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ON THE SOLVABILITY OF THE PERIODIC PROBLEM FOR
SYSTEMS OF LINEAR FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH REGULAR OPERATORS

EUGENE BRAVYT!

ABSTRACT. Systems of two linear functional differential equations of the first
order with regular operators are considered. General necessary and sufficient
conditions for the unique solvability of the periodic problem are obtained. For
one system with monotone operators we get effective necessary and sufficient
conditions for the unique solvability of the periodic problem.

1. INTRODUCTION

We consider some classes of two-dimensional systems of first order linear func-
tional differential equations with regular operators. General necessary and sufficient
conditions for the solvability of the periodic problem for such classes are obtained.
These conditions mean that some function on a set in a finite-dimensional space
is positive (this functions is quadratic with respect to all variables). Moreover, in
terms of norms of the operators appearing in the functional differential system, we
get the necessary and sufficient conditions for the unique solvability of the periodic
problem for one case of two-dimensional system with monotonic operators.

It is found there exist two domains of parameters corresponding to the unique
solvability. These result do not have analogues for systems. Non-improvable results
for periodic problem are known only for cyclic first order functional differential
systems [32].

Necessary and sufficient conditions for the unique solvability of two-dimensional
functional differential systems with monotonic operators were achieved only for the
Cauchy problems in [37, 38, 39]. Here the similar problem is solved for periodic
boundary conditions.

Some criteria for the solvability of the periodic problem for ordinary differential
equations can be found, for example, in [2, 10, 14, 15, 16, 26]. The works [11, 12,
13, 17, 18, 20, 25, 36] are devoted to the investigation of the solvability conditions
of the periodic problem for systems of ordinary differential equations. Conditions
for the solvability of periodic problem for scalar functional differential equations
are obtained in [8, 9, 19, 24, 27, 28, 29, 30, 31, 35]. Conditions for the solvability of
the periodic problem for systems of functional differential equations are obtained
in [7, 21, 22, 23, 32, 33, 34] (see also lists of literature in these articles).

All known conditions for the unique solvability were obtained with the help of
some a priori estimates of solutions and fixed point theorems. In this paper it is
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proving that the unique solvability of periodic problem for all functional differential
systems with regular operators from some class (where norms of positive and neg-
ative parts of operators are given) are equivalent to the existence only the trivial
solutions for all systems from a corresponding class of systems with operators of
simple structure. Every such an operator has the form

(Tz)(t) = pr(t)z(m1) + p2(t)z(r2),
where 71 and 79 are points from [a, b], functions p; and py are integrable. We can
often get all solutions of functional differential systems with such operators in the
explicit form. So, we have necessary and sufficient conditions for the solvability of
the whole class of the original problems. In [3, 4, 5, 6] this approach is applied to
other boundary value problems for functional differential equations and systems of
such equations.

The main results are necessary and sufficient conditions for the unique solvabil-
ity of the periodic problem (Theorem 7) for systems of two functional differential
equations with regular operators and effective necessary and sufficient conditions of
the unique solvability of the periodic problem for a system of functional differential
equations with monotonic operators with given norms (Theorem 9, Corollaries 13,
15, 17).

Throughout the paper we use the following notation:

R = (—o00,00); L is the Banach space of integrable functions z : [0,w] — R

w

equipped with the norm || z||r, = |z(t)| dt, any equalities and inequalities with

0
functions from L are understood as equalities or inequalities almost everywhere on
[0,w]; C is the Banach space of integrable functions z : [0,w] — R equipped with
the norm || z||c = n%ax] |z(t)]; AC is the Banach space of absolutely continuous
t€lo

)

functions z : [0,w] — R with the norm | z|lac = |z(0)] +/ |z(t)| dt; a linear
0

operator T': C — L is called non-negative if it maps every non-negative continuous
function into an almost everywhere non-negative function, the norm of such an
operator T' is defined by the equality

17l = / (1)@,

where 1 is the unit function; an operator 7' is called monotonic if T or —T is a
non-negative operator; if an operator can be represented by the difference of non-
negative operators, it is called regular; using the notation with a double index, for
example T/~ means two propositions: one for T, another for 7.

2. THE PERIODIC PROBLEM FOR SYSTEMS OF FUNCTIONAL DIFFERENTIAL
EQUATIONS

Consider the periodic problem for a two-dimensional system of functional differ-
ential equations:

£(t) = (Thx)(t) + (Ti2y) (1) + f1(E), t€0,w],
(1) y(t) = (Toaz)(t) + (To2y)(t) + fo(t), t€[0,u],
2(0) = z(w), y(0) = y(w),
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where T}; = T;; -1, T;;F :C — L, 7,5 = 1,2, are linear non-negative operators;
the components x and y of the solution belong to the space of absolutely continuous
functions AC.

