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Abstract. We establish the existence of positive solutions for the singular quasilinear
Schrodinger equation

—Au— Au?)u = h(x)u™" + f(x,u) inQ,
u(x) =0 on 9Q},

where O C RN (N > 3) is a bounded domain with smooth boundary 90, 1 < 7,
h € LY(Q) and h > 0 almost everywhere in Q). The function f may change sign on
Q). By using the variational method and some analysis techniques, the necessary and
sufficient condition for the existence of a solution is obtained.
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1 Introduction

In this paper we study the existence of solution for the following quasilinear Schrodinger

equation
—Au— ANw?)u=h(x)u="+ f(x,u) inQ,
u>0 in (), (P)
u(x) =0 on 0(),

where QO C RN(N > 3) is a bounded domain with smooth boundary 9Q), 1 < v, h € L(Q),
h > 0 almost everywhere (a.e.) in Q and f : 3 x R — R is a Carathéodory function. We
assume that the function f satisfies one of the following conditions:

(f)1 f(x,s) = b(x)s?, where p € (0,1),b € L*(Q) and b" = max {b,0} Z 0.
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(f)2 f(x,s) = —b(x)s** ~!, where b € L*(Q) and b > 0 a.e. in Q).

We say that a function u € Hé(Q) is a weak solution (solution, for short) of (P) if u > 0
a.e. in ), and, for every ¢ € H}(Q),

hu™"¢ € LY(Q) (1.1)

and

/()[(1+2u2)Vqu)+2u|Vu|2go] :/()h(x)u’7g0+/()f(x,u)go.

Consider the following quasilinear Schrodinger equation
— Au— A(u?)u = g(x,u) inQ, (1.2)

where QO C RY is a bounded domain with smooth boundary 9Q). When ¢g: QO x R — R is a
continuous function, recently, there appeared some works dealing with (1.2), see for example
[1,17,18] and its references. In these works the nonlinearity is non-singular, and so the authors
were able to combine the dual approach of [4] with classic results of variational methods to
prove their main results.

When g is singular, problems of type (1.2) was studied by Do O-Moameni [6], Liu-Liu-
Zhao [16], Wang [26] and Dos Santos-Figueiredo-Severo [24]. In [6] the authors studied the
problem

—Au— AW u=AlulPu—u—u"7 inQ,
u>0 in Q, (1.3)
u=20 on 0Q),

where Q is a ball in RY centered at the origin, 0 < v < 1 and N > 2. They showed that
problem (1.3) has a radially symmetric solution u € H}(Q) for A € I, where I is an open
interval.

Liu-Liu-Zhao in [16] considered the problem

—Asut — 2 AP )u = h(x)u™7 + AuP in Q,
u>0 inQ, (1.4)
u=20 on dQ),

where N > 3, A is the s-Laplacian operator, 2 < 2s < p+1 < 00,0 < yand h > 0 is
a nontrivial measurable function satisfying the following condition: there exist a function
¢o > 0in C}(Q) and g > N such that hpp, " € L1(Q)). The authors used sub-supersolution
method, truncation arguments and variational methods to prove the existence of a A, > 0
such that problem (1.4) has at least two solutions for A € (0, A).

Wang in [26], by using minimax methods and some analysis techniques, showed the exis-
tence and uniqueness of solutions to the problem

—Au—Aw)u =h(x)u=" —uP~! inQ,
u>0 in O,
u=20 on dQ),

where N >3,y € (0,1),p € [2,22°], h € L7 5 (Q)) and h > 0 a.e. in Q.
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In [24], Dos Santos—-Figueiredo-Severo studied the problem

—Au— ANu)u =h(x)u=" +z(x,u) inQ,
u>0 in O, (1.5)
u=20 on dQ),

where N > 3, h is a nonnegative function, ¥ > 0 is a constant and the nonlinearity
z : O xR — R is continuous and satisfies some conditions. By using sub-supersolution
method, truncation arguments and the Mountain Pass Theorem they showed the existence of
two solutions. We would like to emphasize that for the authors to use the sub-supersolution
method, the following assumption was very important: there exist ¢o € C}(Q), ¢o > 0, and
q > N such that h¢, " € L9(Q). Furthermore, we note that our assumption on the function h
is different (see (1.7) below), because it does not guarantee that hv, T € L1(Q) for some g > N.

Singular elliptic problems has been studied extensively in recent years, see [5,7,11-14,21-
23,25] and the references therein. Especially, Sun in [25] considered the problem

—Au = h(x)u"7+b(x)u? inQ),
>0 in Q, (1.6)
u=2~0 on dQ),

where ) C RN(N > 3) is a bounded domain with smooth boundary 9Q), b € L®(Q)) is a non-
negative function, 0 < p <1 < 7, h € L}(Q)) and k > 0 a.e. in Q. By using variational methods
the author showed that the existence of H}(Q)-solutions of (1.6) is related to a compatibility
hypothesis between on the couple (h(x),7). More precisely, problem (1.6) has a solution in
H}(Q) if and only if there exists vy € H}(Q) such that

/ h(x)|oo| =7 < oo. (1.7)
@)

Motivated by above results, our main purpose in this paper is to investigate the existence
of H}(Q)-solutions for problem (P). We shall show that the compatibility condition (1.7) on
the couple (h(x),y) is also optimal for the existence of weak solutions to problem (P). Under
additional assumption on the function & we show that the solutions of (P) belong to C1*(Q))
for some « € (0,1), and as a consequence we obtain uniqueness of solution.

