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Abstract. In this paper we study the existence and asymptotic behavior of solutions of

u

e T |x[*uP@=1=¢ 4 > 0in BR(0)

—Au=upu

with Dirichlet boundary condition. Here, —2 < a« < 0, p(a) = %, 0<e<p(a)—1

and p(a) — 1 — ¢ is a nearly critical exponent. We combine variational arguments with
the moving plane method to prove the existence of a positive radial solution. Moreover,
the asymptotic behaviour of the solutions, as ¢ — 0, is studied by using ODE techniques.
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1 Introduction

In this paper, we consider the following elliptic problem:

—Au = V‘xu’z + |x|*uP®-1=e x e Q,

u >0, x e, (1-1)

u=0, x € 0Q),

where Q) is a ball Bg(0) in RVN(N > 3), -2 < a < 0, p(a) = Z(I\I}Ij;), 0 <e<pla)—1,
0<p<p=(N2)

The equation in problem (1.1) is the Euler-Lagrange equation of the energy functional
E: H{(Q)) — R defined by
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It is known that critical points of functional E(u) correspond to solutions of (1.1).
We denote

] 2 /\wﬁ— L : Yu € HY(Q)
~ \Ua Mxg) 032

Let us recall the Sobolev-Hardy inequality (see Lemma 2.1 in this paper), which using the fact
0 < u < fi implies that ||u| is equivalent to the norm of H}(Q}).
In the case y = 0 and « = 0, a prototype of problem (1.1) is

2% —1—¢

—Au=u , x€Q,
u>0, xeQ, (1.2)
u=20, x € 9Q).

When ¢ = 0, it is well known that the solution of problem (1.2) is bounded in the neighbor-
hood of the origin. Gidas, Ni and Nirenberg [17] proved that all the solutions with reasonable
behavior at infinity, namely

u=0(|]x*), (1.3)

are radially symmetric about some point. So, the form of the solutions may be assumed as

[N(N —2)A2]"%
(A2 [x = o) 2

u(x) =

for some A > 0 and xy € RN.

Later in [7, Corollay 8.2] and [9, Theorem 2.1], the growth assumption (1.3) was removed,
which implies that, for positive C? solutions of problem (1.2), we have the same result.

When ¢ > 0, Atkinson and Peletier [2] used ODE arguments to obtain exact asymptotic
estimates of the radially symmetric solution of problem (1.2) as ¢ — 0. The following are their
principal results

. 4 v T(N) 1
2 — —
2
and for x # 0
_1 1.~ N _R-2 F(M) ( 1 1 )
lime 2u(x,e) = =N ¢ (N—2)iR 7 —2 — )
e tute ) = NN -2 VRT D (s - e

In the case y = 0 and a > 0, problem (1.1) is known as the Hénon equation

—Au = [x|*uP!, x€Q,
u >0, x €0, (1.4)
u=0, x € 90},

where p € (2,2*). Equation (1.4) was proposed by Hénon when he studied rotating stellar
structures and readers can refer to Ni [24], Smets [26] and Cao-Peng [11]. Among these
works, for equations with critical, supercritical and slightly subcritical growth, the existence
and multiplicity of non-radial solutions, the symmetry and asymptotic behavior of ground
states were studied by variational method (for p — % Or & — o0).
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Inthecase 0 < pu <= (%)2 and « = 0, problem (1.1) can be written as
—Au—yw%—u I=¢  y e,
u>0o, x e, (1.5)

u=020, x € Q).

By using Moser iteration and a generalized comparison principle, Cao and Peng [10] proved
u(x) € H}(Q) satisfying

u(x)|x[" >C;, vxeQ' ccqQ,
u(x)|x|" <G, VxeQ,

where C; and C, are two positive constants, v = /ji — \/fi —p. When Q = Bg, u(x) is
radially symmetric. Hence, they converted (1.5) to ODE and obtained the following:

lim lim su%|x‘2v— 2\/71\1 1N N 2)_M F(N)z 17
I [T(5H]" RAVEH

and for x # 0

e—0

lim e 21t (x) = 2\1@(2\/y—y)stNN42(N—2) s v TG

1 1
’ (uWW ) |x|ﬁ—W|R|2W> |

Motivated by the previous works and remark 4.2 in [10], we first prove the existence and
radial symmetry of positive solution of (1.1). Then we focus on the asymptotic behavior of the
solutions of problem (1.1) as ¢ — 0.

To state our main results, for convenience, we set p = p(a) —1—¢, v = \/ﬁ — U},
Q =Bg = {x € RN : |x] < R}, R > 0. We denote by u,(x) the solution of (1.1) and I'(x) is
the Gamma function.

Theorem 1.1. Suppose that =2 <« <0, 0 < u < fi, 0 < e < p(a) — 1. Then problem (1.1) has a
radially symmetric solution in H}(Q).

For the proof of this Theorem 1.1, we first obtain a solution by the Mountain Pass Lemma.
Then, by moving plane method for elliptic equations with variable coefficients in [14], we can
prove that the posotive solution is radially symmetric. For problem (1.2), the solution satisfies
Gidas-Ni-Nirenberg Theorem in [17] and hence all solutions of (1.2) are radial symmetric.
However, here we cannot use Gidas-Ni-Nirenberg theorem directly since problem (1.1) in-
cludes the hardy term y‘ ‘2 and singular coefficient |x|*. Luckily, through a transformation of
the original solution u,(x), the new equation satisfied by the new solution v(x) satisfies the
conditions of a Corollary in [14] and we obtain the result. To be more precise, set

o(x) = x| VIV Ry (x),

using Moser iteration and a generalized comparison principle introduced by Merle and
Peletier [22], we prove that v € L®(Q)) and is bounded from below and above. Thus we

obtain that the precise singularity of u.(x) at the origin is like |x|_\/ﬁJr VE~H Then applying
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Lemma 2.5 in Section 2 to this new equation, we deduce that v(x) is radially symmetric and
satisfies the following ODE:

N-1—-2v 1
! v (0)-1—¢ _
o r + r(p(a)—2—e)v—a 0Pt £=0, for0<r <R,
olr) > for 0 <r <R, (1.6)
v(R) = 0.

