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Abstract. We consider a nonlinear elliptic problem driven by the p-Laplacian plus and
indefinite potential term. The reaction is (p — 1)-linear and resonant and the boundary
term is concave. The problem is nonparametric. Using variational tools, together with
truncation and perturbation techniques and critical groups, we show that the problem
has at least three nontrivial smooth solutions.
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1 Introduction

Let O C RY be a bounded domain with a C2-boundary 9Q). In this paper, we deal with the
following nonlinear boundary value problem

—8pu(z) +E@)|u(=) P 2u(z) = f(z,u(z)) inQ,

a‘Z‘ = B(z)|ul12u on 9Q).
p

(1.1)

with 1 <g <p.
In this problem, A, denotes the p-Laplace differential operator defined by

Apu=div (|DulP~?Du) forallu € W'*(Q), 1< p < N.

This problem has three special features which make its study interesting. The first feature
is that the potential coefficient ¢ € L®(Q)) is indefinite (that is, sign changing) and so the left
hand side of the problem is noncoercive. The second feature is that the forcing term f(z, x)
which is a Carathéodory function (that is, for all x € R, z — f(z, x) is measurable and for
a.a.z € O, x — f(z,x) is continuous) asymptotically as x — £oo is resonant with respect to

™ Corresponding author. Email: scapellato@dmi.unict.it


https://doi.org/10.14232/ejqtde.2020.1.51
https://www.math.u-szeged.hu/ejqtde/

2 N. S. Papageorgiou, A. Scapellato

the principal eigenvalue of the differential operator u — —A,u + (z)|u|P~2u with Neumann
boundary condition. So, the problem is resonant and as it is well-known such problems are
more difficult to deal with. The third feature is that combined with the resonant reaction,
we have a concave boundary term (since f(z) > 0 for all z € 00 and 1 < g < p). There-
fore problem (1.1) is a variant of the classical concave-convex problem, in which the convex
((p — 1)-superlinear) term is replaced by a resonant ((p — 1)-linear) term and the concave con-
tribution comes from the boundary condition. Problems with such competition phenomena,
were studied recently by Abreu-Madeira [1], Hu-Papageorgiou [6], Papageorgiou-Radulescu
[9], Papageorgiou-Scapellato [12] and Sabina de Lis-Segura de Leon [14]. All these works deal
with parametric problems. The presence of a parameter in the problem, makes the analysis
easier, since by varying and restricting the parameter, we are able to satisfy the relevant geom-
etry in order to apply the minimax theorems of critical point theory. In our problem there is
no parameter. In addition, in all the aforementioned works the reaction is (p — 1)-superlinear
and so do not cover the resonant case treated here.

In the boundary condition, 87”}0 denotes the conormal derivative of u € WP(Q). It is

interpreted using the nonlinear Green’s identity (see [11, p. 35]) and if u € W' (Q) N C*1(Q)),

then
Ju

- P*Zaj
ony

= |Du|"~*(Du, =D ,
[Dul? (D, n)g = |Dul? 25
with 7(-) being the outward unit normal on 9Q).
Using variational tools based on the critical point theory together with critical groups

(Morse theory), we show that problem (1.1) has at least three nontrivial smooth solutions.

2 Mathematical background - hypotheses

The study of problem (1.1), uses the Sobolev space W?(Q)), the Banach space C!(Q)) and the
boundary Lebesgue spaces L7(dQ2), 1 < T < 0.
By || - || we denote the norm of the Sobolev space W'*(Q). We have

lull = [[lull% + IDull}]*  for all u € WYP(C).
The Banach space C!(Q) is ordered using the positive (order) cone
Cy = {u e ClQ):u(z) >0 forallz € 5}.
This cone has a nonempty interior given by
intCy = {ueCy:u(z)>0 forallzc Q}.