Before giving our main results, we need an additional assumption. The function d(x) =
d(x,0Q)) denotes the distance from a point x € Q to the boundary 00}, where QO =0UdNis
the closure of Q) C RN.

We introduce the following assumption:

(bh) b > 0 a.e. in Q) and there exist constants ¢ > 0 and € (0,1) such that
h(x) < cd"P(x), Vx € Q. (1.8)
Our first result is the following.
Theorem 1.1. If (f); holds, then:

a) problem (P) admits a solution u € H(Q) if and only if there exists a function vy € H}(Q)
satisfying (1.7);
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b) under the additional assumption (bh) the solution u obtained in a) belongs to C1*(Q)) for some
a € (0,1). In particular, problem (P) has a unique solution in H}(Q)).

It is worth pointing out that there are some differences between problems (P) and (1.5).
We give one in the following example.

Example 1.2. Let ()g be an open set with Oy € Q and B,p € (0,1). Then the functions
h(x) = d"P(x),x € Q and f(x,s) = (2xg,(x) = 1)s?, (x,s) € O x R satisty (1.7) and (f)1,
respectively (see Remark 3.3). Here we denote by Xa, the characteristic function of Qg. We
claim that the functions / and f do not satisfy the assumption (h;) in [24]. To see this let
y € 00 and k,s > 0. Since lim,,, —kh(x) = lim,_, —kd"B(x) = 0, we can find € > 0 such
that

f(x,8) = —s” < —kh(x) foreveryx € {x € Q:|x—y| <e}\Q.

This proves the claim.

Regularity results for singular elliptic equations have been studied in Giacomoni-
Schindler-Takac¢ [8], Giacomoni-Saoudi [9] and Marino-Winkert [19] in the particular con-
text of weak singularity, that is v € (0,1). Specifically, in [8] the C1*(Q) regularity is proved.
In the present paper, we consider the opposite situation where v > 1 (namely, strong singu-
larity) and give conditions on & which guarantee the C*(Q)) regularity of weak solutions of
(P). We observe that due to the difference between the types of singularities, and also due to
the structure of problem (P4) below, the regularity result of [8] can not be applied to prove
Theorem 1.1-b).

Now we state our second result.

Theorem 1.3. Suppose (f)a holds. Then problem (P) admits a unique solution u € H}(Q) if and
only if there exists a function vy € HY(Q) satisfying (1.7).

To prove the existence of a solution for problem (P), we use the method of changing vari-
ables developed in Colin—Jeanjean [4]. With this approach, the energy functional associated to
the new problem has nonhomogeneous terms (see problem (P4)) and some difficulties arise.
For example, the techniques used by the works mentioned above do not apply directly here.
In order to deal with these difficulties, we make a careful analysis of the fiber maps associated
to the energy functional associated to the new problem and we will approach it in a new way.

We emphasize that Theorem 1.1 extends the main result of Sun [25] (see Theorem 1.2 in
[25]), in the sense that we consider the operator Lu = —Au — A(uz)u instead of the Laplacian
operator and the potential b may change sign on (). As far as we know, the regularity of
solution (and consequently the uniqueness) obtained in Theorem 1.1-b) is new. Also, Theorem
1.3 extends Theorem 1.1 of Wang [26] in the sense that we consider the case y > 1.

The paper is organized as follows. In the next section we reformulate problem (P) into
a new one which finds its natural setting in the Sobolev space H}(()) and we prove some
important lemmas. In section 3, we give the proof of Theorem 1.1. In section 4, we prove The-
orem 1.3 and in the Appendix we prove some properties of the positive solutions of problem
—Au — Aw?)u = h(x)u=" + Ab(x)u? in Q, where the parameter A > 0 varies.

Notation. Throughout the paper we make use of the following notation:

¢ ¢,C denote positive constants, which may vary from line to line.

* H}(Q) denotes the Sobolev space equipped with the norm ||u[| = ([ ]Vu|2dx)2.
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e [5(Q), 1 < s < oo, denotes the Lebesgue space with the norms |[u[[s = ( [ |Vu\sdx)1/s,
for1 < p < oo, ||u]l =inf{C >0: |u(x)| < Cas. in Q}.

e For0 < a < 1, Cl® (ﬁ) denotes the space of Holder functions with exponent a. The
norm of C*(Q)) is denoted by | - |1 4

e We denote by ¢; the L®-normalized (that is, 1]« = 1) positive eigenfunction of (—
Hy(Q)).

e If B is a measurable set in RN, we denote by xp the characteristic function of B.

2 Reformulation of the problem and preliminaries

The natural energy functional corresponding to the problem (P) is the following;:

) =5 [+ 2Vl + =5 [ 7= [ Fu),  we D),

where

D(J) = { € Q)+ [ Hlul? < oo

and F(x,s) = [ f(x,t)dt.

However, this funct10na1 is not well defined, because [, u*|Vu[*dx is not finite for all
u € H}(Q), hence it is difficult to apply variational methods directly. In order to overcome
this difficulty, we use the following change of variables introduced by [4], namely, v := gil (u),
where g is defined by

(142[3(H))2
g(t) = —g(—t) in (—co,0].

We list some properties of g, whose proofs can be found in Liu [15].

