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Abstract. In this paper we consider a class of second order Hamiltonian system with the
nonlinearity of linear growth. Compared with the existing results, we do not assume
an asymptotic of the nonlinearity at infinity to exist. Moreover, we allow the system to
be resonant at zero. Under some general conditions, we will establish the existence and
multiplicity of nontrivial periodic solutions by using the Morse theory and two critical
point theorems.
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1 Introduction

Consider the following second order Hamiltonian systems
— % = Vi(t,x), (1.1)

where V € C?(R x RN,R) with V(t+ T,x) = V(t,x) for some T > 0. During the past
forty years, the existence and multiplicity of periodic solutions for second order Hamiltonian
systems have been extensively studied by variational methods. There has been a lot of results
under various suitable solvability conditions, such as the sublinear conditions (see [14,18,22,
23,27,28] and references therein), the superlinear conditions (see [3,8,9,16,17,21,24,29] and
references therein), and the asymptotically linear conditions (see [2, 6,10, 15,19, 20, 30] and
references therein).

In this paper, we shall study the existence and multiplicity of nontrivial periodic solutions
for (1.1) when the nonlinearity V,(t, x) has linear growth. Compared with the existing results,
we do not make any assumptions at infinity on the asymptotic behaviors of the nonlinearity
Vy(t,x). Specifically, we do not require the system to be asymptotically linear at infinity.
Instead, we assume that there exists a T-periodic symmetric matrix function A (t) such that
for some K > 0,

Vie(b, %) > Aw(t)  (or Vix(£X) < Aw(t)),  VEE[0,T], |x| > K,
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where for two symmetric matrices A and B, A < B means that B — A is semi-positively defi-
nite. Under this general linear growth condition, we will construct a sequence of approximate
systems and use the Morse theory and two critical point theorems to establish the existence
and multiplicity of nontrivial periodic solutions for the system. The idea of our proof is closely
related to the work of Liu, Su and Wang [13], where they dealt with the existence of nontrivial
solutions of elliptic problems. Note that in [13] the authors assumed that the elliptic problem
was nonresonant at zero. By contrast, here we allow system (1.1) to be resonant at zero. On the
other hand, system (1.1) with periodic boundary condition is rather different from the elliptic
problems with Dirichlet boundary condition. These lead us to need some new technique.

Now let us say some words about the idea of the proof. We first construct a sequence of
approximate systems which are asymptotically linear and non-resonant at infinity. Then in
a crucial step we establish the L* bound to the solutions of the approximate systems whose
Morse index is controlled by the Morse index at infinity. Finally, we use the Morse theory
and two critical point theorems to obtain the nontrivial periodic solutions with the controlled
Morse index for the approximate systems, therefore using the previous L estimate they are
also the nontrivial periodic solutions of the original system.

We make the following assumptions:

(Hy) V(t,x) € C3(R x RN,R) with V(t,0) =0and V(t+ T,x) = V(t,x);
(Hz) There exist C; > 0 and C; > 0 such that

Ve(t,x)| < Ci(1+|x]),  |Vax(t,x)| < Co,  t€[0,T], x eRY,

(H3) Vi(t,x) = Ao(t)x + (Go)x(t,x), where A(t) is a T-periodic continuous symmetric ma-
trix function and (Go)x(t, x) = o(|x]|) as |x| — 0;

(Hf) There exists § > 0 such that

+Go(t,x) >0, Vte [0,T], 0<|x| <¢;

(HSi) There exists a T-periodic continuous symmetric matrix function A (t) such that for
some K > 0,
Vi (t,x) > £A(1), Vte [0,T], |x| > K.

