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1 Introduction and main results

In this article, we consider the multiplicity results of solutions of the following fourth-order
elliptic equation:

{Azu—Aquu:f(x)]u\q_2u+|u|’”_2u, in RN, (1.1)

u € H2(RN),

where N > 4,1 < g <2< p <22 =2N/(N—4)), the weight function f satisfies the
following condition:

(F) f>0,f € L'(RN) N L®(RN) where r, = 7= for some r € (2,2.).

Associated with (1.1), we consider the C!-functional Iy, for each u € H?(R"N),
1 1 1
I = Zul|®* = ,/ Idy — f/ Pdx,
) = gl = o FOultdx = [ alra

where ||lu|| = ([gn (|Au* + [Vul? + u?) dx)l/2 is the norm in H2(IRYN). It is well known that
the solutions of (1.1) are the critical points of the energy functional I [14].
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In reality, elliptic equations with concave ang convex nonlinearities in bounded domains
have been the focus of a great deal of research in recent years. Ambrosetti et al. [1], for
example, considered the following equation:

—Au = Audt 4y 1 in Q,
u>0, in O, (1.2)
u € H (Q),

where Q is a bounded domain in RN with 1 < g<2<p<2(2f= % if N > 3,2% =
oo if N =1,2) and A > 0. They found that there is Ay > 0 such that (1.2) admits at least two
positive solutions for A € (0, Ag), has a positive solution for A = Ay and no positive solution
exists for A > Ag. Actually, many scholars have also obtained the same results in the unit ball
BN(0;1), see [2,6,10,13].

Furthermore, it is also an important subject to deal with elliptic equation with concave-
convex nonlinearities when a bounded domain Q) is replaced by RY. Wu [18] studied the
concave-convex elliptic problem:

—Au+u = fH(x)ul + g, (x)uP~1, in RV,
u>0, in RN, (1.3)
u € HY(RVN),

where1 < g<2<p<2*(2*=2N/(N—=2)if N>3,2* =0 if N=1,2),

fa=Afe 4+ f- (fx = £max{0,£f} #0)

is sign-changing, ¢, = a + ub and the parameters A,y > 0. When the functions f, f, a, b
satisfy appropriate hypotheses, author obtained the multiplicity of positive solutions for the
problem (1.3). Hsu and Lin [9] dealt with the existence and multiplicity of positive solutions
for the following semilinear elliptic equation:

—Au+u = Aa(x) w7 2u + b(x)|u|P~2u, in RV,
u>0, in RN, (1.4)
u € H'(RN),

where a, b are measurable functions and meet the right conditions. They obtained the result
of multiple solutions of the equation (1.4).

Inspired by the existing literature [5,8,9,11,15,18-20], the main aim of this article is to study
(1.1) involving concave-convex nonlinearities on the whole space RN. As far as we know,
there are few articles dealing with this type of fourth-order elliptic equation (1.1) involving
concave-convex nonlinearities. Using arguments similar to those used in [16], we will prove
the existence of two nontrivial solutions by using Ekeland variational principle [7].

Let
= (5=2) =)
P—9q pP—4q
where Sp and S, are the best Sobolev constant. Now, we state the main result.

Theorem 1.1. Assume that (F) holds. If |f|,, € (0,0), then (1.1) has at least two nontrivial solutions,
one of which is the ground state solution.

N

c—q

) p(2—9q) q

Sp"YSsE >0,

=

This paper is organized as follows. In Section 2, we give some notations and preliminaries.
In Section 3, we are concerned with the proof of Theorem 1.1.
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2 Notations and preliminaries

We shall throughout use the Sobolev space H?>(RY) with standard norm. The dual space

of H>(RN) will be denoted by H-2(RN). (-,-) denotes the usual scalar product in H?(RN).