{g’(t) =— 1 _ in[0,00),

Lemma 2.1. The function g satisfies the following properties:

(1) g is uniquely defined, C* and invertible;

2) 5(0) =

(3) 0<g'(t)<1forallt € R;

(4) Lg(t) < t/(1) < g(¢) forall t > 0;

(5) |g()] < |t| forall t € R;

(6) |g(t)| < 2V4|t|V2 forall t € R;

(7) (g(t)?>—g(t)g' ()t >0forallt € R;

(8) There exists a positive constant C such that |g(t)| > C|t| for |t| < 1 and |g(t)| > C|t|'/? for

it =1
(9) ¢'(t) <O whent > 0and g"(t) > 0 whent < 0;
(10) the functions (g(t))'=7 and (g(t))~" are decreasing for all t > 0;
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(11) the function (g(t))Pt~! is decreasing for all t > 0;

(12) |g(t)g'(t)| < 1A/ 2forall t € R.
Proof. We only prove (10) and (11). From g(t),¢’(t#) > 0 for t > 0 and y > 1, we obtain

()] = (1=m)(g®) 7g'() <0, VE>0
and
—~71! PV
(@) ] = =2(8() "' (1) <0, VE>0,
which imply that (g(¢))'~7 and (g(t)) " are decreasing for all ¢ > 0. Therefore, (10) has been

proved.
(11) Using the fact that p < 1 and (4) we find

(s = pig()r g (0" — (g()"t 2
= p(g(t)" (&' (N2 — (g(1)Pt7?
<2 [(g(0)7 (1) — (3(1)7]
= 0,
for all + > 0. Hence the function (g(t))Pt~! is decreasing for all t > 0. The lemma is proved.
O
After a change of variable v = g~!(u), we define an associated problem
—Av = [h(x)(8(0)) 77 + f(x,8(0))]§'(v) InQ,
v>0 in (), (Pa)

v(x) =0 on 0Q).

We say that a function v € H(l)(Q) is a weak solution (solution, for short) of (P4) if v > 0
a.e. in (), and, for every ¢ € H}(Q),
h(x)(8(0)) "¢’ (v)g € LY(QY)
and

| Veve= [ hx)(s) g @+ [ flxs()g @)g.

It is easy to see that problem (P,) is equivalent to our problem (P), which takes u = g(v)
as its solutions.
The energy functional associated with problem (P,) is defined as

=5 [Vl + = [ h)lg@I' - [ Fuge), e D@),
if D(®) # @, where

D(®) = {v e H(Q) : /Qh(x)\g(v)\H < oo}

and F(x,s) fo x, t)dt.

We shall justify that ® is well defined by showing that D(®) # @. We first remark that if
vp satisfies (1.7), then |vg| satisfies (1.7), too. Hence, without loss of generality we can assume
that vy > 0 a.e. in Q).

We have the following lemma.
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Lemma 2.2. Let v be Lebesgue measurable and suppose that v > 0 a.e. in Q). The following statements
are equivalent:

@ [ H@lel 7 < o
(b) [ h(x)(5(2)) 78/ (0)o < oo

(@ [ 1)) <o
In particular, if condition (1.7) holds, then D(®) # Q.
Proof. (a) = (b): First, we decompose 2 as () = A; U Ay, where
Al={xeQ:|o(x)| <1} and Ay = {x € Q: |v(x)| > 1}.
It is easy to see that
h(x)(8(0)) "8’ (v)o = h(x)(g(v)) "8 (V)vxa, + h(x)(8(v)) "8’ (v)vx A,

thus

[ nx)(3(0) g (@)0 < eo
if and only if

h(x)(g(v)) g (v)vxa, € L'(Q) and  h(x)(g(v)) "¢ (v)vxa, € L'(QY). (2.1)

Let us show that (2.1) holds, and consequently that [, h(x)(g(v)) ¢ (v)v < co. Indeed,
by Lemma 2.1 (4), (8) we have

[h(x) (g (0(x))) 78 (v(x))o(x)| < h(x)(g(v(x)))' ™"
< CHYhr(x)0 7 (x), Vx € A4

and

[h(x) (g(v(x))) 78" (v(x))o(x)| < h(x)(g(0(x)))' ™"
< CVR(x)o )2 (x)
< Clh(x),  Vx € A,

which shows (2.1), because k|v|'=7,h € L1(Q).
(b) = (c): By Lemma 2.1 (4) we obtain

[ (@) = [ 1) (e(0) 7s(0) <2 [ h(x)(g(0) g (@) < .

Q

(c) = (a): From Lemma 2.1 (5) we find

Ll < [ h)(g(0))' 77 < .

The proof of the lemma is completed. O
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From now on we will assume (1.7) and as a consequence, by Lemma 2.2 we obtain D(]) #
@ and D(®) # @. Moreover D(]) = D(®).
The fact that we are looking for positive solutions leads us to introduce the sets

v+:{veH3(Q)\{0}:vzo}

and
D.(J) = {ve Vi :ve D())}.
For each v € D (J) we define the fiber map ¢, : (0,00) — R by

2

0o(t) = @(t0) = 5 [ 1ol + 2 [ ne)(g(t0)) ™ = [ Flx,g(ro))
In what follows, we will study the main properties of the fiber maps.
Lemma 2.3. Ifv € D (]), then ¢, € C}((0,),R).
Proof. Tt is clear that T € C!((0, ), R), where

2
B0 =5 [ IVoP = [ Flg(to)).

Therefore, it is sufficient to show that T € C!((0,00),R), where T is defined by

L) = [ hE)(s()' .

Let t > 0. For every s > 0, by the Mean Value Theorem there exists a measurable function
6 =0(s,x) € (0,1) such that t + 0(s,x)s — t as s — 0 and

D(t+5) = T(1) = (1=7) [ h(x)(g((¢+05)0)) g (¢ +05)0)s0,
Since, by Lemma 2.1(9), (10), the function g~7¢’ is decreasing on (0, o0) it follows that
(g((t+05)0)) "¢ ((t+0s)v) < (g(tv)) "¢ (tv) a.e. in Q.

