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Abstract. In this article, we study the following quasilinear Schrodinger equation
—Au—yﬁ—i—V(x)u— (Au?))u = f(x,u), x € RN,

where V(x) is a given positive potential and the nonlinearity f(x,u) is allowed to be
sign-changing. Under some suitable assumptions, we obtain the existence of infinitely
many nontrivial solutions by a change of variable and Symmetric Mountain Pass The-
orem.
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1 Introduction and main results

In this paper, we consider the following equation

—Au—y‘;l’2+V(x)u— (A(W*))u = f(x,u), x € RN, (1.1)

where N > 3,0 < u < 1 := “;, V(x) € C(RV,R) is a given potential and f €
For problem (1.1),if p =0, f(x,u) = f(u), then (1.1) becomes
—Au+V(x)u— (Awu*))u=f(u), xecRV (1.2)

Recently, the existence of solutions for (1.2) has drawn much attention, see for example [5,7,
19,21,22,25]. Particularly, it was established the existence of both one-sign and nodal ground
states of soliton type solutions in [21] by Nehari method. Furthermore, using a constrained
minimization argument, the existence of a positive ground state solution has been proved in
[25]. Later, by using a change of variables, [19] and [7] studied the existence of solutions in
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different working spaces with different classes of nonlinearities. For more results we can refer
to [18,20,23,33,34].
Moreover, if we take 1 = 0 in (1.1), we have

—Au+V(xX)u— (Au?)u = f(x,u), x € RV, (1.3)

In [39], Zhang and Tang proved there are infinitely many solutions of quasilinear Schrédinger

‘2 (s)—2

|u u

| x|s ’
where 0 < s < 2 and 2*(s) = % is the critical Sobolev-Hardy exponents, the problem
(1.3) was studied in [10,12]. If f(x,u) = A|u|72u + |”||i‘;2“, the authors in [40] have proved the
existence of solutions by using a change of variable.

Recently, great attention has been attracted to the study of the following problem

equation with sign-changing potential by Mountain Pass Theorem. When f(x,u) =

u— y|xu‘2 +V(x)u = f(x,u), x € RN (1.4)

This class of quasilinear equations are often referred as modified nonlinear Schrédinger equa-
tions, whose solutions are related to the existence of standing wave solutions. For example,
by use of variational method, Kang and Deng in [13] proved the existence of solutions for

V(x) = 0and f(xu) = 107

the existence of nontrivial solutions for V(x) = 0 and f(x,u) = Juf® \x\s oy K(x)|u|""2u + Au.
In [4], Cao and Zhou studied the problem (1.4) with V(x) = 1 and general subcritical non-
linearity f(x,u), they obtained the existence and multiplicity of positive solutions in some
different conditions, their method relies upon the proof of Tarantello in [30]. Under certain
conditions, using Ekeland’s variational principle, Chen and Peng in [6] obtained the existence
of a positive solution with V(x) = 1 and nonlinearity A(f(x,u) + h(x)). For more results
about (1.4), we can refer to [9,11,29] and the references therein.

As regards other relevant papers, we mention here [8,15-17,27,28,31,35,38]. Motivated by
facts mentioned above, in this paper, we study the existence of infinitely many solutions for
problem (1.1) by Mountain Pass Theorem. Before giving the main result of this paper, we give
the assumptions of the potential V(x) and the nonlinear term f(x, u) as follows, firstly

u

K(x)|u|"~2u. Using the similar rnethod Li in [14] proved

(V1) Ve C(RN,R) and inf V(x) =V > 0;

x€RN

(V2) for any L > 0, there exists a constant & > 0 such that

lim meas{x € RN : [x —y| <0, V(x) <L} =0;

y|—o0

() f € C(RN x R,R) and there exist constants c1, c; > 0 and 4 < p < 22* such that

|f(x,u)| §c1|u|+cz|u|”_1, V(x,u) e RN x R;

(F1) ‘llim F (;(;”) = oo uniformly in x, and there exists agp > 0 such that F(x,u) > 0 for all
Uu|—oo

x,u) € RN x R and |u| > ag, where F(x,u) = [ f(x,s)ds;
o f

(F2) F(x,u):= }f(x,u)u—F(x,u) > 0 and there exist cg > 0 and 0 € (max{1, 225},2) such
that
|F(x,u)|7 < colu|* F(x, u)

for all (x,u) € RN x R with u large enough;
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(F3) f(x,u) = —f(x,—u) forall (x,u) € RN x R.
Now, we are ready to state the main result of this paper.