Also by o(-) we denote the (N — 1)-dimensional Hausdorff (surface) measure on 0Q). Us-
ing this measure, we can define the boundary Lebesgue spaces L(dQ2), 1 < T < oo. By
Y0 : WEP(Q) — LP(9Q)) we denote the trace map. This map is linear, compact and (1) = u|3q
for all u € W (Q) N C(Q). So, the trace map defines boundary values for all Sobolev func-
tions. In the sequel, we drop the use of the trace map 7¢(-) and all restrictions of Sobolev
functions on 9d(), are interpreted in the sense of traces.

Let (-,-) denote the duality brackets for the pair (W'*(Q), W?(Q)*) and consider the
map A : WP(Q) — WP(Q)* to be the nonlinear operator defined by

(A(u), h) = / \Du|P~2(Du, Dh)gx dz  for all u, h € W'(Q).
O
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From Gasiriski-Papageorgiou [5] (p. 279), we have that this map is:

* monotone, continuous (hence maximal monotone too) and maps bounded sets to
bounded sets;

e itis of type (S)4, thatis,

Uy = win WY (Q) and limsup (A (uy,), ty —u) <0

n—oo
imply that

Uy — uin W (Q) as n — oo.
Let § € L®(Q) and consider the following nonlinear eigenvalue problem

—Apu(z) +E(2)|u(2)P7Pu(z) = Au(2)P?u(z) inQ,
2.1
ou =0 on dQ). @D
ony

We say that A €Risan eigenvalue, if (2.1) admits a nontrivial solution # € W?(Q) known
as an eigenfunction corresponding to the eigenvalue A.

Problem (2.1) was studied by Fragnelli-Mugnai-Papageorgiou [3] (Robin problem) and
Mugnai-Papageorgiou [8] (Neumann problem), who proved that there is a smallest eigenvalue
A1 € R with the following properties:

(a) Ay is isolated, that is, if 7(p) denotes the spectrum of (2.1), then we can find € > 0 small
such that (A1, A +€)No(p) = @.

(b) /A\l is simple, that is, if i, € WLF(Q) are eigenfunctions corresponding to 7\1, then
il = 97 for some ¢ € R\ {0}.

(©) If y(u) = ||Dul/h + / &(z)|u|P dz for all u € WIP(Q)), then
0

A1 = inf [m cu € WH(Q), u#0] . (2.2)
Ulp

In (2.2) the infimum is realized on the corresponding one dimensional eigenspace (see
(b)). Then, it follows that the elements of this eigenspace have fixed sign. By ii; € W' (Q)
we denote the positive, LP-normalized (that is, ||#i1||, = 1) eigenfunction corresponding to A;.
The nonlinear regularity theory of Lieberman [7] and the nonlinear maximum principle (see,
for example, Gasiniski-Papageorgiou [4], p. 738), imply that i1; € intC,. We mention that M
is the only eigenvalue with eigenfunctions of constant sign. All other eigenvalues have nodal
(that is, sign changing) eigenfunctions. Note that using the Ljusternik—Schnirelmann minimax
scheme, we can generate a whole strictly increasing sequence {Ax} k>1 of eigenvalues such that
Ax — 400 as k — 4oc0. We do not know if this sequence exhausts G(p).

Let X be a Banach space and ¢ € C!(X,R), ¢ € R. We introduce the following two sets

- ={ueX: o) <c},
Ky ={ueX:¢'(u) =0} (the critical set of ¢).
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Let (Y1,Y2) be a topological pair such that Y C Y; € X and k € INy. By H(Y3,Y2) we
denote the kth-relative singular homology group for the pair (Y, Y,) with integer coefficients.
If u € K, is isolated and ¢ = ¢(u), then the critical groups of ¢ at u are defined by

Cr(p,u) =Hi(p°NU, o°NU\ {u}) forall ke Ny,

with U being a neighborhood of u such that ¢ N U NK, = {u}. The excision property of
singular homology, implies that the above definition is independent of the isolating neighbor-
hood.