Boundary value problem (1) is called uniquely solvable if it has a unique solution
for all f1, fo € L. It is well known that problem (1) has the Fredholm property
(see, for example, [1, 40]). Therefore (1) is uniquely solvable if and only if the
homogeneous problem

() = (Tnw)(t) + (Tray)(t), t € [0,w],
(2) y(t) = (Torz)(t) + (Taoy)(t), ¢ €0,u],
2(0) = 2(w), ¥(0) = y(w),

has only the trivial solution.
The following assertion is a basic for finding of solvability conditions.

Lemma 1. If problem (2) has a non-trivial solution, then the system

)
&(t) = pru«(t)z(T1) + pi1 ()2 (12) + pra«()y(61) + piay(62), t € [0,w],
(3) Y(t) = par«(t) (1) + P31 ()2 (72) + p2os (H)y(01) + P32 (t)y(62), t € [0, 0],
z(0) = z(w), y(0) = y(w),

has also a non-trivial solution for some points 11, T2, 01, 02 € [0,w] and for some
functions pij., pj; € L satisfying the conditions

(4) —T;1 <piju <TEL,  pige+pi; =T51 =T;1, i,j=1,2
Proof. Suppose the homogeneous problem (2) has a non-trivial solution (z,y). Let

t?ﬂéﬂ]x(t) = x(71), tg%gig]x(t) = x(72), t?ﬂéﬁ}y(t) =y(th), Hﬁxly( ) = y(62).

Using the inequalities
w(m) 1(t) <x(t) < z(r2) 1) y(01)1(1) <y(t) <y(02)1(1), tel0,0],
and the non-negativeness of the operators TZ‘;, 7j» from (2) we get the inequalities
Ti1a(n) — Thla(r) + Tihly(6h) — Tl y(6s) <
<3< TH1a(re) — Ty 1a(m) + Tih1y(02) — Tl y(6h)
and
T 1a(r) — Ty 1a(e) + Toh1y(61) — Toyly(62) <
<Y< THla(n) — Tyla(n) + Tohly(62) — Tyl y(6y).
Then for some function ¢ : [0,w] — [0, 1] we have
&= (1—=¢) (Tf1a(n) — Tla(r) + Tl y(6h) — Trly(62)) +
C(Tila(m) — Tala(n) + Tl y(02) — Tply(6h)) =
P11:2(71) + P112(72) + p12.y(01) + piay(02),
where integrable functions p11., piy, pi2«, plo are defined by the equalities
prj = (1 = QOTH1 = (T, pi; =CTH1 — (1= OT;1, j=1,2,
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and for some function ¢ : [0,w] — [0, 1] the following equalities hold:
g =(1-8) (Thla(n) - Tyla(n) + THhly(0) — Tnly(02)) +
E(Toh1a(re) — Ty la(m) + Tohly(02) — Thyly(61)) =
p21:2(71) + p312(72) + P22,y (01) + P2y (62),
where
poge = (1= OT51 —&Ty1, p3; = €Tyl —(1=9Tyl, j=1.2
It is clear that the functions ¢ and £ are measurable and conditions (4) hold. O
The conditions for the solvability of problem (3) can be written in the explicit
form. If every problem (3) under conditions (4) has only the trivial solution, then
problem (2) has only the trivial solution, therefore, problem (1) is uniquely solvable.
Using Lemma 1, we get sufficient conditions for the unique solvability of (1).

The inverse statement yields necessary conditions for the unique solvability of all
systems with given T;;/*l or || T;FH, i,j=1,2.

Lemma 2. Let non-negative functions p;;-, pi; €L, 1,5 =1,2, be giwen. If problem
(3) has a non-trivial solution for some 11, T2, 01, 02 € [0,w] and for some functions
Pij«s Py € L, 1,5 = 1,2 such that

—pi; < Pije <P, Pige 0 =05 — iy 6,7 =1,2,
then problem (1) is not uniquely solvable for some operators T;; = TJ —T.., where

ij 7
Ti}_/_ : C — L are linear non-negative operators such that

T =pl, =12
Proof. Define the linear operators T;;/_ :C—L,i,j=1,2:

(T~ 0) () = pl (Dals) + (o~ (0) = pfl” O)a(s2), te 0,01,
where
Pije = (Pijel + pije)/2 and pi, = (Ipije| — piji) /2
are the positive and negative parts of the function p;j«, sy = 7, for j =1, s, = 0, for
j =2, k=1,2. These operators are non-negative and T;jr/_l = p;;/_, 1,7 =1,2.
A non-trivial solution of problem (3) is a solution of the homogeneous problem

(2). Since problem (1) has the Fredholm property, we see that (1) is not uniquely
solvable. O

From Lemmas 1 and 2, we get necessary and sufficient condition for the unique
solvability of all functional differential systems from a given class.

+/- i ;
i € L, ¢,7 = 1,2, be given. Then

boundary value problem (1) is uniquely solvable for all linear non-negative operators
T;;F : C — L such that 7”1-37/71 = p;;-/f, i,7 =1,2, if and only if problem (3) has
EJQTDE, 2011 No. 59, p. 4
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only the trivial solution for all T1, T2, 01, 02 € [0,w] and all functions p;;s, p;; €L,
1,7 = 1,2, satisfying the following conditions
(5) —pij < Pige < Dijs  Pije + D35 = Piy — Digs 45 =1,2.