Theorem 1.1. Assume that (V1)—(Va), (Fo)—(Fs) are satisfied, then problem (1.1) has infinitely many
nontrivial solutions {uy} such that ||u,|| — co and I(u,) — oo(I will be defined later).

Remark 1.2 (see [30]). It follows from (F;) and (F,) that
[
F(x,u) > 1 <\F(x,u)|) — 00, (1.5)

co\ |uf?
uniformly in x as |u| — oo.

This paper is organized as follows. In Section 2, we will introduce the variational setting
for the problem and some preliminary results. In Section 3, we give the proof of main result.

Notations. In what follows we will adopt the following notations

e C,C;,1=1,23,... denote possibly different positive constants which may change from
line to line;

* For 1 < p < oo, LP(RN) denotes the usual Lebesgue spaces with norms

1/p
lull = ([, ipax) 1< p<e

* H!(RN) denotes the Sobolev spaces modeled in L?(RN) with norm

1/2
wmpz(/ Ww%HM%Q .
IRN

* Bg denotes the open ball centered at the origin and radius R > 0.

2 Variational setting and preliminary results

Before establishing the variational setting for problem (1.1), we give our working space firstly.
Under the assumption (V) we define

E.= {u e H'(RV) : /N V(x)uldx < oo},
R
then E is a Hilbert space equipped with the inner product and norm
(u,v) = / VuVo — yﬂ + V(x)uv ) dx ul| = (u,u)'/?
7 RN ‘x’2 4 4 *

In view of (V;) and for u € E, the following norm

e = (/RN(|Vu|2+V(x)u2)dx>%

is equivalent to the classic one in H'(RN).
Now, let us recall the Hardy inequality, which is the main tool and allows us to deal with
Hardy-type potentials.
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Lemma 2.1 (see [1]). Assume that 1 < p < N and u € WY (RN), then

R ’x|p —-p p/]R
- < p .
/N | ’pdx N ) N[ ulPdx

Thus, by Lemma 2.1, ||u|| is well defined. In fact

2
2 _ W
/]RN <|Vu| y|x|2>dx

4
> 2 _ 2
> /IRN <]Vu] V(N—z)ZWu’ >dx

4 ' (2.1)
(11— 2
< V(N_2)2> /IRN|Vu’ dx
(N-2?2 4 I
> (1 I N-2p IRN|Vu\ dax
=0.
Lemma 2.2. Assume that 0 < y < ji = (NZZ)Z, then there exist C1,Cy > 0 such that

Cillullf < Jull? < Callullz,
for any u € H'(RY).

Proof. For p > 0, we have

2

u
u]]? = /RN <|Vu\2 “H V(x)u2>dx

< /R (VU + V() 2.2)
= [lullz.
On the other hand, since 0 < y < ji = (NZZ)Z, we can get
4
121—0me2>a
Then, we have
142
=/ <|w12 SOF e V(x)u2>dx
> / (\Vu]z — L[VuF + V(x)u2> dx
RN (N —2)2 2.3)

> (1_ (N4—Vz>2> /]RN(|Vu\2+V(x)u2)dx

= (1 g ) Il

It follows from (2.2) and (2.3) that

Cillullf < fJull* < Callull2- O
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As we all known, under the assumption (V;), the embedding E — L’(RN) is continuous
for r € [2,2*] and E < L} (RYN) is compact for [2,2*) i.e. there is a constant d, > 0 such that

loc

lulls < dellulle,  Yu€E, rel2,2].

From this, by Lemma 2.2, there is C3 > 0 such that
ully < dillulle < Csllull,  Vu€E, rel227]

Furthermore, under the assumptions (V;) and (V2), we have the following compactness
lemma due to [3] (see also [2,41]).

Lemma 2.3. Assume that (Vy) and (V) hold, the embedding E — L"(RN) is compact for 2 < r < 2*.

In order to solve problem (1.1), we define the energy functional I : E — R given by

I(u / (1 +2|ul? |Vu|2dx—f/ o+ - / de—/ F(x,u)dx.
2 ‘ 2 RN
It is well known that I is not well defined in E. To overcome this difficulty, we make the

change of variables by v = h~!(u), where & is defined by

=Y 0.0
W) = 1+ 2[h(t)]? 0,9),

and

h(—t) = —h(t) on (—o0,0].