Finally, we fix some basic notation. Given x € R, we set x* = max{#x,0}. Then, for
u € WHP(Q)), we define u* (z) = u(z)* for all z € Q). We have

ut e WW(Q), u=ut—u, |ul=u"+u.
If u,v € WY (Q) and u < v, then
[u,v] = {h € WY (Q) :u(z) < h(z) <o(z) foraa.zc Q}
Our hypotheses on the data of problem (1.1) are the following:
Hp: & € L®(Q), B € C¥*(9Q) with & € (0,1) and B(z) > 0 for all z € 9Q.
H;: f: QxR — Ris a Carathéodory function such that f(z,0) =0 for a.a. z € () and

() |f(z,x)| <a(z)[1+ |x|P~1] foraa. z € O, all x € R, with a € L®(Q);

L _x . pF(z,x)
(i) if F(z,x) = [; f(z,5)ds, then Jim

<A i ;
TR A1(p) uniformly for a.a. z € );

(iii) there exists T € (g, p) such that

(z,x)x — pF(z,x)

|x[*

0 < 7o < liminf f uniformly for a.a. z € ();
x—+oo

(iv) there exist 6y > 0, ¢ > || || and p € [g, p) such that
Clx|P < F(z,x) fora.a.ze Q,all|x| <d

and
uF(z,x) — f(z,x)x >0 foraa.z e, all |x| <.

Remarks 2.1. Hypotheses Hj (i),(ii), imply that the reaction f(z,-) is (p — 1)-linear as x —

+oo and the problem is resonant with respect to A;(p). Note that the resonance condition
(hypothesis Hj(ii)) is formulated in terms of the primitive F(z, x) which is more general.

3 Solutions of constant sign

In this section, we prove the existence of two nontrivial smooth solutions of constant sign (one
positive and the other negative).
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To this end, let 7 > ||¢||« and consider the following two C!-functionals ¢ : W7 (Q) — R
defined by

1 1
:7D’”7/ Pd——/ +)1d /[P,* ”*P}d,
po() = 1Dl + [ 1)+l dz = [ B )do — [P ut)+ )| dz
¢W)z:wDuM+-;Ajﬁ@%ﬂﬂww¢r+qéﬂﬁﬂﬂﬂ‘ﬂda—l;F%z—u‘%—ZW‘W}tf
for all u € WP(Q).
We show that these functionals are coercive.

Proposition 3.1. If hypotheses Hy, Hy hold, then the functionals ¢4 (-) are both coercive.

Proof. We do the proof for ¢4 (-), the proof for ¢_(-) being similar.
We argue by contradiction. So, suppose that ¢ (-) is not coercive. Then we can find a
sequence {u, },>1 € WYP(Q) such that

lun|]| = 00 and ¢@(u,) < M; forsome M; >0, alln € N. (3.1)
Then we have
My > 4’+(”n)
MWWMJ' ()7 2] + 5 (1D 1 + [ [0+l 7 02 -

[ B ) do — [ Pz ) dz
zP@www+Lamwvmy— By~ [ Feundz  (2)

(since 17 > |[¢]loo)-

We will use (3.2) to show that {u;} },>1 € WP(Q) is bounded. We proceed indirectly. So,
suppose that at least for a subsequence, we have

[y ] — 00 asn — oo. (3.3)

Lety, = %, n € IN. We have ||y,|| =1, y, > 0 for all n € IN and so we may assume that

Yy, =y mWYW(Q) and vy, —vy inLP(Q)andinLF(0Q); y > 0. (34)

From (3.2) we have

1

- F(Z M+)d < M]
qllux [P~ Jaa

ZARS
 lug [P [

[IIDanI“r/ (2)yh dZ] - (3.5)

foralln € N
Hypothesis H; (i) implies that

|F(z,x)| <ci[1+ |x|P] foraa.ze€ Q,all x € R, some ¢; >0,

L {Fst)

} C L}Y(Q) is uniformly integrable.
Hun HP n>1
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Then, by the Dunford—Pettis theorem (see Papageorgiou-Winkert [13], Theorem 4.1.18,
p- 289), we have that { HM+H’” )}@1
Eberlein-Smulian theorem and by passing to a subsequence if necessary, we have

F(yuy (1)
oz 17

with 8 € L®(Q), 8(z) < A1(p) for a.a. z € O

(see hypothesis H; (ii) and Aizicovici-Papageorgiou-Staicu [2], proof of Proposition 16).

