefore, {(z,,wy,)} is a (PS)CX sequence of functional Jy with 0 < cg < cg"".
Repeating Step 1-Step 3, we obtain some (z,w) € X\ {(0,0)} such that J{,(z,w) = 0 and
Jv(z,w) < c;,/. Thus (z, w) is a ground state solution of system (1.1). The proof of Theorem 1.1
is complete. O
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