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1 Introduction.

In this paper we give conditions guaranteeing that the first derivatives of weak solutions to
the Dirichlet problem for a nonlinear elliptic system

{—DaAf‘(x,Du) =D.f*, i=1,...,N, acR" |a| =1, x€Q, 1)

u(x) = g(x), x € 9Q).

Here ) C R", n > 3 is a bounded C! domain with points x = (x1,...,%,), u : Q —
RY, u(x) = (u'(x),...,uN(x)), N > 2 is a vector-valued function with gradient Du =
(Diu,...,Dyu), Dy = 9/0x, and coefficients A% are continuously differentiable with respect
to Du and Holder continuous with respect to x and in the following we will specify our as-
sumptions imposed on the function (f*) and boundary datum g (throughout the whole text
we use the summation convention over repeated indexes).

It is well known that elliptic systems in general do not conserve the regularizing property
of Laplace equation and the attempts to find conditions guaranteeing the smoothness of weak
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solutions as well as to construct counterexamples are rich and far reaching. The positive re-
sults, i.e. proof that weak solutions of systems of order 2k have (under suitable assumptions)
continuous partial derivatives of order k, started already with pioneering work of Ch. B. Mor-
rey in 1937 for domains (2 in R? (see [16]) and continued by deep results of E. De Giorgi (see
[7]) who proved that weak solutions of one equation of second order with linear growth and
bounded and measurable coefficients on (2 C R" have continuous first derivatives. The case
of nonlinear systems on plane domains was solved in paper by J. Stard (see [23]) in 1971 for
systems of higher order.

In dimensions n > 3 analogous results do not hold as was shown by counterexamples of
E. De Giorgi (see [8]) and E. Giusti and M. Miranda in 1968 (see [10]), J. Necas in 1975 (see
[19]) and L. Sverdk and X. Yan in 2002 (see [24]).

The system (1.1) has been extensively studied in the papers [1,2,9,12,15,17,20] and for
detailed and well-arranged informations, see [15]. If n > 3, it is known that Du can be
discontinuous. Campanato in [3] proved for the system (1.1) that Du € Eiﬁ(ﬂ, R"™N) with

n—2<0<n,and also u € CIOEG "+2)/Z(Q RV) if n = 3,4. More important for our work is a
more general result from Kristensen—-Melcher [13].

There are known many conditions on the coefficients which guarantee that solutions of
nonlinear elliptic system of equations have required smoothness and, vice versa, counterex-
amples illustrating that generally such assertions do not hold.

In the present paper, that is extending the articles [4], [5] and [6], we introduce another
conditions on coefficients of a nonlinear elliptic system (1.1) and we show that if the first
derivatives of weak solutions u to Dirichlet problem for the system satisfy (1.11) with given M
and ¥ from (1.10) then the gradient of weak solutions are locally BMO or Hélder continuous
on domains Q) in R and R*. The condition (1.11) shows that the our result is applicable to
broader class of problems for smaller value of M. Finally, the reality of our theoretical result
is illustrated by means of numerical examples.

By a weak solution to the Dirichlet problem for (1.1) we understand u € W2(Q, RY) such
that u — g € Wy (Q,RYN), g € W2 (Q,RN), f € L2(Q,R™) and

/Q A (x, Du(x)) Dag(x) dx = — /Q F(x)Dugl (x)dx, Vg€ WAQRY). (12

Further the symbol (0, CC Q) stands for 0, C O, dq = diam(Q) and for the sake of simplicity
we denote by | - | the norm in R” as well as in RN and R™N. If x € R" and r is a positive real
number, we set B,(x) = {y € IR” : |y—x| < r} (i.e., the openballin]R”) O, (x) = QN By(x).

Denote by uy, = u, = f o y)dy/m, (Q fQ y) dy the mean value of the func-

tionu € L(Q,RN) over the set Q (x). Here mn (Q (x))is the n-dimensional Lebesgue measure

of Q, ( ) and we set Ur = Jo,m |1Puly — (Du) x| dy /7" = o, 1Puly — (Du)y,|*dy,
er |Du(y Du )ar|? dy

The coeff1c1ents (A )izll,,,,N,azlwn have linear controlled growth and satisfy strong uni-
form ellipticity condition. Without loss of generality we can suppose that A%(x,0) = 0. We
suppose that A%(x, p) € C1(R™) for all x € Q) and

(i) the strong ellipticity condition holds, i.e. there exist v, M > 0 such that for every x € ()
and p, & € RN
0A?
£ (x, p)EhEs < MICP, (1.3)
op 8

v|g)? <
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(ii)
. dA}
A} (x, p)| < M(1+ [p), Y =) <M, (1.4)
i | AP
for all (x,p) € Q x R™N,
(iii) for all x,y € Q and p € R™N
|Af(x, p) = AT (v, p)| < Culx—yl*pl,  Cu>0 (1.5)

where x =1 for n = 3,4,

(iv) there is a real function w continuous on [0, c0), which is bounded, nondecreasing, con-
cave, w(0) = 0 and such that for all x € Q and p, g € R™N

A A
(v p) = — ()| <w(lp—ql). (1.6)
I?Pp I?Pp

We denote we = lim;_,o w(t) and clearly w(t) < 2M.