Because (1.6) is still singular at the origin, we can use the well-known shooting argument
introduced by Atkinson and Peletier [2] to convert (1.6) to the following ODE:

Y (t) = —t Keeyr e

4

y(t) >0, for T <t < oo, (1.7)
y(T) =0,
where k(,¢) = 2mte _ P20V 4y o T = N—20—1,T = ()1 p(a) —1 =
2k(a,€) — 3 — A&

Till now, study on behaviors and precise properties of the original solution u.(x) can be
reduced to deal with (1.7). Based on this, we have

Theorem 1.2. Let u.(x) € HA(Q) be a solution of problem (1.1). Then

= e TR
lim hm Suz x|? = 2(a+2)(2 s (N+a 3 N -2 b2 a2 .
=0 |x|— ’ | \/7 ) ( ) [T(IZIS‘)]ZRZW

Theorem 1.3. Let u.(x) € H}(Q) be a solution of problem (1.1). Then, for every x # 0,

+uo
lime™2ue(x) = ;a+2 “1(24/7 — p) T N+a)%(N—2)2“zﬂI6RF—(“*2) :
£ 2(N+ 2
(%))

1 1
’ (WWW ) |x|ﬁW|R\2W> |

Notations:

e C,(C;,i=0,1,2,... denote positive constants, which may vary from line to line;

e |-l arll\ld | - |ls denote the usual norms of the spaces H}(Q) and L7(Q), respectively,
O eRY;

¢ Some of the notations that will appear in the following paragraphs:

m=1+2/i—pu=N-2v-1, =(ml;1)ml,

2m+« a)—2—¢)v 1

(a)—2—¢ o _m=1-2v

k—1 s
kz(lX, 8) m, Tlx’g = k1 (lx, E) = k1 (D( 8) ,

t k-2 —1+2v
T(a, €) = (TM) , ¢(a,€) ( k= 2)
c L (=Cip)+20/(m=1))
wpe = (1 + 5k 2)% ape = C2+(1+2v/(m—1))e

w,Be
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2 Preliminary results and existence of solution

In this section,we shall provide some preliminaries which will be used in the sequel and prove
the existence of solution to problem (1.1).

Lemma 2.1 (see [16, Lemma 3.1 and 3.2]). Suppose —2 < « < 0,2 < g < p(a), and 0 < u < Ji.
Then

(i) (Hardy inequality)
u? 1
< 2 1 .
/O|x’2 <3 /Q|Vu| , Yu € Hy(Q);

(ii) (Sobolev—Hardy inequality)

there exists a constant C > 0 such that
1
q
(f et} < clul, v e Hy(;
Q

(iii) the map u — \xﬁufrom H} (Q) into L1(QY) is compact for q < p().

Lemma 2.2 (see [5, Theorem 2.2]). Let | be a C! function on a Banach space X. Suppose there exists
a neighborhood U of 0 in X and a constant p such that J(u) > p for every u in the boundary of U,

J(0) <p and J(v) <p forsome v ¢ U.
Set

= inf > 0,
= ptngde@ ze

where I' = {g € C([0,1], X) : g(0) = 0,¢(1) = v, J(g(1)) < p} -
Conclusion: there is a sequence {uy} in X such that J(u,) — ¢ and J'(u,) — 0 in X*.

Lemma 2.3 (The Caffarelli-Kohn-Nirenberg inequalities, see [8] and [12]). Forall u € C§° (RN),

P
q
(o 01) < Con [ 117 Dl
RN RN

where (i) for n > p,

_ n—p _ — np
0 <a < =F, 0<b—a<1, and 1= =i p=a)
and (ii) for n < p,
_ n—p pn 5 < S )
o <a < F, - <b—-a<1, and gq s

Lemma 2.4 (see [25, page 4]). Suppose V is a reflexive Banach space with norm || - ||, and let M C V
be a weakly closed subset of V. Suppose E : M — R U {400} is coercive and (sequentially) weakly
lower semi-continuous on M with respect to V, that is, suppose the following conditions are fulfilled:

(1) (coercive) E(u) — oo as ||u]| — oo, u € M.

(2) (W.S.L.S.C) For any u € M, any sequence {u,,} in M such that u,, — u weakly in V there
holds:
E(u) < liminf E(uy).

m—00
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Then E is bounded from below on M and attains its infimum in M.
Lemma 2.5 (see [14, Corollary 1.6]). Let u be a bounded C*(Bg\{0}) N C!(Br\{0}) solution of
9;(|x|P9;u) + K|x|"u = 0, x € Bg\{0},

u>0, x € Bg\{0},
u=0, x € 9Bg\{0},

where K is a positive constant. Then u is radially symmetric in By provided q > 1, b(3b+ N —2) <0
and b > g

Proof. When b < 0, we have |x|’ is singular at origin.
It’s clear that

ENEL

S(x) S(x") _ 1, (1 b-2 Ab—2
=5b{5b+ >
| b{zb+N-—-2) (|x| |x*°7%) >0

and

1 1
X"\ % A x[?\?
K<|XA|b |x*"u® — Klx|* 7|x?‘]b u

where S(x) = J(Alx[" — 325 |V |x|"?).