Therefore, after the change of variables, from I(u) we obtain the following functional

J(v) := I(h(v))
2/ |Vv\2dx—f/ dx+2/ dx—/]RN v h(o))dr, &Y

It is easy to check that | is well defined on E. Under our hypotheses, | € C!(E,R) and

J'(0),¢) = / VoVedx — / |V|2h(v)h/(v>¢dx

(2.5)
+/ qbdx—/ f(x, h(v))H (0)pdx.
forall ¢ € E.
Moreover, the critical points of | are the weak solutions of the following equation
1 ( Flx,h(0)) — V(x)h(v) + ”h(v)) in RV, 2.6)
T+2h@) P\ | x[?

We also observe that if v is a critical point of the functional J, then u = h(v) is a critical point
of the functional I, i.e. u = h(v) is a solution of (1.1).
Now, let us recall some properties of the change of variables 1 : R — RR.

Lemma 2.4. (see [24]) The function h(t) and its derivative satisfy the following properties

(h1) h is uniquely defined, C*° and invertible;
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(hy) |W(t)] <1forallt € R;
(hs) |h(t)| < |t| forall t € R;
(hg) @—>1ast—>0;

(hs) %—)Z%ast%oo;

(he) M8 <t/ (t) < h(t) for all t > 0;

(h7) "0 < th(t)i' () < W3(F) forall t € R

(hg) |h(t)] < 2i|t|z forall t € R;

(hg) there exists a positive constant C such that

()] > {C't" =1

Clt]z, [t]>1;

(h1o) for each o > 0, there exists a positive constant C(«) such that

|h(at)]* < Cla)|h(t)[%

(h11) |H(HH(E)] <

==

For convenience of our proof, we give the following basic and important definition.

Definition 2.5 (see [36]). Assume that ] € C!(E,R), sequence {u,} C E is called (C). se-
quence if
J(vq) = ¢ and (1+ |lvg]|)] (vn) — 0.

If any (C). sequence has a convergent subsequence, we say | satisfies Cerami condition at
level c.

Lemma 2.6. Assume that (V1), (V2), (Fo)—(F2) hold, then any (C).-sequence of ] is bounded in E for
each c € R.

Proof. Let {v,} C E be a (C).-sequence of |, we have
J(vn) — ¢, (1+ |lonl)J' (vy) = 0 asn — co. (2.7)

Then, there is a constant C4 > 0 such that

J(on) = 30/ 0), ) < Ca 29)

Let
2. 2 M 0 2
lvnlly == /]RN (]an| |x|7~h (vn) + V(x)h (vn)>dx.

First, we prove that there exists Cs > 0 such that

[oall}; < Cs. (2.9)
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On the contrary, we suppose that

[oullf; = oo.

Taking /i(v,) = ﬁlz():’ﬁz, then ||/1(v,)|| < 1. Passing to a subsequence, we assume that

h(v,) = v inkE,

h(v,) v inL(RN), 2<r<2%,

and

h(v,) = v ae. onRY,

From (2.4) and (2.7), we have

lim / de _ L (2.10)
In|—eo JRN v |5 2
On the other hand, set ¢, = %, then there exists C¢ > 0 such that [|§,|| < Cel||vn||. Since

{vn} is a (C). sequence of ], by (2.8) we have

Co > J(on) — 3 (' (0n), &)

=i (‘Vh(vnﬂz —phten) + V(x)hz(vn)>dx
+ /H.{N (if(x,h(vn))h(vn) — F(x,h(vn))>dx (2.11)

= @)+ [ B h(on)ds

> /RN E(x, h(vp))dx.

Take [(a) = inf{F(x,h(v,)) | x € RN, |h(v,)| > a}, for a > 0. By (1.5), we have [(a) — oo as
a — oo. For 0 < by < by, let

Bu(b1,by) = {x € RN : by < [h(0a(x))] < b}

Combining with (2.11) that

Céz/( Fx h(on) e+ E(x, h(o,))dx
B,,(0,a

By (a,00)

> / o F(x, h(vy))dx + [(a)meas{ By (a, o)},

from this we get meas{B,(a,00)} — 0 as a — oo uniformly in n. Hence, for r € [2,2*) and
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(h11), there exist C, C; > 0 such that

/ i (vy)dx < (/ fzzz*(vn)dx> - (meas{Bn(a,oo)})%
By (a,00) By (a,00)
1
-~ loully
C
||Un||;z
Ce
[[onllf,

2% —r

(/B( )|Vh2(v”)|2dx>4(meas{Bn(a,oo)})22£*r (2.12)