Furthermore, as a consequence of Lemma 2.2 we have h(g(tv))~7¢'(tv)v € L'(Q). Hence,
applying the Lebesgue’s dominated convergence theorem we obtain

I'(#) = Jim L) = T(®)

s—0 S

= (=) [ h(x)(g(0)) 78/ (t0)e,

that is, I' is differentiable at t. Finally, using Lemma 2.2 and the Lebesgue’s dominated con-
vergence theorem we deduce that the function I : (0,c0) — R defined by

r'(t) = (1=1) [ hx)((t0) g (r0)e,
is continuous, namely, I' € C!((0,0),R). The proof is complete. O

Our next result deals with the existence of global minima of ¢, for every v € D, (]).

Lemma 2.4. Ifv € D, (]), then there exists a t(v) > 0 such that

¢u(t(v)) = inf ¢y (t).

t>0
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Proof. We only give here the proof for the case in which (f); holds. The case that (f), holds
is similar.

First, we claim that
lim ¢, (t) = o0 and }Lr?o¢v(t) = oo. (2.2)

t—0

In fact, by Lemma 2.1 (5) we have

[ ) gk 1 = 077 [ ol

tp+1/ ’b ‘v’p—i-l ’/ p+1

: 1—y — : p+1
%1_1)18 Qh(x)(g(tv)) dx =00 and %13% Qb(x)(g(tv)) 0.

and
>0

7

whence

Since v > 1, we deduce from this that lim;_, ¢, () = oo. Moreover, one has
b|leo
lim ¢>v( ) > lim £ [H 12 — P~ ZH H 1/ |v |”+1dx} = oo,

that is, limy_,e ¢ () = 0.
Finally, from the continuity of ¢, and (2.2) we deduce that there exists a t(v) > 0 such that
$o(t(v)) = infy~0 ¢ (t). This concludes the proof of the lemma. O

The following pictures give the possible graphs of the fiber maps.

4717 4722
t(v)
0 t(.v) t
a) b)

Figure 2.1: Possible graphs of the fiber maps.

Motivated by [25], we define the following constraint sets

No={oeve i ol - [ 1 g@)g @02 [ 1s@) 75 o))

and
Na={oevei ol = [ flnge)g @0 = [ hx)5e) g @0

Observe that if v is a solution of (P,) then v € A, and M, C M.
It should be noted that for v > 1, A3 is not closed as usual (certainly not weakly closed).
We prove that every function in D4 (]) may be projected on the set N. In particular,

N1 # Q.
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Lemma 2.5. For any v € D (]) we have t(v)v € Nb.

Proof. From Lemma 2.4 we infer that ¢(v) is a global minimum of ¢, and hence, by Lemma 2.3
one has ¢, (t(v)) = 0. Thus

0 = t(v)¢, (£(0))
= [[t(v)o]* - /Qh(x)(g(t(v)v))_78'@(0)0)@(0)0) - /Qf(xrt(U)U)g/(f(U)U)(f(U)U) =0,
namely, t(v)v € Ny C Nj. The proof is complete. O

We end this section with the following lemmas, which will be used to prove the regularity
of the solutions.

Lemma 2.6. Let Q) be a bounded domain in RN with smooth boundary 0Q). Let u € L} (Q) and
assume that, for some k > 0, u satisfies, in the sense of distributions,

—Au+ku>0 inQ
u>0 in Q).
Then either u = 0, or there exists € > 0 such that u(x) > ed(x,0Q), x € Q.
Proof. See Brezis-Nirenberg [3, Theorem 3]. O

Lemma 2.7. Let a € L'(Q) and suppose that there exist constants 6 € (0,1) and C > 0 such that
la(x)| < Co;°(x), for ace. x € Q. Then, the problem

—Au=a inQ
u=~0 on dQ),

has a unique solution u € H}(Q)). Furthermore, there exist constants o € (0,1) and M > 0 depending
only on C, o, Q) such that u € CY*(Q)) and |ul;, < M.

Proof. See Hai [11, Lemma 2.1, Remark 2.2]. O

Remark 2.8. For future use we recall that there exist constants I;,l, > 0 such that
hd(x,00) < ¢1(x) < lhd(x,00)), xe,

where ¢, is the first eigenfunction of (—A, H}(Q)).

Lemma 2.9. Let ¢; : Q x (0,00) —> [0,00),j = 1,2 are measurable functions such that
P1(x,s) < Po(x,s) forall (x,5) € Q x (0,00),

and for each x € Q, the function s — 1(x,s)s™ ! is decreasing on (0,00). Furthermore let u,v €
HY(Q), with u € L*(Q),u > 0,0 > 0 on Q are such that

—Au < y1(x,u) and —Av > Py(x,v) on Q.
Ifu < vondQand P1(-,u) (or Po(-,u)) belongs to L} (Q), then u < v on Q.

Proof. See Mohammed [20, Theorem 4.1]. O
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3 Proof of Theorem 1.1

In this section, we shall prove Theorem 1.1. First, we shall show the existence of a global
minimum of ® on Nj. For this purpose, we need the following lemma.

Lemma 3.1. The set N7 is not empty and the functional ® is coercive on Nj.