2[x[0

q 1
AN 2bg—a
Kx“ﬂ“%P<§) ]m>a

From [14], we have
SN

hmm=<up)zwﬂ—wu

where x* = (2A — x1,x2,...,xN).
By Lemma 4.2 in [14], we can obtain u has a positive lower bound near the origin. Hence,
we can get the estimate of /1, (x) near the origin. Furthermore, if x* = 0, we have I, (x) = co.
Now, we consider the case of u € C?(B;\{0}) N C'(B;\{0}) in Proposition 1.3 of [14].
Analogically, we can also obtain u(xy,xp,...,xn) < u(—x1,%2,...,xn) for x; € (—1,0) and
x1 € (0,1). Hence, u is symmetric in x;. By Lemma 1.1 in [14], the above analysis and scaling
transformation, u(x) is radially symmetric in Bg. O

Next, we shall prove the existence of solution to the problem (1.1). To start with, we prove
the existence of nonnegative solution to the following Dirichlet problem:

_ —2-
{—Au =HpE T x| |u|P@ =22y, xcQ, @.1)

u=20, x € 0Q),

where Q) is a ball in RN(N > 3) centered at the origin, —2 < & < 0, p(a) = Z(I\I}Ijz’x), 0<e<

pla) 10 <p <ji = (42)°.
The energy functional corresponding to problem (2.1) is

_ 1 2 1 ap,,|p(a)—e 1
J) = Gl = s O, e Hy(0)

Lemma 2.6. The function | satisfies (PS). condition for every ¢ € R.
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Proof. Take ¢ € R and assume that {u,} is a Palais-Smale sequence at level ¢, namely such
that

J(u,) = ¢ and J'(u,) -0 (in H1(Q)).

This implies that there is a constant M > 0 such that
[T (un)| < M. (2.2)
From J'(u,) — 0, we obtain
o(1) lfunll = (J' (), 1) = fJuen* = /Q e[ a4 [, (2.3)

Calculating (2.2) — W(Z.B), we have

1
M+ o(1) [funl| = 5 [luall® -

_# 2 1/ % pa)—¢
—lalP s [ 1l
_ 1 _ 1 2
- (2 p(a)—e) lianll

which implies the boundedness of {u,}. By usual arguments, we can assume that up to a
subsequence, there exists u € H}(Q) such that

e u, — uin H}(Q);
. \x\ Py, — x| @ Pty in P~ ‘{(Q);
* -u, — u for almost every x € Q).

We now show that the convergence of u, to u is strong.
First of all, from the above convergence properties, we obtain

e 76 — e e

— 0, n — oo.
Lp(a)fs(Q)

As J'(uy) — 0 and u, — u, we also have (J'(uy),u, —u) — 0 and obviously
(J'(u),u, —u) — 0. Then, as n — oo, on the one hand,

(I () = J' (), g — 1) < (] (un), e — )|+ [ (), un — u)| = 0(1).
On the other hand,
(I (un) = J' (), 1 — 1)
= [ 1V~ [l |x|2 e P25 2 ) )

= Hun _u||2_/0‘x| |un|p Ty, — |M|p“ 7278”)(“71_”)

We claim [ [x[*(|un [P @270, — |u|P®=27¢) (1, — u) — 0.
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Indeed, by Holder’s inequality,

.p(t\')flfe
= el a0y —
Q

(a)—1—¢
pla)—e 1

PO _1—g | P e pla)—e] pla—
[ (5 - (et 7 =) 4
Q QO

pla) —1—8

= ([, sl ) " H|xr

< Cflug P

=o(1).
By (2.4), similar calculation also gives
S T2, — ) = 0(1). 25)
From the above analysis, we obtain
0(1) = (J'(un) = J' ()t — ) = |t — u|* + 0(1),
which implies u, — u in H}(Q) and proves that | satisfies (PS), condition for every c € R. [

IN

He-<(0)

| P15 — ]| e

LP(W)*E(Q)

Lemma 2.7. The function | admits a (PS). sequence in the cone of nonnegative function at the level

— inf 1),
c ;relrfé‘[?,’f]](g( )

where T = {g € C([0,1], Hy(Q2)) : g(0) = 0,](g(1)) < 0}.

Proof. We next prove that | satisfies all the hypotheses of the mountain pass lemma. Obviously,

7(0) = 0.

From the Sobolev-Hardy inequality, we obtain

_1 2 1 af,pla)—1—¢
e e ML L

1
> 5 lfu]? = Cufjul|P®=

For any &, we can choose € small enough such that p(a) — e > 2. From the above analysis,there
exist p,e > 0 such that J(u) > p,Vu € {u € H{(Q) : |u|]| = e}. Furthermore, for any
u € H}(Q),

2 ) ppla)—e
. - )y Ip(a)—1—¢
Jio) = Sl — o [t

We obtain J(tu) — —oo as t — oo. Hence, we can choose ty > 0 such that J(tou) < 0.
Therefore, by Lemma 2.2, we infer that ] admits a (PS). sequence at level ¢, such sequence
may be chosen in the set of nonnegative functions because J(|u|) < J(u) forallu € H}(Q)). O

By Lemma 2.6, 2.7 and mountain pass lemma, we get a nonnegative solution u € H}(Q)
for (1.1), this solution is positive by the maximum principle.
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3 Estimate of the singularity

First, we fix p = p(a) =1 —¢ > 0 in problem (1.1) and study the singularity and radial
symmetry of the solution u.(x) € H}(Q). By standard elliptic regularity theory, u.(x) €
C2(0\{0}) N CH(Q\{0}). Hence the singular point of u,(x) should be the origin.

Suppose that u,(x) € H}(Q) satisfies problem (1.1).

Let v(x) = |x|"u(x), then

— = (= = 20+ Nu)lx| 2o (x) + 202 22V o(x) — x| (),
V|xu’2 + \x’“up(a)*l—s _ ,11|x\71’720(x) + ’x‘Déf(p(vc)flfs)yv(x)p(a)ilig.
From equation in (1.1),

(—v? —2v + Nv)|x| 7" 20(x) + 2v|x| " 2xVo(x) — |x| "V Av(x)
— y’x‘fl/flv(x) + ’x’ocf(p(a)flfs)vv(x)p(ac)flfg'
Multiply both sides of the above equation by |x| ™, then we get

(02 + (N = 2)v][x| 220 (x) = div(|x| 7' Vo(x)) = plx| > 20(x) + x|t~ PO ()p@=17,

For v = /i — \/1 — i, we obtain

—div(|x| Vo) = x| (P@-evtagp@) -1y e
v >0, x e, (3.1)
v=0, x € Q).

By the regularity theory of elliptic equations, v(x) € C>(Q\{0}) NC*(Q\{0}). Moreover,
we have

Lemma 3.1.
(i) v(x) € H(Q, |x|~2).
(i) v(x) is bounded in Q).