It is well known (see [9], p.169) that for uniformly continuous dA%/ 8pﬁ there exists a real
function w satisfying (iv) and, viceversa, (1.6) implies uniform continuity of dA%/dp) g and
absolute continuity of w on [0, o). By pointwise derivative w’ we will understand the right
derivative of w which is finite on (0, o).

Here we will consider the function w from (1.6) given by the formula

wo(t), for0<t<t,, t, >0
w(t) =< wi(t) = \t/ft“*, fort, <t <ty, (1.7)
[0
Weo fort > #

where w, is arbitrary continuous, concave, nondecreasing function such that w,(0) = 0 and
the constants 0 < v < 0.44, t, > 0 are selected in such a way that w is continuous and concave
on [0, ).

For example we can choose

2\/¢

P iin? for0<t<t,,
nk
t

wy(t) =

and this function fail to satisfy Dini condition. It is obvious that in such case the coefficients
A%/ 8;9][3 are only continuous.
It is well known that on the above assumptions the Dirichlet problem

div (A(x,Du)+ f) =0 inQ,
u—g € Wy?(Q,RN)

has for any function f, g € W2(Q), RY) the unique solution u in the same space.
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For the problem (1.8) the following estimate holds

Du — (Du)q|* d
f 1D = (Du)al* dy

<12< > fIDg — (Dg)al dx+<10E> <5+11\/4+3<]1\/4>2> sl ax
+20 (”f) <1+ <4VE> )f)’f—(f)g’z dx (1.9)

where E = nN CHdg (see Appendix A for the proof of (1. 9))

2/ (2u—1

In the following we will use the function Y (u) = ue" ' hereu >0, u > 17 (for detailed
information for ¥, see (2.6)) and we can define the value
(o) -9 ()
M = sup ‘ ‘ < o0 (1.10)
to<t<oco t— tO

where w is from (1.7), e = w% /C% « > 1—2/n and Cu= (L”EQZ)P‘)”_

Now we can formulate the main theorem.

Theorem 1.1. Let Q, CC Q C R", d, = dist(Q,,9Q)/2, n = 3,4. Assume that g € W?(Q,RN),
Dg € L>5(Q,R™), 7 >2, f e W2N LY (QRN), n<&<n+2,n<®<A=min{2x+ &}
and moreover divf € L°(Q,R"™). Let u € W¥?(Q,RN) be a weak solution to the system (1.1)
satisfying the conditions

1
]€2|Du—(Du) Py < o (1.11)

(1.13) and

Ie (1 - (4e0)%*1) 312

CMCH + 172z qrmyy <
MCH + [fl2eqrevy < 8d1 max{d},d} "} M2

(1.12)

where €, = 1/4(2" L) H‘z’,&/ the constants L, Cy, Cpr come from Lemma 2.5, (1.5) and (3.8), respec-
tively. Then Du € CO0=m/2(Q),, R"™N) in the case © > n and Du € BMO(Qy, R™N) for ¢ = n.

Remark 1.2. In the foregoing formulas the constants # > 17, « > 1 —2/n have to be such that

2n

1 n—2
oa—1 _6_ Mwe Q 2n -t
Ci2" > 2 (20cS > ( (2’ d0|)"> ) €, "2 . (1.13)

Here Cs is the Sobolev embedding constant.

The theorem we formulated above tells that, if coefficients of a nonlinear system satisfy
(iv) with some w given (1.7) and (1.11)—(1.13) are fulfilled, then the gradient of u is Holder
continuous on (),.

In most partial regularity results for the system (1.1) the regular points x € () of solution u
are characterized in such a way that for some ry > 0 the quantity U, (x) (for its definition see
first section) has to be sufficiently small, but our condition regularity (1.11) allows U, (x) not
to be necessarily small. Moreover, the condition (1.11) is global condition (we do not know
an analogous condition from the literature) and has fundamental meaning for domain () in
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which it is possible ensure that the ratio |Q}|/(2d,)" is not extremely great (e.g. for the ball,
see (1.13)).
For the function w from (1.7) the right-hand side of (1.11) can be chosen in the following

form
2

_ 1
aef f1gtEr 1
ME 4 O | |
ebn

(see Appendix B for more information and for y and a see Remark 1.2).

