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Abstract. In this paper we focus on the null controllability problem for the heat equa-
tion with the so-called inverse square potential and a memory term. To this aim, we
first establish the null controllability for a nonhomogeneous singular heat equation by
a new Carleman inequality with weights which do not blow up at ¢t = 0. Then the null
controllability property is proved for the singular heat equation with memory under a
condition on the kernel, by means of Kakutani’s fixed-point theorem.
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1 Introduction

In this paper we address the null controllability for the following singular heat equation with
memory:

t
Vi — Yxx — %y = /0 a(t,r,x)y(r,x)dr +1,u, (t,x)€Q,
y(t,0) =y(t,1) =0, te(0,T),
y(O,X) :yO(x)r X G (0/1)1
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where yy € L2(0,1), T > 0 is fixed, u is a real parameter, Q := (0,T) x (0,1) and 1, stands
for a characteristic function of a nonempty open subset w of (0,1). Here y and u are the state
variable and the control variable, respectively; a is a given L* function defined on (0, T) x Q.

The analysis of evolution equations involving memory terms is a topic in continuous de-
velopment. In the last decades, many researchers have started devoting their attention to this
branch of mathematics, motivated by many applications in modelling phenomena in which
the processes are affected not only by its current state but also by its history. Indeed, there is a
large spectrum of situations in which the presence of the memory may render the description
of the phenomena more accurate. This is particularly the case for models such as heat con-
duction in materials with memory, viscoelasticity, theory of population dynamics and nuclear
reactors, where one often needs to reflect the effects of the memory of the system (see for
instance [4,8,32,38]).

Controllability problems for evolution equations with memory terms have been extensively
studied in the past. Among other contributions, we mention [5,21,24,27,28,30,33,39,42] which,
as in our case, deal with parabolic type equations. We also refer to [37] for an overview of the
bibliography on control problems for systems with persistent memory. The first results for a
degenerate parabolic equation with memory can be found in [1].

In this work, for the first time to our knowledge, we study the null controllability for (1.1).
We underline that here we consider not only a memory term but also a singular potential
one. In other words, given any yo € L2(0,1), we want to show that there exists a control
function u € L?(Q) such that the corresponding solution y to (1.1) satisfies y(T,x) = 0 for
every x € [0,1]. First results in this direction are obtained in [46] in the absence of a memory
term when p < 1 (see also [45] for the wave and Schrodinger equations and [11] for boundary
singularity). Indeed, for the equation

1
Uy — Au — ywu =0, (t,x) € (0,T) xQ, (1.2)

with associated Dirichlet boundary conditions in a bounded domain 0 C RN containing the
singularity x = 0 in the interior, the value of the parameter y determines the behavior of the
equation: if yp < 1/4 (which is the optimal constant of the Hardy inequality, see [9]) global
positive solutions exist, while, if 4 > 1/4, instantaneous and complete blow-up occurs (for
other comments on this argument we refer to [44]). In the case of global positive solutions,
hence if 4 < 1, using Carleman estimates, it has been proved that such equations can be
controlled (in any time T > 0) by a locally distributed control (see [46]). On the contrary, if
U > %, the null controllability fails as shown in [14]. After these first results, several other
works followed extending them in various situations (see for instance [6,7,11,15-20,36,44]).

However, when 1 = 0 and a4 = 1, (1.1) reduces to the following control system associated
to the classical heat equation with memory:

t
Vi — Yxx = /0 y(s)dr+1,u, (t,x)€Q,
y(t,0) =y(t,1) =0, te (0,7),
y(0,x) = yo(x), x € (0,1).
In this case, as shown in [24,49], there exists a set of initial conditions such that the null

controllability property for (1.3) fails whenever the control region w is fixed, independent of
time. For some related works in this respect we also refer to [12,28,48].

(1.3)
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Nevertheless, since the positive controllability results are important in real world applica-
tions, it is natural to analyze whether it is possible that control properties for (1.1) could be
obtained. For this reason, under suitable conditions on the singularity parameter y and on
the kernel a (see (3.1)), we establish that (1.1) is null controllable.

Our approach is inspired from the techniques presented in the work [42] for the heat
equation perturbed with a memory-type kernel, suitably adapted in order to deal with the
additional inverse-square potential.

We recall that a natural technique for showing controllability results for parabolic equa-
tions is to prove an observability estimate for their adjoint systems by Carleman inequalities.
However, this classical strategy does not seem to be appropriate for studying the controlla-
bility problem for integro-differential parabolic equations like (1.1). In fact, as in [10,42], in
this case we shall argue by a fixed point procedure. For this reason, we shall introduce a
nonhomogeneous singular heat equation for which we prove a null controllability result by
a modified Carleman inequality with weighted functions that do not blow up at t = 0. This
is crucial in order to get the null controllability of the memory system (1.1) by weakening
the assumptions on the kernel a. Finally, we mention that Carleman inequalities for singular
equations without memory have been obtained in [44,46], but the employment of a weight
blowing up at t = 0 and t = T in the Carleman inequality does not permit to consider a
general kernel a.

The paper is organized as follows: Section 2 is devoted to the study of null controllability
for a nonhomogeneous singular heat equation without memory via new Carleman estimates.
In Section 3, the null controllability for the singular heat equation with memory (1.1) is proved.

A final comment on the notation: by C we shall denote universal positive constants, which
are allowed to vary from line to line.

2 Nonhomogeneous singular heat equation

In this section, we prove the null controllability for a nonhomogeneous singular heat equation
using a new modified Carleman inequality. This null controllability result is the key tool for
the controllability of the heat equation with memory. Thus, as a first step, we consider the
following problem:

Ve — Yxx — %y =f+1,u(t), (t,x)eQ:=(0,T)x(0,1),
y(t,0) =y(t1) =0, te(0,7), (2.1)
y(0,x) = yo(x), x€(0,1),

where f € L2(Q) is a given source term.
Prior to null controllability is the well-posedness of (2.1), a question we address in the next
subsection.