IN

A\

i -
</ ( )\an\zdx) (meas{Bn(u,oo)})2227
B, (a,00

22*—r

< C7anH}77'/2 (meas{Bn(a,oo)})W 0,

as a — oo uniformly in 7.
If v =0, then fz(vn) — 0in L"(RN), 2 < r < 2*. For any 0 < ¢ < %, there exist a1, L large
enough, such that

[F(x, h(©n))] 7 \p2 / c1lh(o0) > + calh(@a)|P 7 o
— 2 2 h(v,)|dx < h(v,) | dx
/Bn(O,al) |h(vn) ]2 1(on)] B,(0,a1) |h(vn)]? on)]

) ~
< (o1 +c2a" ) /B . )|h(vn)]2dx o
n\U,7"1 .

< (c1 + a2 /RN 1 (0,) [2dx

<g,

forn > L. Set T/ = =%, since 0 € (max{1, 13—_152},2), then 27’ € (2,22*). Thus, by (F,) and
(2.12) we have

[ECx hon)l o) [2dx
/Bn(a1,oo) (00 2 |h(v,)|°d

(oo i) Ud’“) | (] o0 a5) %
C ( /B"(““‘"” F(X’h@”))dx) E ( /Bmlm) (o) \Zf’dx) v (2.14)

1
< c8</ |ﬁ(vn)\zf’dx> '
B,1(a],oo)

< &

IN

IA
O Q=

From (2.13) and (2.14), we can get

|F(x, h(vy))] / [F(x, h(oa))] 7, \p2 F(x, k(o)) =) o
— o Ax = —————|h(v,)|“dx + AT ) (o) 12dx
Je loull; Boa) TP ] SR s A
1
<2e < 7

for n > L, which contradicts (2.10).
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If v # 0, then meas{B} > 0, where B = {x € RN : v # 0}. For x € B, we have |i(v,)| — oo
as n — oo. Hence B C By (ag, o) for n € IN large enough, where a9 is given in (F;). By (F),

we have
F(x,h(vy))
[1(on)|*

— 00 asmn — oo.

Using Fatou’s Lemma, then

dx — 00 asn — oo. (2.15)

/ F(x,h(vy))
B |h(vn)|*

We see from (2.7) and (2.15)

0= tim SO _ iy J(O0)

n=eo Jogllf n=ee o}

—imLl UZ—LZU x)h? (v X x,h(v X
_nlﬁoouvnui(z /R (IVon] Wh (vn) + V(x)h*(vy))d F(x,h(vs))d )

. 1 F(x,h(vy)) - F(x,h(vy)) -
lim < —/Bn(wo) £ o))y (vn)|2dx—/ |h(vn)]2dx)

n—oo \ 2 |h(vn)|? Bu(ag0)  |H(vn)|?

1 2 - F(x,h(v,)) +
<1l p / fi(0,)%d —/ 2 1O00)) 7o V24
=27 lrffip((cﬁcz% ) Jp 11 On) By(aoo)  |1(vn)[2 hon)[dx

oo [ E(h(on))
< Cy — lim inf BWM( (v, Pdx

= —OO,
which is a contradiction. Hence, (2.9) holds.

In order to prove that {v,} is bounded, we only need to show that there is C19 > 0 such
that

loulli > Crollonl®. (2.16)

2
Arguing indirectly, for a subsequence, we assume HZ"HZ — 0, where v, # 0 (if not, the result

. . I
is obvious). Take ¢, 1 = HZ—Z”, M1 = Hv(n\lz) , then

/ <|ch,nl|2 i |211n1( )+V(x)17n,1(x)>dx — 0. (2.17)

It follows from (h3) that

2.18
ZA?N <|V€Tl,l|2 ’ |2 H HZ V(X)i’/nll(x)>dx ( )

= [ (196012 = i+ Vma) )
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Combining (2.1), (2.17) and (2.18), we

Lo (V8P = 5+ Va0 )x > 0

Hence

/]RN <’V§n,1|2—‘xy’2§31,1>d9€—>0, /]RN V(x),1(x)dx — 0 and / (x)&21dx — 1.