Remark 1.3. We would like to point that, in the case of (1.8), the left-hand side of (1.11) could
be substituted with the right-hand side of (1.9). We can present some consequences of our
theorem that follow from estimate (1.9).

g =const. A f = const. = ][|Du—(Du)Q|2 dy=0 = u=nP
0
g=P AN f=const. N Cp=0 = ][|Du—(Du)Q|2dy:O = u=D"D
0

g=P N f=const. A\ dog 0 = ][|Du—(Du)Q|2dy\O
0

e=P A feL2OQRN), E>n A Cr=0 A do\ 0 = ][|Du—(Du)Q|2dy\o
(@)

where P; is a polynom of at most first degree. We note that the last mentioned condition
involves the data of the problem (1.8) only.

Remark 1.4. It is useful to point out that in the case when the ratio we /v is small enough, the
regularity of solution to the problem (1.8) is guaranteed by the Proposition 2.4 from [4].

2 Preliminaries and notations

Beside the usually used space C°(Q, RY), Holder space C*(Q,RY) and Sobolev spaces
wkr(Q,RN), Wlko’f (Q,RN), Wg’p (Q,RN) (see, e.g.[22]) we use the following Campanato and
Morrey spaces.

Definition 2.1 (Campanato and Morrey spaces). Let v € [0,n]. The Morrey space L2V (Q, RY)
is the subspaces of such functions u € L?(Q), RN) for which

r>0,xeQ)

[0 oy = sup [ Ju(y)? dy < .
Qr(x)

Let v € [0,n +2]. The Campanato space £>'(Q,RN) is the subspace of such functions u €
L?*(Q, RN) for which

[u]zﬁz,u(Q,]RN) = sup r" / lu(y) — ux,,]2 dy < co.
r>0,xeQ) 0, (%)

Remark 2.2. It is worth recalling the trivial but basic property that [ |u — ug*dx =
min, gy [o |14 — c[*dx holds for each u € L*(Q, RV).

For more details see [1], [9] and [22]. In particular, we will use:
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Proposition 2.3. For a bounded domain () C R" with a Lipschitz boundary we have the following
(a) L**(Q,RN) is isomorphic to the C%("="/2(Q,RN), forn < v < n+2,
(b) L*'(Q,RN) is isomorphic to the L>°(Q,RN), 0 < v < n,
(c) the imbedding £>"(Q), RN) C £2%2(Q), RN) is continuous forall 0 < vy < v1 < n+2,
(d) L2"(Q,RN) is isomorphic to the L*(Q,RN) ¢ £2"(Q, RN).
The following lemma is a modification of a lemma from [5].

Lemma 2.4. Let A > 1, d be positive numbers, C, By, B, > 0,n < < B, 6 < a < n+2and
0 < s < 1. Then there exist positive constants ki, ko so that for any nonnegative nondecreasing
function ¢ defined on [0, d| and satisfying the inequalities

0(0) < A (%) 9(R)

+ % (1 +A (%)“) [(B1 + Bolg) @(2R) + CRﬁ} ,  VY0<o<R< g 2.1)
and .
B + By < ir B, <2W(1CTTM)> < ir‘s 2.2)
where Ug = ¢(R)/R", m = max{dP,dP~"} and T = 1/(2““A)ﬁ. Then it holds
U, <o "(kio(d) + k), Voe(0,d. (2.3)

Proof. 1. We will prove by induction that

C k—1 )
p(thd) < ((p(d) + 21377:5 ) T(ﬁ_‘s)]> , Uy < THO- (Ud + Z 7(B=0)i ) . (24)
j=0

Let k = 1. Putting ¢ = ©d, R = d/2 in (2.1) we obtain thanks to (2.2) and the assumption
onT

p(td) <2*At"¢ (%) + 3(1+2%AT") [(Bl + BoUj) ¢(d) +C (

NI
N——
=
[ I

p
< (2°AT* + Bi+ Bol) o(d) +C (4) =7 (o) + %)
Also by means of (2.2) we get

1
U <77 (U4 §%), BitBallyy < 57

Next put ¢ = 7¥71d, R = 7%d/2 into (2.1) we get
@(T"d) < 2%At%g <%de) + 2 (1+2%AT") [(Bl + BoUs, ) o(T°d) + Cdﬁ Tkﬁ}
< (2%AT" + By + BolYy,) o(Thd) + %Tkﬁ+5 < Po(thd) + WT(kH)‘s
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because 2*AT* 4+ By + leli iy < 7. Using (2.4) we get

k+1 5 ik CdP _(k+1)5 k+1)6 5)j Cm. (1)
p(1d) < () + ST < )< WZ o ) T

Cm & .
_ (k41)s (B—9)j
T ((p(d) + 553 ji_or ) :