Proof. Since (1.7) holds, Lemmas 2.2 and 2.5 imply N # @. We now show that ® is coercive
on Nj. Indeed, for every v € N,

St st oo

_2/‘ 2 HbHOO Q(g(v))erl,

and from Lemma 2.1 (5) and Sobolev embedding we obtain

1 o 2 p+1
2] [ vo Wl [ gy 2l
2 Jo p+1 2 p+1

for some constant C > 0. Since p € (0,1) one infers that ® is coercive on N;. O

As an immediate consequence of Lemma 3.1, we can deduce that

1= mf ®d(v) and |, = mf d(v)

'061 '062

are well defined with [,/ € Rand ], > J;.
We now prove that the infimum of ® on M is attained.

Lemma 3.2. There exists v € Ny such that [; = ®(v) = .

Proof. Let {v,} C Nj be a minimizing sequence for ®. From Lemma 3.1 the sequence {v,} C
N is bounded and then, up to subsequences, there exists v € Hé (Q) such that

v, — v in H&(Q),
vy, — v in L3(Q) for all s € (0,2%),
Uy — v a.e.in Q.

Since v, > 0 a.e. in (), we have v > 0 a.e. in (), that is, v € V. From the definition of N
and Lemma 2.1 (3), (4), (5) it follows that for some constant C one has

2 [ @) < [ B (8(on) 78 oo
< floall® = [ b(x)(g(@1)"8 (@)
< llowl+ [ [6(x)] ol

< lonll? + cl[oa [P
<C
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Therefore, using Fatou’s lemma we get fQ f(x) < C < oo, where

X v(x))) if v(x
a<x>:{§ (g0, iggig

Since g(0) = 0 (by Lemma 2.1 (2)) and [, 6(x) < o, it follows that v > 0 a.e. in Q. Thus,
using Fatou’s lemma again, we obtain

0< [ 1)) g o <C

and this jointly with Lemma 2.2 imply that v € D (]). As a consequence, Lemmas 2.4 and 2.5
apply yielding a global minimum #(v) > 0 such that ¢,(t(v)) = infi~ ¢»(t) and t(v)v € N.
Furthermore, we have

1= l§r1 ®(v,) = liminf ®(v,)

G 1 L .

—timint |3 [ Vo241 [ g - 1 [ (s
1 T NS

> hlggg}f [2/0 |an|2] +l1gglf {H/Qh(x)(g(yn))l 7] RS Qb(x)(g(v))PH
1 1 I v

> 5 19 g [N = i [ (s = )

> ¢o(t(v)) = @(t(v)v)

> J2

> i

Hence
Ji =¢o(1) =P(v) = ],
that is, ¢, (1) = ¢ (£(v)) = infy=0 o (). This implies ¢,,(1) = 0 and consequently v € Ny C M.
O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. a) Necessity. Suppose that u € H}(Q) is a solution of (P), by taking ¢ = u
in (1.1), we have

h(x) [u|'™7 < oo
[ nlul
Sufficiency. Let v be the global minimum obtained in Lemma 3.2. We will prove that v is a

solution of (P4). Let ¢ € H}(Q), ¢ > 0. Applying Lemma 2.1 (10) we find

/Qh<x>(g(v +eg)) T < /Qh(wg(v))H <o Ve>0,

namely, v +e¢ € D, (]) for every € > 0. Then, from Lemmas 2.4 and 2.5 there exists a t(¢) > 0
such that ¢y ¢ (t(€)) = infig Poreq(t) and t(e) (v + €¢) € No. Therefore

D0+ €9) = Porep(l) = Poieg(t(e)) = P(t(e) (v +e€9)) > 2 = P(v),
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that is,
/ h(x)(g(v+ep))' ™" = h(x)(g(v) "
0 1—7
< llotegl® = of? _/ b(x)(g(v +eg))P ! —b(x)(g(v))”“_
= 2 Q p+1

Thus, dividing both sides of the above inequality by € > 0, passing to the limit inferior as
€ — 0 and using Fatou’s Lemma, we have

[ 1) ((0)) g @)g = [ timing "OEEL e<0>>11‘_“*ry— h(x)(8(0)' ™
< [ vovg - [ b(x)(5())8 0o 1)

Finally, we can use an argument inspired by Graham-Eagle [10] to show that v is a solution
of (P4). Since v € N>, one has

ol ~ [ b(x)(g(0))"g'@)0 [ h(x)(g(2)) g (@)0 = 0.

QO

For arbitrary ¢ € H}(Q) and € > 0,set ¥ = (v+ €)™ and
Qf ={xeQ:b(x) <0and v(x) +ep(x) < 0}.
Then, inserting ¥ into (3.1) and using v € N>, we obtain that
0< [ Vov¥ - [ b(x)(g())’g ()¥ — [ h(x)(g() g (0)¥
= [,y VOV (0 €9) ~ B(3(2))18 () (@ + cq) ~ h(x)(3(2)) 78/ ()0 + €9)
~ (= [ VOV 0) — B 51078 )0+ ) = h) (5(6)) 7 ()0 + <o)
= llol?~ [ b(x)(3@)g (@) — [ hx)(5()) g ()0
+e| [ 9999 - bx)(5(0))78 (009 ~ hx) o >>7g/<v>q)}
s VOV €9) b (8(0))'8(2) 0+ €9) — () (3(2)) 8 (0) (0 + )
<e| [ VoTp - bx) (3078 (009 ~ hx) (5(1) 5 (0)g]
—e /{UWO] VoVg+e [ b(x)(3())’g ()9

1

Since the measure of the domains of integration [v + €@ < 0] and Qf tends to zero as € — 0,
we then divide the above expression by € > 0 to obtain