C LY(Q) is relatively weakly compact. Then, by the

= ;1719(~)y(-)7’ in L1(Q) as n — oo (3.6)

We return to (3.5), pass to the limit as n — co and use (3.4), (3.3), (3.6) and the fact that
g < p, to obtain

| Dyllh +/ z)yP dz < / O(z)y? dz. (3.7)

First suppose that ¢ # Al(p) (see (3.6)). Then from (3.7) and Mugnai-Papageorgiou [8]
(Lemma 4.11), we have

c2|ly]|” <0 for some ¢y > 0,
S g0 (3.8)

Then from (3.5), (3.7), (3.8), (3.4) and (3.6), we obtain

| Duy ||, — 0,
= y, =0 in W"(Q),

a contradiction since ||y,|| = 1 for all n € IN.
Next we suppose that #(z) = A1(p) for a.a. z € Q. Then from (3.7) and (2.2), we have that

y = piir(p) with u > 0 (recall that y > 0).
If 4 =0, then y = 0 and as above, we show that
vy, — 0 in WP (Q),

a contradiction to the fact that ||y,|| = 1 for all n € IN. So, suppose y > 0. Then y € intC,.
This implies that

ul(z) = +oo foraa. z e Q. (3.9)
From (3.2) we have
1 .
Mz [ Ry - pPea)] dz =2 [ pau)ide
(see (3.7), (2.2) and recall that 17 > ||17]|c0),
A )P — pF(z,u)
M1 a(p) ()P = pE(z )| 1 .
> — ndz — ——— z)y, do, (3.10)
[t = p Jo L T Tl
for all n € IN.

On R, = (0,) we have

d [F(z,x)] _ f(z,x)xP — pxP~1F(z, x) _ f(zx)x — pF(zx)
dx xP x2p xp+1 '
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On account of hypothesis Hj (iii), we can find 1 € (0,99) and M, > 0 such that

f0)x—pFEy) |

fora.a.z€ O, all x > My,

xp+1 - xpﬁ’lf”f
d F(Z,X) 71
= Ir [ o7 } > - foraa.z € O, all x > My,
F F 1 1
(Z,U)_ (z,x) > 71 [ — — — } foraa.ze O, allv > x > M.
or xP p—T |xP~T 0T

F(z,0)
oP

Passing to the limit as v — co and since — %Xl(p) as v — 400, we obtain

-~

M(p) _FEx) o m

fora.a. z € ), all x > Moy,

p xP T p—7 xPT
~ A
= M(p)x TP (z,%) > P fora.a.z€ ), all x > M,,
X p—T
~ .
= liminf M(p)x” = pF(z %) > P >0 uniformly for a.a. z € Q. (3.11)
xX—+o00 xT p—T

Returning to (3.10), passing to the limit as n — oo and using (3.9), (3.11) and Fatou’s
lemma, we obtain

() ()P = pF(z,u) |

. . p
02111%105)& 0 )P ypdz >0
(recall that g < p and see (3.3)),
a contradiction. We infer that
{u, Y51 CWYP(Q)  is bounded. (3.12)

From (3.1) and (3.12), we have

;19 [HDunH; + /Q[C(z) +7)(u, )P dz| < Mz forsome M3 > 0,all n € N,

= c3llu, [|[F < M3 forsomecsz >0,alln €N,
= {u, } CW"(Q) isbounded. (3.13)

From (3.12) and (3.13) it follows that
{ty}n>1 € WHP(Q)  is bounded,

which contradicts (3.1). This proves that ¢ (-) is coercive.
In a similar fashion we show that ¢_(-) is coercive too. O]

Now we are ready to produce the two constant sign solutions.