Let non-negative numbers 7;;7/7, i, = 1,2, be given. Then problem (1) is
uniquely solvable for all linear non-negative operators T;;F : C — L such that
I T;/_H = ’Z;j/_, i,7 = 1,2, if and only if problem (3) has only the trivial solution
for all 7, 72, 01, 02 € [a,b] and for all functions pij., pj; € L, i,j = 1,2 satis-
fying (5) for all non-negative functions pzrj, p;; € L, .5 = 1,2, with given norms

/-
I TI=T7" =12
Remark 4. In Lemma 3, it is sufficient to consider only the cases 71 < 7o and
01 < 0-.

Remark 5. Obviously, Lemma 3 is valid not only for the periodic problem but for
any boundary value problem.

In the following lemma we get a condition for the existence of a unique solution
to the Fredholm problem (3). This condition gives a possibility to obtain criteria
of the unique solvability of problem (1).

Lemma 6. Problem (3) has a non-trivial solution if and only if

(6)

Jo prixds Jo pivds Jo P12« ds Jo Piads
T T T T *
Al -1 - fﬁz pr1sds 1 — fnz pids — fo P12+ ds — fo Pigds 0
= w Wk w w = U.
fo P21+ ds fo P51 ds fo P22+ dS fo D5 ds
0 0 4 ) 0 4
— o p21:ds = Jo Phrds =1 — [y prawds 1 — [)2 p3yds

Proof. The periodic problem for the simplest system

{ T = fla y = f2;
2(0) = z(w), ¥(0) = y(w),
has a solution if and only if

/O“’f1<s)ds/o“f2(s>ds

In this case the solution is defined by the equalities

t
t>:z0+/ f1(s) ds, *yoJr/ fals)ds, ¢ €[00,
0

for arbitrary constants xg, yo. Therefore, problem (3) has a solution (z,y) if and
only if

(7) / pire dsa(r) + / Py dsz(r2) + / piz. ds y(01) + / Dl dsy(62) = 0,
0 0 0 0

w

(8) / pore dsa(ry) + / Py ds 2(ma) + / paz ds y(01) + / D3 ds y(62) = 0.
0 0 0 0
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Then x and y are defined by the equalities

t
x(t) :53(0)4'/ P11x ds x(T1 +/ P11 dsz(me)+
0 0

¢ ¢
/ P12« dsy(61) +/ Pia dsy(02),
0 0

t t
y(t) = y(0) + / paredsz(n) + [ piy dsa(r)+
0 0

t t
[ pasedsyto+ [ phadsylon). te (0.0
0 0

Hence,
+/ pi1« ds z(T1)+
(9) . 0
/ Py dsz(ms) + / pra ds y(01) + / Pia dsy(0:),
0 0
x(12) = (0) +/ P11« dsx(m)+
(10) T2 T2 O T2
/ Py dsz(ms) + / pra ds y(01) + / pia dsy(0:),
0 0 0
01
y(6:) = y(0) + / por ds z(ry)+
0
(11) 91 91 91
/ phy ds x(r2) + / poze ds y(61) + / D3 dsy(0:),
0 0 0
02
y(62) = y(0) + / por ds z(ry)+
(12) 0

92 92 02
/ p3 ds x(m) + / poe dsy(01) + / D3 ds y(02).
0 0 0

Subtracting equality (9) from equality (10) and equality (11) from equality (12),
we get

(1 - / D11x ds) z(m) + <1 - / Pi1 ds) x(ma) — / p12s dsy(61)—
1 1 1

T2
/ Piadsy(62) =0,

1

723 723 6>
- / pare ds a(m) — / pzldsxmw(—l— / pwds)y(elw
61 61 01
02
(1— /9 ngds>y<92>=
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Problem (3) has a non-trivial solution if and only if equalities (7), (8) hold and
these two equations have a non-trivial solution with respect to the variables x(71),
x(12), y(61), y(02), that is, if and only if equality (6) holds. O

Now we can get a necessary and sufficient condition for the solvability of the
periodic problem for all systems with the operators of given norms T;jr/ i, j=1,2.

Theorem 7. Let non-negative numbers AY/—, Bt/= C*/= D%/~ be given. Pe-
riodic problem (1) is uniquely solvable for all non-negative operators TJ/_ :C—L
such that

1T/ "Il = A=, | T38| = /= || T3/ 7|l = DY/ =, || 15/ 7|l = B/~
if and only if
At — A™ ya+xa ct—-C- Yo + xco
—(AT —AT) 1-wya —(CF-C7)  —we
Dt —D~  yp+ap Bt —B~  yp+uap
~(Df =D7)  —yp  —(Bf —By) 1-yp

(13) A= #0,

for all variables A}/ ™, BY'~, ¢/~ D}/, x4, x5, 2c, xp, ya, ys, ye, yp from
the following sets:
(14)

