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1 Introduction

Let X and Y be Banach spaces and let j : X — Y be a linear compact map. There are given
on X a Gateaux differentiable function F : X — R with its Gateaux differential DF : X — X*
and on Y a locally Lipschitz function @ : Y — R whose generalized directional derivative is
denoted ®° : Y x Y — R. With these data we formulate the following problem in the form of
a hemivariational inequality: find u € X such that

(DF(u),w) + ®°(ju; jw) >0,  Vw € X. (1.1)

Problem (1.1) qualifies as a hemivariational inequality due to the presence of the term
®(ju; jw). This problem is equivalent to the differential inclusion

—DF(u) € j*o®(ju),
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where the notation 0®(u) stands for the generalized gradient of ® at u € X and j* denotes the
adjoint operator of j. The hemivariational inequalities provide accurate modeling of contact
phenomena involving nonconvex and nonsmooth mechanical processes. For an extensive
study on applications of hemivariational inequalities we cite [10,13,14],

Problem (1.1) has a variational structure, which is nonsmooth, whose associated energy
functional I : X — R is

[=F+®doj. (1.2)

There is a huge literature devoted to variational problems, smooth or nonsmooth, mainly
employing minimax techniques based on critical point theory (see, e.g., [11], [3], [10, Chapter
3]). Since F is only Gateaux differentiable, no available result can be applied to problem (1.1)
and its corresponding energy functional I in (1.2).

The main novelty of the present work is represented by the fact that we don’t assume any
ellipticity condition on the leading term DF(u) in (1.1). In order to highlight this essential
aspect, let us consider a particular situation in (1.1) related to boundary value problems with
discontinuous nonlinearities. Their study was initiated by Chang [3].

For a fixed u € R, we state the quasilinear differential inclusion

= 1.3
u=20 on d() (1.3)

{—Apu +udgu € [f(u), f(w)]  inQ
on a bounded domain () C RN with the boundary 0Q). Here A, and A, denote the p-Laplacian
and the g-Laplacian, respectively, with 1 < g < p < 400, and for a function f € L> (R) we
set

f(s) = léirr(l) ‘es§ %ngf(r), Vs € R (1.4)
and
f(s) = lim esssup f(7), Vs € R. (1.5)

6—0 |T—s|<d

If the function f is continuous, then the interval [i(u(x)),f(u(x))] reduces to the singleton

f(u(x)) and (1.3) becomes the quasilinear Dirichlet equation
—Apu + phAgu = f(u) in Q, (1.6)
u=20 on dQ).

An important case in problems (1.3) and (1.6) is when y = 0 with the p-Laplacian A, as
driving operator. Another important case is when y = —1, where the quasilinear equation is
governed by the (p,q)-Laplacian A, + A;. We emphasize that the behavior of —A, 4 uA; with
u > 0is completely different with respect to the one of —A, + uA,; with p < 0, the latter being
an elliptic operator. In the case of —A, + pA, with u > 0 the ellipticity is lost as can be easily

seen: for u = Aup with a nonzero ug € Wé’p (Q) and a number A > 0 the expression
(=Dpu+ pdu,u) = AP||[Vug||p — pA?|| Vuo |2

is positive for A large and negative for A small. Therefore the leading operator in (1.3) is a
competing (p, q)-Laplacian when yu > 0. This makes (1.3), thus (1.1), a nonstandard problem
where a sort of hyperbolic feature is incorporated.
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We further discuss a nonlocal counterpart of problem (1.3), namely

{—@m%ﬁK—AﬁMGLﬂM%fWH in O (1.7)

u=0 in RN\ Q

on a bounded domain Q C RN with Lipschitz boundary 9Q), where f € L (R) with (1.4),
(1.5) as above, and a parameter u € R. Inclusion (1.7) is driven by the nonlocal operator
formed with the ordinary p-Laplacian A, and the (negative) s-fractional g-Laplacian (—A)j,
taking 0 < s <1land 1 < g < p < +oo, with sg < N. The differential operator —Ap, + u(—A4);
is the optimal fractional substitute for the (p,q)-Laplacian —A, — uA; as noticed below in
Remark 5.2. Likewise in the case of fractional p-Laplacian (see, e.g., [15]), a motivation for
studying it comes from the theory of Markov processes. In this respect, we refer to [8, Example
1.2.1] describing a typical Markovian symmetric form. A brief survey of the nonlocal setting
related to (1.7) can be found in Section 2. If the function f is continuous, (1.7) reduces to the
equation

{—mﬂ+yvﬂﬁu=fW) in () (1.8)

u=20 in RN\ Q.