Proposition 3.2. If hypotheses Hy, Hy hold, then problem (1.1) has at least two constant sign smooth
solutions

ug € intC,.  and vy € —intC,..
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Proof. From Proposition 3.1 we know that ¢ () is coercive. Also by the Sobolev embedding
theorem and the compactness of the trace map, we see that ¢ () is sequentially weakly lower
semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find 1 € wlr (Q) such that

¢+ (up) = min [goJr(u) Tu € Wl'p(Q)] . (3.14)
Since i11(p) € intC,, we can choose t € (0,1) small such that
0 < tiy(p)(z) <&y forallz €,
with dp > 0 as in hypothesis H;(iv). We have
0 < F(z,tih(p)(z)) foraa.ze Q. (3.15)

Then we have
t‘i

¢+ (tin(p)) < pM( p)— ,3( Jur(p)ido  (see (3.15)).

Since g < p, choosing t € (0,1) even smaller if necessary, we have

¢+ (ti (p)) <0,
= ¢ () <0=g.(0) (see(3.14)),

= ug #0.
From (3.14), we have
q)’+( )
= +/ 2) + 1] 0[P 2uoh dz
- aQ,B(z)(uO )q’lhda+/()[f( ul) +n(u)P"hdz forall h € WP(Q). (3.16)

In (3.16) we choose h = —u,; € W'?(Q)) and obtain

\DuOHp—i—/ z) +1l(uy )P dz =0,

= cf|lug||P <0 for some cgy > 0 (since 7 > [|C][c0),
= uyg>0, up 75 0.

Then from (3.16) we have

—Apug(z) + &(2)up(z)P 1 = f(z,up(z)) foraa. ze€Q,
e (3.17)

— = B(z on 9Q).

From (3.17) and Proposition 2.10 of Papageorgiou—Radulescu [10] (see also Theorem 4.1
of Winkert [15]), we have that ug € L*(Q). Then Theorem 2 of Lieberman [7], implies that

o € C4 \ {0}
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Let p = ||ugl/eo- We can find Ep > 0 such that f(z,x)x + Ep\xli’ > 0 for a.a. z € (), all
|x| < p. Then from (3.17) we have

— Apug(z) + [C(Z) + Ep] up(z)P"1 >0 fora.a. z € Q (see hypothesis H(iv)),
= Ayup(z) < [Htj”oo + (fp} up(z)P~t foraa. z€Q,
= up € intC; (by the nonlinear maximum principle; see [4, p. 738]).

Similarly working this time with the functional ¢_(-), we obtain a negative solution vy €
—int C4 for problem (1.1). O

It is easy to check that
Ky, CintCyU{0} and K, C (—intC;)U{0}.
So, we may assume that
Ky, ={0,up} and K, ={0,v0}, (3.18)

or otherwise we already have a third nontrivial smooth solution which in fact has fixed sign.
So, we are done. In the next section we produce a third nontrivial smooth solution for prob-
lem (1.1).

4 Three nontrivial solutions

Starting from (3.18), we introduce the following truncation-perturbation of f(z,-) (as before
7> [1Glle):

(Ao @ ) <o),
f(z,x) =< f(z,x) +n|x|P2x if v9(z) < x < up(z), (4.1)
f(z,u0(z)) + nuo(z)P~! if up(z) < x.

We also consider the positive and negative truncations of j?(z, x), namely the functions
fi(z,x) = f(z,£x%). (4.2)

It is clear that j?and fi are all three Carathéodory functions. We see that

F(z,x) = /Oxf(z,s) ds and Fi(z,x)= /Oxfi(z,s) ds.

We also introduce similar truncations of the boundary term:

B(z)|vo(2)]|72vo(z) if x < vo(2),
2(z,x) = < B(z)]x|72x if vg(z) < x <up(z), forall (z,x) € 90 x R. (4.3)
B(z)ug(z)771 if up(z) < x,

We also consider the positive and negative truncations of g(z, -), namely the functions

2i(z,x) =gz, ixi). (4.4)
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Evidently g and gt are all three Carathéodory functions on 90} x R. We set
R x R x
G(z,x) = / 2(z,s)ds and Gi(z,x) = / 2+ (z,s)ds.
0 0

We introduce the C'-functionals ¢, 1 : W?(Q) — R defined by

§w) = IDul}+ [ 6@+l dz— [ Fewdz— [ Gwadr,

felw) = S IDulf+ o [ 6@ e~ [ Ezuyda— [ Gulzude

for all u € W'P(Q).