Af'T e0,4%7), BT eo,BY], ¢/~ efo,ct/7), DY/ e o, DY/,

(15) wa €[-A" + A7, AT — AT), x5 € [-B~ + By,B" — B{],
(16) zc € [-C~ +Cr,C* = Cf], xp €[-D~ + Dy, D" - Df],

(17) Yya € [_Al_aAii_]a YB € [_Bl_an_]a Yc € [_Cl_acf_]a YD € [_Dl_an_]

Remark 8. The problem on the necessary and sufficient conditions for the solvability
of a class of functional differential equations is reduced to the problem on zeros of
some algebraic function given on a finite dimensional set. This function is linear or
quadratic with respect to every variable. Using the linearity of A with respect to
T4, YA, TB, YB, TC, YC, TD, Yp, we get that to check the conditions of Theorem
7 it is sufficient to prove that the determinants (13) conserve their sign for all
Af/_, B;r/_, C’f/_, D;r/_ satisfying (14) and for all other variables at the ends of
segments in (15)—(17).

Proof. Add the second column of the determinant in (6) to the first column, and
the forth column to the third. Using conditions (4), we get

/ (pij«(s) +pj;(s))ds =V -V,
0

52
/ (pij* (S) +p:<](5)) ds = V1+ — ‘/1_’ ‘/1+/_ c [0, VJF/,]’

S1
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/ Pi(s)ds =gy € [V, Vit],

/ ph(s)ds = gy + v, zv € (V7 — Vi), VF — Vi),
0

where V = A if (i,j) = (1,1), V = C if (i,j) = (1,2), V = D if (i,5) = (2,1),
V=Bif (4,j) =(2,2); 81 =71, 82 =mo if i =1; 81 =01, s2 = b5 if i = 2.

If 71 < 79 and 67 < 6y (it follows from Remark 4 that it is sufficient to consider
only this case), the function A, defined by equality (6), coincides with the function
defined by equality (13). Using Lemmas 3 and 6 completes the proof. O

3. SYSTEMS WITH MONOTONIC OPERATORS

Let all operators T;;, 4,7 = 1,2, in problem (1) be monotonic. By various
substitutes of dependent and independent variables, we can reduce problem (1) to
one of two cases:

T =Tz + T2y + f1,
(18) y = Torx + Tozy + fa,
2(0) = z(w), y(0) =y(w),

& =Ty + T2y + fi1,

y = Torx —Toy + fo,

2(0) = z(w), y(0) =y(w),
where every linear operator Tj;, ¢,j = 1,2, is non-negative.

Consider here problem (18) only. The following statement will be proved in §4
with the help of Theorem 7. To prove Theorem 9 we will find extrema of A with
respect to all variables. Two domains of the unique solvability have appeared. One
of them corresponds to negative values of /\, the other to positive ones.

Theorem 9. Let non-negative numbers A, B, C, D be given. The periodic problem
(18) is uniquely solvable for all linear non-negative operators T;; : C — L such that
[Tl = A, [[Twell=C, |[[Tull=D, |Ixn|=2

if and only if either
0<A<4, 0<B<4,

(19) . 1 A\ 1 B
CD < AB min H—A’l_z min H—B’l_z
or
(20) 0K A<1,0<B<1,
AB
21 -_ D
@Y G=ma=m <P

(22) (CD?*t*1—-t)>*+CD(At>* +B(1—t)>—1)+AB <0 for all t € [0,1].

Remark 10. Let inequalities (20) and (21) be fulfilled. Then the following condition
is equivalent to inequality (22) from Theorem 9:

2 _ 2 _ +)\2
OD < min S(t) + /S2(t) —42(1 — t) AB,
te(0,1) 2t2(1 — t)?
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where S(t) =1 — At> — B(1 — t)*

Remark 11. Let inequalities (20) and (21) be fulfilled.
Then inequality (22) holds if either

(23) CD<38 (1 - %maX(A,B) + \/(1 - %max(A,B))2 - %AB)

or

(24) CD<4(1++/1—max(4,B))?

Proof. Inequality (22) holds if the inequality

(25)  (CD)*t*(1 —t)* +C D (max(A,B)(t* + (1 —t)*) = 1)+ AB <0

holds for all ¢ € [0,1]. The left side of the latter inequality takes its maximum at
t=0ort=1or¢t=1/2. Fort =0 and ¢t = 1 this inequality is equivalent the
inequality

AB < CD(1-max(4,B)),

which is fulfilled if inequality (21) holds. For ¢ = 1/2 inequality (25) holds if and
only if inequality (23) and the inequality

(26) CD>8 <1 _ %max(A,B) _ \/(1 - %maX(A,B))Q _ iA B)

hold. Inequality (26) is fulfilled if (21) holds.
It is easy to prove that inequality (24) implies (23). Therefore, inequality (24)
implies inequality (22). O

From Theorem 9 and Remark 11, we obtain a simple sufficient condition for the
solvability.