Proof. (i) For any u(x) € H}(Q) satisfying problem (1.1), by Hardy inequality, we have
[ 72190 = [ x| ) Tu 4 vl ux
Q Q
42
sz(/ Vuf 42 | 2)
0 o |x|
<C.

Hence, we claim v(x) = |x|"u(x) € H}(Q, |x|7%).
(ii) From Caffarelli-Kohn-Nirenberg inequality mentioned in Lemma 2.3, we have

1 1
2 (my,n)
(/ |x!’”1|Vu\2) 2 Conm </ |XI”1|u\p(’”””“>p L e H O ™), ()
Q Q
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where
ev

H—u

m = —2v, n =—(pla) —e)v+a, p(my,ny) = p(a) +

Note that
| Vo Ve = [ |xnore, v e HYQ, x|™).

For s, > 1, define v;(x) = min{v(x),1}. Taking ¢ = v - Ulz(sfl) € H}(Q, |x|™) in the above
equation, we have

/ x| | Vo2o? ) 4 2(s — 1) / x| |V 202 / 2|12,
O

2
(/ ’x‘”1 (Z) . U?1>p(m],n1)) Py nq)

<, [ IV (00 P
<2Cm12n1 ( 5_1 / ’x|m1’VU ‘2 2(s—1) +/ ‘x‘m1|vv’2 2(s— 1>

< 2C2 /]x|”1vp+25_1.
o)

Hence,

(3.3)

my,1n

From (3.3) and Levi’s theorem, we see that v € LP*2-1(Q),|x|™) implies v € L"m)(Q), | x|™).
Forj=0,1,2,..., by induction we define

p—142sy = p(my,ny), (3.4)
p—1+42s;1 = p(my,n1)sj,
p(mqnq)
{MO o | (3.5)
plmyny) :
M]'+1 (2Cm1 n M]) 2y,

where C is a fixed number such that [, |x|"™|Vo|* < C.
From (3.4), we see that

2 p(my, ) (p(my,m) —p—1) +p—1
p(my,ny) —2 '

S]':

From (3.5), similar to the computation in [21], we can see that
Jd > 0 and d is independent of j, such that Mj < 51,

Since 2 < p +1 < p(my,ny), it follows that s; > 1 for all j > 0, s; — 400 as j — +oo.
By (3.3), (3.4) and (3.5),

/ |x[Mopt2a-1 < (2leZn1 )”("’5"1) (/ |x’nlvp+2501>
Q Q
p(my.ny)

By plmyny) (_pminy) _—p(my )
< (2C,n50) 2 (C = Coupy

p(nll,nl)

plmy,ny)

< (2Cr;12,n1 SOMO)
< M;.
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Similarly,
/ ’x‘nlvarZs]-fl S M].
QO

Hence, by p +2sj,1 — 1 = p(my, n1)s;, denoting C(Q), 1) = max,eq|x| ™™, we obtain

1
plmyny)s;
”U’Lp(ml,nl)s/(o) S </(-2 ‘U’p(mlznl)sj‘x’nl . |x|n]> 1711)5;

1

1 1
ST || PO
S C(Q/ nl) |U|Lp(ml/n1)s]-(Q,|x|nl)

1

1 -1
Pl ms; g g P0mm)s
< C(Q,m) "™ My

__ 1 d
S C(Q/ ”1) plmyny)s; ep(myny)

Taking limit on each side of the above inequality and using s; — +o0, as j — +o0, we have

d
|U|L°°(Q) < gplmm)
which implies the conclusion. O

From Lemma 3.1, we can see that v(x) = |x|'u(x) is bounded form above in Q). For the
lower bound of v(x) = |x|'u(x), we have

Lemma 3.2. Suppose that u(x) € H}(Q) satisfies problem (1.1) and 0 < u < T, then for any
B, CC Q there exists a C(p) > 0, such that

u(x) > C(p)|x|™", Vx € B, CC Q.

Proof. Let f(x) = min{|x|*u?®)=1=¢(x),1} with I > 0, then f € L®(Q).
Let u1 > 0 and uy € H}(Q) be the solution of the following linear problem

U
—Aup=u——+f1f, x€Q,
Flap T/ (3.6)
up =0, x € 0Q).
Set U = u — uy, then U € H}(Q) and U satisfies the following problem
u
“-AU=p—7+g, x€(),
{ Pl 78 (3.7)
u=0o, x € 0Q),

where ¢ > 0and 0 < p < = (X32)2

From Lemma 2.4, there exist solutions for problem (3.6) and (3.7). From the Hardy in-
equality and the comparison principle proved in [15], we obtain that u is a super-solution
of problem (3.6) and 0 < u; < u. Actually we can prove this as follows. Multiplying
U~ :=max{0, —U(x)} on both side of equation in (3.7) and integrating by parts, we have

—/Q|VU_|2=—/QV(T§C‘2)Z+/QgU_-

It follows that U~ = 0 in () and hence U > 0.



12 S. Li, G. Wei and X. Duan

By Lemma 3.1, there exists a constant C; > 0 such that 0 < uy(x) < u(x) < Cy|x|™". So it
suffices to prove the result for u;.

Since u; # 0,u; > 0 and —Au; > 0 in (), there exists 6 > 0 such that for sufficiently small
p > 0 it holds that u; > ¢ for Vx € By,. Choose C(p) > 0 satisfying C(p)|x|™" < J for x| = p
and set w = (u; — C|x|™")". By fBP |V|x|7"]* < o0 and u; € H}(B,), we have w € H}(B,).