L"(RYN) is the usual Lebesgue space whose norms we denote by |u|, = ([gn |u]’dx)1/r for

1 < p < co. Moreover, we denote by S, the best Sobolev constant for the embedding of
H?(RN) in L"(RN).
Now, we consider the Nehari minimization problem:

K = inf{lf(lxl”l/l S Nf},

where Ny = {u € HZ(RN)\{O}’<I]/{(M>,M> = 0}. Define

1 — yl? — Iy — p
V() = (L)) = [l = [ F)lufiax = [ julPdz.
Then for u € N,
(W (), u) = (@ (u),u) = (Ip(u), u)
— 2 _ q _ _ 14
=P = =) [ f@lulidx—(p=1) [ |ulax
Similarly to the skill used in Tarantello [16], we split N into three parts:

Nf+ = {u € Ny [ (py(u),u) >0},
N} = {u € Ny | {pj(u),u) =0},
Ny ={u e N¢ | ((u),u) <0}

and note that if u € N, that is, <I}(u), u) =0, then

/ _ _ 2_ (4 q
W)y = = )l = g = p) [ 7x)luldx
— =l = (p—q) [ lulax.
R
Then, we have the following results.

Lemma 2.1. If f|,, € (0,0), then the submanifold N° = @.

Proof. Suppose the contrary. Then /\/']9 # @, i.e., there exist u € Ny such that (pi(u),u) = 0.
Then for u € N'? by (2.1) and Sobolev inequality, we have

_r
=l = (p=a) [, [uPax < (p—g)s, |[ul”,

and so :

@-9s; "
> | ——- . 2.2
u_( — ) @2)

Similarly, using (2.1), Sobolev and Holder inequalities, we have

(=2l = (p =) [ FNultdx < (p = Ifl, S, ull,
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which implies that
1
(P —alflr, "7
Jull < ( - 2.3)
(p—2)S7
Combining (2.2) and (2.3) we deduce that

[N]

-9

_ _ = r2-q)
b (13) G

which is a contradiction. This completes the proof. ]

Lemma 2.2. If |f|, € (0,0), then the set Nf’ is closed in H?(RN).

Proof. Let {u,} C N such that u, — u in H?(RN). In the following we show u € N, ;- In
fact, by (I} (un), un) = 0 and

<I}(un),un> — (I}(u),u) = <I}(un) — I}(u),u} + (I}(un),un —u) =0 asn-— oo,

we have <Ij’f(u), u) =0.Sou € Ny. Forany u € N, that is, <1p}(u), u) < 0, from (2.1) we have

_r
@=q)lul? < (p=q) [ lul'dx < (p—)s, Jull”,

and so ]

2\ 2
2—q)S3
]| > ((Pq)q’?) > 0.

Hence N, s is bounded away from 0. Obviously, by (2.1), it follows that (W (un), un) —
(1p}(u),u> as n — +oo. From <1/J}(un),un> < 0, we have <1p}(u),u> < 0. By Lemma 2.1,
for |fl,, € (0,0), N? = @, then (9 (u),u) < 0. Thus we deduce u € ./\/f_. This completes the
proof. O

Lemma 2.3. The energy functional Iy is coercive and bounded below on N.
Proof. Foru € N, , then, by Sobolev and Holder inequalities,

Ir(u) = Ir(u) - ;<1}<u>,u>

_P=2, 0 P4 q
TR [ 7 e (x)|u|Tdx

— _9
ul? = ”pqqmrqsr 2|,

- P2
= 2
This completes the proof. O

The following lemma shows that the minimizers on Ny are “usually” critical points for If.
The details of the proof can be referred to Brown and Zhang [4].

Lemma 2.4. Suppose that il is a local minimizer for Iy on Ny. Then, if it ¢ N7, il is a critical point
Of I f-
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For each u € H?>(RN)\{0}, we write

1

(ol 7
s ((p—q) T |urpdx> 0

Then, we have the following lemma.
Lemma 2.5. For each u € H*(RN)\{0} and |f|,, € (0,0), we have

(i) there exist unique 0 < t* := tT(u) < tygy <t~ =t~ (u) such that tTu € Nf+, t~u € Nf_
and
I(tTu) = inf Ig(tu), Ip(t"u) = sup If(tu).

