Electronic Journal of Qualitative Theory of Differential Equations
2021, No. 72, 1-24; https://doi.org/10.14232/ejqtde.2021.1.72 www.math.u-szeged.hu/ejqtde/

Hopf bifurcation in a reaction-diffusive-advection
two-species competition model with one delay

Qiong Meng™!, Guirong Liu' and Zhen Jin?

1School of Mathematical Sciences, Shanxi University, Taiyuan 030006, Shanxi, China
2Complex Systems Research Center, Shanxi University, Taiyuan 030006, Shanxi, China

Received 26 October 2020, appeared XX September 2021

Communicated by Péter L. Simon

Abstract. In this paper, we investigate a reaction-diffusive-advection two-species com-
petition model with one delay and Dirichlet boundary conditions. The existence and
multiplicity of spatially non-homogeneous steady-state solutions are obtained. The sta-
bility of spatially nonhomogeneous steady-state solutions and the existence of Hopf
bifurcation with the changes of the time delay are obtained by analyzing the distribu-
tion of eigenvalues of the infinitesimal generator associated with the linearized system.
By the normal form theory and the center manifold reduction, the stability and bi-
furcation direction of Hopf bifurcating periodic orbits are derived. Finally, numerical
simulations are given to illustrate the theoretical results.
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1 Introduction

In this paper, we consider a two-species competition model in a reaction-diffusive-advection
with one delay

{augatc,t) =V [d1Vu(x,t) —aqu(x, t)Vm]+u(x, t)[m(x) —byu(x, t —r) —cio(x, t —r)], (L.1)

avg’t"t) =V [daVo(x,t) —ao(x,t)Vm]+o(x, t)[m(x) —byu(x,t — 1) —cov(x, t —1)],

where u(x,t),v(x,t) represents the population density at location x € ) and time ¢, time
delay r > 0 represents the maturation time, and () is a bounded domain in RX (1<k<3)in
(1.1) with a smooth boundary 9Q. a;,b;, c;,d; > 0 (i = 1,2).

In (1.1), we assume that both species have the same per-capita growth rates at place x € (),
denoted by m(x). This scenario can occur if the two species are competing for the same
resources. To reflect the heterogeneity of environment, we assume that m(x) is a nonconstant
function. In some sense, m(x) can reflect the quality and quantity of resources available at the
location x, where the favorable region {x € ) : m(x) > 0} acts as a source and the unfavorable
part {x € O : m(x) < 0} is a sink region, see [26]. When m(x) = 1, see [15,18].
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Under our assumptions in (1.1), the dispersal of the two competitors can be described in
terms of their fluxes

J. = —-d1Vu+aiuVm, J,=—doVv+aoVm,

respectively, where d;Vu and d>Vv account for random diffusion, and a;uVm and a,vVm
represent movement upward along the environmental gradient. The two non-negative con-
stants 4; and a, measure the tendency of the two populations to move up along the gradient
of m(x), and d; and d; represent the random diffusion rates of two species, respectively. See
[1,2,4-8,10,11,13,17,20,22-29].

When by = b, =c¢; =c2 =1, r = 01in (1.1), Chen, Hambrock and Lou [6] investigated the
following model

{a“g’;f” =V [ Vu(x, t) — aqu(x, ) Vm] + u(x, )[m(x) — u(x,t) — o(x,1)], 12

Pl G [y Vo(x, t) — ago(x, £)Vm] + o(x, ) [m(x) — u(x,t) — o(x, )],

They showed that at least two scenarios can occur: if only one species has a strong tendency
to move upward the environmental gradients, the two species can coexist since one species
mainly pursues resources at places of locally most favorable environments while the other
relies on resources from other parts of the habitat; if both species have such strong biased
movements, it can lead to overcrowding of the whole population at places of locally most fa-
vorable environments, which causes the extinction of the species with stronger biased move-
ment. These results provided a new mechanism for the coexistence of competing species, and
they also implied that selection is against excessive advection along environmental gradients,
and an intermediate biased movement rate may evolve.
When v = 0 in (1.1), Chen, Lou and Wei [8] investigated the following model,

{augf’t) =V [dVu —auVm] +u(x,t)[m(x) —u(x, t —r)], (1.3)

u(x,t) =0.

They investigated a reaction-diffusion-advection model with time delay effect. The stability
and instability of the spatially nonhomogeneous positive steady state were investigated when
the given parameter of the model is near the principle eigenvalue of an elliptic operator.
Their results implied that time delay can make the spatially nonhomogeneous positive steady
state unstable for a reaction-diffusion-advection model, and the model can exhibit oscillatory
pattern through Hopf bifurcation. The effect of advection on Hopf bifurcation values was also
considered, and their results suggested that Hopf bifurcation is more likely to occur when the
advection rate increases. See [3,9,12,14-16,18,19,21,30-34].

When dy = dy = d, a; = a; in (1.1), we study the following model with homogeneous
Dirichlet boundary and initial value conditions

(Ou(x,t)

57~ = V- [dVu — aquVm] +u(x, t)[m(x) — byu(x,t —r) — cyo(x,t —r)],
avgatc,t) =V [dVv —aoVm] + v(x, t)[m(x) — bau(x,t —r) — cov(x, t —1)],
xeQ, t>0, (1.4)

u(x,t) =v(x,t)=0, x€09Q), t>0,
u(x,t) = @1(x,t) >0, ov(x,t)=@a(x,t) >0, (xt)€Qx][-r10],

\

with the initial value functions

¢i(x,)) € C([-r,0L,RY) (x€Q), @i(-t) € Hy(Q) (t€[-r,0]), i=12
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In this paper, we mainly investigate whether time delay r can induce Hopf bifurcation for
reaction-diffusion-advection model (1.4).

As in [2,8], Let u = elmm/dym(x)y 5 — ol=am/d)m(x)y T — ¢4 dropping the tilde sign, and
denoting A =1/d,a = a;/d, T = dr, system (1.4) can be transformed as follows:

W = e=m)Y . [V y] 4+ Aulm(x) — bie™Xu(x, t — ) — ;™o (x, t — T)],

% = e~V - ") Vo] + Av[m(x) — bre™Fu(x,t — T) — c26™Fo(x, t — T)],

xeQ, t>0, (1.5)
u(x,t) =v(x,t) =0, x€dQ, t>0,

u(x, t) = @1(x,t) >0, ov(x,t) = @a(x,t) >0, (xt)€Qx][-1,0].

Throughout the paper, unless otherwise specified, m(x) satisfies the following assumption
(H) m € C*(Q)), and max,, g m(x) > 0.

The following eigenvalue problem
{_e—am(x)v . [eam(x)Vu] =—Au—aVm-Vu=Am(x)u, xeQ, (16)

u(x) =0, xe€09Q,

is crucial to derive our main results. It follows from [2,8,26] that, under assumption (H),
(1.6) has a unique positive principal eigenvalue A, admitting a strictly positive eigenfunction
@ € Ci(Q) for some 6 € (0,1) and [, p2dx = 1.

The rest of the paper is organized as follows. In Section 2, we study the existence of
positive steady state solutions of (1.5). In Section 3, we focus on the eigenvalue problem of the
linearized system of the steady-state solution of (1.5). In Section 4, we study the stability and
Hopf bifurcation of the spatially nonhomogeneous positive steady state of (1.5). In Section 5,
we derive an explicit formula, which can be used to determine the direction of the Hopf
bifurcation and the stability of the bifurcating periodic orbits. In Section 6, we give some
numerical simulations are illustrated to support our analytical results.

Throughout the paper, we also denote the spaces X = H*(Q) N H)(Q), Y = L*(Q).
Moreover, we denote the complexification of a linear space Z to be Z¢ = Z®iZ = {x1 +
ixy | x1,x2 € Z}, the domain of a linear operator L by D(L), the kernel of L by N (L), and
the range of L by R(L). For Hilbert space Y¢, we use the standard inner product (u,v) =
Jo @ (x)To(x)dx, u,v € Y.