It immediately implies the estimate of U k1.
II. Let now ¢ be an arbitrary positive number less than d. Then there is an integer k such
that T"*1d < ¢ < 7Fd. Using monotonicity of ¢, this inequality and (2.4) we get

g m
?(0) < p(td) < 7 ( + o5 2 " 5) < ey (70 vy =)

and this estimate together with the choice of k; = 1/(td)’, ky = Cm/(2Pd°t®(1 — ©F~?))
completes the proof. O

For the statement of following Lemma see e.g. [1,9,20].

Lemma 2.5. Consider system of the type (1.1) with A¥(x,p) = l]ﬁ pg A 'xﬁ € R (ie. linear

system with constant coefficients) satisfying (i), (ii) and (iii). Then there exzsts a constant L =
L(n,N,M/v) > 1 such that for every weak solution v € W'2(Q,RN) and for every x € Q and
0 < 0 < R < dist(x,9Q) the following estimate

1D = Do)y < L ()" [ Do)~ (Doal® dy

holds.

Remark 2.6. The constant L from the previous lemma can be stated as

L= c(mN) <M>2(2+[3])

1%

and, because of a better presentment, choosing n = 3, N = 2 we can compute L < 14 -
108(M/v)®.

In the paper [4, p. 108] a system for n = N = 3 of type (1.1) was presented for which we
can compute L = 108.

Lemma 2.7. [25, p. 37] Let ¢ : [0,00] — [0, 00] be non decreasing function which is absolutely
continuous on every closed interval of finite length, ¢(0) = 0. If w > 0 is measurable and E(t) =
{y e R" : w(y) > t} then

[ powdy= [ m ()¢t dr.

In the proof of Theorem 1.1 we will use an inequality which is a consequence of Natanson’s
lemma (see e.g. [18, p. 262]) and Fatou’s lemma. It can be read as follows.
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Lemma 2.8. Let f : [a,00) — R be a nonnegative function which is integrable on [a,b] for all
a<b<ocoand

a+h
N = sup ;Z/Jr f(t)dt < o0

0<h<oo

is satisfied. Let ¢ : [a,00) — R be an arbitrary nonnegative, non-increasing and integrable function.
Then

| rgwar
exists and - o
| fgtar <y [ gwar
holds. “ “
In the proof of Theorem 1.1 we use an inequality which can be read as follows.

Proposition 2.9 (see [4]). Let u € W2(Q,RN) be a weak solution to (1.1) satisfying (i), (ii), (iii)
and (iv). Then for every ball Bor(x) C Q and arbitrary constants p > 2,b > 0,1 < g <n/(n—2)
and ¢ € R"N we have

/ o |D = (Du)x Pl (oD — (D)%) dy
BR X

M\ K/op q-1
< pnlg=1) <5C ) < H ) < / Du — 2d> / Du—cldy (25
< ) \G=1e) \ @R oy P4 T W) fy Pty 29

where Cg is the Sobolev embedding constant.

Hereafter we shall use conjugate Young functions ®, ¥

®(u) = uln’ (au) foru >0, Y(u) <¥(u) = leue”zﬂ21 foru >0, (2.6)
where a > 0 and p > 2 are constants,
In.-(a) = {?nwu) et -
Then Young inequality for ®, ¥ reads as
xy < ®(x)+Y¥(y), VxyeR. (2.7)

3 Proof of Theorem 1.1

Let x, be any point of Q, NS (it means that fBR(xo) |Du — (Du)y, g|* dx > 0) and R < d,.
Where no confusion can result, we will use the notation Bgr, Ugr, ¢$(R) and (Du)g instead of
Br(x,), Ur(x,), ¢(x,,R) and (Du),, g. Denoting A?}ﬁ) = Agﬁ (xo, (Du)R),