0< /Q VoVe —b(x)(g(0))P8'(v)g — h(x)(g(v)) "¢ (v)9,

as € — 0. Replacing ¢ by —¢ we conclude:

/Q VoVe —b(x)(g(v))"g (v)¢ — h(x)(3(v)) 78 (v)p =0, Vg € Hy(Q),
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and therefore v is a solution of (P4). This means that u = g(v) is a solution of problem (P).
We complete the proof of a).

b) Suppose that v is a solution of (P4). We will show that v € C#(Q) and hence, as g € C®

we get u = ¢(v) € C1#(Q). Since v # 0 satisfies in the sense of distributions

—Av >0 in (),
v>0 in (),

we can apply Lemma 2.6 yielding a € > 0 such that
v(x) > ed(x,0Q)), xe,

ed(x,0Q) <1, x e Q. (3.2)
Then, by (1.8) and Lemma 2.1 (3),(8), (10) there exist constants ¢,C > 0 and § € (0,1)
such that
[h(x)(8(0)) 778" (v)| < h(x)(g(ed(x,00))) ™" < h(x)C(ed(x,002)) "
< Ced"P(x,000)d~7(x,0Q)
= CdF(x,00)
< Cg; () (3.3)

for every x € Q, and hence h(g(v))~7¢'(v) € L}Y(Q). Thus, by Lemma 2.7 there exists a
solution ¥; € C1(Q)), for some a; € (0,1), of the problem

—Aw = h(x)(g(v))7¢'(v) inQ,
w >0 in Q),
w=20 on 0Q).

Next, we prove that the problem

—dw = b(x)(3(0))’g'(v) in 0,
w >0 in Q, (3.4)
w=20 on d(),

has a unique solution ¥, € C*2(Q)), for some a, € (0,1).
Letd:=1—p € (0,1). From (3.2) and Lemma 2.1 (8), (12) we have

[b(x)8” (0(x))8' (0(x))] < [[bllog™ (v(x))(g(v(x))g'(v(x))) < Cpy(x),
that is, )
[b(x)g? (v(x))g' (v(x))| < Coy° (),
for every x € () and some constant C > 0. Therefore, by Lemma 2.7 problem (3.4) has a

unique solution ¥, € C*2(Q)), for some &, € (0,1).
We claim that v = ¥ 4+ ¥». Indeed, using the fact that ¥, ¥, and v are solutions, we find

[ 9oV = [ [1x)(5(2)) 778 (0) + b(x)(5(0))"8'(0)] ¢ = [ V(1 +¥2)Ve,
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for every ¢ € H}(Q). Therefore, v = ¥1 + Y5, and then v € C*(Q)), where a := min{ay,a,} €
(0,1). Thus, the claim follows, and consequently u = ¢(v) € C#(Q) showing the regularity
of the solutions of (P).

Finally, we show the uniqueness of solution to (P). For this purpose, we show the unique-
ness of solution to (P4). Let v; and v, be two solutions of (P4). We will prove that v; < v, in
Q). First, let us set

j(x,5) == h(x)(g(s)) "8 (s) + b(x)(8(5))8' (s)-

Fix x € Q. According to Lemma 2.1 (9), (10), (11), the function s — j(x,s)s™! is decreasing
on (0, c0). Moreover, from (3.3) one has

0 < j(x,0:) < Cgy P (x) +b(x) (g(0s(x)))’g (wi(x)),  x€Q,

hence j(x,v;) € L1(Q) for i = 1,2. Thus, we can use Lemma 2.9 with ¢; = j (i = 1,2), u = v;
and v = v; to get v; < vy in (). Similarly we get v, < v1 in (), thus v; = ©v,. This concludes
the proof of the theorem.

Remark 3.3. If (1.8) holds, then problem (P) has a solution. Indeed, choose vy = ¢; € Hé(Q).

From Remark 2.8 and (1.8) we have h|¢;|' =7 < cllﬁ_7|4)1|1*5 € L'(Q)). Theorem 1.1 a) then
guarantees the existence of a solution of (P).

4 Proof of Theorem 1.3

In this section, we assume (f),, that is, f(x,s) = —b(x)s?? ~! with 0 < b € L*(Q) and b # 0.
Since the embedding H}(Q) < L* (Q) is not compact, the proof of Lemma 3.2 can not be
applied directly here. In order to overcome this difficulty, we use the Brezis-Lieb Theorem

(see [2]).

Now, we have

@) = 5 [ Vo + 2 [ 5N+ 557 [ b))

for v € D(]). From (1.7) and Lemmas 2.2 and 2.5, one has N # @.
We will show the following.

Lemma 4.1. The functional ® is coercive on N;

Proof. For every v € N}, we have ®(v) > 1||v|? and hence,  is coercive on Nj. O

As an immediate consequence of Lemma 4.1, we can deduce that

Ji = inf @(0v) and J> = inf @(0)

are well defined with [,/ € Rand ], > J;.
Next, we prove the following lemma.

Lemma 4.2. There exists v € N such that [, = ®(v) = J».
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Proof. Let {v,} C Nj be a minimizing sequence for ®. From Lemma 4.1 the sequence {v,} C
M is bounded in H}(Q), so in L¥ (Q) too, and then, up to subsequences, there exists v €
H{(Q) such that

v, = v in H}(Q),
v, — v in L5(Q) for all s € (0,2%),
vy, — v a.s.in Q.

As a consequence, by Lemma 2.1 (6), there exists a constant C > 0 such that

N

[ og@)® = [ [6#] [s@)” < 10lakd [ fol” <cC.