In the nonlocal problems (1.7) and (1.8) the ellipticity is preserved if u > 0, but not if u < 0
for which the usual methods fail to apply.

The natural notion of solution (in the weak sense) to problem (1.1) is apparent: any u € X
for which inequality (1.1) holds whenever w € X. Since we do not assume any elliptic-
ity /monotonicity condition upon the principal part of (1.1) or any compactness condition of
Palais-Smale type on I in (1.2) or that I be sequentially weakly lower semicontinuous (as ba-
sically is required in [1]), in order to establish the solvability of equation (1.1) we need to relax
the notion of solution to fit the specific character of problem (1.1).

Definition 1.1. A function u € X is called a generalized solution to (1.1) if there exists a sequence
{uy}n>1 C X with the properties:

(S1) Uy — uin X as n — oo;
(5) limsup, ., Flu,) < F(u);

(S3) lirginf<DF(un),v — 1) + DO (ju; jo — ju) >0, Vo e X.

n—oo
Remark 1.2. The idea of weakening the notion of solution to cover more general frames is fre-
quent (see, e.g., [12, p. 183]). Different situations where the solution is a limit of (approximate)
solutions are discussed in [16,17].

Remark 1.3. Every solution to (1.1) is a generalized solution in the sense of Definition 1.1.
It suffices to take the constant sequence u, = u. For the converse assertion, additional as-
sumptions should be imposed, for instance that the differential DF : X — X* be completely
sequentially continuous (i.e., u, — u implies DFu, — DFu). A key role might have property
(S2) in Definition 1.1 as will be illustrated for problems (1.3), (1.6), (1.7), (1.8).

Our main result stated as Theorem 3.2 in Section 3 provides the existence of a general-
ized solution to problem (1.1). The approach relies on minimization of the energy functional
I in (1.2) on finite dimensional subspaces of X belonging to a Galerkin basis. Denoting by
{vn}n>1 C X the resulting minimizing sequence of I, in a further step we construct through
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Ekeland’s variational principle (see [6,7]) applied to I and {v,},>1 a second minimizing se-
quence {u, },>1 C X of I, with finer properties, that will be shown to comply with Definition
1.1. The proof is concluded by a passing to the limit process.

The abstract result in Theorem 3.2 for problem (1.1) is applied in two different directions.
First, we establish the existence of a generalized solution to the local quasilinear differential
inclusion with discontinuities (1.3), in particular (1.6) (see Theorem 4.2). Second, we obtain the
existence of a generalized solution to the nonlocal quasilinear inclusion (1.7), in particular (1.8)
(see Theorem 5.1). In both cases, a special attention is paid to clarify when the generalized
solution is a weak solution.

2 Mathematical background

Our approach on problem (1.1) relies on two fundamental tools: Galerkin basis and Ekeland’s
variational principle. For easy reference we recall some basic material.

A Galerkin basis of a Banach space X is a sequence {X, },>1 of vector subspaces of X for
which

(i) dim(X,) < oo, Vn;
(if) Xp C Xps1, Vn

(iii) G X, = X.

If X is separable, there exists a Galerkin basis of X. For an extensive use of Galerkin bases to
various existence theorems we refer to [12,16,17].
We shall apply Ekeland’s Variational Principle (see [6,7]) in the following form.

Theorem 2.1. Assume that the functional I : X — R is lower semicontinuous and bounded from
below on a Banach space X. If {v,},>1 is a minimizing sequence of I, then there exists a sequence
{un}n>1 in X with the properties:

(a) I(uy) < I(vy) for all n;
(D) ||un — vl — 0as n — oo;

(c) forall n > 1, it holds
1
I(w)>l(un)—EHw—unH, Yw € X, w # uy.

Next we outline some prerequisites of nonsmooth analysis regarding the subdifferentia-
bility of locally Lipschitz functions (for more details we recommend [4] and also [3,10]). A
function @ : Y — R on a Banach space Y is called locally Lipschitz if for every u € Y one can
find a neighborhood U of u in Y and a constant L, > 0 such that

|P(v) — P(w)| < Lyl|v—w|, Vo, w e U.

The generalized directional derivative of a locally Lipschitz function ® at u € Y in the direc-
tion v € Y is defined as

®%(u;v) := limsup 1(CID(uH—tv) —d(w))

w—u, t—0*
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and the generalized gradient of ® at u € Y is the set
0@ (u) == {u* € Y*: (u*,0) < ®(u;0), Vo€ Y} .

A continuous and convex function ® : Y — R is locally Lipschitz and its generalized gradient
0d : Y — 2¥" coincides with the subdifferential of ® in the sense of convex analysis.