_ 1

AP = /0 A5 (x5, (Du)g + t (Du — (Du)g)) dt,

we can rewrite the system (1.1) as

—D, <A%D5uj) =-D, ((A?fo - A?}ﬁ> <D,guj — <D,guj>R))
— Dy (Af (xo, Du) — Aj (x, Du)) 4+ Da (fi' (x) — (ff)r) -
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Split u as v + w where v is the solution of the Dirichlet problem
D, (A;?fODﬁvf) =0 inB(R)
v—1Uu€ WS’Z (BR,]RN> .
and w € W,?(Bg,IRN) is the weak solution of the system
«p AN «p B i i
D (AffyDpl) = = Do (45 = AYf ) (D — (Dpr') )
— Dy (Af (%o, Du) — Af(x, Du)) + D (ff (x) = (f)r) -
For every 0 < ¢ < R from Lemma 2.5 it follows
n+2
Do — (Do)[* dx < L(%) / Do — (Do) dx
B, R B
hence

n+2
/ Dy — (Du),[* dx < 2L (%) / Do — (Do)g|? dx+4/ IDw|? dx
B, R Br Br

o\ 2 5 o\ n+2
<41 (2 Du — (Du)r? dx+4(1+2L (< /D2d.
<4t ()" [ 1pu—upl s (120 ()") [ pwias
Now w € W, (Bg, RN) satisfies
Wy o i “p _ zup
/BR A% DywiDygl dx < /BR ath - A&

+ [ 148 (o, Du) — 43(x, D) | Dag!
R

‘Dﬁuj — (Dﬁuj)R\|Dagoi‘ dx

dx

< </BR w2(|Du — (Du)R|) |Du — (Du)R]2 dx)l/2 </BR |D(p|2dx>1/2

1/2
+ (/ |A¥ (x,, Du) — Af‘(x,Du)]2 dx> (/ |D(p|2dx>
BR BR

(s e)” ([ oot)

for any ¢ € Wy (Bg,IRN). Hence, choosing ¢ = w, we get

1/2/ \Dw\zdx§2/ w? (|Du — (Du)g|) |Du — (Du)g|* dx
Bk Bg

+4/ | A% (xo, Dit) — A% (x, Du)|? dx+4/ f — fr|? dx.
Br Br

From (3.1) and (3.2) we have
n n 2 n
(o) /B Du— (Du),* dx < 4L (%) [ 1Du— (Du)x dx
8(1+2L(§)"?)
1/2
—|—2/ |A;-"(xo,Du)—A;-"(x,Du)|2 dx+2/ \f—fR|2 dx]
BR BR

o\n+2
4 (g)n+2¢(R)+8(1+252(R) )(11+212+213)

+

[/B w? (|Du — (Du)g|) |Du — (Du)g | dx

1/2
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We use the Young inequality (2.7) (here complementary functions are defined through
(2.6)) and for any 0 < ¢ < w? we obtain

I :/B w? (|Du — (Du)g|) |Du — (Du)g|* dx
2
< E/B |Du — (Du)R|21nJr (as]Du— (Du)R|2> dx + . Y <a;R> dx =¢/1 + > (3.4)

where w3 (x) = w? (|Du(x) — (Du)g|).
The term J; can be estimated by means of Proposition 2.9 (here g = n/(n — 2)) and we get

J1 < CCy (aellr)" " p(2R) (3.5)

M\ n—2 \"
_ n(g=D)n v _
cC=2 <5C5v> , C”_<2e y) .

Taking in Lemma 2.7 w(y) = |v(y) — vy,r| on Br(x) and w = 0 otherwise, we have Eg(t) =
{y € Br(x) : |v(y) — vy r| > t} and for the the second integral |, we get

1 . 2
- E/o - (“’5”) my (Er(t)) dt (3.6)
where ¥ = 4¥.

We have (we use Lemma 2.8) for V & > 0

/ooo %qf <w2€(t)) my (Eg(t)) dt
= oto cclit~< e(t)> n (Er(t)) dt+/o ; ( :
<k R" Ot“ i@( e(t)) dt 4+ sup < 1t0 /tt ;S‘Y <w2€ >d>/t:° e i

t0<t<oo

<o (CU) R sup [ () — ¥ (4

to<t<oco

where

. 2
<o () e

$(2R). (3.7)

2" UpR 2" VUzr

< [K‘T’(w(”) v (@)”2 M

¥
R
9(2R) < Uzr * Urr

If for some R > 0 the average Ur = 0 then it is clear that x, is the regular point. So next

we can suppose Ug is positive for all R > 0.
From [2] and [13] we have that Du € L%¢(Q,R"™N), { € (2,3) and also

C2 C/M/V/CH/X/Q
/B |Du|?dx < ( ) ) (Hf”iz'@(Q,IR”N) + HDgH%Zé(O,R”N)) R¢
R

=Cu RS, VO<R<d,. (3.8)
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From the assumptions (iii) follows
I, < CyC%R™ / IDul? dx < CpC}HR2+E (3.9)
R

and
I < [f]zﬁzﬁ(QOIIRWN)R(:- (3.10)
We get from (3.3) and (3.4) by means of (3.5), (3.7), (3.9) and (3.10)

po) <41 (2)" p(ar)
5 () e o
+2cM( >2R2+€ 2 [P g R }
<4L (%)"+ $(2R) + 8 (1 +or <g)"+z> x
([ 2 (3(29) & Ao

2
+ 5 (CuCh + [ Poas o) RA} (3.11)

<1+2L

where A = min{2x + ¢, ¢}.
In (3.11) we can choose

2 128|Q)|1/2
N — for U(2R) > 0 (3.12)
Cy (Zdo) 1/2€0 UZR
where ¢, = W and y > 17, « > 1 —2/n are suitable constants.