Corollary 12. Let non-negative numbers A, B, C, D be given. Periodic problem
(18) is uniquely solvable for all linear non-negative operators T;; : C — L such that
[Tull= A, [[Twell=C, |[[Tull=D, |Ixn|=23
if the following inequalities are fulfilled: (19) or (20), (21), (23), or (20), (21),

(24).
Necessary and sufficient conditions for the unique solvability has the simplest

form when || T11]| = || Ta2]|-

Corollary 13. Let non-negative numbers A, C, D be given. Periodic problem (18)
is uniquely solvable for all linear non-negative operators T;; : C — L satisfying the
conditions

[Tull=A4, [Twel=C, |Tuall=D, [Txnl=A
if and only if the following inequalities hold:

0< A< 4, \/C’D<Amin<;,1é)
1+ A 4
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or

A
(27) 0<A<1, m<VCD<2(1+V1*A)

Remark 14. If the condition (27) holds, then A < 3/4.

Proof. Apply Theorem 9 for B = A. The left side of inequality (22) takes its
maximum at ¢t = 0 ort = 1ort = 1/2. For t = 0 or t = 1 inequality (22) is
equivalent to inequality

A2 < COD(1-A),

which is valid if inequality (21) holds for A = B.
For t = 1/2 inequality (22) is equivalent to the inequality
1 1
E(CD)2 +CD(5A-1) + A? <0,
which is valid if

VCD<2(1++vV1—A)and vCD>2(1—-+v1-A).

The latter inequality holds because

A
L S2(1-VI-A)
1-A
for all A € [0,1) and inequality (21) is fulfilled for B = A. So, the corollary is
proved. (I

Now with the help of Theorem 9 we write out the conditions for the unique
solvability of (18) for the zero operator Ths.

Corollary 15. Let non-negative numbers A, C, D are given. The periodic problem
(18) is uniquely solvable for all linear non-negative operators T;; : C — L such that

[Tl =A, [[Ti2|=C, |Tull=D, Tn=0
if and only if

0<A<1 0<CD<71*AI52 for all t € (0,1)
< ) or a 1.

t2 (1 —1t)2
Remark 16. Under the conditions of Corollary 15, it is sufficient to check the last
inequality only at ¢ satisfying the equation A#3—2¢+1 = 0 on the segment ¢ € [0, 1].

Corollary 12 yields simple sufficient conditions for the solvability of (18) with
the zero operator Tho.

Corollary 17. Let non-negative numbers A, C, D be given. Periodic problem (18)
s uniquely solvable for all linear non-negative operators Ty; : C — L such that

[Tull = A, [[Twell=C, [[Tall=D, Twn=0
if
0<A<1l, 0<CD<16-8A.
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4. THE PROOF OF THEOREM 9
It follows from Theorem 7 that the periodic problem for all systems of equations
from the given class is uniquely solvable if and only if

70,

_|Aa Ac
(28) A= e

Ap

where

Ap=( 72 Y2¥T2\ sty Aorz=B,
—-Z1 1-yz

Azz( z yZ”Z) ifZ=CorZ=D,
—Z1 —Yz

for all Z1, yz, xz from the following intervals:

(29) Z1€100,7], Ze{A B,C, D},
(30) Yz € [0721]5 YARS {AaBach}v
(31) 27 €[0,Z— 7], Ze{A, B,C,D}.

The determinant A depends on all variables yz, zz linearly, therefore, it is
sufficient to check that all determinants keep their signs for all values yz, xz at the
ends of the intervals (30), (31).

Ifyz; =0,zz=0forall Z € {A, B,C, D},

A0 C 0
0 1 0 O

A_D 0 B 0_AB—CD.
0 0 0 1

Consider two cases: I) AB — CD > 0, II) AB — CD < 0. The determinant A is a
function of the variables Ay, By, Cy, D for all yz, xz at the ends of the segments
(30), (31). Moreover, the dependence of all variables is linear or quadratic.

Case I. AB — CD > 0. It is necessary to check whether the minimum of A
is positive for all yz, xz at the ends of the segments (30), (31). Clearly, if the
coefficient of Z2 in /\ is non-positive, the minimum with respect to Z; is taken either
at Zy =0orat Z; = Z (here Z € {A, B,C, D}). Every matrix Ay takes four values
at the ends of the segments (30), (31), (29). Moreover, for every Z € {A, B,C, D},
there are only two values Ay for which the function Ay of Z; is quadratic. We put

o _(Z Z @ (Z 0
w-(2 2).00-(2 ).
@ _(Z 0 @ [ Z A
AZ(O K)’AZ<—Z K-7Z)’
6y _ (4 Z-7 6 [ Z A
29 =(5 ) 20 = (5 kD)

where K =1ifZ=Aor Z=Band K=0if Z=C or Z = D.
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Denote
A AY
NN

Tijkm =

To prove that all determinants are positive it is sufficient to check that 7j;5m > 0
in the following cases only:

1) there is no dependence on Z; for all Z € {A, B,C, D}, then i,j,k,m €
{1,2,3,4};

2) rijkm is quadratic with respect to A; only, then ¢ =6, j,k,m € {1,2,3,4}, or
with respect to B; only, then m =6, i,5,k € {1,2,3,4};