From (3.6) and the fact that |x|~" is the solution of equation —Au — y# = 0, the linear
combination of 17 and |x| ™" is the solution of —Au = yﬁ + f. Hence,

y u; — Clx|™
A — Cla| ) = u(H"’ iF

Multiply w on both side of the above equation and integrate by part, we obtain

W?
—/ ]Vw]z—i—/;l 2:/fw20‘
B, B, |x| B,

Since 0 < u < fi, it follows that w = 0.
Another proof of w = 0: It only need to prove that — |, B, Vw|*+ [ B, ‘u%w > 0. Other-

wise,
2
0>—/ ‘VCU|2+/ ‘u%
B, B, |x]

:/”Wm—cmﬁwa—/gﬂﬂm—qMﬁm
B, B, | x|

= —C/v _V-V _/L —-v
J, fo=Cf, VI Ve [l e
Cv
= Bpfw+P”+l/E)Bpw

N Cv /
— w
+1
P’ JoB,

> 0.

This is a contradiction and we are done. O

Proposition 3.3. Suppose that u(x) € H}(Q) satisfies problem (1.1) and 0 < y < 7. Then for any
QO CC Q there exists two positive constants Cy and Cy, such that

Vumvzq Vxe Y cc Q. .8)

u(x)|xl* <G, Vxe .

Next, we use Lemma 2.5 and Proposition 3.3 to prove that the solution is radially symmet-
ric with () = Bg.

Theorem 3.4. Suppose that —2 < a < 0 and p(x) = % Then the solution of problem (1.1) is

radially symmetric.

Proof. Using the previous notations, we only need to show that v(x) is radially symmetric in
Q. By the regularity theory of elliptic equations, we have v(x) € C?(Bg\{0}) N C'(Bg\{0}).
Next, we have to prove that v(x) satisfies Lemma 2.5. From (3.1), we obtain

9;(|x| "2 0;0) + |x| " P@-evtagp@-1-e _ o

Hence, v(x) satisfies Lemma 2.5 when b = —2v,0 = —(p(a) —e)v +a, ¢ = p(a) —1 — ¢ and
K=1. O
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4 Some basic estimates

Set r = |x|. Let v(r) = |x|"uc(x). Then v(r) satisfies

o+ N-1- 21/0, n 1 S@-1-¢ _ g

r r(P(ﬂé)*Z*E)Vfa ’
v(r) >0, for0 < r <R, (4.1)
v(R) = 0.

Let t = (N22)N 22 and y (1) = (N — 2v —2) =290 (r), where g(a,e) = L2200

Then problem (4.1) can be rewritten as

y”(t): t—k(a,e)yp(a)—l—e,
y(t) >0, forT <t < oo, (4.2)
y(T) =0,

where k(a,¢) = 2t PO2200 0y — ) 4o ST = N—2v—1, T = (%)™, p(a) —
1=2k(a,€) — 3 — 2.
In order to simplify the expression, we will always replace k(«, ¢) with k in the sequel.

First we give

Lemma 4.1. Let y(t) be a solution of problem (4.2), then there exists a positive number v < oo such
that

limi ey () =0 and  limye y(t) = 7.

Proof. By Proposition 3.3, it is obvious that y(t) is bounded in [T, o). From (4.2), we know
y"(t) <O0forall t > T, so y'(t) decreases strictly in t € (T, c0). Hence

y'(t) = ¢ x0as t — +oo.

If ¢ > 0, we can deduce y(t) — +oo0 when f — +oco. Similarly, when ¢ < 0, we have
y(t) — —oo when t — +4o00. However, the boundedness of y(t) leads to the contradiction.
Hence, lim;_, i/ (t) = 0 and lim; 0 y(t) = 7. O

Remark 4.2.

(i) From Lemma 4.1, if we define v(0) = lim, ,ov(r) = (N —2v — 2)8®%), then v(r) €
C[0, R]. Furthermore, v'(r) < 0 for all » € (0, R].

ii) ¥/ (t) > 0forall t > T and y/(t) ~ L t! K@) 1€ a5 — oo,
(i) y'(t) y L
Next, we consider

lim y(t) = v, (4.3)

t—o0

{y () PO =0, <o,

where v > 0.
Since k > 2, it follows from [2] that problem (4.3) has a unique solution which will be
denoted by y(t,y) for every 7 > 0. Define

T(y) =inf{t >0:y(t,v) > 0on (t,0)}. (4.4)
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From Lemma 4.1, we have lim;_,o, w(s) = 1, where w(s) = &A:) Hence,

T(1) =inf{s > 0:w(s,1) > 0 on (s,00)}.
Sett = 'yp(ﬁk):zz_g s, then
W (s) = —s FwP@W=17¢ (),

So, we have
pla)—2—¢

T(y) =~ #2 T(1).
By Lemma 5.1 in Section 5, T(1) > 0. Thus for every v > 0, T(y) > 0.
Hence, for any T > 0 and given ¢ > 0 small, there exists a unique <y such that problem
(4.3) has a solution y(t,y) such that y > 0, T(-y) > 0.

Remark 4.3. From the above analysis, when () is a ball centered at the origin, we conclude
that the solution to problem (1.1) is unique.

Now we give an upper and lower bound for y(t, ).

Lemma 4.4. Suppose € > 0, then

y(t,v) <z(t,y), forT(y) <t<oo, (4.5)

where 1
| gp@)-2-c\ TF?

Proof. Since
(Y = = (k= 1) 2y Ha(p),
where )
Hl (t) = t(y/)z — yy/ + mtl_kyp"‘l
and y'(t) ~ ,{1711f1*k’y’7(”‘)*1*€ (see Remark 4.2), we have lim;_,o Hy(t) = 0.
By Hj(t) = klfltl_ky’(t)(r) — 2k + 3)y*, we have
Hi(t) <0 forVte [T, o).

Hence Hj (t) decreases strictly on [T, o). In combination with lim;_,« Hj () = 0, we can obtain
Hi(t) > 0 on (T,c0) which implies (y't*~1y!=%)’ < 0.
Integrating (y/t*~1y' %) < 0 from t > T to t = oo, we deduce

1
y' Y () > m’)’p_kﬂtl_k, for T < t < oo.