We set P = wes /v. Then we obtain for Urg > 0

n-+2 1 n
o= () o003 (1021 (7))
16cP2 [ 12810202 \ "7 (24,22 [ (@ (t)
X {|: Cﬁ_l ((2[1 )”/ZCﬁ ) +W (‘F( e >+M \/@) €p 4)(2R
L3
<CMC%{+ ﬁzg QRN ) }

§4L<%)"+2¢(R)+ <1+2L(> )

271-3¢py (] \'T 1 (2d,)"/2
X { 1 ((Zdo)”) t3 <3+ Q72 M/ U2R> €o| ¢(2R)
U 0

32
<CMC%_1 + [f]2£2,§(QO’]RnN)> R/\}
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for all 0 < ¢ < R < d, (for the estimate ‘T’(w2(t0) /€) < 3, see Appendix).
In the last term of the foregoing inequality we employed the estimate from (1.11). The
constants « > 1 —2/n and pu > 17 can be always chosen in such a way that

q—1 q—1

274-3Cp2 Q] \ 7 1 ga—1 274-3Cp2 Q] \ T
T <<2d >ﬂ> =3% = G =T ((zd >"> G139
C”l 60 0 eg 0

and we get

g

¢(0) < 4L (E>n+2q§(R) + % <1 +2L (;)"H)

8% T 12

forall0 < o <R <d,.
Wecanput A =4L, a =n+2,

32 (CMC2 + [f]ﬁZ&(Q]RnN))
12

7 M (2d,)"/?

€0/ B2 == 8|Q|1/2 60/ C:

7

s=1/2,B=A,6=20,1/4=¢ and d = d,. Now from (1.11) follows that B, Upg, (x) <
€,/8 and if (1.12) is satisfied we can using Lemma 2.4. In conclusion we get

(o) < Uﬂ(klg‘b(ZdO) +ky), Vo<o<d,, n<d<A.

4 Illustrating examples and comments

Example 4.1. We will consider the system (1.1) with w from Example 1.7 for Q = Bg(0),
Q, = Br/2(0) and also d, = R/4. Supposingn =3, N =2,9=3,9 = 3.1, we = v, M/v =10,
Cs = 10, €, ~ 10728 (the value €, seems to be realistic, see Remark 2.6, here L ~ 10'4), y =1
and A = 4 we can get as follows:

1030 1050 1070 1090 10110 10130

Weo =
to = 10% 10! 10'® 10%* 100 10%
w(t,) 102 10% 10" 10% 1088 10!%8
t 10%% 10%7 107 107 10%° 10"
W(woo) 1019 1044 1069 1090 10110 10130

1
real value iz

estimate L by means of (1.14)

10° 1021 10%° 10 10® 107!
10° 102 10%® 10 10°° 107!

QXX

w (,/\/12 ) 1010 1032 1055 1078 10100 10122
I = 1.9 192 192 192 1.91 1.9
0% = 039 039 039 039 039 0.39
U = 303 30.1 30.1 30.1 302 303

. . —16 40 94 146 198 250
the right-hand side of (1.12) ~ ~ 19— - - 15— 10— I

l
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Here #; is the point for which w(t;) = we and Zg = max{(R/4)%, R/4}. It is necessary to re-
member that the condition (1.13) from the main Theorem is satisfied for the above-mentioned
parameters.