Finally, let ¢ : W' (Q) — R be the energy (Euler) functional for problem (1.1) defined by
(1) = L{|Dull? + 1/ (2)lulr dz — | F(z,u)dz—l/ B(z)[ufdo forall u € WHP(Q).
p P pla Q q /oo

We have that ¢ € C'(W7(Q)). Also
K, = set of solutions of problem (1.1), (4.5)

while from (4.3), (4.4) and the nonlinear regularity theory [7], we have

Kj C [vo,u] NCH(Q), Ky C[0,u)) NCy, Kz C [og,0]NCy (4.6)
Note that
Plivous] = Plowe] A @l ue) = V' lop,u0)/ 4.7)
Plioug) = P+liowg) = Piliowe) and  @'loue) = @'+ lo.ue] = ¥+ |00 (4.8)
Plioo0] = P ljoo0] = P-lpooy and @'l oo = ¢ liwo0] = ¥ lon0)- (4.9)

From (4.5) we see that we may assume that K|, is finite or otherwise we already have an
infinity of nontrivial smooth solutions for problem (1.1) and so we are done. Combining this
fact with (4.6) and (4.7), we see that Kzﬁ is finite too. Moreover, from (3.18), (4.6), (4.8), (4.9) we
infer that

K C [vo,uo] N CH(Q) is finite, K; ={0,u0}, Kz ={0,00}. (4.10)

These observations permit the consideration of the critical groups of ¢ and ¢ at u = 0 and
for these groups we have the following result.

Proposition 4.1. If hypotheses Hy, Hy hold, then Ci(¢@,0) = C(¢,0) for all k € Ny,
Proof. Recall that we assume that K, is finite. We consider the homotopy E(t, u) defined by
h(t,u) = th(u) + (1 —t)g(u) forall (t,u) € [0,1] x WP (Q).
Suppose we could find {t,},>1 C [0,1] and {u, },>1 € W'P(Q) such that

th > te0,1], u, —0in W(Q), T, (ty,uy) = 0forall n € N. (4.11)
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From the equation in (4.11), we have

—Bpun(z) + [(2) + tung][un (2) [P~ 2un(2)

~

=tuf(z,un(2)) + (1 = ty) f(z,un(z)) fora.a.z€Q, (4.12)

Otin _ a8 (2, ) + (1 — t)B(2)|un|">u,  on aQ.
ony

From (4.12) and Proposition 2.10 of Papageorgiou-Radulescu [10], we can find ¢5 > 0 such
that

llun|lo < cs5 forall n € N.

Then from Theorem 2 of Lieberman [7], we see that there exist 4y € (0,1) and ¢¢ > 0 such
that

u, € Ct*(Q)) and [tin]|crag @y < 6 forall m € N. (4.13)
From (4.13), the compact embedding of C*(Q)) into C'(Q)) and (4.11) we infer that
u, — 0 inCHQ) asn — co. (4.14)

Then, on account of (4.14), we can find ng € IN such that

Uy € [vo,up], foralln > ny,
= A{untnzn, € Ky (see (4.7) and (4.10)),

which contradicts our assumption that Ky, is finite. Therefore (4.11) can not occur and then
the homotopy invariance property of critical groups (see Papageorgiou-Radulescu-Repovs
[11, Theorem 6.3.6, p. 505]), implies that

Ci(9,0) = Ci(1,0) for all k € N. O
Next we compute the critical groups of ¢ at u = 0.
Proposition 4.2. If hypotheses Ho, Hy hold, then Cy(¢,0) = 0 for all k € INj.
Proof. On account of hypotheses H; (i),(iv), we have
F(z,x) > —cy|x|" foraa.ze€ O, allx € R, (4.15)
with ¢; > 0 and r > p. Then, using (4.15), for every u € W'?(Q) and every t > 0, we have

p(tu) < tPeg||ul|P + teo|lu||” — tq/ B(z)|u|7do  for some cg, cg > 0.
Q)