2.1 Functional framework and well-posedness

We analyze here existence and uniqueness of solutions for the heat problem (2.1). To sim-
plify the presentation, we first focus on the well-posedness of the following inhomogeneous
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singular problem
Yt = Yxx — %y =f (tLx)€Q,
y(t,0)=y(t,1) =0, te(0,T), (2.2)
y(0,x) = yo(x), x € (0,1).

In this framework, in order to deal with the singularity of the potential, a fundamental tool is

the very famous Hardy inequality. To fix the ideas, we recall here the basic form of the Hardy
inequality in dimension one (see, for example, [29, Theorem 327] or [13, Lemma 5.3.1]):

1 lyZ 1 )
ZL/0 ;dxg/o Yy dx, (2.3)

which is valid for every y € H'(0,1) with y(0) = 0.
Now, for any p < %, we define

2
Hy"(0,1) = {y € 2(0,1) N H}(0,1]) | y(0) = (1) = 0, and | 1 (y,% - @2) dx < +oo}.

Note that Hé’” (0,1) is a Hilbert space obtained as the completion of C(0,1), or H}(0,1), with
respect to the norm

2

1
1 2
= (02 -u)ax) . vy HO,

In the case of a sub-critical parameter y < %, thanks to the Hardy inequality (2.3), one can see

that || - ||, is equivalent to the standard norm of H}(0,1), and thus Hé’” (0,1) = H}(0,1). In
the critical case y = %, it is proved (see [47]) that this identification does not hold anymore
and the space HS’” (0,1) is slightly (but strictly) larger than H}(0,1).

Now, define the operator A : D(A) C L?(0,1) — L?(0,1) corresponding to the heat
equation with an inverse square potential in the following way:

AY = Yx + %y

VyeD(A) = {y € H2.((0,1]) N HY"(0,1) : vy + %y € LZ(O,l)}.

In this context, A is self-adjoint, nonpositive on L2(0,1) and it generates an analytic semi-
group of contractions in L%(0,1) for the equation (2.2) (see [47]). Consequently, the singular
heat equation (2.2) is well-posed. To be precise, the next result holds.

Theorem 2.1. Forall f € L*(Q) and yo € L%(0,1), there exists a unique solution
y € W :=C([0,T};L*(0,1)) N L2(0, T; Hy™(0,1))

of (2.2) such that

T
sup I¥(Oln + | 1@t < e (ol sy +1£12(g)) (24)
te|0, T

for some positive constant Ct. Moreover, if yo € Hé’” (0,1), then

y € Z:=H'(0,T;L2(0,1)) N L?(0, T; D(A)) N C([0, T}; Hy"(0,1)), (2.5)
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and there exists a positive constant C such that

T
sup (IwOI) + [ (InlBon +

t€[0,T)

Bo? 2 2
vt L )t < (nlE+ 1) @

Proof. In [47], the authors use semigroup theory to obtain the well-posedness result for the
problem (2.2) (see also [36]). Thus, in the rest of the proof, we will prove only (2.4)—(2.6). First,
being A the generator of a strongly continuous semigroup on L?(0,1), if yo € L?(0,1), then
the solution y of (2.2) belongs to C([0, T]; L2(0,1)) N L2(0, T; Hy"(0,1)), while, if yo € D(A),
then y € H'(0, T; L?(0,1)) N L?(0, T; D(A)).

Now, by a usual energy method we shall prove (2.5) and (2.6), from which the last required
regularity property for y will follow by standard linear arguments. First, take yy € D(A) and
multiply the equation of (2.2) by y. By the Cauchy-Schwarz inequality we obtain for every

€ (0,T],

1
2dt!ly( iz + ly®)IE < 2Hf( Wiz0n) + 51y E2(0,)- (2.7)

From (2.7) and using Gronwall’s inequality, we get

18201y < e (I¥O) B2 + 1 22(0)) (2.8)

for every t < T. From (2.7) and (2.8) we immediately obtain

T
| Iyt < cr (v 1o + 11 ) (29)

for some universal constant Cr > 0. Thus, by (2.8) and (2.9), (2.4) follows if yp € D(A). Since
D(A) is dense in L?(0,1) (see [43,47]), the same inequality holds if vy € L2(0,1).

Now, multipling the equation by —y,, — 5y, integrating on (0,1) and using the Cauchy-
Schwarz inequality, we easily get

E IO + ) + oy (D) < IFO) B,

for every t € [0, T}, so that, as before, we find C7. > 0 such that

T
@+ [ Iyes(t) + Syl gyt < S (IOl + 17132(q)) 2.10)

for every t < T. Finally, from y; = y.y + %y + f, squaring and integrating on Q, we find

/ [y (t HL2 0,1) <C (/ [Yxx + 2]/HL2 0,1) + HfH%Z(Q)> ¢

and together with (2.10) we have

/ (D120 < C (1512 + 1£1B2(g)) - 2.11)

In conclusion, (2.7), (2.8), (2.10) and (2.11) give (2.4) and (2.6). Notice that, (2.5) and (2.6)
hold also if yo € Hy"(0,1). 0
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2.2 Carleman estimates for a singular problem

In this subsection we prove a new Carleman estimate for the adjoint parabolic equation as-
sociated to (2.1), which will provide that the nonhomogeneous singular heat equation (2.1) is
null controllable. Hence, in the following, we concentrate on the next adjoint problem

~a—za-hz=g (L¥)€Q
z(t,0) =z(t,1) =0, t€(0,T), (2.12)
z(T,x) = zr(x), x € (0,1).