Integrating the above equation again from t > T to t = oo, we deduce

2R () > ﬁ’y”_kﬂtz_k + 927k, for T <t < oo,

which implies the conclusion. O
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Remark 4.5. The function z(f,y) is the solution of the following problem

{z”(t) Ry e8 — ) 0 < f < oo, 16)
. 4.6
lim z(t, ) = 7-
In the sequel, z(t,y) plays an important role.
Set 2 m—1-2v
_— YT e i
Y k(ae)  ki(ae) “47)
where kq(a,€) = (k — 1)%2,
Then for any B > 0, direct computation gives
Z(ﬁTa,Sr 7) = Ctx,ﬁ,e’)’/ (4.8)

ﬁ .
(1+p-2)E2
Lemma 4.6. Let B > 0and € > 0O, then for every t > BT,

]/(t/ ')/) > Z<t1 7)(1 - da,ﬁ,ss)/

where Cy 5. =

where
(1—=Cupe)(1+2v/(m—1))
C2+(1+21//(m71))£
w,B,e

dzx,ﬁ,e =

Proof. Integrating (4.3) twice, we have

(e ) == [ (s DR (s s
t

Hence, by Lemma 4.4, we obtain

ylm) > = [ (5= sk 3 10D )
t

Similarly, integrate (4.6) for z twice, then

2t,7) = — [ (5= 0)s g (2023 g
t
Hence
U9 > 2(67) = [ s = D53 s, ) (27 (HF/ Dk (g (49)

By the mean value theorem, we deduce
|Z—(1+2v/(m—1))e - ,Y—(1+2v/(m—1))s| _ (1 + 21//(771 - 1))89_1_(1+2V/(m_1))9’Z(S, ,)/) - ,)/|,

where z(s,v) < 6 < 1.
Hence, using (4.8), if BT, <t < co, we have

—(1+2v/(m—-1))e __ 7(1+2v/(m71))e|

|z ¥

< (1+2v/(m —1))e(Cypey) '~ 12/ (=)
< (142v/(m—1))eC, i 12/ m=1)e g ~(1+2v/(m=T))e,

a,Be
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Using this bound in (4.9), if t > BT,
y(ty) > z(t,y) — (1+2v/(m — 1))€C;;;(1+2v/(m—1))e
» / (5 — t)s Ko~ (420/(m=1))e,2K=3 (g o s (4.10)
t

= 2(t,7) + (1+2v/ (m —1))eC, 5 2/ (5 (1, 9) — 7).

On the other hand, by (4.8), if t > BTy,
Y= Ctxﬁg (ﬁTlxlfl ) <Cg¢‘Bg (t/r)/)
So we can deduce from (4.10) that

(1+2v/(m—1)) 1
y(t/ ’)/) > Z(t’ 7)(1 + 1+ (142v/ (m—1))e (1 - C‘X . )8)
Ca/,Bxa ’ﬁ’
== Z(t/ ,)/)(1 - da,ﬁ,se)/
which is the bound we want to prove. O

Now we return to problem (4.2). We fix T and denote the solution by y(t). Then
7(e) = lim y(t)
and y(¢) depends on e. The next lemma tells us the asymptotic behavior of y(e) as € — 0.
Lemma 4.7.

limy(e) = o0
e—=0

Proof. By contradiction, we can assume there exists a sequence {¢,}, ¢, — 0 as n — oo, and a
number M > 0 such that y(e,,) < M for all n. Then we can choose a number 1 > 0 satisfying

B1Tue, = 51k1_1’7(8n) o ‘< 51(

So by Lemma 4.6, we have

z(t, v (en)) (1 — dtx,ﬁ,sngﬂ) < z(T,y(en)) (1 — da,ﬁ,ensn) <y(T,v(en)) =0,
for 0 <t < B1T,e, and large n, which is impossible. O

)algMz +0(1) <T for large n.

Finally, we give two formulae to use later. Define incomplete Beta function

B(g,P,Q) = / P71 4 x) Py,
8
where P and Q are positive parameters. It is well-known that

I'(P)r(Q)
[(P+Q)°

Lemma 4.8. Suppose k > 2,p = 2k —3 — (1 + -2 )e and e small. Then

B(0,P,Q) = (4.11)

[ee]

(i) sFzP (s, = k(o €)ko(a, &)y @O B(T(a, ), 1 — p(a, €), ko (a,€)),
t

(i) /oos zerl (s,v)ds k1(zx,e)kz(oc,e)'y"’(“'E)B(T(oc,s),kz(zx,e) —¢(a,€),ka(a,€)),
¢

where ¢(a, &) = %a ki(a,e) = (k— 1)k172, ka(a,€) = =1, 7(a ) = (Ti,g)k_z.

>
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Proof. (i) Insert the expression

1 ple)2e) TE
z(t,y) =7 (1 + =1 #F2

into the integral

P
(o] o 1 T k2
/ s7KzP (s, v)ds = 'y"’/ sPk <Sk_2 + k—17p_1> ds
Jt t

= [ TR s

(4.12)

and by routine calculus, we can get the result as follows.

By making the change of variable x = (ﬁ)kfz, we can write (4.12) as

/t S—kzp(s,fy)ds :r),P/t Sp_k(sk_z“‘TL{;Z)_%ds

p (e
=T [ e

Ta,e

=

_ p—k-1 — k-1
where P = 5 —— and Q = =.
Since

N

p
k’yszv},;k = ki (&, e)ka(a, 5)7*1+<p(u¢,s)/

we have

/Oo s7k2P (s, y)ds = ky (&, €)ka (o, €)Y PO B(T(a,€),1 — @(a,€), ko (a,€)),

t

=

where (a,e) = (15206 Ky () = (k= 1)72, ka(a,8) = K5, 7(we) = (4£)F2.

(ii) In a similar way as in (i). O
We end this section by giving

N+«

2N —=2+a 5 )
N-2

limk=—N—5 “ko  limk(xe) =(

. _ N+wa 5 . __ P a2
limky(a,€) = ——— Sk, M Cope = A g e Caps (4.13)
(1 —cop)(1+2v/(m—1))

2
Cop

N-2
a+2 é kl/

A . 1 .
= dup, g% p(a,e) = g% T(a,€) = 0.