tmnax 220 E> o

(ii) t~ is a continuous function for nonzero u.
ﬁm.N‘::{MEIFGRNﬁ&OHWﬁF'QMO 1}
Proof. (i) Fix u € H?(RN)\{0}. Let
s(t) = £27|ul|® - t"”q/ |u|Pdx  for t > 0.
RN

We have s(0) = 0, s(t) — —oo as t — oo, s(t) is concave and achieves its maximum at t,y.
Moreover, for |f|,, € (0,0),

2—q

]

-9

S(tmax) — 2 q HMHZ e H ||2 (2_q>HuH2 P—Z/ ’u‘de
(P —q) Jn |ulPdx (p—q) gy [ulPdx RN
2= 2
= [Ju|? Ju? \" ( q)ﬂ p—2
Jrn lulPdx pP—q p—q
2—q
=2 2—q
<2— >P -2
p—a) P-4 24

= [Jull®

up \’
> lult | —H—
S, 2 |lull”

| p
b
A=
(2 q)Sp p—2
P—q P—q
_1
> | flr Se ¥
q
zAngMde>0

Hence, there are unique t* and ¢~ such that 0 < t1 <t < £,

s(t) = [ Fx)lufidx = s(t")

and
sS'(H7) >0>¢(+).
Note that

gﬂm)m>:ﬂ”<40—éwﬂ@mww)
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and
(W (tu), tu) = 715/ (t)  for tu € N

We have tTu € ./\/er, t'u € Ny, and Ir(t7u) > Ig(tu) > Ir(t"u) for each t € [t,¢7] and
Ie(t*u) > I¢(tu) for each t € [0,+"]. Thus,

I(tTu) = inf  If(tu), Ir(t~u) = sup Ip(tu).

tmax >£>0 >t ax

(i) By the uniqueness of t~ and the external property of ¢, we have that t~ is a continuous
function of u # 0.

(iti) Foru € N, letv = HlTlH By part (i), there is a unique ¢~ (v) > O such thatt~ (v)v € /\/'f*,
that is #~ (i) i € N . Since u € N, we have t~(qup) g = L which implies

([l Ju

N C {u e HZ(IRN)\{OHHth ( u ) _ 1}.

]

1 ,— . _ _
Conversely, let u € H2(RN)\{0} such that Tt (H’;—H) =1. Then ¢ (HMTO ﬁ € Nf . Thus,

1 u
N_:{uGHZ RM)\{0 ’t‘ <> :1}.
f N g U
This completes the proof. O
By Lemma 2.1, for |f|,, € (0,0) we write Ny = /\/'Jj' UN; and define

lx}r - uier.k}'} If(”), 0‘; h uier./{/f'ff If(u)‘

Lemma 2.6. For |f|, € (0,0), we have ay < D(}L <0.

Proof. Let u € Ni7. By (2.1) we have

and so
1 1 1 1
Ir(u)=(=—= 2 ———/ Pd
)= (37 ) P+ (5 =) [ e
<[G-3)+G-3) G=p) er
2 q q9 p)\p—1q
(p 2)(2_‘7)“ H2 <0
2pq
Therefore, ap < oc]f < 0. O

3 Proof of Theorem 1.1

First, we will use the idea of Ni and Takagi [12] to get the following lemmas.
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Lemma 3.1. If |f],, € (0,0), then for every u € Ny, there exist € > 0 and a differentiable function
¢:Be(0) € H2(RN) — RT := (0, +00) such that

g(0) =1, g(w)(u—w)eNs, Vw e B(0)

and
2(u,v) — ) || 2uvdx — ulP~2uvdx
<g,(0),0>: ( ) q\f]RNf( )| |/ pf]RN‘ | (31)
W), u)
for all v € H2(RYN). Moreover, if 0 < C; < ||u|| < Cy, then there exists C > 0 such that
[(8'(0),0)] < ClJo]]. (32)

Proof. We define F : R x H2(RN) — R by
F(t,w) = tu — wl]? —tq—l/ F(x)|u —w|‘7dx—t’”‘1/ 1 — wl|Pdx,
RN RN

it is easy to see F is differentiable. Since F(1,0) = 0 and F;(1,0) = (lp}(u),u> # 0, we apply
the implicit function theorem at point (1,0) to get the existence of € > 0 and differentiable
function ¢ : B¢(0) — R™ such that ¢g(0) =1 and F(g(w),w) = 0 for Vw € B.(0). Thus,

g(w)(u—w) e Ny, Vw € Be(0).