Following [46], for every 0 < 7 < 2, let us introduce the weight function

@(t,x) :=0(t)p(x), (2.13)

where

k
P(x) :=c(x* —d), 0(t) := (t(Tl— t)) , k:=1+ i, (2.14)

¢ > 0and d > 1. A more precise restriction on the parameters k, ¢ and d will be needed later.

Observe that lim 0(t) = lim 6(t) = +o0, and
t—=0+ t—=T-

P(x) <0 forevery x € [0,1].

Using the previous weight functions and the following improved Hardy-Poincaré inequal-
ity given in [44]:
For all § > 0, there exists some positive constant C = C(n) > 0 such that, for all z € C*(0,1) :

1 ’ 1 ) 1 22
/0 x'zydx < C/o <zx — 4x2) dx, (2.15)

one can prove the following Carleman estimate for the case of a purely singular parabolic
equation:

Lemma 2.2 ([44, Theorem 5.1]). Assume that y < i. Then, there exists C > 0 and sy > 0 such that,
forall s > sy, every solution z of (2.12) satisfies

2 2
/ $303x2z2e%9 dxdt—f—/ s6 <z§—yzz) e>? dxdt—i—/ $0=—¢%9 dx dt
Q Q x Q X7

T
<C (// g%e? dx dt —|—/ 5022 (t,1)e9tD dx dt) . (2.16)
Q 0

Observe that, if the term
2
j s6 (zi - yfcz> > dx dt
Q

is not positive, then the estimate (2.16) is not of great importance. In fact, the Hardy inequality
(2.3) only ensures the positivity of the quantity

9 2% dx dt
Qs Zy yxz xdt.

However, from [44, Remark 3] and similarly as in [25], we will rewrite the result given in
Lemma 2.2 in a more practical way.
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Lemma 2.3. Assume that p < %. Then, there exist C > 0 and sy > 0 such that, for all s > sg, every
solution z of (2.12) satisfies

T
Jomn(z) <C <// g%e*? dx dt +/ s022(t,1)e>?t) dx dt) , (2.17)
Q 0

where
Jgm(2) = /Q 033222629 dx di + j 5022629 dx di + // oL, (@18)
ifu <% and
Joun(z) = /Q 393xzzze2s“”dxdt+/ sz”zie%(dedt—l—//QSGJZ;ezs‘dedt, (2.19)

if u = 1. We recall that 0 < vy < 2.

Proof. Case 1: If u < 1.
Let Z = ze*?. In order to prove [44, Theorem 5.1], the author has derived the following

estimate
z2 72
/ 5303x2Z2dxdt+/ s6 <Z§—y2> dxdt+// s6— dxdt
Q Q X Q X7
T
<C (/ Q2629 dxdt+/ s0Z2(t,1) dx dt) . (2.20)
Q 0

Let 0 < inf(1, (1 —4pu)) be a fixed positive constant. We have

72 17
2 2
//QSG<ZX—;¢XZ> dxdt:(l—é)/Qw(Zx 1 2) dx dt
+5/ s072 dx dt + <4(1—5)—y>/ 0% ddt.  (221)
0

By (2.20) and (2.21), we obtain

2
// $6%x Zzzdxdt+(1—5)j 9(22 izz> dxdt+c5// s072 dx dt
+< )// sG—dxdtJr// sG—dxdt
SC(//nge%(dedt—i—/o sGZ?(t,l)dxdt).

On the other hand, from (2.15), for all # > 0 there exists a constant ¢y = ¢o(#7) > 0 such that

// ( ) dxdt > ¢ / s0x172 dx dt. (2.22)
Q

/ 5393x2Z2dxdt+(1—5)00// st”Z}%dde—éj s0Z2 dx dt
Q Q Q

1 Z? Z?
—I—<4(1—5)—;u>/Qs(?xzdxdt—i—//QsHﬂdxdt

T
<C < / 2% dx dt + / sezg(t,1)dxdt>. (2.23)
Q 0

Hence,
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Using the definition of Z, we have
7% = 7%e*9, (2.24)

Zy =z, + 50 Z and z3 2p%59 < 2Z2 + cs?0%x272, (2.25)

for a positive constant c. Then,
// s0z2e%? dx dt < 2 // s0Z2dxdt + c / $303x* 72 dx dt. (2.26)
Q Q Q

Combining (2.23)—(2.26), we obtain the desired estimate (2.17). Indeed, defining

. 1 6 (/1
a() —mln{l_'_c,z, <4(1_5) _}l>} > 0,
we have

2 2
ag </ 5393x222625"’dxdt+// SGZJZC@ZS‘dedH—// 59%€ZS(dedt+// SGZeZS‘dedt)
Q Q Q X Q X7
; ZZ Z2
< ay ((1+c) // SPO3272 dx dt + 2 // s0Z2dxdt + // 05 dvdt + // 0 dxdt)
// 0%y ZZdedt—i—(S/ sGszxdt—i—< )// 0% dxdt+// s@—dxdt
< // ¥ 7% dx dt + (1 — 6) co// sz”Z%dde—é// s0Z2 dx dt
Q Q Q
1 Z? Z?
+ (4(1—5) —y) //QSOXdedH—/QSGdedt
T
<C (// g%e>? dxdt—I—/ sGZ,%(t,l)dxdt) .
Q 0

Thus, the conclusion follows.
Case 2: If y = 1.
As before, let Z = ze*? and define

. 1 ¢
ag = mln{m,2} >0,
where cg and c are the constants of (2.22) and (2.25), respectively. Then, by (2.20), (2.22), (2.24)
and (2.25), that still hold if u = %, we have