2 Existence of positive steady state solutions

Denote
L:=V-[e"MV] 4+ A m(x),

where A, is a unique positive principal eigenvalue of problem (1.6) admitting a strictly positive
eigenfunction ¢ € Cj™(Q) for some é € (0,1) and [, ¢?dx = 1.
Now, we have the following decompositions:

X=N(L)eX;, Y=N({L)oY;, N(L)=span{¢},

X) = {y €X: /Q p(x)y(x)dx = 0} , Y1 =R(L) = {y eyYy: /Q p(x)y(x)dx = 0} .
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Clearly, the operator L : X — Y is Fredholm with index zero. L|x, : X; — Y is invertible and
has a bounded inverse.

In this section, we consider the existence of positive spatially nonhomogeneous steady
states solutions of system (1.5), which satisfy

V- [V u] 4+ Ae™ @ u[m(x) — bre™@u(x, t) — cre™Xo(x,t)] = 0, @.1)
V - [0V 0] + Ae™™ O u[m(x) — bpe™ O u(x, t) — creXov(x,t)] = 0, .
Suppose that the solution of (2.1) has the following expressions:
{uA = (= Ao+ (= A)E()) -
op = BA = Al + (A = Ay (x)],
where o, B € R, ¢, 77 € X;. Substitute (2.2) into (2.1) we have
LE +m(x)e™ g+ (A = A)E] = Aaby ™o + (A — A,
~Apere®” g+ (A= A)Zllp+ (A=A )y] =0, 23)
Ly +m(x)e"™ D[+ (A — 1)) = Auca®™ Vg + (A — A )]
—ABba®™ W [ 4 (A = A)E][p + (A — A)y] = 0.
When A = A,, (2.3) becomes following equations
L(: + m(x)eam(x)go _ /\*lxbleZ{zm(x) §02 _ /\*ﬁcleZam(x)§02 =0, 2 4)
L77 + m(x)eum(x)q) _ A*ﬁb262am(x)q02 _ A*“C262am(x)¢2 —0. ’

Multiplying both sides of each equation in (2.4) by ¢ and integrating on (), we have

by — by

149 4,
A bicy — bycq

G2 —C1
== 1 4
¥ blcz — b261 ! 'BA

am(x) 2
where di = % > 0, see [8]. And (),, 7\, € Xj is the unique solution of the

following equations

(2.5)

L&+ m(x)eam(x)(p — A*“A*bleZam(x)qOZ _ A*ﬁA*CleZam(x) §02 =0,
LW + m(x)eum(x)(P _ )\*,BA* bzeZam(X) (PZ _ A*“A*Cze%m(x)q)z —0.

To guarantee positive steady states solutions of system (2.1), we need following conditions:

(H1) (A —A)p2= >0, (A—A,)2

bica—bacy

> 0.

b]CZ sz1

Theorem 2.1. Assume that (H1) holds. Then there exist a constant 6 > 0 and a continuously differ-
entiable mapping which defined by A — (&, na, &, Ba), from (A — 6, A + 6) to X3 x (RT)? such
that system (1.5) has a positive spatially nonhomogeneous steady-state solution:

(2.6)

{MA = ax(A = A e+ (A = A)ga(x)],
vy = Br(A = A [+ (A = A)ma(x)].
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Proof. Let F = (F, F», F5, Fy) be defined as the following

Fi(&, 0 B,A) = L& +m(x)e™ M [p+ (A = A)g] = Aabr®™ g + (A — 1,)g]?
— ABe1®™ e+ (A — A)E[@ + (A — A)y] =0,
Fy (&1, a,B,A) = Lip + m(x)e™ g + (A = X)) — Awcae®™ g + (A — A )]
— ABB2 ") [ + (A — A)E @+ (A — A)y] =0,
E(&n,a,B,A) = (9,8) =0,
E(&m 0, B,A) = (@,1) = 0.

It is easy to obtain that from (2.5)

Ei(Cr Ma., r., Br., Ax) =0, (i=1,2,3,4).

The Fréchet derivative of F at (§,, %A, A, Ba,, As) 1S

¢ L& — A, (@b + Ecl)e“’”(")qu

oF 7| _ | L= Au(@cy + Bby)e™™ ) ?
a(g,;’],a,ﬁ) (6)\*,}7/\*,06/\*,‘[3/\*,)\*) ;iz\ <€D/§>
B (@, 1)

It is clear that the derivative operator (aiF is bijective. By using the

9(&11.4,B) |(CA*J7A*/“/\*/,B/\* Ax)
implicit function theorem we know that there exist a constant § > 0 and a continuously differ-

entiable mapping which defined by A — (&,,7,, &), Ba) from (A, —J,A, + 6) to X3 x (R™)?
such that system (1.5) has a positive spatially nonhomogeneous steady-state solution (2.6). [

3 Eigenvalue problems of the linearized system

For the convenience of discussion, we always suppose that A = ()\* -9, /\*) U (A, As +6).
Let (uy,v,)T is a spatially nonhomogeneous steady-state solution of (1.5) which is deter-
mined by (2.6). Let

U=u—uy,, 0=0—0,,

dropping the tilde sign, system (1.5) can be transformed as follows:

%—’; = e~ ™MOT . [T y] + Au(x, ) [m(x) — bre™Pu, — ¢ 0y,
— A"y [bru(x, t — ) 4 c1o(x, t — 1)),

® = e~ . [ )T0] 4 Av(x, t)[m(x) — boe™ )y — cre™ )y, ]
— A", [bou(x, t — T) + coo(x, £ — T)].

(3.1)

Denote A), B, :
. Ay O - Ae”m(x)u)\[bllpl(—’f) —+ ClllJz(—T)]
A= < 0 A ) Py = < Ae™ )0 [byipy (—T) + catpa (—T)] )

where
Ay = e O L [T 4 Alm(x) — be™ Xy — ey, ],

Ay = e Y L [T 4 Alm(x) — boe™ )y — cre ¥y, ],
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and ¢ = (1, 92)" € XZ.
It follows from [14,33] that the semigroup induced by the solutions of the linearized system
(3.1) has the infinitesimal generator T; ) satisfying

Ty = 1,[), (3.2)
where
D(Trp) = {$ € CeNCE | $(0) € Xe, $(0) = Arp(0) — Bay(—1)},
where
Cc = C([-7,0,Y3),  C¢t=CY[-T,0],Y3).

Moreover, ji € C an eigenvalue of T, , if and only if there exists = (1, )" € X2\ {(0,0)7}
such that

AA, 1, T) Y = Apyp — Bype " — uyp = 0. (3.3)

Lemma 3.1. 0 is not an eigenvalue of Ty ).

Proof. 1f 0 is an eigenvalue of Ty, that is, there exists some ¢ = (1, 92)" € X2\ {(0,0)"}
such that
A(A,0,7)¢p = 0. (3.4)

Note that A(A,,0,7) = (59) and N (L) = span{¢}. We let that ¢ takes the form

P2 = P29+ (A = As)q2(x),
where p1,p2 € R, q1(x),92(x) € Xj. Then substituting (3.5) into (3.4) and let A = A,, by
calculation, we have

{% =p1o+ (A = A)qi(x), (3.5)

Lgy+ [m(x)eam(x) QD_A*ezam(x) (bray, +C15/\*)(P2]P1 _A*ezam(x)“)\* <P2(b1P1 +c1p2) =0, (3.6)
Lo+ [m(x)e™ ™) @ — A& ) (byap + 2P, ) 9] p2 — A€M F) By @2 (bapy+c2p2) =0. '
By (2.5), (3.6) becomes
L(g1 — &a.p1) — Ae®™ Dy @?(bypy + c1p2) =0, (3.7)
L(q2 — 112, p2) — A0 B @*(bap1 + c2p2) = 0.