3) rijkm is quadratic with respect to A; and Bj only, then i = 6, m = 6,
j.ke{1,2,3,4};

4) 7ijkm is quadratic with respect to C; and D; only, then (j,k) = (5,6) or
(4, k) = (6,5), i,m € {1,2,3,4};

5) Tijkm is quadratic with respect to Ay, Ci, and D; only, then i = 6, m €
{15 2,3, 4}’ (Ja k) = (5a 6) or (Ja k) = (6’ 5);

6) Tijkm is quadratic with respect to By, Cy, and D; only, then m = 6, i €
{1,2,3,4}, (4, k) = (5,6) or (4, k) = (6,5);

7) Tijkm is quadratic with respect to all variables A;, By, Ci, and D;, then
(i,4,k,m) = (6,5,6,6) or (¢,4,k,m) = (6,6,5,6).

To obtain conditions for positiveness of every function ;i is an elementary
problem. The consideration of various symmetries can reduce the numbers of vari-
ants. We give only the main results of the computations.

In case 1) all determinants are positive if and only if

AB
(1+A)(1+B)

In case 4), using various changing of the variables C7 and D, we see that the
function 1561 is minimal. It is positive if inequality (32) holds.

In case 2), when 7k, is quadratic with respect to Ay only, two functions rg134 =
7BA1(A — Al) — CD(l + B) + AB and T6114 = 7BA1(A - Al) - CD(B - 1)(141 -
1) + AB can be minimal. The minimum of rg134 is taken at A; = A/2, therefore,
r¢134 > 0 if and only if

(32) CD <

33 A<4, CD A(l — A/4).

(33) <4, <1yxpAd-4/4)

If rijrm is quadratic with respect to By only, then all determinants are positive if
A

34 B<4, CD< ——B(1-B/4).

(34) <4, OD <o B(- B/

It is easy to check that if the conditions (33) and (34) are fulfilled, then rg114 > 0
for all A;.

In case 3), when 7;;in, is quadratic with respect to A; and By, the function rgao6
is positive if and only if

(35) A<4, B<4, CD<A(l-A/4)B(1—-B/4),

All rest determinants are positive if the conditions (33), (34), (35) are fulfilled.
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In cases 5), 6), and 7), it can be shown by elementary methods that all determi-
nants are positive if the conditions (33), (34), (35) are fulfilled. The most difficulties
arise with proving the positiveness of rgseg (it is shown that rgese6 > 76226 if (35)
holds) and rgse1, 76562 (it is proved that the minimum is taken at C1; = D; and all
functions are positive if (32) holds).

Obviously, the joint fulfilment of (32), (33), (34), and (35) are equivalent to
condition (19) of the Theorem.

Consider case II: A B — C D < 0. It is necessary to check if the maximum of the
determinants A are negative for all yz, 7z at the ends of the segments (30), (31).
Obviously, if the coefficient of Z? in A is non-negative, then the maximum with
respect to Z; is taken either at Z; =0 or at Z; = Z (here Z € {A, B,C, D}).

Therefore, it is necessary to prove the inequality 7355, < 0 in the following cases:

1) there is no dependence on Z; for all Z € {A, B,C, D}, then i,j,k,m €
{1,2,3,4};

2) rijkm is quadratic with respect to A; only, then ¢ =5, j, k,m € {1,2,3,4}, or
with respect to By, then m =5, 4,4,k € {1,2,3,4};

3) rijkm is quadratic with respect to A; and Bj only, then ¢ = 5, m = 5,
.k e {1,2,3,4);

4) rijkm is quadratic with respect to Ci and D; only, then (j,k) = (5,5) or
(k,§) = (6,6), i,m € {1,2,3,4};

5) Tijkm is quadratic with respect to Aq, Cq, and Dy, then i =5, m € {1,2,3,4},
(ja k) = (5a5) or (kaj) = (6’6)5

6) rijkm is quadratic with respect to By, C1, and Dy, thenm = 5,4 € {1, 2, 3,4},
(k) = (5,5) or (k, ) = (6,6);

7) rijem is quadratic with respect to all variables A1, By, Ci, D1, in this case
(i,4,k,m) = (5,5,5,5) or (i, 5, k,m) = (5,6,6,5).

In case 1) all determinants are negative if and only if

AB

(36) A<1, B<1, CD>m.

In case 2), when ri;im is quadratic with respect to A; only or with respect to
By only, the maximal functions r;;i,, are negative if inequality (36) is fulfilled.

In case 3), when ri;im is quadratic with respect to A; and Bj, the maximal
function rs115 is also negative if inequality (36) is fulfilled.

In case 4), using various changing of the variables C7 and Di, we see that the
maximal functions are r3s53 and r363-

Denote Cy = Cke, Dy = Dkp, where k¢, kp € [0,1]. Then

73553 = (CD)’ke(1 — ke)kp (1 — kp)+
CD(—=1+ Akc + Bkp — kpkc(A+ B)) + AB.