2
a9 </ 5303x222e254’dxdt+/ sOx'1z2e*¢ dxdt+/ s@zezs¢dxdt>
Q Q Q X7
Z2
< ag (/ 5393x222dxdt—|—2// sz”Zi dxdt—i—c/ 5393x2Z2dxdt+/ stxdt)
Q Q Q Q X7

2 2
< a0(1+c)// 5393x2Z2dxdt+a02/ s0 (ZJZC— 1Z> dxdt—l—aoj 59% dxdt @27)
Q Q Q

Co 4 x2
(by (2.20))

T
<C (// g%e®? dx dt —I—/ s022(t,1)e>?t) dx dt) .
Q 0

Hence, also in this case the conclusion follows.
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We point out that the Carleman estimates stated above are not appropriate to achieve our
goal. In fact, all these estimates does not have the observation term in the interior of the
domain. However, we use them to obtain the main Carleman estimate stated in Proposition
2.5. More precisely, from the boundary Carleman estimates (2.17), we will deduce a global
Carleman estimate for the adjoint problem (2.12) with a distributed observation on a subregion

/

w' = (a,p) CCw. (2.28)

To do so, we recall the following weight functions associated to nonsingular Carleman esti-
mates which are suited to our purpose:

D(t,x) :=0(1)¥(x)

where 6 is defined in (2.14) and ¥ (x) = e?” — ¢?l7l~. Here p > 0, o € C?([0,1]) is such that
o(x) > 0in (0,1), 0(0) = o(1) = 0 and 0x(x) # 0in [0,1] \ @, being @ an arbitrary open
subset of w.
In the following, we choose the constant ¢ in (2.14) so that
s e2ellolles — 1
- d-1

By this choice one can prove that the function ¢ defined in (2.13) satisfies the next estimate
¢(t,x) < ®(t,x)  forevery (t,x) € [0,T] x [0,1]. (2.29)

Thanks to this property, we can prove the main Carleman estimate of this paper whose
proof is based also on the following Caccioppoli’s inequality:

Proposition 2.4 (Caccioppoli’s inequality). Let w’ and w" be two nonempty open subsets of (0,1)
such that " C w' and ¢(t,x) = 0(t)o(x), where ¢ € C*>(w’, R). Then, there exists a constant
C > 0 such that any solution z of (2.12) satisfies

A

where Qu == (0,T) X w.

z2e*dxdt < C ﬂ (g +5°6°2%)e*? dx dt, (2.30)
Qur

w//

The proof of the previous result is similar to the one given, for instance, in [3, Lemma 6.1],
SO we omit it.
Now, we are ready to prove the following result:

Proposition 2.5. Assume that y < %. Then, there exist two positive constants C and sg such that, the
solution z of equation (2.12) satisfies, for all s > sg
Jouny(z) <C </ *e*® dx dt + $3032%e>? dx dt> . (2.31)
Q

Here Jg,,1(-) is defined in (2.18) or (2.19).

Qe

Proof. Let us set w” = (a”,p") CC w' and consider a smooth cut-off function & € C*([0,1])
such that 0 < ¢(x) <1 forx € (0,1), {(x) =1 for x € [0,a"] and {(x) = 0 for x € [, 1].
Define w := ¢z where z is the solution of (2.12). Then, w satisfies the following problem:

— W — Wy — %w =g —Cuz—28xzy, (Hx)€Q,
w(t, 1) = w(t,0) =0, te (0,T), (2.32)
w(T,x) = &(x)zr(x), x e (0,1).
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First of all, we prove the first intermediate Carleman estimate for z in (0, T) x (0,«’) (recall
that z = w in [0, &/]):

Jgpyq(w) <C (/ &2g%e*? dx dt + // (g + 526°2%)e*? dx dt>
Q Q.

(2.33)
<C ( / F2g% e dxdt + // (g% + 5%60%2%)e™® dx dt> :
Q Qu

The second inequality in (2.33) follows by (2.29), thus it is sufficient to prove the first inequality
of (2.33). Applying the Carleman estimate (2.17) to (2.32), we obtain

() < C /Q (8287 + (Guaz +2802:)7 ) e dx . (2.34)
From the definition of ¢ and the Caccioppoli inequality (2.30), we obtain

/Q (éxxz + 2§xzx)2625q) dxdt < C o (22 + Zi)ezsqJ dx dt

<C // (g% +5%6%2%)e*? dx dt. (2.35)
Qur

Combining (2.34) and (2.35) we obtain (2.33).

Now, using the non singular Carleman estimate of Corollary 5.2, we are going to show a
second estimate of z in (0, T) x (B, 1). For this purpose, let v = {z where { := 1 — ¢ (hence
z=v1in [B,1]). Clearly, the function v is a solution of the uniformly parabolic equation

— 0V — Uy — %v = (¢ — Cxxz — 203z, (t,x) € (0,T) x (a/,1),
o(t,1) = v(ta') =0, te(0,T), (2.36)
o(T,x) = (x)zr(x), x € (a/,1).

Since ¢ has its support in [«”, "], by Corollary 5.2 we have

2 1 3p3,,2) ,25P _ 2 1 3p3,,2) 250
s0vy + 5700 |e™" dx dt = sOvy 457070 )e™" dx dt
Q 0 Ja

Qw//

< C(ﬂ §2g2625q>dxdt+// (zz+z,zc)ezs¢dxdt+//
Q !t Q

Therefore, by the previous estimate, by (2.29) and using the Caccioppoli inequality (2.30),
we deduce

//Q (s@vi + 530302) % dx dt < //Q (s@v,zc + 5393vz> e*® dx dt

<C < // 72g%e*® dx dt + / (% +5°0°22)e*® dx dt) :
Q Qur

T /1
< C(/O // (C2g2 + (Cxxz + Zéxzx)z)ezscp dx dt + S30302625® dt>
o

UJ”

$3030%e®® dx dt) .