Multiplying both sides of each equation in (3.7) by ¢ and integrating on (), we have
b =0,
1pP1 +c1p2 (3.8)
bap1 +capa = 0.
By the condition (H1), we have bic; — bacy # 0. So we get p1 = p2 = 0 from (3.8). By (3.6), we
get g1 = g2 = 0. Then ¢, = 0, ¢ = 0. The Lemma 3.1 is now proved. O

We will show that the eigenvalues of T;, could pass through the imaginary axis when
time delay T increases. It is obvious that T, has an imaginary eigenvalue y = iw (w # 0) for
some T > 0 if and only if

m(A,w,0)p = AA,w,0)p = Aytp — Bype ™ —iwyp =0 (3.9)

is solvable for some w > 0,60 € [0,27), T = W, ne€Ny=1{0,1,2,...} and ¢ = (¢1,¢¥»)" €
Xg\{(0,0)T}.
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Lemma 3.2. If (w,6,9) € (0,00) x [0,277) x (XZ \ {(0,0)}) solves (3.9), then x4 is bounded
for A € A

Proof. Assume that (w,6, ) € (0,00) x [0,27) x (X2 \ {(0,0)T}) satisfy the following equation
(Axy = Baye ™ —icwy, ) = 0. (3.10)

Separating the real and imaginary parts of system (3.10), we obtain

w(p,¢) = sin0(Bay, ).

p [+ (A=A0)En ()] (bripr+e1ypn)
el Aeﬂm(X)’ sin 6| ‘ < (ﬁA[(P‘*‘(A—/\*)'M(X)](b2¢1+621l’2) )' ll]> ‘

A=A (¥ )
< (As + 8)e M@ max{M, N} max{|bi|, |c1], b2, |c2|}-

where M = maxaea{[aa|[[[lleo + (A + A) 182 (1) ][]},
N = maxaea{|Ballll@llo + (A + As)[I72(x)[l0] }. The boundedness of ;- follows from
the continuity of A — (ax, B, [|E1(X)]leos |72 (%) ]|co). The Lemma 3.2 is now proved. O

Note that X = N (L) @ X;. If (w, 6, ¢) satisfies (3.9), let = (1, 9»)" € X2\ {(0,0)"} can
be represented as

{llfl =pig+ (A= A)m(x), (3.11)
1/]2 = p2¢ + ()\ — )\*)qZ(x)/

where p1,p2 € R, q1(x),g2(x) € Xj. Let

G(‘h, lh; P]; P2/ h/ 9/ /\)l[] - lP = 0, (312)

where m(A, w, 0) is defined as in (3.9).
Obviously, we have
G(q1,92, p1, P2, 1,0, 1) = 0,

that is
L(q1 = Ga.p1) — A Way @2 (bypy + c1pa)e™ — ihge™ X py =0, (3.13)
L(q2 — 1, p2) — A0 B 9% (bap1 + copa)e™™ — ihpe™ ¥ py = 0. '
Multiplying both sides of each equation in (3.13) by ¢ and integrating on (), we have
— Aedae " Mp = ihp, (3.14)
- o j p2am(x) <p3dx . *b .
where p = (p1,p2)",d2 = P > 0, M = (frmie)-
Separating the real and imaginary parts of (3.14), we get
/\*d i OM - h y
2SIMEMPp = 1P (3.15)
Asdy cosOMp = 0.

It is easy to obtain the following lemma.



8 Q. Meng, G. R. Liu and Z. [in

Lemma 3.3.

(1) When 6 = 7 in (3.15), Axdo M has two real eigenvalues hy = A.dida, hy = A*d1d2%,
and (cz — c1,by — by)T and (—cq,by)T are two eigenvectors associated with eigenvalues hy and
hy, respectively.

(2) When6= 37” in(3.15), —A«dyM has two real eigenvalues hy = —A.dydy, hy= —A*dldz%,
and (cy —c1,b1 — bz)T and (—cy, bz)T are two eigenvectors associated with eigenvalues hy and

hy, respectively.

For each j = 1,2, set

W \hil, ifA > A, (3.16)
M kg, A< AL, '
which satisfies ij* =(A— )\*)h])'\* > 0, and their corresponding eigenvectors
{(P%A*/PéA*)T = (ca—c1,bi—bo)", if by, = |, (3.17)
(p%)\*’ p%A*)T = (_Clle)T/ if h%* = |h2|/
(p%/\*/ p%/\*)T = (C2 - Cl/bl - bZ)T/ if h}w = _|h1|/ (3 18)
(Phre o) T = (—c1,b2)T, if 13, = —|h2|.
And set
0, =<2 (3.19)
=, ifA> A,
which satisfies —e~ % h{\* = ith*.
Thus, q]1 Ar qu 1« € Xj is the unique solution of the following equations
L(ny = Enpnas) = Ao @2 (0rphy, +app)e " =il e Mgy, =0, o
, , ; e ; .
L(qJZ — A, pJZA*) - /\*ezum(x)lg)\*qbz(bﬂ?]l)\* + CZPJZA*)e O — Zh])\*qbeam(X)p]ZA* =0,

Remark 3.4.
(1) When v =0,b; = 11in (1.4), h; in Lemma 3.3 (1) is the same as h,, in (2.20) in [8].

(2) When a; = 0in (1.4), hq, hy in Lemma 3.3 (1) are the same as that in Lemma 3.4 (i) in
[15].

Then we get the following lemma.
Lemma 3.5. Assume that (H1) holds. For j = 1,2, the following equation

{G_(q]1<q]2, PP 0,10, 0,) =0,

A ANt | (3.21)
T 9 € X1, p1, P W ER, 0/ €0,27]

has a unique solution (q]ﬁ*, qéA*, inA*, p]é)w, Bﬁ*, h]).\* ), see (3.16)—(3.20).

Theorem 3.6. Assume that (H1) holds. Then for j = 1,2, there exist a constant 6 > 0 and
a continuously differentiable mapping which defined by A — (g}, 4y, Pirs Por, 04, 1)) from A to
X2 x R? x RY x R such that G(q},, qhy, P, Por, 84 1y, A) = 0.
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Proof. Let G = (81,82, §3, 84,85, 36) be defined as the following:

g1 = m(A, (A = AL, 0))a, + m(x)e™ W gp),

— A glasby (9 + (A~ A)E) + Baci (g + (A — AP,

+ Agane™ ) (@ + (A = A)8) (Bip), +eaphy)e ™% — i ppl, =0,
g2 = m(A, (A= AW, 0))ghy + m(x)e™ ) gpl,

— A planba (g + (A — A)E) + Baca(@+ (A — A)E)]

+ Ague™ ) (g + (A = A)E) (bapl, + caply)e ™ — it gphy =0,
3 =Re(g, ) =0, g1 =TIm(p,q},) =0,
g5 =Re(p,q5,) =0, g6 =1Im(p,q5,) =0.

The Fréchet derivative of G at (q]1 A qé A p]i A pé A GA*,h{\*, Ay) is

i e~ ™OILGy, + §1pyy + ZaP)y + §30) + Gult)
| T || &bl FoP b+ 205+ Bl
aG(ql)\*’ ‘12A*' Pu*' PzA* 9] M) f’u _ | Re(g, )
a(qm, Ghrs P Pors GJA,h]) PzA Im(p, ‘?]1/\> ,
9] Re(g, ‘?]2,A>
h] Im(g, 45,)

where

g1 = m(x)e”™® g — e () by + Br.c1)? — )\*oc;\*e”m(x)ble*igi\* — ith* ?,
5= —hay e, 7 = i), Aeg?uy, (bip],, +baphy e _?GJA*/ 3= —ipp),,
Q5 = m(x)e”m(x)(p — Aetmx )(zxA*bz + Br.c2)@? — A*a;\*em( )bye™ o, _ ith* ®,
S6 = — Aty e cye 7 = —it) A@Pan, (bipia, +bapan,)e” ., s = —ipp), .

It is clear that the derivative operator

aG(qu*, quA,/ P]mg szA,/ GJA,/ h]A*’ As)
8(5/]”, q]ZA' P]w sz)u 9&/ h]A)

is bijective. By using the implicit function theorem we know that there exist a constant > 0
and a continuously differentiable mapping which defined by A — (qlAr Gopr Pras P A,G A,h ),

from from A to X? x R?> x RT x R such that G(qur %NPM;PQA,G W,,A) = 0. The proof of
Theorem 3.6 is Complete O

From Theorem 3.6, we derive the following result.