Moreover, b(x)(g(v,))? — b(x)(g(v))*? as. in Q. Hence, by virtue of the Brezis-Lieb
Theorem (see [2]) it follows that

| b @)= = [ b)) + [ p0l5@)® = (30)=]+o(1)
>

. (4.1)
> [ b(x)(5(0) +o(1)

We can repeat the arguments used in Lemma 3.2 to prove the following.
e v>0ae inand / h(x)(g(v)) "¢ (v)v < o0;
Q

e there exists t(v) > 0 such that t(v)v € N,.

Then, by (4.1) and the Fatou’s lemma we find
J1 = 1lim ®(v,)
— liminf [1/ \vun\z / 2(on)" + ; /Qb(x)(g(vn))ﬂ*]

> / Vo + / - 7+§ [ @)

= ¢o(1
> ot ( ) = @(t(v)o) = 2. = Jr.
Hence
J1=¢o(1) = @(v) = Jo,
that is, ¢ (1) = ¢ (t(v)) = infy=0 ¢o (). This implies ¢,,(1) = 0 and consequently v € Ny C M.
This ends the proof. O

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Necessity. Repeating the argument used to prove the corresponding claim
in Theorem 1.1 a), the result follows.

Sufficiency. Let v be the global minimum obtained in Lemma 4.2. We will prove that v is a
solution of (P4). Let ¢ € H}(Q)), ¢ > 0 and € > 0. We can repeat the arguments used in
Theorem 1.1 a) to prove the following.

* h(-)(g(v+eg))™ € LI(Q);
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o there exists a t(€) > 0 such that ¢oep(t(€)) = infing Poree(t) and t(e)(v + ) € No;

* Joh(x)(8(0) 78 (v)¢ < [, VoVe + [ b(x)(3(v))* ' (v)9.

From this information, as in Theorem 1.1 a), we can apply an argument inspired by Graham-
Eagle [10] to get

0< ol + [ b(x)(g(e)* g ()0~ [ h(x)(3(0)) 78 ()0

+e | [ VoTpbx)(5(0)2 g (0)p — hx)(5(0)) 78 (o))

— | VoV(o+ep) +b(x)(g(0))* ¢ (0) (v + eg) — h(x)(3(v)) "¢ (v) (v + eg)

[v+ep<0]
<e| [ VOTp b (s(0)2 g 0)p  Hx)(5(0)) 78 (o))

—e [ VoVe+b(x)(g(0)* ¢ (0)g,
[v+ep<0]

for every ¢ € H}(Q).
Since the measure of the domain of integration [v + €@ < 0] tends to zero as € — 0, we
then divide the above expression by € > 0 to obtain

0< /Q VoV —b(x)(g(v))"8'(v)g — h(x)(g(0)) "¢ (v) ¢,

as € — 0. Replacing ¢ by —¢ we conclude:

[ VoVe = b(x)(3(0))78 (0)9 — h(x) (5(0)) " (W) =0, Vo € HY(CY),

and therefore v is a solution of (P,). This means that u = g(v) is a solution of problem (P).

Finally, we show the uniqueness of solution to (P). For this purpose, we show the unique-
ness of solution to (P4). Let v; and v, be two solutions of (P4). We will prove that v; = v,
in ). First, let us set

j(x,t) = =b(x)(g(1) g (1) + h(x)(g(t)) g (1),
for x € Y and t > 0. Note that (., t) is decreasing by virtue of Lemma 2.1 (9), (10). Thus,
Jor =22l = [ (j(x,01) = j(x,02)) (01 —v2) <0,
which yields v; = v,. Hence, problem (P,) has a unique solution. The proof of the theorem is
complete.
Appendix A
Consider the problem

—Au— Aw?)u = h(x)u=" + Ab(x)u? inQ,
u>0 in Q, (P»)
u(x) =0 on 0(),
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where A >0,0<p<1,0<beL®(Q)and b #0.

This appendix is devoted to the study of some properties of the solutions of (P,). From
now on we assume (1.7) holds. Therefore, by Theorem 1.1 problem (P,) has a solution, which
we denote by u,.

The main result of this appendix is stated next.

Theorem A.1. The following properties are valid:
a) uy > ug in Q) for every A > 0.
b) uy — ug in H}(Q)) as A — 0.
In order to prove Theorem A.1, we consider the problem
—Av = h(x)(g(v)) "¢ (v) + Ab(x)(g(v))Pg'(v) in Q,

v>0 in (), (D»)
v(x) =0 on 0Q),

and denote by v, = ¢~ !(u,) the solution obtained in the proof of Theorem 1.1.
Let @, the energy functional associated to (D,). For each A > 0, let us set

M= {o e vesllolP - [ Mblg(@)g )0 = [ ) (s(0) 78 @o
We can now state the key lemma for proving Theorem A.1.
Lemma A.2. The following properties hold true:
a) vy > vgin Q.
b) vy — voin H{(Q)) as A — 0.
c) }Lig})q))‘(m) = ®y(vg) > 0.
d) If (1.8) holds, then the function [0,00) 3 A —— ®, (v, ) is continuous and decreasing.

Proof. a) Using the fact that vp and v, are solutions of (Dy) and (D, ), respectively, and Lemma
2.1 (9),(10) we have

~ll(oa —v0)~|I* = /Q((g(m))_”g/(m) — (8(20)) 778" (v0) + Ab(x)(g(v2))"8" (v2)) (va — o)~
= /o((g(m))*"’g'(va) — (8(0)) 778" (v0)) (02 —v0) ™

= ((‘g(m))*“’g/(m) — (8(20)) 778" (v0)) (oA —v0)~ = 0.