We need these notions in connection with the nonsmooth problems (1.3), (1.6), (1.7), (1.8).
Let f : R — R satisfy f € L° (R) for which we set

loc

o(s) = /Osf(t) dt foralls € R 2.1)

and note that g : R — R is locally Lipschitz. Then the generalized gradient dg(s) of g ats € R
is the compact interval in R expressed by

9g(s) = [f(s), f(s)], (22)

where f(s) and f(s) are defined in (1.4) and (1.5), respectively.
We also address a few things about the operators in the Dirichlet problems (1.3), (1.6), (1.7),
(1.8). Given 1 < g < p < 400, we denote p’ = % and ¢’ = q_il and consider the Sobolev

spaces Wg’p (Q) and W&’q(Q) endowed with the norms ||Vu||, and || Vul|,, respectively, where
|| - || stands for the usual L"-norm. The negative p-Laplacian —A,, : W&’p (Q) - W' (Q) is
defined by

(—Apu, @) = /Q |Vu(x)|P~2Vu(x) - Vo(x)dx forallu,¢ € Wg’p(Q).

This operator is strictly monotone and continuous, so pseudomonotone. If p = 2 we retrieve
the ordinary Laplacian operator. Similarly, we have the definition of the negative g-Laplacian
AV Wg’q(Q) — W19 (Q). By virtue of the embedding W&’p(ﬂ) — Wg’q(Q), the differential
operator —A, + uA; driving inclusion (1.3) and equation (1.6) is well posed in Wg’p (Q)). There
exists a constant k > 0 such that

IVully <K|Vul,  Vue W, (Q). (2.3)

By a weak solution to problem (1.3) with f € L5 (R) we mean a u € Wg’p (Q) for which it
holds f(u), f(u) € LV (Q) and

/Q|Vu(x)|p_2Vu(x)-V(p(x)dx—‘u/ﬂ\Vu(x)|p_2Vu(x)-Vq)(x) dx
> [ min{f(u(x))g(x), Flu(x)g(x)} dx  forall ¢ € W}7(0) )
or equivalently
/Q|Vu(x)\p’2Vu(x)-Vq)(x) dx—y/Q\w(x)V*ZVu(x)-w(x) dx

< /Qmax{i(u(x))(p(x),f(u(x))(p(x)} dx forall ¢ € Wé’p(ﬂ). (2.5)

The equivalence between (2.4) and (2.5) arises by replacing ¢ € W(}’p(ﬂ) with —¢. For the
Dirichlet equation (1.6), the ordinary notion of weak solution is recovered. If f : R — R is
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continuous, then u € W&’p(ﬂ) is a weak solution to equation (1.6) provided f(u) € LV (Q)
and

/Q|w ) P2V (x) - Vo(x) dx—y/ IVie(2)|P2Vu(x) - Vo(x) dx
= / f(u x)dx forall ¢ € Wlp(Q) (2.6)

This follows readily from (2.4) (or (2.5)), (1.4) and (1.5).

Finally, we sketch the framework of nonlocal problems (1.7) and (1.8). The fractional
Sobolev space W*1(Q)) of differentiability order s € (0,1) and summability exponent 1 < q <
+o0 for a bounded domain () C RV with a Lipschitz continuous boundary 9Q) is introduced
as

u(x) —u(y)|?
W1 (Q) = {u e L1(Q) : /Q A dedy < oo},
which is a separable and reflexive Banach space endowed with the norm

1
q
HUHWW = <|u||q 2 // |‘x_y|N+‘75 dxdy) P

with a normalization constant Cn4s > 0. If sg < N, the embedding W*1(Q)) — L"(Q) is
continuous for all 1 < v < g%, and compact for all 1 < v < g}, with gf = Np/(N — sq) called
the fractional critical exponent (see [5, Theorem 6.5, Corollary 7.2]). Under the conditions
0<s<11<g<p< +ooandsqg < N, the embeddings WP (Q) — WM (Q) — W (Q)
are continuous and thus for a constant C = C(N, s,q) > 1 one has

lullweaioy < Cllulwray, — Yu€ WH(Q). 27)

(see [5, Proposition 2.2])).
The closed linear subspace

Wg'q(Q) ={ue Ws’q(lRN) :u=0 ae inRV\ Q}

can be endowed with the equivalent norm (determined by the Gagliardo seminorm)

1 1
CN, s\ 1 Cnyg,s
||u||w3r4(g) ::( 2‘7 > [U]Dsﬂ(]RN ::< A // ‘ ]x |N+qs dxdy>

becoming a uniformly convex Banach space with the dual W=7 (Q).
The (negative) s-fractional g-Laplacian is the nonlinear operator (—A); : Wy'(Q) —
W= (Q) defined for all u,v € W;"(Q) by
_C —u(y)|12 —
(a0, = Sas [ [ O M) )OO =0 gy
RN JRN

q |x_y|N+sq

(see [5,15] for more insight).