Similar to the idea of [37], let B, = {x € R¥ : |v,(x)| > Cy11}, where Cy; > 0 is independent
of n. We suppose that for ¢ > 0, meas{B,} < ¢. If not, there exists ¢ > 0 and {v,,} C {v,}
such that

meas{x € RN : |v,.(x)| > i} > ¢,

where i > 0 is a integer. Set B,, = {x € RN : |v,,,(x)| > i}. From (2.1), (h3) and (hg) we have
ol = [, (1900 = Ll (en) + VI (0n) )
Jo (1900 = (hf o+ V1200 )
> / V(x)h2 (v, )dx
RN
> Cie' — oo.

as i — oo, which is a contradiction. For constants Cyp, C13 > 0, it follows |v,(x)| < Cip, (h9)
and (hy) that

C 2 1 2
Ci%z w < s (Clzvn> < Cazh™(vn).

Hence

2 12 ()
/ V(x)Z&, dx < C14/ V(x)———-dx
RN\B, ' RN\B, [[ou (2.19)

< Cus /]RN V(x)y1(x)dx — 0,

where Cy4 > 0 is a constant. For another, by absolute continuity of integral, there exists € > 0
such that

JREEHIEE (2.20)
B ' 2
where B’ C RN and meas{B’} < ¢. By (2.19) and (2.20), we have
1
| ved = [ vy, VO + [ V)8 < 5 +o().

We can get a contradiction. Hence (2.16) holds. Combining (2.9) with (2.16), we complete the
proof of this lemma. O

Lemma 2.7. Assume that (V1), (V2), (Fo)—(F2) hold, then | satisfies (C).-condition.



Infinitely many solutions with Hardy potentials

11

Proof. Lemma 2.6 implies that {v,} is bounded in E. For a subsequence, we can assume that
v, — vin E. From Lemma 2.3, v, — v in L' (RN) for all 2 < r < 2* and v, — v a.e. on RN,

First, we claim that there exists C;5 > 0 such that

fo (1960 =0+ (V) = 52 ) (o)t (00) = B0 (0)) ) (00 = ) > Casllon — ol

Indeed, we may assume v, # v (otherwise the conclusion is trivial). Set

_ Un— and _ h(on)l (0n) — h(0)H'(v)
|00 — ] 2 Up — 0 ’

‘:n,Z

we argue by contradiction and assume that

/]RN <’V§n,2|2 - ‘5’2%,2(96)6%,2 + V(x)nn,z(x)ﬁg)dx —0.

Since
d 1

dt (1+2h2(t))2
h(t)h'(t) is strictly increasing and for each C14 > 0, there is J; > 0 such that

(R (1)) = ()" (t) + (' (1))* = >0,

d

S (1) > 8,

(2.21)

(2.22)

at [t| < Ci6. From this, we see that 7,»(x) is positive. On the other hand, for v, > v, there

exists 0 € (v,v,) such that

h(v,)W (vy) — h(v)h' (v) d 1

n2 = = 5 (h(0)K'(6)) = (ESEOEE

Un_v

Similarly, we can prove the case v, < v.
Hence,
n2(x) <1 forall v, # v.

It follows from (2.1), (2.22) and (2.23) that
0< /IRN <|v§n,2|2 — ﬁgﬁ/z + V(x);yn,z(x)ﬁ,z) dx

K
< /IRN <|V‘§n,2|2 - WU"Q(’C)‘:%Q + V(x)ﬂn,z(x)(§%,2> dx
— 0.

Then, we have

K
fo (19602P = Esga)ix o0 [ Vema@@ats 0

and

/ V()& ,dx — 1.
RN §

By a similar fashion as (2.19) and (2.20), we can conclude a contradiction.

(2.23)
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On the other hand, by (hy), (h3), (hs), (h11), (Fo) and (1.5), there is C17 > 0 such that

’ [ o) (00) = (5, h(@)H (0) (00— 0)dx

p_ p_
</]RNC17(|vn\+|vn|2 Lt o] + [0l 5 o, — o]dx

= (2.24)
p=2 p=2
< Cur([[onll2 + [[vll2) [lon —ofl2 + (HUanz +lloll,* ) lon =l
=o(1).
Therefore, by (2.21) and (2.24), we have
0(1) = (J'(vn) = J'(0), 00 — )
— [ (190 =0+ (V) ~ ()0 (o) = )W (0)) 0~ ) )
- /H{N(f(x/h(vn))h/(vn) — f(x 1(v)) (0)) (0n — 0)dx
> Cisllon — o[ +0(1).
This implies that ||v, — v|| — 0 as n — oco. Thus, the proof is complete. O

To prove our main result in this paper, we need the following lemma.