Theorem 3.7. Assume that (H1) holds. For j =1,2,A € A and n € INy, let

; Gj +2nm
o = AT

j
wi
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and @, = (9}, ¥h)T,
o P = Pae + (A=A, (x)
{ = AL (3.22)
Yo, = Poa@ + (A= )\*)qu(x),

where g\, Ghy, Phy Py 04 I, are defined as in Theorem 3.6. Then
(1) Ti, has a pair of purely imaginary eigenvalues ticw);
Wi — i eyl T oA = i) e iwh
(2) Ty eyl = iwy e agpy, Ty ey = —iwy e

Now, we give some estimates to prove the simplicity of iwﬁ. The proof of the following
Lemmas 3.8-3.10 is similar to [14]. For the sake of the integrity of the article, we are going to
prove them again.

Lemma 3.8. Assume that (H1) holds. For j =1,2,A € A and n € Ny, we have
Sh= P\ ¥, — the By #0, (3.23)
where 1/)&, 7 and (9& are defined as in Theorem 3.7.

Proof. 1t is easy to obtain that

Re {SL} = <¢A’ (ll))\ - T,];efiH{\BAl[J/\» — [(p]ﬁ*)z + (péA*)z] #0, asA — A,
where using [, ¢?dx = 1 in Section 1. O

Lemma 3.9. Assume that (H1) holds. For j =1,2,A € A and n € Ny, iwg is a simple eigenvalue of
T,

Ty A

Proof. It follows from Theorem 3.7 that N[TT;];,/\ — jwﬁl] — 8pan[1p£ei‘”ﬁ(')], If iEN[TTw\— i) 2,
that is
(T, — iwﬂ)%ﬁ =0,
then |
(T, — iwl)§ e NIT, - iwl] = span[) ¢ 0)].

We assume that a constant p satisfies

LN ] iwj-
(T, — iwh)p = pyheal),

which leads to _ . o )
{'f/(S) = iwﬁf(S) + P’#]iel“””]g s € [-,0), (3.24)
¥'(0) = Axy(0) — Bagp(—n)-

From the first equation of (3.24), we have

¥(s) = lA[;(O‘)e"“’JSS +pst/{£\ei“’£5, s € [—Trj;,O), (3.25)
§'(0) = iw)(0) + ).
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Eq. (3.24) and Eq. (3.25) imply that

Arp(0) = Bip(—h) = i) $(0) + i),

F(—t)) = $(0)e=ihth — 1) oyl g—ichi (3.26)

P(—m1) = P(0)e“r™ — 7 pp) e,
Then we have

A(A, zwA,Tn)ﬁ( )= (A) — iwﬂ)&(o) _ Bﬂﬁ(o)e‘i@ﬂ
= (¢} — The Bp)).
Since A(A, i), T)y = 0, s0
A, =it} Ty = 0. (3.27)

Then
0= (A, —ich, TP, (0)) = (P, AN ich, TFO)) = p(F), (¥} — The S Bay)))
As a consequence of Lemma 3.8, we have p = 0 and (Tri,A —iwé\)v;bv =0, that is ¢ €
N [T, — iw!]. By induction, we obtain
N(T, , —iw)) = N(T,, | —iw}]

foralls € {1,2,3,...}. Hence, iwé\ is a simple eigenvalue of T . O

Note that y = iwé\ is a simple eigenvalue of T ; ,. It follows from the implicit function
Ty,A

theorem that there are a neighborhood On O,, x D,, x H, C R x C x X¢ of (T,];, iwﬁ, lpﬁ\) and a
continuously differential function (y(7), (7)) : Oy — D, x H, such that for each T € Oy, the
only eigenvalue of T; ) in D, is u(7), and the following equality holds

A, (1), T)p(1) = Anp() — e " Byp(1) — p(T)y (1) = 0. (3.28)

Moreover, ‘u(r,];) = iwg and 1}1(1’2) = IPA. Then we have the following transversality condition,
see [21].

Lemma 3.10. Assume that (H1) holds. For j = 1,2, A € A and n € Ny, assume that u(t) is the
eigenvalue of Ty ), then

dRe{p(0)}|  _
dt —

=Ty

Proof. Differentiating Eq. (3.28) with respect to T at T = 7}, we have

d ‘ j L .
AN, iwh, ) ¢2z(r ™) 4 [de B A — ] d”d(:”) +iwl e Byl =0, (3.29)

By (3.27), we get

. ol (f
<¢’A,A(A,iw£,rlz>d"’g(f”>> = <A(A ~iwh, TP, ‘”gi )> 0. (3.30)
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Calculating the inner product with 1/11\ in Eq. (3.29) and using Eq. (3.30), we have

du(th)
]
S dt

PR .
= <¢]A, zwé\e i) BAtlJ]A),
where SL is defined as in Lemma 3.8. Then we have

du(th)  L+h
dr (5{1)2 ’

where o ' - ' o '
I = (@), ) (@), iwhe ™ Bayl), L =iw) T (), Bay)) >

Hence, it is clear that

dRegé(T)} e - Re|SI]j‘2.
In fact, o ' '
@h ) = (P12 )2+ (p2)?], as A — Ay,
and

1

T : :
mﬁ/ﬂ;\, iwhe AB\p)) — (K )%, as A — A

Therefore, for 6 enough small, we have % |T:Tj > 0.
From above analysis, we obtain that a pair of purely imaginary eigenvalues will occur as
T passes T = T;,. The proof of Lemma 3.10 is complete. O

From Lemmas 3.8-3.10, we have the result on the distribution of eigenvalues of T ,.

Theorem 3.11. Assume that (H1) holds. For j = 1,2, A € Aand n € Ny, the infinitesimal generator

T\ has exactly 2(n + 1) eigenvalues with positive real parts when T € (T}, 7, ;).

4 Stability analysis

In this section, we study the stability of the steady state solutions (1,,v,) of (1.5) by regarding
the delay T as a parameter. We first investigate the stability of when 7 = 0, and then discuss
the stability and bifurcation when 7 # 0. We need the following condition (H2).

(H2) bicy — brei > 0.

Theorem 4.1. Assume (H1)—(H2) hold. For A € (Ay, Ay + 8) (respectively, A € (A — 6, Ay), then all
eigenvalues of Ty )\ have negative (respectively, positive) real parts, and hence the steady state solution
(up,00)T of (1.5) with T = 0 is locally asymptotically stable (respectively, unstable).

Proof. When T = 0, the eigenvalue problem (3.3) reduces to
A 1, 0) = Axy — Bayp = pyp. (4.1)
with ¢ = (1, 92)T € X2\ {(0,0)T}. We suppose that

{% = 1o+ (A = A)q1(x), w2)
P2 = p2g + (A — A)ga(x),
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where p1,p2 € R, g1(x),q2(x) € Xj. Then substituting (4.2) into (4.1) and let A — A, by
calculation, we have

Lg1 + [m(x)e™ ™ ¢ — X&) (bay. + c1Br,) 9] p1
— A2y @?(bipy + c1p2) = fie™ X ppy,

(4.3)
Laz + [m(x)e™ ) g — 1. (boay, + c2pr,) 9] p2
= APy @2 (bapr + cap2) = fie™" P gps,
where fi = lim,_,,, 125 By (2.5), (4.3) becomes
L(g1 = Ca.p1) = A Dy @2 (bipy + c1p2) = figp, (4.4)
L(92 = 112.p2) = M@0 By @? (bap1 + c2p2) = figpa.
Multiplying both sides of each equation in (4.4) by ¢ and integrating on (), we have
Asday (bip1 + cip2) + fip1 =0, 45)
AdaBi, (bap1 + c2p2) + fip2 = 0.
Thus, we get that the eigenvalue equation of ji
77+ Ada (e, by + Ba.c2)fi + Aldian Ba, (brca — bacy) = 0. (4.6)

By (H2), we have that the eigenvalue of (4.6) iy, fio < 0. Then the conclusion of Theorem 4.1
is obtained. n

Theorem 4.2. Assume (H1)-(H2) hold. For j =1,2, A € A,n € Ny, then

(1) the steady state solution (u),v))" of (1.5) is locally asymptotically stable when T € [0, 1),
where Ty = min{t}, ¢ };

(2) the system (1.5) undergoes a Hopf bifurcation at the steady state solution (uy,v,)" when T = 1),
Y 8 P, Y

ie., system (1.5) has a branch of periodic solutions bifurcating from the steady state solution

(up,v0)T near T = 1),

5 Direction of Hopf bifurcation

From the analysis of section 4, we obtained conditions for Hopf bifurcation to occur when
T = T,]; (j = 1,2,n € Np). In this section,we shall derive the explicit formulae determining
the direction, stability, and period of these periodic solutions bifurcating from the equilibrium
(up,v\)T at T = 7 (j = 1,2,n € Np), by using techniques from normal form and center
manifold theory [9,12,14,19,33].