(2.37)
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Thus, since v = {z has its support in [0, T] x [«”, 1], that is far away from the singularity point
x = 0, one can prove that there exists a constant C > 0 such that:

Jppy(v) <C //Q (sf)vi + 539302)625"’ dx dt
(by (2.37)) 2.38)
o[ ageraas [ (@502 axar).
Note that
722 = (w+v)? < 2(w? +v?) and 22 = (wy +vy,)? < 2(w? + 02).
Therefore, adding (2.33) and (2.38), (2.31) follows immediately. O

For our purposes in the next section, we concentrate now on a Carleman inequality for
solutions of (2.12) obtained via weight functions not exploding at t = 0. To this end, we will
apply a classical argument that can be found, for instance, in [22] and recently in [1] for a
degenerate parabolic equation with memory. More precisely, let us consider the function:

THIR)

v(t) = T (2.39)
0(t), te [Z’T] ,
and the following associated weight functions:
@(t, x) :==v(t)p(x), O(t,x) :=v(H)¥(x),
&(t) := max d(t,x), ¢(t) := max ¢(t,x) and ¢@(t):= min @(t,x). (2.40)
x€[0,1] xe[0,1] x€[0,1]

Now we are ready to state and prove this new modified Carleman estimate for the adjoint
problem (2.12).

Lemma 2.6. Assume that y < 1. Then, there exist two positive constants C and s such that every
solution z of (2.12) satisfies, for all s > s

||es¢’(0)z(0)|!%2(01) +/ vz2e*? dx dt
’ Q

< Ce®l9O-9(5)] (/ 2% dx dt + $$1322e® dx dt> . (2.41)
Q Qu

Proof. By the definitions of v and ¢ and using Proposition 2.5, it results that there exists a
positive constant C such that all the solutions to equation (2.12) satisfy

T/l ) T,1 Tfl 2
// vz2e®? dx dt = // 022> dx dt < C// $0=—e®? dx dt
1o o th T

<C </ g%e®® dx dt + // $30°2%e>® dx dt) . (2.42)
Q ¥

Let us introduce a function T € C!([0,T]) such that T = 1in [0,%] and T = 0 in [}, T].
Denote T = (9, /v, where 5?0 = maxg<;<7 e5?(t).
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Let Z = 7z, then Z satisfies

XZZ =—-Tz+7g, (tx)€Q,
t,0) = z(t,1) =0, te(0,T), (2.43)
T,x) =0, x € (0,1)

Thanks to the estimate of sup; (g 1y 12(£)]12, (0,1 (see the energy estimate (2.4)), we have

I20)0n) + 1l ) < € ff (et T5)dea,
which implies
OO 200z + 9O ViTzlEag) < € f (Rz+ 25)? avat.

By using the boundedness of 9 in [% = ] the definitions of T and of v in [0, 3] and the fact
that 14(t) = 0in [0, %] and 7(t) = 0in [ , T, it holds that

¢ <||es‘f’(0 [ +/ / vT?z ezs‘dedt>

< 1(0)]]e*?©)z ||L2 01) +/ / vT2z%e®? dx dt

c(/:g/ (62(t) + 6(t)) 226290 dxdt+//vg ¢250(0 dxdt)
(// 20256/(0 dxdt+// Q20 >dxdt>

where ¢ := min{v(0),1}. That is,

IN

| /\

T
\]es¢(0)z(0)||%2 01) +/7 vz2e*9 dx dt

<C<// 2p25(¢ 25"’dxdt+//g2 2(0(0)=9) 254’dxdt>

5T 5T
(T o 5 ST
q)<8>_go 1n(0,8)><(0,1)

T
€7@ 2(0) |22, /02/ V2259 dx df

é - Fo1 _
< Ce®(@0-¢(%)) (/ / 25"’dxdt+/8/ g%e>? dxdt). (2.44)
0 Jo

As in (2.42), one can prove that there exists a positive constant C such that

5T 1 B
/ 8/ 2P dx dt < C // gzezsq) dx dt + $30322e%® dx dt | .
TJo Q Qu

Observe that

so that,
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Using this last inequality in (2.44), we have
, 71 .
159 z(0) ”%2(0,1) + /0/0 vz2e*? dx dt
1
< Ce®(00)-9(5) (// 2% dx dt + // $30%22e*® dx dt + / 8/ §2e%7 dx dt) . (2.45)
Q w 0.J0

From (2.29) and by the definition of the modified weights, notice that, in particular ¢ < & and
® < ®in Q. This, together with (2.42) and (2.45), implies that

. Trl ~
Hes"’(o)z(O)Hiz(Ol) +// vz2e*9 dx dt
' 0Jo
< Ce»(90)-¢()) (/ 2 dx di + // $3g3225 dxdt) . (2.46)
Q w

To conclude, it suffices to remark that for ¢ > 0, the function s — s3¢~ is nonincreasing for s
sufficiently large. So, since v(t) < 6(t) by taking s large enough, one has

$303e2P < 6313 ezsé’
which, together with (2.46), provides the desired inequality. O

2.3 Null controllability result

Following the classical method as in [22], with the modified Carleman inequality proved
in the previous subsection, we can get a null controllability result for (2.1). However, as
explained in [42], this null controllability result cannot help to solve the controllability for
integro-differential equations. Indeed, we will need to prove the null controllability of the
singular heat equation (2.1), for more regular solutions. For this reason, to formulate our
results we introduce the following function space where the controllability will be solved:

Xs:={ye Z:e % e 12(Q)}

equipped with the norm

—s®

[yllx, = lle”*%yll2(g)-

Observe that, since ® < 0, we have that the function ¢~ tends to +-oo for t — T~ Therefore,
y € X, requires that the solution y has more regularity than the one in Lemma 2.1. Moreover,
ify € Xs then y(T,x) =0in (0,1). (2.47)

From now on, we denote by s the parameter defined in Lemma 2.6. Our first result, stated as
follows, ensures the null controllability for (2.1).