5 Proof of the main results

Note that if u.(x) is a solution of problem (1.1) when () = Bg, then from the previous analysis,
we know that
lim ue(x)|x|" = (N —2v — 2)8%8)q(g),

|x|—0

where g(a,¢) = % and R = (m —1)T~ =1 Thus we need to understand how

7v(¢) tends to infinity as € — 0.
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We define the following Pohozaev functional introduced from [1] and [22],

2 / 1-k yp-i-l
H(t) =ty~ — 27—, 5.1
B =ty"—yy +2607 (G.1)
where )
v
p=2k—-3— (1+m_1>e—p(¢x)—1—e.
If y(t) solves problem (4.3), then
1+2v/(m—1))e _
H(t) = - iyt 5.2
(t) D y (52)
and y'(t) = O(t'%) as t — co (see Remark 4.2). Hence
tlg(r}o H(t) =0.
Since H(T) = Ty'*(T), integrating (5.2) from t > T to t = oo, we obtain
14+2v/(m—1))e [~ _
(1) = ¢ [y 53
yA(T) T [T 63)

This equation is crucial for us to obtain the desired results.

Lemma 5.1. Let T(7y) be defined as (4.4), then T(1) > 0.

Proof. By Lemma 4.2, y(t,1) < z(t,1) for t > T(1). Suppose in contrast that T(1) = 0, then
y'(0,1) <2(0,1) = K51, ¢).

So
y(t,1) <K 1(a,e)t, t>0,

which means H(0) = 0.
On the other hand, combination of (5.2) and the fact lim;_,o, H(t) = 0 yields H(#) > 0 for
T(1) < t < co. This is a contradiction and our conclusion follows. O

Lemma 5.2. lim,_,g 71"”(”"8)y’(T) = ki, where v = (e).

Proof. Integrating equation (4.2) over (T,00), we derive

v (T) = /T " tRyP(Hdt < /T " t52P (t)dt. (5.4)

Hence, by Lemma 4.8 (i) and Lemma 4.4, as ¢ — 0,

k—2
'yl_(”(“'g)y’(T) < ki(a,e)ko(a,€)B << ) ,1— q)(zx,s),kz(oc,s)> — k1koB(0,1, k7).

sz,e
By (4.11) and the fact that T'(x + 1) = xT'(x), we deduce

kiky

k]kZB(O, 1, kz) - Tz

— k.
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Therefore
lirr(} sup ¢ Wy (T) < ky. (5.5)
e

Next, we shall show that for any 6 > 0,

lim inf o' =&y (T) > ky — 6, (5.6)
e—0
which completes the proof of this lemma.
For a given B > 0, by (4.2) and Lemma 4.7, we can choose ¢ > 0 so small that BT, > T.
Thus (5.4) can be written as

1—g(ae),,/ 1—¢(ae) PTae —k,,p 1—¢p(ase) C ok P
v IY(T) = / EyP (bt 4 o o / t"yP (t)dt
T BTue (5.7)

=G (lX, ﬁ,E) + GQ([X,,B, 8).

Because z(t) < (1)t for all t > 0, using Lemma 4.4, we have

P BT
Gi(a, B,e) < ymoe) <7> / tP=kdt

T(X,S T
P p—k+1
1—g(ae) [V (.BTO%)
<7 <TM> p— k1 (5.8)
K (e)

_ Bk-2)(1-p(ae))
(k—=2)(1—¢(a¢))

On the other hand, by Lemma 4.3 and (i) of Lemma 4.8, for € > 0 small,

Ga(a, B,e) > ’yl*"’(”"g)(l —dypee)” /,BT t’kzp(t)dt 59)

=(1- da,ﬁ,ss)pkl(oc,s)kz(rx,e)B(ﬁk—z, 1—o(a,e),ka(a,€)).
Combining (5.7), (56.8) and (5.9), we derive

liminf ' =29y (T) > kykaB(B 2,1, k) — L1 pf0 2,

e—0

k-1
where Ly = lim, ;0 W% :

Hence, given any 6 > 0, we can choose f > 0 such that (5.6) holds. This completes the
proof. O

Lemma 5.3. lim,_,qy!~#(®) [ t R yP Lt v (e))dt = kika[T (k2)]?/T (2k2), where y = 7(e).

Proof. By Lemma 4.4 and Lemma 4.8(ii), as ¢ — 0, we deduce

,quJ(oc,s) /oo tfkprrl(t’ ’y)dt < ,},*47(06,8) /oo t*kZPJrl(t’ ’)/)dt
T T

k-2
= kq(a, €)kz(a, €)B <<TT> Ko (a,€) — <P(w/€>,kz(%€)> (5.10)

— klsz<O, kz, k2)
= kiko[T(k2)])? /T (2ky).




20 S. Li, G. Wei and X. Duan

Hence,
lin(} sup 'y"P(“'s) / t’ky’”l(t,'y)dt < klkz[F(kQ)]z/T(2k2).
e— T

Next, we shall show that for any J > 0,

lim inf 5~ #(%9) /T kP ()t > kika[T(k2)]2/T (2kz) — 6.

e—0

which completes the proof of this lemma.

For a given B > 0, by (4.2) and Lemma 4.7, we can choose a sufficiently small € such that

BTxe > T. Thus (5.10) can be written as
o) /T Ryt )dt

ﬁTarf o0
= o) /T tRyPEL (L, y)dt + o) / EyP A (E ) dt
= Ga(a, B, €) + Ga(a, B, ).

Because z(t) < (1)t for all t > 0, using Lemma 4.4, we have

BTu,e
Ga(a, B, ) < ¢~ ¢®®) / tkZP Tt y)dt
T

BT p+1
< o) / gk <]:Yt> dt
T o€

_ kl(“/8> k—1—¢
_k—l—eﬁ '

On the other hand, by Lemma 4.3 and (ii) of Lemma 4.8, for ¢ > 0 small,

G4(0€, ;B/ 8) > ,),—(P(D(,S) (1 - dut,ﬁ,sg)p+1 / t_kzp+1(t/ ’)/)dt
BTwe

= (1 —dypee) ki (o, €)ka (o, €)B(B* 2, kol €) — (), ka(w, €)).