Let (u),v))T is a spatially nonhomogeneous steady-state solution of (1.5). Let

i(t) =u(-,tt) —uy, 0(t) = o(-, Tt) — U,

For the simple, let U(t) = (u(t),v(t))T = (i(t),5(t))T, then system (1.5) can be written as

follows:
dif) — TLo(Uy) — Ly (W) + F(Uy, ), 5.1)
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where U; € C = C!([-1,0],Y?), and

e~ MOV - [NV u] + Au(t)[m(x) — bre™ uy — c1e”¥)v, ]

LO(u(t)) = < e—am(x)v X [eum(x)vv] +Av(t)[m(x) _ bzeum(x)u)L o cze”m(x)v;\] ) ’ (52)
A0y [bru(t — 1) 4 cyo(t —1)]

La(Ui) = < Ae™ )0, [byu(t — 1) + cov(t — 1)] > ’ 6-3)

=T bru(t)u(t — 1) + cqu(t)o(t — 1)]
fllT) = < —TA™ O [byv(t)u(t — 1) + co(t)o(t — 1)] ) ' ©4)

Lett = T,]; + ¢, then (5.1) can be rewritten as
WO — dirou) — L) + F(u,e), 65)
where .

F(ut/ 8) = SLO(u<t>) - SLl(ut) +f(ut/ Trjl + S)' (56)

From the previous discussion, it is clear that when ¢ = 0 (i.e., T = T,];) system (5.5) under-
goes Hopf bifurcation at the equilibrium (0,0).
It follows from [14,33] that

T_d;l/J =1, (5.7)
and the domain

D(T,) = {y € CcNCL: $(0) € X, $(0) = ThLop(0) — TiLrp(=1)},

where
Cc=C([-1,0,¥3),  Ct=C!([~1,0,12).

We can compute the formal adjoint operator T:j of T ; with respect to the formal duality,
T = —¢, (5.8)
and the domain
D(T?) = {9 € CcN (€)' : ¢(0) € Xe, —§(0) = TuLog(0) — TiL1(1)},

where
Ce =C([0,1],Y8), (€& =C'([0,1], Y@).

Following [30], we introduce the formal duality ((-,-)) in Cc x C¢ by
.0
((b,9)) = (9(0),(0))1 — T /4(4’(5 +1), Ligp(s))rds, (5.9)
for € Cc and ¢ € C¢, where (i, ¢)1 = [, e X PpTpdx, see [8].
Lemma 5.1. T ; and T*; are adjoint operators, that is
T T
(. Tyw)) = (T, 9)),

forp € Cc, ¢ € C¢.
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Proof. 1t follows from (5.9) and the definition of TT;, T:]- that,

(9T 9)) = (9(0), T, (O — 7k [ (9ls +1), Li(s)hras
= ($(0), TLoy(0) ~ ThLup (-1} — {9+ 1), Lip(s)l
41 [+ 1 L) hds

= (T3p(0) 9O+ 7% [ (~ls+ 1), Lig(s))rds

= (29, 9)).
The proof of Lemma 5.1 is complete. O

From Theorem 3.7 and Lemma 5.1, we have that j:iw]}LT,]; are the eigenvalues of Tr,’;’ and
they are the eigenvalues of T;Z . The vectors p(8) = ei“’gf’iegbg (0 € [-1,0]) and g(s) =
el“’]ﬂ’islp (s € [0,1]) satisfy
Tip= iwﬁrr];p, and T;q = iw]}tT,];q,

respectively. Let

® = (p(0),p(6)), ¥= (qu ”’éﬂ)

o
Ry = (@393 = Tae” “Bagh)r.

and Re{R},} = (W, (Ya — Tie_ieiBﬂ/’A»l - [(Pm Pz)\ ] o gPdx #£0, as A — A
One can easily check that ((‘¥,®)) = I, where I is the identity matrix in IRZXZ. Moreover, can
be decomposed as Cc = P & Q, where

P =span{p(6),p(6)},  P*=span{q(s),q(s)},
Q={yecCc:{{p,p)) =0, forallyp c P*}.

By (5.7), system (5.5) can be transformed into the following

au,
Ttt =T U; + XoF(Uy, ¢), (5.10)
where
0, 6¢€[-1,0),
Xo(0) = 5.11
o) {1, 6=0. G
Let U; be the solution of system (5.10) with e = 0 and set
1
2(t) = —7 Ua(s) L)), (5.12)
then )
2(1) = ——((q(s), U)). 519
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52

+ W (0)zz + wgz(e)% .. (5.14)

72

Wi(z,z,0) = W), (0) 5

be the center manifold with the range in Q, and the flow of Eq. (5.10) on center manifold can
be written as

Uy =W(z,2,0)+ p(0)z(t) + p(0)z(t). (5.15)

From (5.12) and (5.10), we have that

where

= {Tq U + le<q(0),F(ut,O)>1 (5.16)

= iw])\r,ﬁ'z(t) +4(z,2),

From (5.15), we get

2

N

‘ i ‘ 72 ‘ ) .
U:(0) = $yz + Prz + Wi (0) 5 + Wiy (0)22 + Wi (0) 5 + -+,

Ui(—1) = lp]}‘ze’iw]AT’]; + @&Zee

2

i wi\ T{,

' z2 , ) ‘
+ Wip(=1)% + Wi (=122 + Wep(-1) 5 + -+

From the above three equalities, we get

= )‘Ti]il 2am(x) (] \T Ea = j z | 2’2
g(z,2) = _F /Qe ()" (U(0) x CU(—1))dx = gjzoi +g’1122+g025 +g’217 +--
where
_ (b oa a c\ [ ac
(o) = (5)<(a)-(i):
Thus we get
i w1t am(x i j j
Sho = — Ao in [ B (yh)T(y) x Cy)ax,
S = = 3 [elet [ )7 (] x O+ e [ ) ()T x €l
i I il am(x i —j —]
S = — BB [ ()T () x CF) e,
gh = — 25 [ AL ()T (Who(0) x CF,) + (¥))T () x CWhp(—1)lex
2T

% /QEZam(x) [e—iwjﬂi (lpi\)T(W{l (0) % Cl,b{\) + (IM\)T(IM\ % CW{l(—l))]dx.
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Similarly, by (5.16), we have

zZ(t) = —lw])ffn (t) +8(z2) = _lw]ATn +g]zo "’811224‘8{)22 +8/21 2
From (5.15), we have
du;

Wi(z,2,0) = 20— p(0)2(1) — p(0)2(1)
= T Ui + XoF (U, 0) — p(0)2(t) — p(0)=(t)
=T W+ T, (p(0)z(t) + p(6)2(t)) + XoF (U, 0) — p(0)2(t) — p(0)z(t)
=T W+ XoF(Uy,0) — p(6)g(z,2) — p(6)3(z,2)
= TT£W+H(Z,Z,9),
where
H(z,z,0) = XoF(Uy,0) — p(0)g(z,2) — p(6)3(z,2)
— Hjy(0) + Hy(0)z2 + Hy(0) 5 +

By using chain rule,

W, = z+

It is from (5.18)—(5.20) and (5.15) that

(20w, T — T ;)W (6) = Hby (6),
_TTrf;Wil(G) = H/,(0).