Changing the variable k¢ to 1 — k¢, we have

3553 = (CD)2k0(1 — k’c)kD(l — k/’D)-f—
CD(=1+ AQ1 = (k¢ + kp)) + kpkc(A + B)) + AB.
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So, for a given product kckp, r3ss53 has the maximum when the value ke + kp
is minimal, that is at ko = kp =k, k € [0,1]. Then

3553 = (CD)*(k(1 — k))? + CD(—1 4 A(1 — k)*> + Bk?)) + AB.
Obviously, 73553 < 0 for all & € [0,1] if and only if for all k € (0,1) the inequality
v (k) < CD < vt (k)

is fulfilled, where

_ S+/52—4((1 - k)k)*AB

= 21— Wk)?

It is easy to prove that for k € (0,1) and A, B € [0, 1) the inequalities
S>0, S%>4((1-kk)*AB

hold. Let us show that for all k£ € (0,1) the inequality

v/~ (k) , S=1- A1 —k)* - BEk%

AB
R —
(37) v (k)\(l—A)(l—B)
is fulfilled.
Since
2AB

v~ (k)

S +/S2 —4(k(1—k))2AB’
we see that inequality (37) is equivalent to the inequality

S+ /52 —4(k(1 — k))2AB > 2(1 — A)(1 — B).

It is easy to show that the inequalities

S>(1-A)1-B), /52— 4(k(1—k))2AB > (1 — A)(1 — B)

are fulfilled for all k € [0,1]. Inequality (37) is proved. Therefore, r3s53 is positive
provided (36) if and only if

(38) OD < vt (k)

for all k € (0,1).
Consider the function r3gg3. We have

3663 = (CD)*kc(1 — ko)kp(1 —kp) + CD(—=1 4 kpkc(A+ B — AB)) + AB.

Hence for a given product kckp function rsees takes its maximum at ko = kp = k.
Then

3663 = (CD)*(k(1 —k))> + CD(—=1+k*(A+ B — AB)) + AB.

Let us show that the maximum of 3663 with respect to k € [0, 1] is not greater than
the maximum of r3553. It is sufficient to prove that at least one of the inequalities

E2A+ (1 —k)*B>k*(A+2b—BA), (1—-k)?A+k*B > k*(A+ zb— BA)
is fulfilled for every k € [0, 1]. If neither of these inequalities hold, we have
(1-2k+2k*)(A+ B) = (1 - k) +k*(A+ B) < k*(A+ B — BA).
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Since it is impossible, we see that if 73553 < 0 for all parameters, then r3g63 is
negative.

In cases 5), 6), the maximal functions are 75553 and r5554. In case 7), it is

sufficient to prove the inequality 75555 < 0. In all these cases, it is easily shown
that all determinants are negative if inequalities (36) and (38) hold.

This completes the proof of Theorem 9.

REFERENCES

[1] N.V. Azbelev, V.P. Maksimov, L.F. Rakhmatullina, The Elements of the Contemporary

Theory of the Functional Differential Equations. Methods and Applications (in Russian),
Institute of Computer Research, Moscow, 2002.

[2] S.R. Baslandze, I.T. Kiguradze, On the unique solvability of a periodic boundary value prob-

3

lem for third-order linear differential equations, Differ. Equ. 42 (2006), 165-171.

| E. Bravyi, On the solvability of the Cauchy problem for systems of two linear functional

differential equations, Mem. Differential Equations Math. Phys. 41 (2007), 11-26.

[4] E. Bravyi, On the solvability of the Cauchy problem for a first order linear functional differ-

ential equation, Funct. Differ. Equ. 15 (2008), 95-109.

| E. Bravyi, On the solvability of the Neumann problem for second order linear functional

differential equations, Funct. Differ. Equ. 16 (2009), 201-212.

[6] E.I. Bravyi, On the solvability of the periodic boundary value problem for a linear functional

differential (in Russian), Bulletin of Udmurt University. Mathematics, Mechanics, Computer
Science 3 (2009), 12-24.

] R. Hakl, On some boundary value problems for systems of linear functional differential equa-

tions, Electron. J. Qual. Theory Differ. Equ. 10 (1999), 1-16.

| R. Hakl, Periodic boundary-value problem for third-order linear functional differential equa-

tions, Ukr. Math. J. 60 (2008), 481-494.

| R. Hakl, S. Mukhigulashvili, A periodic boundary value problem for functional differential

equations of higher order, Georgian Math. J. 16 (2009), 651-665.

[10] I.T. Kiguradze, Bounded and periodic solutions of linear differential equations of higher order,

Math. Notes 37 (1985), 28-37.

[11] I. Kiguradze, Periodic solutions of systems of nonautonomous ordinary differential equations,

Math. Notes 39 (1986), 308-305.

[12] I.T. Kiguradze, Boundary value problems for systems of ordinary differential equations (in

Russian), Itogi Nauki i Tekh., Ser. Sovrem. Probl. Mat. Novejshie Dostizh. 30 (1987), 3-103.

[13] I. Kiguradze, On periodic-type solutions of systems of linear ordinary differential equations,

Abstr. Appl. Anal. 5 (2004), 395-406.