{vr<vo

As a consequence one has |[(vy —vg) || = 0, which implies v, > vj in Q.

b) Let {A,} C (0,0) be a sequence such that A, — 0 and denote by v, = v,,. We claim that
{v,} is bounded in H}(Q). Indeed, since {v,} C N, it follows that

loall? = | Gx)(g(00)) 778 (@n)on+ A [ b(g(00))"8 (0u)00.
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Thus, from Lemma 2.1 (4), (5), (10) and v, > vg in Q) we get

||UnH2§/Qh( )( Un 1 ’Y_{_)\ / ?) p+1
< [ hx)(g(o0)' T+ A [ bl)foa

< [ 1x)(g(00)) 77 + A,Clo 171

and hence {v,,} is bounded in H}(Q), because 0 < p < 1.
Therefore, there exists ¢ € H}(Q), ¢ > 0 such that, up to a subsequence, we have

v, — ¢ in H}(Q),
vy, — P in L5(Q) for all s € (0,2%),
v, — ¢ as.in Q.

As in the proof of Lemma 3.2, we derive that i > 0 in (). This implies that

h(x)(g(vn)) "¢ (vy) (v — ) = 0 as.in Q,
and by virtue of Lemma 2.1 (4), (9), (10) and v, > vp in Q) one finds
[1(x)(8(0n)) 778" (vn) (0w — )| < h(x) (g (0n))' ™7 + h(x) (g(0n)) "8 (vn) 9
< h(x)(8(00)) ™7 + h(x)(g(v0)) "8 (v0) ¢,
where
h(x)(g(v0))' ™" + h(x)(g(v0)) "¢ (vo)y € L (€V),

because vy is a solution of (Dy). Hence, by the Lebesgue’s dominated convergence theorem
we get

S ) (8(20) 778 @) (0 — ) — 0. (A1)

As a consequence of (A.1) we have

n—oo n—o00

~ lim [/Qh(x)(g(vn))“’g( 9+ [ 6007 (00) (00— 9)

n—oo
=0,

and since v, — 1, it follows that

Jim [0, — 7 = Jim (03,0, — ) ~ Jim (9,04~ §) =0,

n—o0o

namely, v, — ¥ in H}(Q) as n — co.
To end the proof of b), it is sufficient to show that ¢ = vy. Indeed, because v, is a solution
of (D,,) one has

/anV(p / ¢(v,)) 774 (vn) (p+/\/ (g(vn))Pg (vn) o, (A.2)
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for all ¢ € H}(Q)). Moreover, from vy < v, in Q) and Lemma 2.1 (9), (10) we find

h(x)(g(on)) g (vn)p — h(x)(g(y)) "¢ (Y)p as. inQ,
and
() (g(vn)) "8 (on) @l < h(x)(g(v0)) "8 (v0) -

Therefore, letting n — oo in (A.2), and by using Lebesgue’s dominated convergence theorem
we obtain

/QWW:/Qh(X)(gOP))’Vg’(lP)fp,

for every ¢ € H}(Q)). This means that ¥ is a solution of (Dp), and by uniqueness of solutions
of (Do) we deduce that ¢ = vy. This ends the proof of ).

¢) From a) and b) it follows that vy, > vg for all A > 0 and vy —> vy in H}(Q) as A — 0.
Thus, reasoning as in b), and by using Lebesgue’s dominated convergence theorem we get
lim)‘ﬁo CD)\(Z)/\) = CD()(Z)()).

d) We can argue as in b) to show that the function is continuous. In order to prove that it is
decreasing, let 0 < A < p. Then,

D) (va) > Pu(vpr) = Pp(tu(vr)vr) = Puloy),

that is, the function [0,00) 5 A —— ®,(v,) is decreasing. We complete the proof of the
lemma. O

@0(00)
) (02)

Figure A.1: Graph of function [0,00) 3 A — P, (v,).

We are now in a position to prove Theorem A.1.

Proof of Theorem A.1. a) Let uy = g(v)) and up = g(vp). By Lemma A.2 a) we have v, > vj in
Q), for every A > 0. So, by virtue of Lemma 2.1 (3) we find

uy = g(vy) > g(vo) = up in Q.

This finishes the proof of a).
b) We first observe that Vu, = ¢’(v,)Vu,, for each A > 0. Then, as a consequence of the



Quasilinear Schrodinger equation with singular nonlinearity 21

inequality (x +y)? < 2(x% +y?), for x,y > 0, and Lemma 2.1(3) we get

/Q|Vu;\ — Vugl* = /()|g’(vA)VUA — ¢/ (v0) Vo2
< [ (&/(@)IVor = Vool +lg'(02) = &' (e0)] Voo ?
< 2/ (1)) ]VUA—V00|2+2/ 1§'(0r) = &' (v0) | Vwo|?
g2/0|vm—wo|2+z/01g o) — ¢ (v0) 2| Vv 2.
Hence, it is sufficient to prove that
/Q‘VU,\ — Vvl — 0 and /Q\g'(m) — ¢'(v0) 2| Vwo|> — 0, as A — 0.

We already know (see Lemma A.2 b)) that fQ|VzJ)L — Voug|> — 0 as A — 0. Moreover, as
¢'(t) <1 for every t > 0, we can apply Lebesgue’s dominated convergence to infer that

/\g v)) — ¢ (v0) 2| Vvo|> — 0 as A — 0.

This completes the proof of Theorem A.1.
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