Also by the differentiability of the implicit function theorem, for all v € H?(RY), we know

that

(g(0),0) = _W

Note that
—(Fv(1,0),v) = 2(u,v) — q/ F(x) |ul" 2uvdx — p/ lu|P2uvdx
RN RN

and Fy(1,0) = (¢} (), u). So (3.1) holds.
Moreover, by (3.1), 0 < C; < |lu|| < C; and Holder’s inequality, we have

o) 1) < Cll
60001 < i

for some C > 0. To prove (3.2), therefore, we only need to show that |(lp}(u),u>] > d for
some d > 0. We argue by contradiction. Assume that there exists a sequence {u,} € N,
C1 < ||unl] < Cy, we have <1,b}(un),un> = 04(1). Then by (2.1) and Sobolev’s inequality, we
have

@= )l = (p=a) | 1ual?dx+04(1)

_r
< (p—q)Sp * unll” + 04 (1),

and so
1

2-g)si\ "
z((p”qp) T on(1). 33)
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Similarly, using (2.1) and Holder and Sobolev inequalities, we have
(p = 2)lfunl* = (p — 9) /RN S () fun|?dx + 04 (1)

_1
< (P = DIy Sr 2 unll”+ 0n (1),

1

— 2—q

i < <W> +ou(1), 6
(p—2)S7

Combining (3.3) and (3.4) as n — +oo, we deduce that

which implies that

N

-1

—2 2 2 P(Z*q) q
P—9 P—9

which is a contradiction. Thus if 0 < C; < ||u|| < Cy, there exists C > 0 such that

(8'(0),0)] < Clfo]].

This completes the proof. O

92
=N
<
©
%)
=N
I
S

Lemma 3.2. I |f],, € (0,0) € (0,0), then for every u € N, there exist € > 0 and a differentiable
function g~ : B¢(0) € H2(RN) — R* such that

¢ (0)=1, ¢ (w)(u—w)e ./\/f_, Vw € Be(0)

and
_ 2 x)|u|T2uvdx — u|P~2uvdx
((g7)/(0),0) = 2 = SO P Jpe 1 @5)
(), )
for all v € H2(RN). Moreover, if 0 < C1 < ||u|| < Cy, then there exists C > 0 such that
[((§7)(0),v)| < Cllo]. (3.6)

Proof. Similar to the argument in Lemma 3.2, there exist € > 0 and a differentiable function
8§ :Be(0) = R* such that g~ (0) = 1 and ¢~ (w)(u — w) € Ny forall w € B¢(0). By u € N7,
we have

(), u) = P = (=1) [ folulidx—(p=1) [ ulrdx <o.

Since ¢~ (w)(# — w) is continuous with respect to w, when € is small enough, we know for
w € B:(0)

I8 @)= 2= (g=1) [ f()lg (@)(u—w)dx—(p—1) [

RN

g7 (w)(u —w)|Pdx < 0.

Thus, ¢~ (w)(u —w) € N, ;+ Vw € Be(0). Moreover, the proof details of (3.5) and (3.6) are
similar to Lemma 3.1. O

Lemma 3.3. If |f|,, € (0,0), then

(i) there exists a minimizing sequence {u,} € N such that

Ir(un) = ap +0,(1),
IH(un) = 04(1) in H2(RY);
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(ii) there exists a minimizing sequence {u,} € N s such that

Ig(un) = ay +04(1),
It (un) = 0n(1)  in H2(RY).