In conclusion is possible to say, that the theorem gives good results if v > 1/¢, =

4(2mSL) i,

Appendix A

First we have to estimate of [, |Du|? dx. We can rewrite the system (1.1) as

A (Dgul — Dpgl) + (A% (x, Du) — A% (xo, Du)) + Ay, Dygl| Dug d

[ A} (Ds! — Dyg’) + (A% (x, Du) = A¥(xo, Du)) + A Dyg'| Dug dx
= / (f* = (f)a) Dagidx (A1)

where A of— fo (X0, Dg + t(Du — Dg)) dt and A fo P (x,,tDg) dt.
We put in (A. 1) ¢' = u' — g’ and we get as follows

pe i p i
/QA?} Dgw/ Dyu' dx+/QAf;- Dgg/Dyg' dx
JeB iD o iD i P i P Do
= /QAij (Dﬁu Dng' + Dgg Dw) dx — /QAU Dgg/Dyu dx+/0 Ajj Dpg’Dag' dx
/ (Af(x,Dg) — Af(x,,Dg)) <D,Xui — Dagi) dx
+ [ (= (f1)0) D dx = [ (£ = (f)n) Dag' d

From ellipticity (1.3) we have

1// |Du|2dx+1// |Dg|? dx
) o

</~
< )14

~uap . .
A;i |1Dgg||Daut

(1D ||Dag'| + Dpg!| Dt ) dx

~uf . ;
Ajj | |Dgg’[|Dag'| dx

n
ij

+/ | A% (x, Dg) — A} (%0, Dg)||Dag'| dx

+ [ 1 = U0l el dx+ [ 1f2 = (£)al IDug'|dx
—11+12+I3+I4—|—I5+16. (AZ)

By means of Young’s inequality we get by choosing ¢ = v/2M
I < 2/ \Duy|Dg|Z)A’?‘F‘
I <
L < /Q IDg|Dg| ¥ Ai]-

L < CH/ ]x—xo|X|Dg|Z|D,Xgi|dx < nNCHdé/ |Dg|2dx,
0 Q

2 M2
dxglv/ ]Du\zdx—i—M/ |Dg|?dx,

dx < 1// |Du|2dx+—/ |Dg|?dx,

dx < M/ |Dg|?dx,
0
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e=v/4
= [ 1ff = (ol iDar|dx < [ 1Dul LI = (f)aldx

2n2N?
< —_ 2 / — 2
< 81//Q|Duy dx+— Q|f (f)al“dx,

= [ LI = DallDag'|dx < [ IDgI 1A = (f)aldx

’ n>N? 5
< - .
_21//Q|Dg| dx + 8y /Q|f (f)al dx

Together from (A.2) we have

NCudt M M\? 1812 N2
2y < g 200 M — / 2 / - 2 dx.
/QyDu| dx_S( =24 +3<U) > | IDglPdx+—— | |f = (flal" dx

(A3)

Now we can rewrite the system (1.1) as

/Q [Aw (Dﬁ”] (Dﬁgj)(l) + (A¥(x, Du) — A;"(xo,Du))} Do dx
—/ (fif — a)Dug'dx (A4)

where A“?}/S = fo (x0,(Dg) +t (Du—(Dg)q)) dt. |
We put in (A. 4) ¢' = (u' — (Dug')axa) — (8 — (Dag')rxs) and we get as follows

/Qﬁff (Dp — (Dpg/)a) (Dt — (Dug')a)
— [ A (Dg - <Dﬁgf)o) (Des! — (Dug')ar) dx
+/ (x, Du) — A%(x,, Dut)) (D,xui - (Dagi)g) dx
/ (A% (x, Du) — A% (x5, D)) (Dag’ — (Deg')n) dx
= [ (74 = (1)) (Dat = (Dugh)a) dx = | (£(x) = (f)a) (Dug’' = (Dug)an) dx.
From ellipticity (1.3) we have

v [1Du— (Dg)af dx < [ |AF||Darf ~ (Dugha

+ /Q |A¥(x, Du) — A% (xo, Du)| ‘Daui — (Dagi)Q’ dx

A"‘ﬁ

D.g' — (Dagi)o‘ dx

+ [ 143 (x, D) = 45 (30, Du) | Dag’ — (Dag e
+ [ 120 = ()l [Dar' = (Dagh)a dx

+ [ 1) = (£)al [Dag’ = (Dag)a dx
—h+bL+L+L+Is. (A.5)
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By means of Young inequality we get by choosing e = v/M

h < [ 1D~ (Dg)al |Dg -

1 > M? 2
< Z _ o _
< 21//01Du (Dg)a|” dx+ > /Q\Dg (DQ)al” dx,

e=v/2
Izg/ |Du—(Dg)Q]Z|A§"(x,Du)—Af‘(xo,Du)\ dx
0
202
< iv/ \Du — (Dg)a | dx + = N / |A(x, Du) — A(xo, Du)|* dx
0 0
1 2 n2N2C2, 2% )
< _ " “HTO
_41//0\Du (DQ)al” dx + ” /Q]Du| dx,
e=v
L < [ 1Dg— (Dg)al 1145 (x, Du) — A% (xo, Du)| dx
1 2 1’12N2 2
< — — _
_21//Q|Dg (Dg)a|” dx + > /Q\A(x,Du) A(x,, Du)|” dx
1 ) n2N2C3dex 5
< = _ 2T YHTOQ
< 21//0|Dg (Dg)a|” dx+ oy /Q|Du| dx,
L < [ 1) = (f)al | Dag’ = (Dug')al dx
1 2 n2N2 2
< Z _ _
< v [ 1Dg = (Dg)al* dx+ "= [ |f = (Nl dx,
e=v/4

L < [ 1ff(0) = (f)al |Da’ = (Dag)al dx

2n2N?
< = — 2 _ 2
< 81//0|Du (DQ)al|” dx + ; /Q|f (fal” dx.