Let E := H%(]R, RN ), the Hilbert space of T-periodic functions on R with values in RN
under the inner product

T
<x,y>:/0 (x-y+x-y)dt, Vx,y € E,

and norm ||x|| = (x, x>%. We define the functional I on E by

IQQ::;LTLHQde—ATVUﬁwdt (12)

By (Hi) and (Hy), I € C%(E,R) and the critical points of I in E are T-periodic solutions of (1.1).
Clearly, the set ¢ = {(%%)2 | k € Z"} is the set of the eigenvalues of

— ¥ = Ax (1.3)
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with T-periodic boundary condition. Consider the eigenvalue problem of the following sys-
tem
— ¥ — AwX = AX (1.4)

with T-periodic boundary condition. Without loss of generality, in (H:") by considering

A (t) F ely instead of A (f) for € small if necessary we may assume that 0 is not the eigen-

value of (1.4). Let Ay < Ay < -+ <A <0 < Ajpq < Ajgp < -+ - be distinct eigenvalues of (1.4).

Clearly, A; — o0 as i — co. Let E(A;) be the eigenspace of (1.4) corresponding to A;, i € Z™.
We define the linear operator L on E by

T
(Lx,y) = / X - ydt, Vx,y € E.
0

Then L is a bounded self-adjoint operator. Define the linear operators By and Bs on E by

T
(Box,y) = / Ao(t)x - ydt, Vx,y € E
0

and .
(BooX, ) ::/ Ao (t)x - ydt, Vx,y € E.
0
Then By and Bs are bounded self-adjoint compact operators on E. Let Ly := L — By and
Le := L — Bs. Since 0 is not an eigenvalue of (1.4), we have that Lo is a non-degenerate

operator on E. Denote by EJ, E;, ES; and E, the positive and negative spectral subspaces of
Lo and L. respectively, and let Eg = ker Ly. Then there exists a constant ¢y > 0 such that for
any x € Ej and y € Ej,

(Lox,x) = collx[”,  (Loy,y) < —collyll*. (1.5)
Clearly,
o= @EO),  Ei= @ EO,
i=1 i=I+1
E=Ef PEYEPE, = ELPE-.
Set

iy =dimE), iy =dimE,, iy =dimE.
By (H3), we see that x = 0 is a periodic solutions of (1.1) which is called trivial periodic

solution. Our aim is to find nontrivial periodic solutions of (1.1). Now we give our main
results as follows.

Theorem 1.1. Assume that (H1), (H2), (H3) hold. Then (1.1) has at least one nontrivial periodic
solution in each of the following cases:

(1) (Hf), (HS) and iy +i3 <ig—1;
(2) (Hy), (HS)and iy <ig—1;
(3) (Hf), (Hy) and iy +i3 > iy +1;

(4) (Hy), (Hy)and iy > iy +1.
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Theorem 1.2. Assume that (Hy), (Ha), (H3) hold, and V (t, —x) = V(t,x) for any (t,x) € R x RN.

(1) If (H}), (HS) hold and iy + i) < iy —1, then (1.1) has at least iy, — iy — i) — 1 pairs of
nontrivial periodic solutions;

(2) If (H, ), (H5+) hold and i, < iy, — 1, then (1.1) has at least iy, — i, — 1 pairs of nontrivial
periodic solutions;

(3) If (Hj), (Hg ) hold and iy + i8 > iy + 1, then (1.1) has at least i, + i8 — iy — 1 pairs of
nontrivial periodic solutions;

(4) If (H, ), (Hg) hold and iy > iy, + 1, then (1.1) has at least iy — i, — 1 pairs of nontrivial
periodic solutions.

Remark 1.3. In what follows, we assume that x = 0 is an isolated critical point of I in E. In
fact, if x = 0 is not an isolated critical point of I, then I has infinitely many critical points
and therefore (1.1) has infinitely many periodic solutions. Therefore Theorem 1.1 and 1.2 hold
naturally.

The paper is organized as follows. In Section 2, we construct a sequence of approximate
systems and establish the L* bound to the solutions of these approximate systems with ap-
propriate Morse indexes. In Section 3, we will give the proof of Theorem 1.1 by using Morse
theory and previous estimate. In Section 4, we will prove Theorem 1.2 by using two critical
point theorems for even functional and previous estimate.