Proof. (i) By Lemma 2.3 and the Ekeland variational principle on N, there exists a minimizing
sequence {u,} C Ny such that

1
Kf < If(un) <af+ " (3.7)

and .
Ir(uy) < If(U)‘f‘EHU—unH for each v € M. (3.8)

And we can show that there exists C1,C; > 0 such that 0 < C; < ||uy|| < Cp. Indeed, if
not, that is, u, — 0 in H>(RY), then I f(un) would converge to zero, which contradict with
If(un) — af < 0. Moreover, by Lemma 2.3 we know that I¢(u) is coercive on Ny, {u,} is
bounded in Nj.
Now, we show that
115 (un) | r2mvy — 0 asn — oo

Applying Lemma 3.1 with u, to obtain the functions g,(w) : Be,(0) — R* for some €, > 0,
such that

gn(0) =1, gu(w)(up —w) € Ny, Yw € B, (0).
We choose 0 < p < €. Let u € H*(RN)\{0} and w, = ﬁ. Since g (w,) (un — w,) € Ny, we
deduce from (3.8) that

l18n(@p) — Ul + pga(ep)]

1

> EHgn(wp)(”n - wp) — Uy||

> Ir(un) — Ig(gn(wp) (tn — wp))

=l =1 [ f@lnltax =1 [ s = 3 (ga(en)’ s —
5 1Hn g Jrv n p Jry n 5 n{Wp n 0

+ 37 (sn(op))! [ £t — oyl + ; (3n(p))” [t — coplPax

(gn((‘,ﬂ))z 1 1
2 ”un [LPHZ 2(

a(w 71
)L [l — it

o ([ i =yl = [ 7l it
(8n(wp))" —1

/ \un—a)p\”dx+1</ |un—a)p|”dx—/ \un\pdx>.
p RN p \JRN RN

l|un — prz - H“nuz)

_|_

+

Note that

lim MY 7 qim :< n’o,”>.
B Jim, ) (&) O i
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If we divide the ends of (3.9) by p and let p — 0", we have

2| (o)
<( )()>|yun|\2 /. au A( i H>+wnv<—|z|>+un<—uzu>dx

(@O, ) [ @l [t 2 (<)
<<gn>'<o>,”u||> fo ol [l (<)

= (O, ) (Il = [ gl [ ) = i [l

+—/ AuyAu+ Vu,Vu+ u,u dx——/ ) |, |9 2u, udx
Jull Jres JPE ] Jg

™ +1}

>

:2

::

_|_

- <<gn> <o>,|“||> (T (1), ) + Hle<1}<un>,u>

u
=Tl (L),

that is,

|-

[1€(8n)"(0), ) [[utnll + llull] = (Tf(uin), u1).

By the boundedness of ||u,|| and Lemma 3.2, there exists C > 0 such that
C u
=> (T R O
i > (1) )

(It(un),u) ¢
()l 2mny = sup Lo <
werz@®M)\jop 1l n

Therefore, we have

that is, [ f( n) = 0n(1) as n — +o0. This completes the proof of (i).
(ii) Similarly, by using Lemma 3.2, we can prove (ii). We will omit the details here. O

Now, we establish the existence of minimum for I ron N f+ .

Theorem 3.4. Assume that (F) holds. If |f|,, € (0,c), then the functional I has a minimizer u™ in
N and it satisfies

(Z) If(u+) = af = DC?;
(it) u™ is a solution of equation (1.1).
Proof. From Lemma 3.3, let {u, } be a (PS)af sequence for I on N, i.e.,

If(un) = ap +04(1), If(un) =o0,(1) in H2(RY). (3.10)
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Then it follows from Lemma 2.3 that {u,} is bounded in H?(IRN). Hence, up to a subsequence,
there exists u™ € H2(RN) such that

u, = ut in H?>(RN);
uy —ut in L (RN) (2 <5 <2,); (3.11)
up(x) = ut(x) ae inRN.