Along the pattern of the corresponding local problems, u € W&’p (Q)) is called a weak
solution to inclusion (1.7) with0 <s < 1,1 < g < p < 400,59 < N and f € L;° (R) provided

f(u), f(u) e LY (Q) and
/Q |Vu(x)|P~2Vu(x) - Vo(x)dx
CN s |(x) — u(y)|72(u(x) — u(y))(9(x) — (y))
q /IRN /]RN dxdy

|x —y|Ne

> /Qmin{i u(x))e(x), f(u(x))p(x)}dx forall ¢ € W&’p(Q), (2.9)
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where we set u = ¢ = 0 outside ). If f : R — R is continuous, u € Wg’p (Q)) is a weak
solution to the nonlocal equation (1.8) provided f(u) € L' (Q) and

/Q |Vu(x)|P~2Vu(x) - Vo(x) dx
C s Ju(x) — u(y)|72(ux) —u(y) (e(x) — @)
Nq /RN /IRN dxdy

|x_y’N+qs

- /Q Flu(x))g(x)dx forall g € WiP(Q). (2.10)

3 Existence of a generalized solution

In order to simplify the presentation, we denote by the same symbol || - || different norms
that occur below. The meaning will be clear from the context. Our hypotheses on the data in
problem (1.1) are as follows:

(H1) The Banach space X is separable and reflexive, and j : X — Y is a linear compact map from X
to a Banach space Y.

(H2) The function F : X — R is Gateaux differentiable, continuous, and the function ® : Y — R is
locally Lipschitz such that

I = F + ®ojis bounded from below on X (3.1)

and [ is coercive on every finite dimensional subspace of X, i.e., if Xy is a finite dimen-
sional subspace of X, then I(u) — +o0 as ||u|| — co with u € Xj.

(H3) The set
{v € X: (DF(v),v) < ®°(ju; —jov)}

is bounded in X.

The next example shows that the coercivity on every finite dimensional subspace in hy-
pothesis (H2) is a condition weaker than the coercivity on the whole space.

Example 3.1. Let X be a separable Hilbert space. Fix an orthonormal basis {e; },>1 of X.
Then every vector u € X can be written uniquely as u = Y ;. X (#)e,, with x,, (1) € R, and
there holds ||u]|?> = Y5r_; xm (u)?. The functional | : X — R given by

= 1

) = Y - slu(w)

m=1

is well defined. It is coercive on each finite dimensional subspace X; of X since corresponding
to X; there is an integer m; such that

mq 1
J(u) =Y —l|xm(u)|,  VueX.
m=1 m
For u, = ne, we have |lu,|| = n and J(u,) = 1, so | is not coercive on X.

Now we state our existence result for problem (1.1).
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Theorem 3.2. Assume that conditions (H1)—(H3) hold. Then problem (1.1) admits at least one
generalized solution in the sense of Definition 1.1.

Proof. We construct a special minimizing sequence {v,},>1 C X of the functional I in (1.2).
The construction is done through a Galerkin basis {X, },>1 of X, which exists because the
Banach space X is separable as known from assumption (H1).

It follows from (3.1) that for every n the functional I|x, obtained restricting I to X, is
bounded from below on X;,. Due to the coercivity of I on X, as guaranteed by assumption
(H2), any minimizing sequence of I|x, is bounded. Since I|x, is also continuous and X, is
finite dimensional (note requirement (i) in the definition of Galerkin basis in Section 2), there
exists v, € X, satisfying

I(v,) = 52%2 I(v). (3.2)

Then (3.2) implies
(v, +t(v—0y)) > I(vy), Vt >0, Vo € X,

which reads as
P+ 0 — 1)) = F(on)) + 1 (@(jon + £(jo — jon)) — ®(jon)) > 0.
Passing to the limit as t — 0 and then setting v = 0 lead to
(DF(v,),0,) < ®°(jun; —jou), Vn. (3.3)

On account of hypothesis (H3), we can infer from (3.3) that the sequence {v, } is bounded
in X. In view of the reflexivity of X (see hypothesis (H1)), along a relabeled subsequence we
have

vy, —u inX (3.4)

for some u € X. We shall show that u is a generalized solution to (1.1).
From condition (i7) in the definition of Galerkin basis (see Section 2) and (3.2), for every n
we can write
I = min [ > min I =1 > inf I(v).
(on) = min (o) > min (0) = I(vp+1) = inf I(0)