From (5.19), we get for 0 € [—1,0),

{Héo (0) 8J20P 0) _8_/20!7(‘9)/
Hil(g) = 8/ 9 —5”1115(9>,
and for 6 =0,
] i —iijj am(x i i
Héo( ) = 32019 szop — 2AThe e )(IPA X ClPﬂ)r
' ' am iw T = —iw) T, '
HJ; (0) = =g, p(0) — g1 p(0) — AThe™ ™ [0 (), x C)) + e~ ™3™ () x Cyp} ).

It follows (5.21)-(5.22) and the definition of T ; that

(W) (8) = 2w 1) W)y (8) + ghop(6) + ghop (6)
Hence,

lg'] lg] P i |

2 20 —iw, )6 Cl 2 0

Wéo(e) 0 zw)\rn ]0] W), Ty i)\e iw), Ty ,
/\Tn 3ZU/\Tn

where C{ ) € IR? is a constant vector. From (5.22), we have that

T 1 W(0) = 2iw, 1 W5 (0) — Hjy(0).

17

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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From (5.23)—(5.25) and the definition of T in (5.7), we get that
(Ziwgr,ﬂ' — TTi)C1€2iwﬂTie|ezo = —ZATie_iwiTieam(x)(lpZ\ X Cl/’{\),
or equivalently, o
A(M,2iw), Th)CL = 246~ T () () Cyl). (5.25)
Note that Ziwg is not the eigenvalue of T, for A € A and hence
Cl, = 22em A (A, 20w, 1) 71 (e (9l x Cyl)). (5.26)

Similarly, from (5.21)-(5.22) and the definition of T ;, we get that

(W) (8) = gup(6) + gup(6).

Hence, )
i i i o
Wi (0) = S p(0)e i Bl p(oje i 4 0, 527)
W) Ty 3w/ Tn
where , T o . ,
Chy = Ae ™™ i) A (A, wh, 7)) 7 (e (), x Cyp))). (5.28)

Lemma 5.2. Forj=1,2, A € Aandn € Ny, cl 1\ and CJA are defined in (5.26) and (5.27), then

Clh = m(d\u}\ +1), O = m?ﬂz (5.29)
where Uy = (uy,v,)7,
(Unma) =0, lim [l llyz =0, lim &3]z = 0. (5.30)
Moreover,
( 2i ) (b162*2bzcl)2 i=1
. ' 2i—1 i ’ ,
/\]gr)\l (A= /\*)C]A - 2if"A*5A*%C%er%)(blcszzcl) . (5.31)
: 2 (a2 +B2 )[2iay, Br, (bica—bacy)—1]7 j=2
1T\ A Ax Ax PAsx (U102 201

Proof. Since e AU, = 0. Substituting (5.29) into the equation e™(¥) % (5.25), we obtain
am(x)A/\]?éL _ eum(x)BM7 7ZZZUATH 2160/\ (x);7 _ C/\BAuAe m(x) 721w/\Tn 2iw£LC]'Aeum(x) U,
= 2A(A — A )emem ) (p x Cyl). (5.32)
Calculating the inner product of (5.32) with U, we get

<uAleam(x)BA;7§‘> 21wATn +C <uA, (x)BAu/\> 72iw])'l1',i —|—2iZUj CA(U)\, am(x)uA>
— C2A(A = A e (UL, ) (] x Cyl)). (5.33)

2A(A = Au)2e™ T (U, 200 () x C9)) + (A = M) (Un, @0 By e 20
(U, eam(x)]E;Au/oe—m‘wgr{1 + ZinA<u/\,eam(x) U,)
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Since
Jim (A= A) 7 Uy, "B ) = Aud (oF, + B3, / 2 3y,
— s 0
lim (A — Ay)~ w/\<uA, (X)UA> _ Asdy ( D‘A +,32 f p2am(x) ¢ P3dx, i=1,
A=A, Asdy (a3 +5A*)%I () iy, =2,

Jim (= 1) AU 7O () x Cy))

_ %/\*@‘i + B3.) (bicz — bacy )? [ M%) p3dx, i=1,
A, Br, (2 + b3) (brca — bact) [ () gy, = 2.

Hence, there exist §; < 6, My, M1 > 0 such that for any A € (A — &1, A +d1),
(A= Ao)eh < Mollhllyz + M. (5.34)
Calculating the inner product of (5.32) with #,, we obtain
(@™ Axgl) = (], e By hem 2 A
B 21"6{){\ <17Z\/ um(x)%) B j <77£\/ eam(x)BAuA>efZiwi\T,], (5.35)
=2A(A — Ay)e i) T”<17 ez‘"”(")(tpﬁ'L X CI,DA».

From (5.35), it follows that there exist constants é, < d1, M, M3 > 0 such that for any A €
(/\ — 0, A+ (52),

MM Imyll52 < (A =AMl I3 + (A = A) M|l (5.36)
Similar to the proof of Lemma 2.3 of [3], we have |(e™(¥) A U,, U,)| > [A2(A)[[|UA I3, and
C

A2(A) is the second eigenvalue of e™(¥) A, . I ||Yé = 0. From all, we
can obtain (5.31). This completes the proof of Lemma 5.2. O

Remark 5.3.
(1) When v =0,b; =1in (1.4), (5.31) in Lemma 5.2 is as same as that in Lemma 3.2 in [8].

(2) When a; = 0in (1.4), (5.31) in Lemma 5.2 is as same as that [18, p. 106].

Therefore, one can easily check
: _ o : o V2]
Algl/\l* (A —=A:)81 =0, Alga‘ Re[(A — A.)%gy] <O.

It is well-known that the real part of the following quantity determines the direction and
stability of bifurcating periodic orbits (see [14,19,33]):

ch(0) = P <8J208]11 2|gh, 1> — 3|g(])z|2> +§g721-

2w) T
It follows from (5.31) that lim,_,, Re[(A — /\*)Zcé (0)] < 0. Hence we have the following result.

Theorem 5.4. Assume (H1)-(H2) hold. Then for j = 1,2, A € A and n € Ny, system (1.5) has a
branch of bifurcating periodic solutions emerging from the steady state solution (u,,v))T for T near
.. More precisely, the direction of the Hopf bifurcation at T} is forward and the bifurcating periodic
solution from T}, have the same stability as the steady state solution (u,,v,)".
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6 Simulations

In this section, some numerical simulations for model (1.4) are given to illustrate the results
of Theorem 5.4.
In (1.4), choose

Q=(0,m), m(x)=sinx,
d=020, b =004, b, =002 ¢1=0.03 «c,=004
and the initial value conditions:
u(x,t) =v(x,t) =sinx, forte [—r,0].
Example 6.1. Model (1.4) without advection, that is a; = 0.

(1) When r = 1, solutions of model (1.4) without advection tend to a positive steady state.
See Fig. 6.1.

(2) When r = 5, solutions of model (1.4) without advection tend to periodically oscillatory
orbit, that is, model (1.4) undergoes a Hopf bifurcation. See Fig. 6.2.

Ut

0
Distance x 0 .50 Time t Distance x 0 .50 Time t

Figure 6.1: Solutions of model (1.4) without advection (a; = 0) tend to a positive
steady state when r = 1.

V(x.t)

800

4 >
800 \
2

0 0
Distance x 0 .200 Time t Distance x 0 .200 Time t

400 400

Figure 6.2: Model (1.4) without advection (a; = 0) undergoes a Hopf bifurcation
when r = 4.
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Example 6.2. Model (1.4) with advection, that is a; = 0.5.

When r = 1, solutions of model (1.4) with advection tend to a positive steady state. See
Fig. 6.3.

When r = 5, solutions of model (1.4) with advection tend to periodically oscillatory orbit,
that is, model (1.4) undergoes a Hopf bifurcation. See Fig. 6.4.

o . 0
Distance x 0 .50 Time t Distance x 0 -50 Time t

Figure 6.3: Solutions of model (1.4) with advection (a; = 0.5) tend to a positive
steady state when r = 1.

Uixt)
Vixt)

400

= 0
Distance x 0 200 Time t Distance x 0 -200 Time t

Figure 6.4: Model (1.4) with advection (a; = 0.5) undergoes a Hopf bifurcation
when r = 4.