Note that [, B(z)|u|7do > 0. Therefore since g < p < r, we can find t* = t*(u) € (0,1) such
that

p(tu) <0 forallt e (0,t%). (4.16)
Let u € W'P(Q) with 0 < |Ju|]| <1, ¢(u) =0and ¢ € (i, p). We have
jtq)(tu) = (¢'(u),u) (by the chain rule)
t=1

= <A(u),u>+/QC(Z)]uV’dZ—/Qf(z,u)udz—/anﬁ(z)]u\qda
- {1—1;] |Dull} + [1—2]/06(2)|u|”dz+ {2—1] /E)Q/%(z)]quU

+ (0 —u) /QF(z,u) dz + /Q [uF(z,u) — f(z,u)u] dz (4.17)

(since ¢(u) = 0).
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By hypothesis H;(iv), we have that
F(z,x) > c|x|P fora.a.ze€ Q,all|x| < d. (4.18)
Combining (4.18) with hypothesis H; (i) we have that
F(z,x) > ¢|x|P —cyo|x|" foraa.ze O, allx € R, (4.19)

for some c1g > 0.
In addition, hypotheses Hj (i), (iv) imply that

uF(z,x) — f(z,x)x > —cy1|x|” foraa.z e (), all x € R, some ¢1; > 0. (4.20)
We return to (4.17) and use (4.18), (4.19), (4.20) and obtain
> cia|[Dully + [€= 118 lleo] [fullp — exsllul”

=1
for some cyp,c13 > 0 (recall that g < u < 0).

d
E(P(tu)

But by hypothesis H;(iv) we have that ¢ > || ||. So, from the above inequality, we have

> cya||u||P — c13]jul|”  for some c14 > 0.

t=1

d
aq’(t“)

Since p < r, we can find p € (0,1) small such that

d
acp(tu) >0 forall u € Wv(Q) with < |Ju]| < p, ¢(u) = 0. (4.21)

t=1
Consider a u € W?(Q) as in (4.21), namely that
0<|ul|]<p and ¢(u)=0.
We show that
@(tu) <0 forallt € [0,1]. (4.22)

Suppose that (4.22) is not true. Then we can find tp € (0,1) such that ¢(tou) > 0. Since
@(u) = 0 and ¢(-) is continuous, by Bolzano’s theorem, we can find t € (ty,1] such that
¢(tu) = 0. We set

t* =min {f € (to, 1] : ¢(tu) =0} >ty > 0.

We have
¢(tu) >0 forallt € [t t*). (4.23)

If v = t*u, then 0 < [|v|| < p and ¢(v) = 0. So, from (4.21) we have

d
aq)(tu) > 0. (4.24)
t=1
On the other hand
d . d . o(tu)
JE— = —_— = < . . .
dt(p(tu) g t dtcp(tu) » t t_1>1(rtr*1)7 e S 0 (see (4.23)) (4.25)
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Comparing (4.24) and (4.25), we have a contradiction. This proves (4.22).

Recall that K,, is finite. So, we can always choose p € (0,1) small so that K, N B, = {0}
(recall that B, = {u € W'P(Q) : ||u|]| < p}). Consider the continuous deformation hy :
[0,1] x (¢° N B,) — ¢° N B, defined by

ho(t,u) = (1 —t)u forall (t,u) € [0,1] x (¢° N B,).

On account of (4.22) this deformation is well-defined and shows that ¢° N BT] is contractible
in itself.
Let u € B, with ¢(u) > 0. We claim that there is a unique ¢(u) € (0,1) such that

e(t(u)u) =0. (4.26)

The existence of such t(u) € (0,1) follows from (4.16) and Bolzano’s theorem. For the
uniqueness, suppose we could find 0 < t; < t, < 1 such that

¢(t1u) = ¢(tau) = 0. (4.27)

Consider the function
n(t) = @(ttu) forallt e [0,1].