Theorem 2.7. Assume that y < } and yo € H(l)’” (0,1). Ife*?f € L2(Q) with s > s, then there
exists a control function u € L*(Q), such that the associated solution y of (2.1) belongs to X;.
Moreover, there exists a positive constant C such that y satisfies the following estimate:

/ yre 2% dx dt + // s %uPe 2 dy dt
Q w

(2.48)
< CAIO-9(F) < [ fre > dxat + lyoe?© ||i2<01>> |
) ,
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Proof. Following the ideas in [10,42], fixed s > sy, let us consider the functional

J(y,u) = </ yze_zs‘i> dxdt+// sy 320 5% gy dt) , (2.49)
Q w

where (y, u) satisfies

Yt = Yox — %y =f+1lou(t), (Lx)eQ,
y(t,0) =y(t,1) =0, te (0,T), (2.50)
y(0,x) =yo(x), y(T,x)=0, x€(0,1),

with u € L*(Q).

By means of standard arguments, it is easy to prove (see [34,35]) that | attains its minimizer
at a unique point denoted as (7, i7).

We set

Lyy =Y — Yex — %y in Q.

We will first prove that there exists a dual variable Z such that

7 =Lz, in Q,
i =—s217e2%z, in (0,T) X w, (2.51)
z=0, on (0,T) x {0,1},

where L7 is the (formally) adjoint operator of L.
Let us start by introducing the following linear space

Po={z€C®(Q):z=0 on (0,T) x{0,1}},
and introduce the bilinear form a:

a(z1,22) = // eZS&’L;zlL;zz dx dt + 831/3625&)2122 dx dt, Y 21,22 € Po.
Q Qu
Then, if the functions # and i given by (2.51) satisfy the parabolic problem (2.50), we must
have

a(z,z) = //sz dxdt + /01 y0z(0) dx, VzeP. (2.52)

The key idea in this proof is to show that there exists exactly one Z satisfying (2.52) in an
appropriate class. We will then define 7 and # using (2.51) and we will check that the couple
(7, 1) fulfills the desired properties.

Observe that the modified Carleman inequality (2.41) holds for all z € Py. Consequently,

5T

¥ 02(0) gy, + [] v Pdrat < cH0-HTla(z, ). 25
’ Q

In particular, a(-, -) is a strictly positive and symmetric bilinear form, that is, a(-, ) is a scalar
product in Py.

Denote by P the Hilbert space which is the completion of Py with respect to the norm
associated to a(-,-) (which we denote by || - |p). Let us now consider the linear form /, given

by
1
I(z) :/ fzdxdt+/ y0z(0) dx, VzeP.
Q 0
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By the Cauchy-Schwarz inequality and in view of (2.53), we have that
—8S 0l

7
vV il
< CePO=0N (| fe=| (g + llyoe |20,y ) Izll s

1(z)| <

23/ ve? || 120y + g7 I22(0,1) |2(0)e?”) l201)
Q)

and then [ is a linear continuous form on P. Hence, in view of Lax-Milgram’s Lemma, there
exists one and only one z € P satisfying

a(z,z) =1(z), VzeP. (2.54)
Moreover, we have
A T
I2llp < Ce#O- () fe=5?] 12 + llyoe PO lz01))- (255)
Let us set .
7= ezsq’L*z and i1 = —1,5%%%%z. (2.56)

With these definitions and by (2.55), it is easy to check that i and i satisfy

/ 37%*25&) dxdt + s 32e 2% dx dt
Qw (2.57)

< O (| £ P + o0 )

which implies (2.48).

It remains to check that 7 is the solution of (2.50) corresponding to . First of all, it is
immediate that 7 € X; and @ € L?(Q). Denote by i the (weak) solution of (2.1) associated to
the control function u = i, then 7 is also the unique solution of (2.1) defined by transposition.
In other words, 7 is the unique function in L?(Q) satisfying

1
//Qghdxdtz//Qlwazdde/szdxdt+/() yoz(0)dx,  YheI?(Q),  (258)

where z is the solution to

—z—zu—hz=h, (tx)eQ,
z(t,0) =z(t,1) =0, t€(0,T),
z(T,x) =0 x € (0,1)

According to (2.54) and (2.56), we see that 77 also satisfies (2.58). Therefore, 7 = #. Conse-
quently, the control @ € L2(w x (0, T)) drives the state § € X, exactly to zero at time T. O

3 Singular heat equation with memory

Prior to null controllability is the well-posedness of problem (1.1). From the results in [23], we
recall that in the nonsingular case (¢ = 0), it is well known that the heat operator with memory
gives rise to well-posed Cauchy-Dirichlet problems. Likewise in [23], by an application of the
Contraction Mapping Principle and invoking Theorem 2.1, we have that (1.1) is well-posed in
the following sense:
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Proposition 3.1. Assume that y < 1. Ifyo € L2(0,1) and u € L?(Q), then there exists a unique
solution y of (1.1) such that

y € C([0,T};L%(0,1)) N L2(0, T; Hy*(0,1)).