Therefore the sequence {I(v,)} is nonincreasing and bounded due to (3.1). Set

= nh_r)go I(vy) = ggl(v”)'

We claim that
lim I(v,) = inf I(w). (3.5)

n— 00 weX

In order to prove (3.5), we argue by contradiction supposing that

I > inf I(v).

veX

So, there exists @ € X such that I(@) < I. By the continuity of I, there exists an open
neighborhood U of @ in X such that

I(w)<I, Ywel. (3.6)
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Then through condition (iii) in the definition of Galerkin basis (see Section 2) we derive

un (G Xn> £ Q.
n=1

Hence there exists @ € U N Xj for some 7. Recalling that v; is a minimizer of I|x, (see (3.2)),
from (3.6) we get the contradiction

min I(v) < (@) <1 < minI(v).
vEXj veXp

The obtained contradiction ensures the validity of (3.5).

Now we construct another minimizing sequence {u,} of I in (1.2) that will satisfy condi-
tions (S1)—(S3) in Definition 1.1. To this end we notice from (3.1) that we can apply Theo-
rem 2.1 (Ekeland’s Variational Principle, see [6,7]) to the functional I in (1.2). Through this
result, using the minimizing sequence {v, },>1, we can find a sequence {uy },>1 in X with the
properties (a), (b), (c) in Theorem 2.1. From property (a) and (3.5) it is clear that

lim I(u,) = inf I(0), (3.7)

n—00 veX

so {uy, },>1 is a minimizing sequence of the functional I. Consequently, from (3.7) it turns out

lim I(u,) < 1(u), (3.8)

n—00

with u € X in (3.4). By property (b) in Theorem 2.1 and (3.4) we infer that
U, = u in X, (3.9)

thus condition (S7) in Definition 1.1 is verified.
Using the compactness of the map j : X — Y and the weak convergence in (3.9), we note
that (3.8) amounts to saying that

limsup F(uy) + @ (j(u)) = limsup (F () + ®(j(un)))
n—00 n—ro6o
< F(u) + @(j(u)).
This proves property (S;) in Definition 1.1.

Insert w = u, + t(v — u,) in assertion (c) of Theorem 2.1, with t > 0 and an arbitrary
v € X, finding that

P+ 10— ) — Flan)) + 1 (@ttn + 1o — jun)) — () = o~ el (310
The Gateaux differentiability of F yields
tim (i + H(0 = 1)) = () = {DF(un), 0 — ), @11
while the definition of generalized directional derivative PO of P (see Section 2) shows

1
lim sup ?(CID(jun +t(jo — jun)) — ®(jun)) < P°(jun; jo — jun). (3.12)

t—0
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Letting t — 0 in (3.10), by making use of (3.11) and (3.12), we arrive at
. . 1
(DF(uy),v — uy) + DO (jup; jo — ju,) > —EHZ) — Uy|- (3.13)
Notice that (3.9) and the compactness of j : X — Y yield
juy — ju inY. (3.14)

Then the upper semicontinuity of the generalized directional derivative ®° and the strong
convergence in (3.14) give

lim sup ®° (juy; jo — juy) < ®°(ju; jo — ju). (3.15)

n—oo

Letting n — oo in (3.13) and taking into account (3.15) as well as the boundedness of the
sequence {u, },>1 we find that

lim inf(DF (uy,),v — uy)

n—o0

= liminf((DF(u,),v — u,) + (DO(jun;jv — juy) — CIDO(jun;jv — juy))

n—oo

> Hminf((DF (uy),v — un) + q)o(j”n?jv — jun)) + liﬂigf(—cpo(]'un;]’v — jun))

n— 00

> —limsup ®° (juy; jo — ju,) > —®°(ju; jo — ju), Vo€ X.

n— 00

Thus we are led to

lim inf(DF (u,),v — u,) +®°(ju; jo — ju) >0, VYoeX,

n—oo

which is just property (S3) in Definition 1.1. Therefore u € X is a generalized solution to
problem (1.1). The proof is complete. ]

We illustrate the applicability of Theorem 3.2 with verifiable growth conditions.