From (4.27) and (4.22), it follows that that t = % € (0,1) is a maximizer of 7(-). Therefore
we have

which contradicts (4.21). So, t(u) € (0,1) satisfying (4.26) is unique. Therefore we have
¢(tu) <Ofort e (0,t(u)) and ¢(tu) >0 ift € (t(u),1]. (4.28)

Then we introduce the function A : B, \ {0} — [0, 1] defined by

A= 4L € B\ {0} 9(u) <0,
Hu) if u € By\ {0}, p(u) > 0.

It is easy to see that A(-) is continuous. So, if we consider the map k : B, \ {0} —
(¢° N B,) \ {0} defined by

k) = u if u € B, \ {0}, ¢(u) <0,
Au)u if u € By \ {0}, (u) >0,

then k(-) is continuous and k| ¢°nB;)\ {0y — identity. It follows that (¢°NB,) \ {0} is a retract
of B, \ {0}, which is contractible. Therefore (¢° N B,) \ {0} is contractible and so we have

Hi(¢° NB,, (" NB,) \ {0}) =0 for all k € Ny (see [11], p. 469),
= Ci(¢,0) =0 forall k € No. O
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Corollary 4.3. If hypotheses Hy, Hy hold, then Cy(,0) = 0 for all k € N.

Now we are ready for the multiplicity theorem. It is interesting to point out that the
solutions we produce are ordered.

Theorem 4.4. If hypotheses Hy, Hy hold, then problem (1.1) has at least three nontrivial smooth
solutions
up € intCy, vp € —intC, and yo € CH(Q), vo < yo < up.

Proof. From Proposition 3.2 we already have two nontrivial constant sign solutions
up € intC; and v € —intC,..

Claim: ug € intC, and vy € —intC.. are local minimizers of {(-).
From (4.1), (4.2), (4.3) and (4.4), we see that ¢ (+) is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find g € W*(Q) such that

. (ip) = min [%(u) ‘U € wLP(Q.)} (4.29)
Let u € intC,. Since uy € intC4, we can find t € (0,1) small such that
0 < tu < min{ug, b}

(see Papageorgiou—-Radulescu—-Repovs [11], Proposition 4.1.22, p. 274). Then, since y < p, we
have

1f+(tu) <0 forte (0,1)small,
¥ (ig) <0 =1 (0) (see (4.29)),

g # 0,
g = ug (see (4.10) and (4.29)).

R

Note that ¢ } c, = ¥+ |- . Since uy € intCy, it follows that

up is a local C!(Q))-minimizer of (-),
= 1w is a local W7 (Q))-minimizer of $(-)
(see Papageorgiou—-Radulescu [10, Proposition 2.12]).
Similarly for vy € —int C; using this time the functional ¢_(-).

This proves the claim.
Without any loss of generality we may assume that

P(vo) < P(up).

From (4.10), the Claim and Theorem 5.7.6, p. 449, of Papageorgiou—Radulescu—Repovs
[11], we know that we can find p € (0,1) small such that

¥(vo) < P(ug) <inf [P(u) : |lu—uo| = p] =y, |lvo — uol| > p- (4.30)

Since $(-) is coercive, from Proposition 5.1.15, p. 369, of Papageorgiou-Radulescu-Repovs
[11], we have that
() satisfies the Palais-Smale condition. (4.31)
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Then (4.30) and (4.31) permit the use of the mountain pass theorem. So, we can find
yo € WP(Q) such that

Yo € Ky C [0, 1] N C'(Q) (see (4.10)) and i, < P(yo) (see (4.30)). (4.32)
From (4.30) and (4.32), we have that
Yo 75 Uup and Yo 75 0.

Moreover, since yy is a critical point of i of mountain pass type, from Corollary 6.6.9, p. 533,
of Papageorgiou—Radulescu—Repovs [11], we have

C1(9,y0) # 0. (4.33)

On the other hand, from Corollary 4.3, we have

Ci(,0) =0 for all k € No. (4.34)
Comparing (4.33) and (4.34) we infer that yo # 0. Therefore yy € C'(Q) is the third nontrivial
solution of (1.1) and vp(z) < yo(z) < up(z) for all z € Q. O
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