Acknowledgements

We are grateful to the editor and the referee for their helpful comments and suggestions. This
work was supported by the National Natural Science Foundation of China (No. 61873154,
A011403) and Shanxi Natural Science Foundation (No. 201901D111009).

References

[1] I. AveriLr, Y. Lou, D. MUNTHER, On several conjectures from evolution of dispersal,
J. Biol. Dyn. 6(2012), No. 2, 117-130. https://doi.org/10.1080/17513758.2010.529169;
Zbl 1444.92132.


https://doi.org/10.1080/17513758.2010.529169
https://zbmath.org/?q=an:1444.92132

22 Q. Meng, G. R. Liu and Z. [in

[2] F. BercaceM, C. CosNER, The effects of dispersal along environmental gradients on
the dynamics of populations in heterogeneous environment, Canad. Appl. Math. Quart.
3(1995), 379-397. MR1372792; Zbl 0854.35053.

[3] S. BusenBERG, W. HUANG, Stability and Hopf bifurcation for a population delay model
with diffusion effects, J. Differential Equations 124(1996), No. 1, 80-107. https://doi.org/
10.1006/jdeq.1996.0003; MR1368062; Zbl 0854.35120.

[4] R. S. CanTrRELL, C. COSNER, Y. Lou, Movement towards better environments and the
evolution of rapid diffusion, Math. Biosci. 240(2006), 199-214. https://doi.org/10.1016/
j.mbs.2006.09.003; MR2290095; Zbl 1105.92036.

[5] R. S. CantrRELL, C. COsNER, Y. Lou, Advection-mediated coexistence of competing
species, Proc. Roy. Soc. Edinburgh Sect. A 137(2007), 497-518. https://doi.org/10.1017/
50308210506000047; MR2332679; Zbl 1139.35048.

[6] X. CHEN, R. HAMBROCK, Y. Lou, Evolution of conditional dispersal: a reaction-diffusion-
advection model, |. Math. Biol. 57(2008), 361-386. https://doi.org/10.1007/s00285-
008-0166-2; MR2411225; Zbl 1141.92040.

[7] X. CrEN, K. Y. LaMm, Y. Lou, Dynamics of a reaction-diffusion-advection model for two
competing species, Discrete Contin. Dyn. Syst. 32(2012), 3841-3859. https://doi.org/10.
3934/dcds.2012.32.3841; MR2945810; Zbl 1258.35118.

[8] S. CHEN, Y. Lov, J. WEL, Hopf bifurcation in a delayed reaction-diffusion-advection pop-
ulation model, J. Differential Equations 264(2018), 5333-5359. https://doi.org/10.1016/
j.jde.2018.01.008; MR3760176; Zbl 1383.35021.

[9] S. N. Cuow, ]. K. HALE, Methods of bifurcation theory, Springer, New York, 1982. https:
//doi.org/10.1002/zamm.19840640613;MR0660633; Zbl 0487.470309.

[10] C. CosNER, Beyond diffusion: Conditional dispersal in ecological models, in: Infinite
dimensional dynamical systems, Fields Inst. Commun., Vol. 64, Springer, New York, 2013,
pp- 305-317. https://doi.org/10.1007/978-1-4614-4523-4_12; MR2986941.

[11] C. CosNER, Reaction-diffusion-advection models for the effects and evolution of dis-
persal, Discrete Contin. Dyn. Syst. 34(2014), 1701-1745. https://doi.org/10.3934/dcds.
2014.34.1701; MR3124710; Zbl 1277.35002.

[12] T. Faria, L. T. MAGALHAES, Normal form for retarded functional differential equations
and applications to Bogdanov—Takens singularity, J. Differential Equations 122(1995), 201-
224. https://doi.org/10.1006/jdeq.1995.1145; MR1355889; Zbl 0836.34069.

[13] R. Ggjy, Y. Lou, D. MUNTHER, J. PEYTON, Evolutionary convergence to ideal free disper-
sal strategies and coexistence, Bull. Math. Biol. 74(2012), 257-299. https://doi.org/10.
1007/s11538-011-9662-4; MR2881462; Zbl 1319.92035.

[14] S. Guo, J. Wu, Bifurcation of functional differential equations, Springer-Verlag, New York,
2013. https://doi.org/10.1007/978-1-4614-6992-6; MR3098815.

[15] S. Guo, S. YaN, Hopf bifurcation in a diffusive Lotka—Volterra type system with nonlo-
cal delay effect, |. Differential Equations 260(2016), 781-817. https://doi.org/10.1016/].
jde.2015.09.031; MR3411690; Zbl 1330.35029.


https://www.ams.org/mathscinet-getitem?mr=1372792
https://zbmath.org/?q=an:0854.35053
https://doi.org/10.1006/jdeq.1996.0003
https://doi.org/10.1006/jdeq.1996.0003
https://www.ams.org/mathscinet-getitem?mr=1368062
https://zbmath.org/?q=an:0854.35120
https://doi.org/10.1016/j.mbs.2006.09.003
https://doi.org/10.1016/j.mbs.2006.09.003
https://www.ams.org/mathscinet-getitem?mr=2290095
https://zbmath.org/?q=an:1105.92036
https://doi.org/10.1017/S0308210506000047
https://doi.org/10.1017/S0308210506000047
https://www.ams.org/mathscinet-getitem?mr=2332679
https://zbmath.org/?q=an:1139.35048
https://doi.org/10.1007/s00285-008-0166-2
https://doi.org/10.1007/s00285-008-0166-2
https://www.ams.org/mathscinet-getitem?mr=2411225
https://zbmath.org/?q=an:1141.92040
https://doi.org/ 10.3934/dcds.2012.32.3841
https://doi.org/ 10.3934/dcds.2012.32.3841
https://www.ams.org/mathscinet-getitem?mr=2945810
https://zbmath.org/?q=an:1258.35118
https://doi.org/10.1016/j.jde.2018.01.008
https://doi.org/10.1016/j.jde.2018.01.008
https://www.ams.org/mathscinet-getitem?mr=3760176
https://zbmath.org/?q=an:1383.35021
https://doi.org/10.1002/zamm.19840640613
https://doi.org/10.1002/zamm.19840640613
https://www.ams.org/mathscinet-getitem?mr=0660633
https://zbmath.org/?q=an:0487.47039
https://doi.org/10.1007/978-1-4614-4523-4_12
https://www.ams.org/mathscinet-getitem?mr=2986941
https://doi.org/10.3934/dcds.2014.34.1701
https://doi.org/10.3934/dcds.2014.34.1701
https://www.ams.org/mathscinet-getitem?mr=3124710
https://zbmath.org/?q=an:1277.35002
https://doi.org/10.1006/jdeq.1995.1145
https://www.ams.org/mathscinet-getitem?mr=1355889
https://zbmath.org/?q=an:0836.34069
https://doi.org/10.1007/s11538-011-9662-4
https://doi.org/10.1007/s11538-011-9662-4
https://www.ams.org/mathscinet-getitem?mr=2881462
https://zbmath.org/?q=an:1319.92035
https://doi.org/10.1007/978-1-4614-6992-6
https://www.ams.org/mathscinet-getitem?mr=3098815
https://doi.org/10.1016/j.jde.2015.09.031
https://doi.org/10.1016/j.jde.2015.09.031
https://www.ams.org/mathscinet-getitem?mr=3411690
https://zbmath.org/?q=an:1330.35029

Hopf bifurcation in a reaction-diffusive-advection 23

[16] J. K. HALE, Theory of functional differential equation, Springer-Verlag, New York, 1977.
https://doi.org/10.1007/978-1-4612-9892-2; MR0508721.

[17] R. HamBroCK, Y. Lou, The evolution of conditional dispersal strategy in spatially het-
erogeneous habitats, Bull. Math. Biol. 71(2009), 1793-1817. https://doi.org/10.1007/
s11538-009-9425-7; MR2551690.