Together we get

/\Du—(Du)Q\ dx</ Du — (Dg)al? dx<4<2+< >>/ IDg — (Dg)af? dx

2012N>2 12n2N2C2 4%
+ 2 [ 1f = (Paf dx+ 0

/ IDufdx. (A.6)
Q

By means of (A.3) we are getting from (A.6) final estimate

/|Du—(Du)Q| dx<4<2—|—( >>/ |Dg — (Dg)q|* dx

2 2
. 96n2N2C2,d2x [nNinQ M <M>

2

4n2N? 54n2N2C2,d%\
2 [5+2H“ L 1F = (Pal? dx.




16 J. Danécek and ]. Stard

Appendix B

We give estimates of the constant M defined by (1.10) where w is defined by (1.7). We consider
to>0,0a>1—-2/n,u>17and 0 < ¢y < 0.44.

- (1272

!/

t—t,
wlt) [2‘”/0) <1+zf—1 (“’ze(t)ﬁl) (t—t,) - w<f>} ()T (g )e ()T
- e(t— t,)2
w(t) 2w () (14 (L))t = t0) —w(t)] ()L 2 () (1)
= , 0<t,<t<th.
e(t —ty)?
where a =2/(2u — 1) < 0.06 (1 > 17).
For w(t) = wy(t) = kt7, k = \/e/t] we get
K2 {t27 2y (14+a (B2)") (1= &) —1] 5 t?”e<k%> }
W (t) = 1)
2y (1ea(£)T) 0ty W
_ <> (%)
(t—t,)? to
2 2ay
= gl(t)(:r_g?()tz) -1 (:) ve(ﬁ) , 0<ty,<t<Hh. (B.1)

We prove that there exists at most one point t, < t, < t; such that //(t) < 0 on (t,, t)
and /() > 0 on (t,, o). For the proof, that h'(t) < 0 on (f,, t,,) is sufficiently show, that

gi() +g2(t) —1<0, Vi, <t<ty.

If we putt=t,+h, h > 0and ¢ = 2ay we have

W\¢\ o\ 1-(141)°
gl(to+h)+g2(to+h)—2’)’<1+ﬂ(1+t) )t()—f—}l+(1_t(,—|—]/l) e o/ < 1.

0

Now we development the functions (1 + h/t,)¢, (1 —h/(t, +h))?7 and el=(1+h/1)% o power
series we can rewrite the previous ones into the form

2y +¢ & 2 2 2y o o y(1-27) 5 2
t0+hh+to(to—i—h)h +o1(h*)+ (1 t0+hh (t0+h)2h +02(h?)

- B 2
X (1 - th + ér(12t3 ey o1(h?) + % <—ih + 5(12t% 2 01(112)) + 03(h2)) <1.

After some adjustment and if we suppose that & < t, we can write

429 y(1-29) c(a,y)
<to(to+h) (o +h)? >h2+ £3 P <o.

0
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It is also sufficient to prove

% (4a27+4a7 1 —27> 2 )

<0
ty+h t to+h t3

— [21+2a+2a%)y—1]to+c1(a,7)h <0

and because limy,_, c1(a,7)h = 0 we can rewrite for sufficiently small 0 < h < t, preceding
inequality as follows

1
2(1+ 51 + e )

From this consideration we have

M = sup Y (@) - (%) = max (d{f’ (aﬂ(t))) , ¥ (%> ¥ (wz£t0)>
t=t,

7 <

> 0.44, Vu>17. (B.2)

fo<t<t t—t, dt e t—t,
22A'1 221x1
1= H=
6y Cletr  —e 1 cr el —e
= max t—’y, VT < - max } 67, VT
° to(Ch —1) 0 G/ —1
22“1
2 eC}l}17
< —max < 37, : (B.3)
to CIS_H_Z)’X

For the term ‘T’(%) from the definition of M we get

7 (1)) - W (t) (5

3 £

)2/(2;471)
=e, Vi, >0.
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