Now, we pass to derive our main result, which concerns the null controllability of the sin-
gular heat equation with memory (1.1). Hence, in what follows, we assume that the function

a satisfies
4kc

scd

e™m-0"g € L*((0,T) x Q), (3.1)
where ¢, d, k are the constants defined in (2.14) and s is the same of Theorem 2.7.
Remark 3.2. It is worth mentioning that, from the results in Guerrero and Imanuvilov [24],
it seems that the null controllability property of parabolic equations with memory may fail
without any additional conditions on the kernel. On the other hand, observe that the condition
(3.1) may appear as a quite strong restriction on the admissible function 4, but it is a natural
one. Indeed, the only thing that we are asking is its integrability with respect to the Carleman

weight: it just restricts the function a very near T, which is due to the fact that the function v
blows up only at t = T (see also [6]).

For our proof, we are going to employ a fixed point strategy. For R > 0, we define
Xor = {w € Xt e ®w|;2q) < R},

which is a bounded, closed, and convex subset of L?(Q).
For any w € X, g, let us consider the control problem

t
Ve — Yxx — %y = /0 a(t,r,x)w(r,x)dr+1,u, (t,x) € Q,

y(t,0) =y(t,1) =0, t e (0,T),
y(0,x) = yo(x), x e (0,1)
By Theorem 2.7 we first derive a null controllability result for (3.2); then, as a second step, we

will obtain the same controllability result for (1.1) applying Kakutani’s fixed point Theorem.
Our main result is thus the following.

(3.2)

Theorem 3.3. Assume that y < 1. If the function a satisfies (3.1), then for any yo € HS’“ (0,1), there
exists a control function u € L*(Q) such that the associated solution y € Z of (1.1) satisfies

y(T,-) =0 1in(0,1). (3.3)

sCO

Proof. Setting Cp := 4T‘kd, by (3.1) and the estimate e5¢ < ¢ , we get that

' —s¢ (t,r,x)w(r,x)dr | dxdt <C ZCOS 2(t,r, x)w?(r, x) dr dx dt
Joe ) e [l fle

< c// w? dxdt < C (sup(, 0 e®) // e %02 dx 4t < CR? < +oo.
o ,

(recall that w € X, r). Thus, the result in Theorem 2.7 holds for the equation (3.2), i.e. for any
Yo € Hé’” (0,1), there exists a control function u € L?(Q) such that the associated solution y of
(3.2) is in X and

y(T,-) =0 in (0,1).
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Let us now introduce, for every w € X; r, the multivalued map
A Xr C X5 — 2%
with
A(w) = {y € Xs : for some u € L*(Q) satisfying
/ s3u 312 2% gy dt < Ce®lo0)—¢ 9(%)] <R2 —|—/ yze’%“”( )dx>
y solves (3.2)}.

Observe that if y € A(w), then y(T,-) = 01in (0,1) via (2.47).

To achieve our goal, it will suffice to show that A possesses at least one fixed point. To this
purpose, we shall apply Kakutani’s fixed point Theorem (see [10, Theorem 2.3]).

It is readily seen that A(w) is a nonempty, closed and convex subset of L?(Q) for every
w € Xsr. Then, we prove that A(X;r) C X;r with sufficiently large R > 0. By (2.48) and
condition (3.1), and arguing as before we have

// yze’ZSé dde—// 573312 5% gy dt
Q w
5T 2 A 1
< Ce»90)—-9(%) (// —25¢ </ (t,r,x)w(r, x) dr) dxdt+e_2“”(0)/ v3 dx>
0
1
< CeZlo0)=¢(5)] <// (t,x) dx dt + e~ 290 )/ v dx>

< Cel90)~gCh) (sup <// ~25(00) 21 ) dxdt) o) / .
By virtue of ¢(0) < &(0) and ® < (0) in Q, we get
// yPe 2% dxdt + o s 32 % dx dt

< Ces20(0)-29(¥)+29(0)] /

Q
< Cot -2 4 o2 D) [ (34)
0

e 220024 x) dx dt + Ce 29(F) / y5 dx

Now, choosing the constant ¢ (see (2.14)) in the interval

e20lole — 1 16 e20lolleo — pollelle
d—1 15 d—1 ’

which is not empty for p sufficiently large, we have

28(0) — ¢ <5T> _ <]‘f2>k lz@puollm _ olole) 4 o Gg) ]
< (;)k <_z+ e (12)“1) (20l _ gollelley.
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Therefore, taking the parameters d and k defined in (2.14) in such a way that 4 > 3 and

2 < k < nW/3)

m(i6/15) — L, we infer that

26(0) - ¢ ) <0.

Hence for s sufficiently large, increasing the parameter sq if necessary, we obtain
. - 1 y 1
// y2e 2P dxdt + sV 3 ute 2P dxdt < ERZ + Ce 29(%) / y3dx.
Q Qu 0

Then, for s and R large enough, we obtain

// yze’ZSé dxdt < RZ.
Q

It follows that A(X;r) C X, r. Furthermore, let {w, } be a sequence of X; r. The regularity
assumption on yo and Theorem 2.1, imply that the associated solutions {y,} are bounded in
H'(0,T;L?(0,1)) N L?(0, T; D(A)). Therefore, A(Xsr) is a relatively compact subset of L2(Q)
by the Aubin-Lions Theorem [41].

In order to conclude, we have to prove that A is upper-semicontinuous under the L2
topology. First, observe that for any w € Xgr, we have at least u € L?(Q) such that the
corresponding solution y € X;r. Hence, taking {w,} a sequence in X;r, we can find a
sequence of controls {u,} such that the corresponding solutions {y,} is in L?(Q). Thus, let
{wy} be a sequence satisfying w, — w in X;r and y, € A(wy) such that y, — y in L?(Q). We
must prove that y € A(w). For every n, we have a control u, € L?>(Q) such that the system

t
Ynt — Ynxx — %yn = /0 a(t,r,x)w,(r,x)dr +1,u,, (t,x) € Q,

Yn(t,0) = ya(t,1) =0, te (0,T),
yn(0,x) = yo(x), x e (0,1)

(3.5)

has a least one solution y,, € L2(Q) that satisfies
ya(T,) =0 in (0,1).
From Theorem 2.1 and (3.4), it follows (at least for a subsequence) that

u, — u weakly in L*(Q),
yan —y weakly in H' (0, T; L*(0,1)) N L*(0, T; D(A)),
strongly in C(0, T; L*(0,1)).