[18] R. HaN, B. Da1, Hopf bifurcation in a reaction-diffusive two-species model with nonlo-
cal delay effect and general functional response, Chaos Solitons Fractals 96(2017), 90-109.
https://doi.org/10.1016/j.chaos.2016.12.022; MR3612685; Zbl 1372.35033.

[19] B. D. Hassarp, N. D. KazariNorr, Y. H. WaN, Theory and applications of Hopf bifurca-
tion, Cambridge University Press, Cambridge, 1981. https://doi.org/10.1002/zamm.
19820621221; MR0603442; Zbl 0474.34002.

[20] R. Hu, Y. YuaN, Spatially nonhomogeneous equilibrium in a reaction-diffusion system
with distributed delay, J. Differential Equations 250(2011), No. 6, 2779-2806. https://doi.
org/10.1016/7.jde.2011.01.011; MR2771266; Zbl 1228.35034.

[21] Y. KuaNG, Delay differential equations with applications in population dynamics, Mathematics
in Science and Engineering, Vol. 191, Academic Press, Boston, 1993. MR1218880.

[22] K. Y. Lam, Y. Lou, Evolution of dispersal: ESS in spatial models, |. Math. Biol. 68(2014),
851-877. https://doi.org/10.1007/s00285-013-0650-1; MR3169066.

[23] K. Y. Lam, Y. Lou, Evolutionarily stable and convergent stable strategies in reaction-
diffusion models for conditional dispersal, Bull. Math. Biol. 76(2014), 261-291. https:
//doi.org/10.1007/s00285-013-0650-1-y; MR3165580; Zbl 1302.92348.

[24] Y. Lou, On the effects of migration and spatial heterogeneity on single and multiple
species, |. Differential Equations 223(2006), 400—426. https://doi.org/10.1016/j. jde.
2005.05.010; MR2214941; Zbl 1097.35079.

[25] Y. Lou, Some challenging mathematical problems in evolution of dispersal and popula-
tion dynamics, in: Tutorials in mathematical biosciences. IV, Lecture Notes in Mathematics,
Vol. 1922, Springer, Berlin, 2008, pp. 171-205. https://doi.org/10.1007/978-3-540-
74331-6_5; MR2392287; Zbl 1300.92083.

[26] Y. Lou, Some reaction diffusion models in spatial ecology, Sci. Sin. Math 45(2015), No. 10,
1619-1634. https://doi.org/10.1360/N012015-00233.

[27] Y. Lou, F. LuTrscHER, Evolution of dispersal in open advective environments, J. Math.
Biol. 69(2014), 1319-1342. https://doi.org/10.1007/s00285-013-0730-2; MR3275198;
Zbl 1307.35144.

[28] Y. Lou, P. Zrou, Evolution of dispersal in advective homogeneous environment: the
effect of boundary conditions, J. Differential Equations 259(2015), 141-171. https://doi.
org/10.1016/j.jde.2015.02.004; MR3335923; Zbl 1433.35171.

[29] W. M. N1, The mathematics of diffusion, CBMS-NSF Regional Conference Series in Applied
Mathematics, Vol. 82, SIAM, Philadelphia, 2011. MR2866937; Zbl 1230.35003.


https://doi.org/10.1007/978-1-4612-9892-2
https://www.ams.org/mathscinet-getitem?mr=0508721
https://doi.org/10.1007/s11538-009-9425-7
https://doi.org/10.1007/s11538-009-9425-7
https://www.ams.org/mathscinet-getitem?mr=2551690
https://doi.org/10.1016/j.chaos.2016.12.022
https://www.ams.org/mathscinet-getitem?mr=3612685
https://zbmath.org/?q=an:1372.35033
https://doi.org/10.1002/zamm.19820621221
https://doi.org/10.1002/zamm.19820621221
https://www.ams.org/mathscinet-getitem?mr=0603442
https://zbmath.org/?q=an:0474.34002
https://doi.org/10.1016/j.jde.2011.01.011
https://doi.org/10.1016/j.jde.2011.01.011
https://www.ams.org/mathscinet-getitem?mr=2771266
https://zbmath.org/?q=an:1228.35034
https://www.ams.org/mathscinet-getitem?mr=1218880
https://doi.org/10.1007/s00285-013-0650-1
https://www.ams.org/mathscinet-getitem?mr=3169066
https://doi.org/10.1007/s00285-013-0650-1-y
https://doi.org/10.1007/s00285-013-0650-1-y
https://www.ams.org/mathscinet-getitem?mr=3165580
https://zbmath.org/?q=an:1302.92348
https://doi.org/10.1016/j.jde.2005.05.010
https://doi.org/10.1016/j.jde.2005.05.010
https://www.ams.org/mathscinet-getitem?mr=2214941
https://zbmath.org/?q=an:1097.35079
https://doi.org/10.1007/978-3-540-74331-6_5
https://doi.org/10.1007/978-3-540-74331-6_5
https://www.ams.org/mathscinet-getitem?mr=2392287
https://zbmath.org/?q=an:1300.92083
https://doi.org/10.1360/N012015-00233
https://doi.org/10.1007/s00285-013-0730-2
https://www.ams.org/mathscinet-getitem?mr=3275198
https://zbmath.org/?q=an:1307.35144
https://doi.org/10.1016/j.jde.2015.02.004
https://doi.org/10.1016/j.jde.2015.02.004
https://www.ams.org/mathscinet-getitem?mr=3335923
https://zbmath.org/?q=an:1433.35171
https://www.ams.org/mathscinet-getitem?mr=2866937
https://zbmath.org/?q=an:1230.35003

24 Q. Meng, G. R. Liu and Z. [in

[30] Y. Su, J. We, ]. SH1, Hopf bifurcation in a diffusive logistic equation with mixed delayed
and instantaneous density dependence, J. Dynam. Differential Equations 24(2012), No. 4,
897-925. https://doi.org/10.1007/s10884-012-9268-z; MR3000609; Zbl 1263.35028.

[31] X. P. YaN, C. ZHANG, Direction of Hopf bifurcation in a delayed Lotka—Volterra com-
petition diffusion system, Nonlinear Anal. Real World Appl. 10(2009), 2758-2773. https:
//doi.org/10.1016/j .nonrwa.2008.08.004; MR2523239; Zbl 1162.92044.

[32] X. P. Yan, W. T. L1, Stability of bifurcating periodic solutions in a delayed reaction-
diffusion population model, Nonlinearity 23(2010), No. 6, 1413-1431. https://doi.org/
10.1088/0951-7715/23/6/008; MR2646072; Zbl 1198.37080.

[33] J. Wu, Theory and applications of partial functional differential equations, Springer-Verlag, New
York, 1996. https://doi.org/10.1007/978-1-4612-4050-1; MR1415838.

[34] W. Zuo, ]J. WEI, Stability and Hopf bifurcation in a diffusive predator-prey system with
delay effect, Nonlinear Anal. 12(2011), No. 4, 1998-2011. https://doi.org/10.1016/j.
nonrwa.2010.12.016; MR2800995; Zbl 1221.35053.


https://doi.org/10.1007/s10884-012-9268-z
https://www.ams.org/mathscinet-getitem?mr=3000609
https://zbmath.org/?q=an:1263.35028
https://doi.org/10.1016/j.nonrwa.2008.08.004
https://doi.org/10.1016/j.nonrwa.2008.08.004
https://www.ams.org/mathscinet-getitem?mr=2523239
https://zbmath.org/?q=an:1162.92044
https://doi.org/10.1088/0951-7715/23/6/008
https://doi.org/10.1088/0951-7715/23/6/008
https://www.ams.org/mathscinet-getitem?mr=2646072
https://zbmath.org/?q=an:1198.37080
https://doi.org/10.1007/978-1-4612-4050-1
https://www.ams.org/mathscinet-getitem?mr=1415838
https://doi.org/10.1016/j.nonrwa.2010.12.016
https://doi.org/10.1016/j.nonrwa.2010.12.016
https://www.ams.org/mathscinet-getitem?mr=2800995
https://zbmath.org/?q=an:1221.35053

	Introduction
	Existence of positive steady state solutions
	Eigenvalue problems of the linearized system
	Stability analysis
	Direction of Hopf bifurcation
	Simulations