By (F), Holder inequality and (3.11), we can infer that

/IRNf (%) |1 = /wa ()|u*|%dx +0,(1)  asn — co. (3.12)

In fact, for any € > 0, there exists M sufficiently large such that

1

</|X>M ‘f(x)‘rqu) "<

[
;

And from {u,} C Ny in H*(RY) is bounded, we obtain that ( [px [, — u™|"dx)" is bounded.
Therefore, we have
9 _ |yt oyt
S PG Q= [t D)l < [ f)ls = u* i
= )|y, —u'|9dx + )|, —ut|9dx
I W [T

9q

(/X<M |f(x)|”fdx> g §/|x|<M 4y — uﬂrdx) ’
T </|x>M \f(x)\rqu) v (/x|>M 4 —uﬂrdx)'

— 0 asn — oo.

IN

First, we can claim that u™ is a nontrivial solution of (1.1). Indeed, by (3.10) and (3.11), it is
easy to see that u™ is a solution of (1.1). Next we show that u* is nontrivial. From u, € N,
we have that

t) = (5= 3 ) Il = (5= 1) o F0 . (3.1

Let n — oo in (3.13), we can get

In view of Lemma 2.6, we have 0 > w}“ > ay, which implies f]RN f(x)|u™|7dx > 0. Thus,

u™ is a nontrivial solution of (1.1). Now we prove that u, — u™ strongly in H*(RY) and
It(u") = a. In fact, by u,, u € N, (3.12) and weak lower semicontinuity of norm, we have

<1ty = (=5 = (5= ) [ Ft

<tim (35 Ml2= (5 =) L el pa)

= lim If(un) = DCf,

n—oo
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which implies that Ir(u™") = a; and lim, e ||, [|* = ||u™||>. Noting that u, — u™* in H2(RV),
so u, — u' strongly in H?(RN). Furthermore, we have u* € N jf . On the contrary, if
ut € Ny, then by Lemma 2.5 (i), there are unique + and ¢~ such that t*u™ € N ;’ and
tut € fo. In particular, we have t* <t~ = T and so I(t"u™) < I¢(t u") = If(u™) = ay,
which is a contradiction. By Lemma 2.4 we may assume that ™ is a solution of (1.1). This
completes the proof. O

In order to obtain the existence of the second local minimum, we consider the following
minimization problem:

So = inf{Ip(u) | u € H*(RN)\{0}, I} (u) = 0},

where

1 1
lo(w) = el = [ Julax

From [17,21], we know that Sy is achieved at uy € H2(RN). Moreover,

S() = I()(Llo) = sup I()(tu()).
t>0

Then, we have the following lemma.

Lemma 3.5. If |f|,, € (0,0), then ap <+ So.

Proof. From Lemma 2.5 (iii), N, s disconnects H?(RN)\{0} in exactly two components:

m= | () >1)
n= () <)

and NV ;’ C Aj. Moreover, there exists t; such that u™ 4 tjug € A,. Indeed, denote ty) =
- ((ut + tug) /||ut + tug||). Since

t_( ut + tug >< ut + tug )E _
[t + tuol| J \ [[u™ + tuo| U

0 < o Jrn fO) [+ tugldx g [ [u™ + tug|Pdx
B [ + tuo |7 0 [+ tug||?

we have

Thus

to <

— |luo|| ast — oo.

[ |t/ + ug)|
(oo [/t 410l P)
Therefore, there exists t, > 0 such that tg < I||ug||, for some [ > 1 and t > tp. Set t; > tr +1,

then
2
_ 1/[+ + t]uo )) 2 2
| — < I“||lug
< <Hu++t1uoll ol

< |t |2 + Bluol? + 2t /RN(AwAuO YVt Vg + utug)dx

] p/(p—2)

= ||u" + tyuo?,
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that is, u™ + tjup € Aj. So there exists k € (0,1) such that u™ + ktjug € N, - Furthermore, we

have
0(; < If(u+ —|—kt1u0)
Lo+ 21 + 1 +
= —|lu™ + ktyug| —f/ fx)|u +kt1u0]”7dx——/ |u™ + ktyug|Pdx
2 q JRN p RN

1 1
< It + 5 [kt |2 = . /]RN Ikt Pdx

= If(u+) + Io(ktluo)
< ay+ Ip(uo)
=y + Sp.
This completes the proof. O
Next, we establish the existence of minimum for I Fon N f_‘
Theorem 3.6. Assume that (F) holds. If | f|,, € (0,0), then the functional I¢ has a minimizer u~ in
N and it satisfies
(i) Ir(u™) = o
(ii) u~ is a solution of equation (1.1).