Passing to the limit in (3.5), we obtain a control u € L?(Q) such that the corresponding
solution y to (3.2) satisfies (3.3). This shows that y € A(w) and, therefore, the map A is
upper-semicontinuous.

Hence, the multivalued map A possesses at least one fixed point, i.e., there exists y € X;r
such that y € A(y). By the definition of A, this implies that there exists at least one pair (y, 1)
satisfying the conditions of Theorem 3.3. The uniqueness of y follows by Proposition 3.1. This
ends the proof of Theorem 3.3. O

As a consequence of the previous theorem one has the next result.
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Theorem 3.4. Assume that y < }. If the function a satisfies (3.1), then for any yo € L?(0,1), there
exists a control function u € L*(Q) such that the associated solution y € W of (1.1) satisfies

y(T,-)=0 1in(0,1).

Proof. Consider the following singular parabolic problem:

t
Wi — Wyy — %w = / a(t,r,x)w(r,x)dr, (t,x)€ <O,§> x (0,1),
0
T
w(t,0) = w(t,1) =0, e (o),
w(0,x) = yo(x), x e (0,1),

where 1o € L2(0,1) is the initial condition in (1.1).
By Theorem 2.1, the solution of this system belongs to

w (o,g) = L2 (0,5;1{3*’(0,1)) nc ([02] ;L2(0,1)> .

Then, there exists ty € (0, 1) such that w(t, ) :== @(-) € Hé’” (0,1).
Now, we consider the following controlled parabolic system:

¢
Zt — Zyx — %z = /0 a(t,r,x)z(r,x)dr+ 1,k (t,x) € (to,T) x (0,1),

z(t,0) = z(t,1) =0, te (t, T),
z(to, x) = w(x), x € (0,1).

We start by observing that, since Theorem 3.3 holds also in a general domain (ty, T) x (0,1)
with suitable changes, we can see that there exists a control function & € L?((t, T) x (0,1))
such that the associated solution

z € Z(to, T) := L2(to, T; D(A)) N H(ty, T; L*(0,1)) N C ([to, T] ;Hé'”(o,1))

satisfies
z(T,-) =0 1in (0,1).

Finally, setting

. w, ?n [0, to], . 0, %n [0, to],
z, in [ty T] h, in [ty T],

one can prove that y € WV is the solution to the system (1.1) corresponding to u and satisfies
y(T,-) =0 in (0,1).

Hence, our assertion is proved. O
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4 Conclusions and perspectives

In this work, we have addressed the problem of null controllability for a class of one dimen-
sional heat equations with an inverse square potential and a memory type-kernel. Using
Carleman-based techniques and a fixed point argument, we have proved that under suitable
decaying conditions on the memory kernel, the null controllability of the system is ensured
by means of a distributed control.

In what follows, we highlight a few possible directions related with the topics addressed
in this work.

Memory-type null controllability of singular parabolic equation: This work addresses only
the null controllability property for system (1.1). It would be of interest to consider the prob-
lem of memory-type controllability (see [12] for the corresponding definition). The goal is then
not only to drive the solution to rest at some time-instant, but also to require the memory term
to vanish at the same time, ensuring that the whole process reaches the equilibrium. In the
spirit of previous results in [12,31], it would be interesting to analyse this memory-type null
controllability problem for system (1.1), provided the support of the control moves, covering
the whole domain where the equation evolves.

Coupled singular parabolic systems with memory: Inspired by the results in [2,26,40], it
would be quite interesting to consider the null controllability of coupled system of parabolic
equations with singular potentials and memory effects, with less controls than equations (and
ideally only one control if possible).

Degenerate and singular parabolic equation with memory: In [1], the null controllability
for a one-dimensional degenerate heat equation is investigated. So, in this regard, following
the method of proof used in this paper (see also [1]), we think that it is possible to combine
the techniques in both papers and obtain a result for the degenerate/singular equation with
memory-type kernel.

5 Appendix

In this section, we recall a classical Carleman estimate for the following nonsingular heat
equation

yt_]/xx_by: ’ (t/x) GQ/

y(t,0) =y(t,1) =0, t€(0,T), (5.1)

where b € L®(Q) and f € L?(Q).
Following [22], we introduce the weight functions

O(t,x) = 0(t) (e P —2lolle) and (¢, x) := O(F)er"™),
where 0, p and ¢ are defined in Subsection 2.2. Then, [22, Lemma 1.2] gives the following.

Lemma 5.1. There exists a positive constant pg such that for an arbitrary p > pg there exists so(pg) >
0 such that for each s > so(po) the solutions of (5.1) satisfy the inequality

I (spv2 + > *0?) (=% + e»®) dx dt
Q

<C ( //Q (2 4 ) dx dt + / P30 (2P + 2P dx dt) :
Qw
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Since 0 < o(x) < ||0]|co , one has ® < ® and 6(t) < ¢(t,x) < 8(t)erl7ll= for all (t,x) € Q.
Hence, from Lemma 5.1 one can easily deduce the following result.

Corollary 5.2. There exists a positive constant po such that for an arbitrary p > po there exists
so(po) > 0 such that for each s > so(po) the solutions of (5.1) satisfy

/ (s@vjzc + 339302) e>®dxdt < C (/ ¥ dxdt + / $3030%e%® dx dt> )
Q Q w
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