Combining (5.11), (5.12) and (5.13), we derive
hx%inff@(“) / ERyPHL () dE > ko B(BR72 kg, ky) — Ly,
£— T

where L, = lim,_,g ],zl_(i‘_sz_: )

Hence, given any J§ > 0, we can choose > 0 such that this conclusion is tenable.

Now we are ready to analyze the behavior of (¢) as ¢ — 0.

Theorem 5.4. Let y(t) be the solution of problem (4.2) and denote

7(e) = lim ().

t—o0

Then
lim e72(e) = 4(N +a)\/p — pky T(2k2) T
e T T TN k[T

where ki and ky are defined by (4.13).

(5.11)

(5.12)

(5.13)

(5.14)
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Proof. Noting (5.3), we have

2v _ [y}~ 9@y (T)]?
T4+ —— ) ey?olwe) = T :
( + 1> gr)/ (p + ) ,y,(P(“,S) J‘;O tikyij](t)dt

From (5.15), Lemma 5.2 and Lemma 5.3, we have

olae AN +a)\/p—pky T(2ky)
liger® "0 = 2 R TR

The exponent 2 — ¢(«a, €) in (5.16) may be replaced by 2, because
lim -y () () = 1.
e—0

To see this, note that (5.16) implies that

o < €

for small € and some constant C. Therefore

o) _olwe) 4 C
Iny(e) ¢(a,e)Iny(e) < 7= (a0 In o

This means that
Iny(e)?®™) -0 ase—0

and (5.17) follows.
Proof of Theorem 1.2. If y(t) is the solution of (4.2), then
o(x) = (N = 2v = 2)8@y((m —1)" x| ')
is the solution of problem (3.1) in Bg with R = (m — 1)T~1/("=1) and
ue(x) = x| ~o(x) = (N —2v = 2)89) x|~y ((m — 1)" " |x|'~™).
Therefore, Theorem 5.4 yields

lim lim eu?|x|? = lim(N — 2v — 2)X8®ey2(¢)
e—0|x|—0 e—0

2(a+2)(2y/1 ZNaTZZN—i-oc)

N5 I'( (i\l_gz)) 1

*(N=-2)"

21

(5.15)

(5.16)

(5.17)

a+2

which is the content of Theorem 1.2.

Before proving Theorem 1.3, we first give two lemmas.
As a first observation, we note from Lemma 4.4 that

y(t,v) < z(t,y) < kyty 1@ fort > T.
Hence, by Theorem 5.4, for every fixed t > T, we have
y(t,y(e)) = O(S%) ase — 0.

If we allow ¢ to tend to infinity as ¢ — 0, we obtain the following upper bound.

[F<N+a)]2 Rz\/ﬂ’

O]
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Lemma 5.5. For every M > 0and ¢ € (0,1),

limsup{y(t,y(e)): T <t < Me ¢} = 0.

e—0

To obtain information about the limiting form of y(t, y(¢)) as ¢ — 0, we are led by Lemma
5.2 to multiply y as the weight factor 41~?(®%), because

lim ' 9@/ (T) = k. (5.18)

e—0

In the next lemma, we show that (5.18) continues to be true for values of t > T, provided
t=0("),
where ¢ may be any number less than 2.

Lemma 5.6. Let M > 0and 0 < 0 < 2. Then

limsup{’r)/lf(/)(“rs)y/(t) — k1’ . T <t < M’}’U} - 0

e—0

Proof. By Lemma 5.2, and the concavity of v,

limsupy! =@y (t,v) <k,  Vt>T. (5.19)

e—0

To get a lower bound on ', we also use the concave property of y. For Vt > T and for tp > ¢,

we have (to) 0 )
—y(t
(k) > FE= > =y (o) — y(D)}.
0 0
Hence, by Lemma 4.4,
3 1—¢(ae) ¢ 17(p(04,£)z ¢ ¢
Yy (1) > T ” ylt) _ . () o (5.20)

We assume that t = O(y7) and 0 < ¢ < 2, so it is possible for us to substitute BTy, f > 0 for
to. Hence, for v — oo,

t
— 0. 5.21
BT, (5.21)
By Lemma 4.3,
1—¢(ae) 1-¢(ase)
Y Y(BTuwe) > v Z(BTwe) (1- d(x,ﬁ,ss)
BT BTuc (5.22)
= ki(1+ B2) 72 (1 —dy gee).
Thus, from (5.20)—(5.22), we conclude that
Hminfy' =2y (t,y) > ky — 5(B),
e—0
where 6(B) — 0 as f — 0. Because we can choose 5 small enough, this means
lim inf ' =@y (¢, ) > k. (5.23)
e—0

By (5.19) and (5.22), we obtain the desired result. O
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Proof of Theorem 1.3. By the concavity of y(t), we deduce
y'(t) < y(t)t:mi <y(T), t>T. (5.24)
So, there exists a 6 € [T, t] such that
y(t) =y'(0)(t—=T). (5.25)
Combining Lemma 5.5, (5.25) and noting that lim._,o 7(8)4’(“'8) =1, we obtain
lime 2y(t) = lime ™29~ 1H9(@) Jim 4198y (1)
e—0 e—0 e—0
= [A(ky, ky, T)] 2 lim o' ~#1*<)y'(6) (t — T) (5.26)
£—
= ki[A(ky ko, T)]2(¢ —T),
4(N+a)\/Fi—p k; T(2k;)
where A(ky, ky, T) = No)? o [F(kzi] T,
and the convergence is uniform on bounded intervals.
For the solution u,(x) of problem (1.1), (5.26) means that as ¢ — 0
lime 21ty = lim [x| (N = 2v — 2)8@k; [A(ky, ko, T)] "2 (¢ — T)
e—0 e—0
+
_ 1 a+2 “2(2\/fi — p) B (N + )20 (N — 2) 5w RVEH ("‘—H)l
[F(Z(N+a) )} 2
a+2
y 1 1
X VIV VIV RV )
Hence, we obtain the desired result. O
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