Proof. From Lemma 3.3, let {u,} be a (PS) o sequence for If on f_' ie.,
Ig(un) = af +0a(1), If(un) =o04(1) in H2(RY). (3.14)

From Lemma 2.3 we have {u,} is bounded in H?(RY). Hence, up to a subsequence, there
exists u~ € H?(RN) such that

u, = u~ in H?*(RN);
(RN) (2 < s < 2,); (3.15)
up(x) = u=(x) ae. inRN.

s
Uy — U inLj

From (3.14) and (3.15), we have (I;(u"),0) =0, Vv € H2(RN), that is, u~ is a weak solution
of (1.1) and u~ € Ny. Let v, = u, —u~. Then

v, — 0 in H2(RN);
vp =0 in L (RN) (2 <5 <2,); (3.16)
v,(x) -0 ae in RN,

Now we prove that u, — u~ strongly in H?(RYN), that is, v, — 0 strongly in H?(RY). Arguing

by contradiction, we assume that there is ¢ > 0 such that ||v,|| > ¢ > 0. By the Brézis-Lieb
theorem [3],

_1 2_1 q _1 P
tn) = gl = [l [l
1 1 1
()4 L ,12_7/ J7d _7/ JPdx + on(1 3.17
f () + Sloull p ]RNf(x)!U\ = RN\U| x+o0,(1) (3.17)

1 1
= 1)+ gl = [ lenlfdxton(1)
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where f]RN f(x)]v,|7dx — 0 as n — oo. In fact, for any € > 0, there exists M sufficiently large
such that

1

</|X|>M !f(x)]fqu> " <e.

By (F), Holder’s inequality and (3.16), we have

RNf(x)\vn!qu:/ £(x)|on]7dx + £(x)|vn|9dx

[x|<M |x|>M

< ([ lrwrx) g (. rvnrdx)?
" </x>M |f(x)|rqu>"7 </|x|>M ’Un|rdx>r

— 0 asn — oo.

Moreover,

0n(1) = (L (un) ) = uall2 = [ FCO)lmaltex = [ JuenlPe
= () )+ ol = [ F@loldx— [ fouPdx+o,(1)  (G.18)
= lloull? = [, lonl"dx +0u(1)
RN

Combining (3.17) and (3.18), we obtain
foull> = [ JoulPdx = 0u(1), () 2 g+ 3 loal = [ JoulPdx +o0u (D)
RN 4 f = °f 2 p JRY

Since ||v,|| > ¢ > 0, we can get a sequence k,, k, > 0, k, — 1 as n — oo, such that s, = k,v,
satisfying |[s,||? — [gn [sn|Pdx = 0. Thus

1 1
Iy(n) 2 gt sl = [ IsalPdx 04(1) 2 g 4 S0 0 (1),

that is, (xj? > of+ So, contradicting Lemma 3.5. Hence u,, — u~ strongly in Hz(]RN ). This
implies

Ie(un) = Ip(u™) = &y asm — oo
Furthermore, from Lemma 2.2, NV, f_ is closed set and bounded away from 0. We have u~ € f_

and u~ is nontrivial. By Lemma 2.4 we may assume that u#~ is a solution of (1.1). This
completes the proof. O

Proof of Theorem 1.1. By Theorems 3.4 and 3.6, for (1.1) there exist two solutions u™ and u~
such that u™ € N, f+ ,u” € Ny . Since N f+ NNy = O, this implies that u™ and u~ are different.

Moreover, u™ is the ground state solution. It completes the proof of Theorem 1.1. O
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