Lemma 2.8 (Symmetric Mountain Pass Theorem [26]). Let X be an infinite dimensional Banach
space, X = Y @ Z, where Y is finite dimensional. If ¥ € C'(X,R) satisfies (C).-condition for all
¢ >0, and

(L) ¥(0) =0, Y(—u) =uforallu € X;
(L) there exist constants p, « > 0 such that ¥ \aBmeZ a;

(I3) for any finite dimensional subspace X C X, there is R = R(X) > 0 such that ¥(u) < 0 on
X \ BR,'

then Y possesses an unbounded sequence of critical values.

3 Proof of Theorem 1.1

Let {e;} is a total orthonormal basis of E and define X; = Re;, then E = @ ; X;. Let

i )
Y, =X, z=PpX jez
i=1 j+1

then E = Y;@ Z; and Y; is finite-dimensional. Similar to Lemma 3.8 in [36], we have the
following lemma.

Lemma 3.1 ([36]). Under assumptions (V1) and (Vz), for 2 <r < 2%,

Bi(r) == sup o]l =0, j — oo.
ueZ;,llvl|=1
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Before going further, we need to show that there exists Cig > 0 such that

/ <|Vv|2 - W}ﬂ( v) + (x)h2(0)>dx > Cig||v|%, Vo € Sy, (3.1)

where S, = {v € E : [[v]| = p}. Indeed, by a similar argument as (2.16), we can get this
conclusion. Moreover, by Lemma 3.1, we can choose an integer ¥ > 1 such that

18
o]z < || [ II% STII olf,  WoeZ. (3.2)

Lemma 3.2. Assume that (Vl), (VQ) and (Fy) hold, then there exist constants p, « > 0 such that
Jls,nz, = a.

Proof. For any v € Z, with ||v| = p < 1, by (h3), (hg), (3.1) and (3.2), we have

2/<WW—FW) mﬂ@mj@nm@m

C18
= lloll* - /N(Cllh(v)|2+czlh(v)|p)dx

C [

> Pllel? = [ (erloP +cafolf)ax

(:18 C18 (:18
= Mol === lol* = = lo I?

C18
Gy, !I2<1—|\vll ')

> 0.
since p € (4,22*). This completes the proof. O

Lemma 3.3. Assume that (V1), (Va), (Fy) and (Fy) hold, for any finite dimensional subspace E C E,
there is R = R(E) > 0 such that

J(0) <0, VoeE\Bx

Proof. For any finite dimensional subspace E C E, there is a positive integral number x such
that £ C Y. Suppose to the contrary that there is a sequence {v,} C E such that ||v,|| — oo
and J(v,) > 0. Hence

2/ <‘an!2 lzhz(vn)—l-V( )hz(vn)>dx > /]RN F(x,h(vy))dx. (3.3)

Jointly with (h3), we have

Set 17, = szu. Then up to a subsequence, we can assume that
n—1n inkE,
o —1n inL'(RN) for2<r<2*
and

n —n ae onRY.
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Set Ay = {x e RN : 57(x) # 0} and As = {x € RN : y7(x) = 0}. If meas{A;} > 0, then by (F,),
(hs) and Fatou’s Lemma, we have

nadx — oco.

/ F(x’h<v”))dx:/ F(x,h(vy,)) h*(vy)
Ay Ay

[[oa[? W (on) o3
By (Fy) and (F;), there exists Ci9 > 0 such that

F(x,t) > —Cpot?,  V(x,t) € RN xR.
Hence

2
/ P b)) ;5 ~Cu | LELT ~Cu [, it
Ay &

lon 12 4z [onl?

Since 77, — 7 in L2(RY), it is clear that

lim inf F(L@z"))dx =0.
nmeo Jay ol
Consequently,
n—co JRN  ||v,]]

By (3.4) we obtain 1 > oo, a contradiction. This shows meas{A;} = 0ie. 7(x) = 0 a.e. on RN.
By the equivalency of all norms in E, there exists C > 0 such that

0|3 > C|lo||>,  VovekE.

Hence
0 = Tim |13 > C lim_ [l = C,
a contradiction. This completes the proof. ]

Now, we prove our main result.

Proof of Theorem 1.1. Let ¥ = J, X = E, Y = Y and Z = Z,. Obviously, J(0) = 0 and (F3)
implies that | is even. By Lemma 2.7, 3.2 and Lemma 3.3, all conditions of Lemma 2.5 are
satisfied. Thus, problem (2.6) has infinitely many nontrivial solutions sequence {v, } such that
J(vn) — o0 as n — oo. Namely, problem (1.1) also has infinitely many solutions sequence {u,, }
such that I(u,) — oo as n — oo. O
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