[14] I.T. Kiguradze, On a resonance periodic problem for nonautonomous higher-order differential

equations, Differ. Equ. 44 (2008), 1053-1063.

[15] I.T. Kiguradze, T. Kusano, Conditions for the existence and uniqueness of periodic solutions

of nonautonomous differential equations, Differ. Equ. 36 (2000), 1436-1442.

[16] I. Kiguradze, A. Lomtatidze, Periodic solutions of nonautonomous ordinary differential equa-

tions, Monatsh. Math. 159 (2010) 235-252.

[17] I.T. Kiguradze, S.V. Mukhigulashvili, On nonlinear boundary value problems for two-

dimensional differential systems, Differ. Edu. 40 (2004), 797-806.

[18] I. Kiguradze, S. Mukhigulashvili, On periodic solutions of two-dimensional nonautonomous

differential systems, Nonlinear Analysis. TMA 60 (2005), 241-256.

[19] I. Kiguradze, N. Partsvania, B. Puza, On periodic solutions of higher-order functional differ-

ential equations, Bound. Value Probl. (2008) ID 389028, 18 pp.

[20] I. Kiguradze, B. Puza, On some boundary value problems for systems of ordinary differential

equations, Differ. Equ. 32 (1996), 2139-2148.

[21] I. Kiguradze, B. Piza, On boundary value problems for systems of linear functional differential

equations, Czechoslovak Math. J. 47 (1997), 341-373.
EJQTDE, 2011 No. 59, p. 15



(22]
23]
(24]

25]

[26]
27]
28]

(29]

(30]
(31]
(32]
33]

(34]

(35]

(36]

(37)

(38]
(39]

[40]

I. Kiguradze, B. Puza, On periodic solutions of systems of linear functional differential equa-
tions, Arch. Math. 33 (1997), 197-212.

I. Kiguradze, B. Puza, Boundary Value Problems For Systems of Linear Functional Differ-
ential Equations, Masaryk University, Brno, 2003.

Yu.V. Komlenko, E.L. Tonkov, On the multipliers of a linear periodic differential equation
with a deviating argument, Sib. Math. J. 15 (1974), 593-599.

M. Krasnosel’skii, A. Perov, On a certain principle for the existence of bounded, periodic
and almost periodic solutions of systems of ordinary differential equations (in Russian), Docl.
Acad. Nauk SSSR 123 (1958), 235-238.

A. Lasota, Z. Opial, Sur les solutions périodiques des équations différentielles ordinaires, Ann.
Polon. Math. 16 (1964), 69-94.

A.G. Lomtatidze, R. Hakl, B. Puza, On the periodic boundary value problem for first-order
functional-differential equations, Differ. Equ. 39 (2003), 344-352.

A. Lomtatidze, S. Mukhigulashvili, On periodic solutions of second order functional differen-
tial equations, Mem. Differential Equations Math. Phys. 5 (1995), 125-126.

A. Lomtatidze, S. Mukhigulashvili, On a two-point boundary value problem for second order
functional differential equations. I, Mem. Differential Equations Math. Phys. 10 (1997), 125—
128.

S. Mukhigulashvili, On a periodic solutions of second order functional differential equations,
Italian J. of Pure and Appl. Math. 20 (2006), 29-50.

S.V. Mukhigulashvili, On the solvability of the periodic problem for nonlinear second-order
function-differential equations, Differ. Equ. 42 (2006), 380-390.

S. Mukhigulashvili, On a periodic boundary value problem for cyclic feedback type linear
functional differential systems, Archiv der Mathematik 87 (2006), 255-260.

S. Mukhigulashvili, On a problem with nonlinear boundary conditions for systems of
functional-differential equations, Differ. Equ. 46 (2010), 48-60.

S. Mukhigulashvili, I. Grytsay, An optimal condition for the uniqueness of a periodic solution
for linear functional differential systems, Electron. J. Qual. Theory Differ. Equ. 59 (2009),
1-12.

T.A. Osechkina, Unique solvability and constancy of sign of the Green function of a periodic
boundary value problem for a linear equation with deviating argument, Russ. Math. 37
(1993), 76-84.

A. Ronto, M. Ronto, On certain symmetry properties of periodic solutions, Nonlinear Oscil-
lations 6 (2003), 82-107.

J. Sremr, Solvability conditions of the Cauchy problem for two-dimensional systems of linear
functional differential equations with monotone operators, Math. Bohem. 132 (2007), 263—
295.

J. Sremr, On the initial value problem for two-dimensional systems of linear functional dif-
ferential equations with monotone operators, Fasc. math. 37 (2007), 87-108.

J. Sremr, R. Hakl, On the cauchy problem for two-dimensional systems of linear functional
differential equations with monotone operators, Nonlinear Oscillations 10 (2007), 569-582.
S. Schwabik, M. Tvrdy, O. Vejvoda, Differential and Integral Equations. Boundary Value
Problems and Adjoints, Academia, Praha, 1979.

(Received May 11, 2011)

EJQTDE, 2011 No. 59, p. 16