Corollary 3.3. (i) Assume that the Gateaux differentiable, continuous function F : X — R and the
locally Lipschitz function ® : Y — IR satisfy

F(v) > a|lv||" —ag forallv € X, (3.16)
with constants a > 0, a9 > 0, r > 0, and
®(w) > —b||lw||” —by forallw €Y, (3.17)

with constants b > 0, by > 0 and o € (0,r). Then condition (H2) holds true.
(ii) Assume that the Gateaux differentiable, continuous function F : X — R, the linear compact
map j : X — Y and the locally Lipschitz function ® : Y — R satisfy

(DF(v),v) > dl||v||" —ay forallv € X, (3.18)
with constants d > 0, dg > 0, 7 > 0, and
(&, jv) > —b|jv||” —by forallv € X and & € 9d(jv), (3.19)

with constants b > 0, by > 0 and & € (0,7). Then condition (H3) is fulfilled.
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Proof. (i) From (3.16) and (3.17), we estimate the functional I in (1.2) from below
I(v) = F(v) + ®(jo) = al[o]|" — a0 = b||j||"[[2]|” — bo

for all v € X. Since r > o, we infer that (3.1) holds true. Moreover, the preceding estimate
entails
I is coercive on X, i.e., I(u) — 400 as ||u|| — oo,

which ensures that condition (H2) is verified.
(ii) We are going to show that the set

Xo := {v € X : (DF(v),v) < ®°(jv; —jov)}
is bounded in X. On the basis of (3.18) and (3.19), for every v € X, we obtain

alloll” — d < (DF(0),0) < ®(jo; —jo) = max{ (&, —jo) : & € 3®(jo)}
— —min{(g,jo) : € € 9®(j0)} < blljol” + bo < BljlIIlo]” + .

Taking into account that & < 7, the boundedness of the set Xy in X follows. O

Remark 3.4. Conditions (3.16), (3.17), (3.18) and (3.19) are compatible offering a large range
of applicability for Theorem 3.2.

4 Local boundary value problems without ellipticity

In this section we focus on the boundary value inclusion with discontinuities (1.3), which
extends the Dirichlet equation (1.6). For 1 < g < p < +c0 and p € R, we shall show that
problem (1.3), so a fortiori (1.6), is a special case of problem (1.1) treated in Section 3. The
principal point is that the leading operator —A, 4 uA; exhibits a competing (p, q)-Laplacian
if u is positive, thus the ellipticity fails.

We assume to be fulfilled:

(H)f¢ the function f : R — R is measurable and there exist constants ¢ > 0 and ¢ € (1,p)
such that
If(H)] <c(1+|t|° ) forae.t€R.

From assumption (H); it follows that f € L{5 (IR), hence the functions f : R — R and
f:R — R introduced in (1.4) and (1.5), respectively, are well-defined.

The notion of generalized solution to problem (1.1) introduced in Definition 1.1 reads in
the case of (1.3) as follows: u € Wg’p(Q) is a generalized solution to (1.3) if there exists a

sequence {uy, },>1 C W&’p (Q)) such that
(S}) upy — uin W&’p(ﬂ);

(sy)
. 1 1
lim sup [pllwnllii - ;‘nwnuz] < SIVall - £ 1l @.1)

n—oo

(S5) Himinf(— Ayt + gt @) > [ min{f(u(0)g(x), Fu(x)p(x)}dx, Vo € Wy (Q).
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Passing from (S3) in Definition 1.1 to formulation (S%) is based on the Aubin—Clarke Theorem
for an integral functional (see [4, Theorem 2.7.5]).

Remark 4.1. If f is continuous, then the interval [f(u(x)),f(u(x))] reduces to the singleton
f(u(x)) and (S5) becomes

(85) —Apity + pbgity — f(u) in W7'(Q), ie,,

Lm (—Apuy + pAguy, @) = /Qf(u(x))q)(x) dx, Vo € Wg’p(Q).

n—oo

Indeed, (S%) entails

liminf(—Apit, + plgity, @) > /Q Fu(x)p(x)dy, Vo e W (Q).

n—00

Changing ¢ into —¢ produces

limsup(—Apiy + phgitn, ¢) < /()f<u<X))¢(X)dx, Vo € WP (Q),
n— 00
whence the result.
If g =2 < p < 4oo, from (S}) and the linearity of the Laplacian A we deduce that (S})
requires — Ay, — —pAu+ f(u) in W'(Q).

Now we state our result on problems (1.3) and (1.6).

Theorem 4.2. Assume that condition (H) holds. Then, for every yu € R, problem (1.3) admits at least
one generalized solution. Every generalized solution is a weak solution provided y < 0. In particular,
problem (1.6) with f continuous possesses at least a generalized solution, which is a weak solution when
u<0.

Proof. Our goal is to apply Theorem 3.2 by means of Corollary 3.3. To this end we choose
X = W&’p (Q)), which is a separable and reflexive Banach space. Further, we take Y = LF(Q)
and let j : W&’p (Q)) — LP(Q) be the inclusion map. By Rellich-Kondrachov Theorem j is
compact. Therefore assumption (H1) is satisfied.

With a fixed py € R, define the functional F : W&’p (Q) > Ras

F(o) = ~||Vol|h — Z||Vv||g for all v € W)*(Q)).

_1
p

It is clear that F : W&’P(Q) — R is continuously differentiable, so Gateaux differentiable and
continuous. By (2.3), Young’s inequality and p > g, we infer that

1 k 1
F(v) > ;HVZ}H}@ - WJHVUHZ > EHVZJH? —ag forallve Wg’p(Q),
with a constant a9 > 0. Hence condition (3.16) is verified with r = p.
Next we consider the function ¢ : R — R in (2.1) corresponding to f : R — R in the
right-hand side of (1.3). Thanks to assumption (H)s, ¢ : R — R is locally Lipschitz and in
turn the functional ® : L”(Q)) — R given by

D(v) = — /Q ¢(0(x)) dx forallve LP(Q) 4.2)
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is locally Lipschitz. Precisely, ® is Lipschitz continuous on the bounded subsets of L (Q2) and
we use the continuous embedding L7 (Q)) < L7(Q)) with ¢ < p.
Hypothesis (H) implies

c 1 c
[@(v)| < /Q 8(v(x))]dx = clvlli + Z[ol[z < c[Qf [v]le + o]}
<co(l+ollz), Vo LP(Q),

with a constant ¢p > 0 and ¢’ = /(0 —1). We derive (3.17) due to the continuous embedding
LP(Q)) — L7(Q). By Corollary 3.3 part (i), condition (H2) is fulfilled.
We note that
(DF(v),v) = ||[Vo|lp — ul|Vo||§  forallv € X,

so condition (3.18) is satisfied with 7# = p because p > g. Pickany v € W&’p (Q) and ¢ € 0P (jv),
with @ in (4.2). The Aubin—Clarke Theorem (see [4, Theorem 2.7.5]) and (2.2) guarantee that
e LV(0)and

—¢(x) € 9g(v(x)) = [f(v(x)), f(v(x))] forae x € Q. (4.3)

Then by (4.2), (H)y, (4.3) (see also (1.4), (1.5)) and the continuous embedding L?(Q) — L7(Q)),
we infer that

(@ o) = [ e@io)xr = = [ 1e()ljo(x)|ax

> — [ e+ L) ljolx)ldx
> —b|jjo||” — by forall v € W,"(Q) and & € 3P (jv),

with constants & > 0 and by > 0. This confirms the validity of (3.19) with & = ¢. From
Corollary 3.3 part (ii), assumption (H3) holds true.

We are in a position to apply Theorem 3.2, which ensures the existence of a generalized
solution to problem (1.3) in the sense of Definition 1.1. Specifically, we find u & Wg’p (Q)) and
a sequence {uy }n>1 C W&’p(Q) satisfying (S}), (S5) and

Hminf(—A i, + phgit, @) + @(u;9) >0, Vo € Wy'(Q), (4.4)

n—oo

with @ in (4.2). By the Aubin-Clarke Theorem applied to ® in (4.2), (H) and (2.2), we find

O (u;9) < [ max[-3g(u(x))p(x)] dx
= — [ min{f(u(x)e(x), Fu(x)gx)}dr,  Yoe WP (). @5)

At this point it is enough to insert (4.5) in (4.4) to get that (S}) holds, which proves the first
part of Theorem 4.2.

Suppose that u € Wé’p(ﬂ) is a generalized solution to problem (1.3) with u < 0. We note
from property (ii) in Definition 1.1 that

n—oo

. 1 U 1 U
limsup | =||Vu,||b — S| Vu, |2 < =||Vulb — Z(|Vul/l.
p pH I qll nllg pll I qH g
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On the other hand, using the weak lower semicontinuity of the norm in conjunction with
# < 0 and (i) of Definition 1.1, it turns out

: 1 p_H q L. PP 4
lim sup EHVuan—gHVuan 2;lunsupHVuan—Eh’gg}fHVuan

n—o0 n—00

1..
> ;lunsup HVunH;'Z - ZHV”HZ

n— 00

By a simple comparison we are led to

limsup | Vil < [V,

n— 00

which implies the strong convergence u, — u in W&’p (Q)) because the space W&’p (Q)) is uni-
formly convex (see, e.g., [2, Proposition 3.32]). On the basis of the strong convergence u,, — u,
we can utilize the continuity of —A, : W7 (Q) = W= (Q) and AE Wy (Q) — W' (Q)
with g < p, to pass to the limit in (S}) obtaining (2.4). This amounts to saying that u is a weak
solution of (1.3). Since (2.6) is a particular case of (2.4), the proof is complete. O

5 Nonlocal boundary value problems without ellipticity

This section deals with the nonlocal boundary value problem with discontinuities (1.7) and
its particular case (1.8) under the conditions 0 <s < 1,1 <g<p < +o0o,sg < Nand y € R,
thus allowing that the local operator —A, and the nonlocal operator (—A) be competing.

The function f : R — R in the right-hand side of (1.7) and (1.8) is required to satisfy
condition (H)s in Section 4. Subsequently, we use the notation in Section 2, in particular
the associated functions f : R — R and f : R — R have the meaning in (1.4) and (1.5),
respectively. a

We rely on the continuous embedding Wé’p (Q) = W;'(Q). Asin (2.7), there is a constant
C > 0 such that

]l wen oy < ClIVullp, — Vu e WyP(Q) (5.1)

making the sum —A,u + pu(—A)ju well defined for u € W&’p(Q) in problems (1.7) and (1.8).
In accordance with Definition 1.1, by a generalized solution to nonlocal problem (1.7) we
mean any u € Wé’p (Q)) for which one can find a sequence {u,},>1 C W&’p(ﬂ) satisfying

(SY) uy — uin Wé’p(Q);

. imsup [ L1l o | < LT+
lim sup p||vun||p+ p ltnllgea ey | < p||vu|\p+ p 0l gsn (5.2)
(53) liminf(— A, (1:) + p(=4);(1:), 9)

> [ min{f(u(x)p(x), Fu(x)e(x)} dx, Vo € W7 ()

Here (S%) is obtained from (S3) in Definition 1.1 by applying the Aubin-Clarke Theorem (see
[4, Theorem 2.7.5]).
Our result on the nonlocal problems (1.7) and (1.8) is as follows.
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Theorem 5.1. Assume that condition (H)s holds. Then, for every p € R, problem (1.7) admits at
least one generalized solution, which is a weak solution provided y > 0. In particular, this is valid for
problem (1.8) with f continuous.

Proof. In order to address Theorem 3.2 and Corollary 3.3, we choose: X = W&’p (Q), Y =LF(Q)
and j : Wé’p (Q)) — LP(Q) be the inclusion map, which is compact. Consequently, assumption
(H1) is verified.

For a fixed y € R, we introduce the functional F : W&’p (Q) - Rby

_1 P By e Lp
F(v) = EHVMHP + a”uHWS’q( for allv € W," ().

0)
This is possible thanks to (5.1). Using (2.8), it is seen that F is continuously differentiable with
the differential

(DF(u),v) = (=Ap(un) + pu(—=8)5(un),0), Yu,v € W&’p(ﬂ).

By (5.1), Young’s inequality and p > g, we find the estimate

F0) 2 3 190l = Bl ol 2 210l -0 forallo € Wi#(0),
with a constant a9 > 0. Condition (3.16) is thus verified with » = p.

Consider the function ® : LF(Q)) — R introduced in (4.2). Taking into account (H)y,
condition (3.19) was already checked in the proof of Theorem 4.2. Gathering (3.16) and (3.19),
we are able to refer to Corollary 3.3, which yields that Theorem 3.2 can be applied. A reasoning
similar to the one in the proof of Theorem 4.2 enables us to conclude that there exists a
generalized solution to problem (1.7) and thus (1.8).

The last step in the proof is to show that any generalized solution of problems (1.7) and
(1.8) is a weak solution provided y > 0. We argue on the basis of assertion (S5) in the
definition of generalized solution. Given a generalized solution u € Wé’p(ﬂ) of problem (1.7)
with u > 0, we compare inequality (5.2) in the definition of generalized solution and the
following inequality derived from weak lower semicontinuity of the norm (note (S))

n— 00 n—00 (Q)

: 1 P K q L. P B q
lim sup ;Hv””HP+EHu”ng"7(Q) 2EhmsupHVuan—i—ghrrgglfHunHqu

n—00

1.. U
> _ p " q .
> timsup [V [+ el
to deduce that
limsup ||Vu,||, < [[Vul,.
n—oo

In view of the uniform convexity of the space Wg’p(Q), property (S{) entitles the strong con-
vergence i, — U in W&’p (€2). From here and (5% ), through the continuity of —A,, : Wé’p Q) —
WP (Q) and (—A)5: Wy 7(Q) — W1 (Q), we reach in the limit (2.9). Therefore u is a weak
solution to nonlocal problem (1.7). If f is continuous, we get (2.10), which completes the proof.

O]

Remark 5.2. As established in [9], one always has W, (Q) ¢ W;7(Q). For this reason we
cannot replace —A, by the nonlocal operator (—A)j in problems (1.7) and (1.8).
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