2 Preliminaries

In this section we give some important preliminary lemmas. Let H be a real Hilbert space
and | € C?>(H,R). Denote K(J) = {u € H | J'(u) = 0}. For u € K(J), we denote the Morse
index of u by m~ (] (1)) which is the dimension of the negative spectral subspace of J”(u).
The augmented Morse index of u is defined by

m*(J" (1)) = m~(J"(u)) + dimker(J" (u)),

where ker(J”(u)) is the kernel of J" (u).
To construct a sequence of approximate systems of (1.1), we first construct a sequence of
approximate functions V(t, x). The following result is from [13].

Lemma 2.1. Assume that (Hy), (Hp) and (HS) (resp. (H5)) hold. Then there exists a sequence
functions Vi(t,x) € C2(R x RN, R) satisfying the following properties:

(a) Vi(t+ T,x) = Vi(t,x) and there exists an increasing sequence of real numbers Ry — oo
(k — o0) such that
Vi(t,x) = V(tx), Vx| < R, t€10,T];

(b) there exist C{ > 0 and C, > 0 independent of k such that

|(Vi)x(t,0)] < CLL+[x]),  [(Vi)wa(t, 2)] < Gy

(c) foreachk € Z", (Vi)xx(t,x) > Aco(t) (resp. (Vi)xx(t, x) < Aco(t)) forall t € [0,T], |x| > K;
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(d) there is iy > 0 independent of k such that (ZF’T")2 <y < ((;7#1) for some p € Z*, and for
each k € Z™ fixed,

Vi(t, x) = %IX\Z +o(lx),  (Vix(tx) =yx+o(lx]),  (Vidxx(t,x) = vIn+o0(1)
as |x| — oo;
(e) if V(t,—x) = V(t,x), Vt € [0,T],x € RN, then for every k € Z*, Vi(t,—x) = Vi(t,x),
vVt e [0,T],x € RV,
Let
1 /T
L(x) = 5 [ Pdt—pix),  x€E 2.1)
0
where

Pr(x) == /OT Vi(t, x)dt.

Clearly, I;(x) € C?(E,R) and the critical points of Iy correspond to the periodic solutions of
the following system

— % = (Vi)x(t, x). (2.2)
By Lemma 2.1 (a) and Remark 1.3, x = 0 is also an isolated critical point of I; for every k € Z™.
Define the linear operator B, : E — E by

(Byx,y) / rx - ydt, Vx,y € E.

Let L, := L— B,, then by Lemma 2.1, L, is a non-degenerate bounded linear self-adjoint
operator on E. We have the decomposition E = E.° @ EJ, where E>” and EJ are the negative
and positive spectral subspaces of L,. Then there exists a constant c, > 0 such that for any
x € Efandy € E,

(Lyx,x) > chsz (Lyy,y) < _CvaZH- (2.3)
Denote
Joo =dimE;.
By Lemma 2.1 (c), (d), if (H7') holds, then Iy > A« (t), which implies that
EL CE; and jg > ig. (2.4)
If (Hs ) holds, then Iy < Aw(t), which implies that
E, CEg and j, <ig. (2.5)
Let .
Ge(t,x) = Vi(t, x) — %|x|2, Gor(t,x) = Vit x) = 5 Ao(b)x - x
and

Pr(x) = /OT Gi(t, x)dt, Poc(x) = /OT Gor(t, x)dt.

By (H3), Lemma 2.1 (a), (d), we see that (Gi)x(t,x) = o(]x]) as |x| — oo and (Ggx)x(t, x) =
o(|x|) as |x| — 0. Then we have

¢r(x) = o(llx]]) as [[x]| = co and gp(x) =o(]x]) as x| 0. (2:6)

And we can rewrite the functional I; by

(Lox, x) — @o(x), x € E. (2.7)

I\J\H

I(x) = 3 {Ly%,%) — x(x) =
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Lemma 2.2. Assume that (Hy), (Hy), (Hz) and (HZ) (resp. (Hs ) hold. For every k € Z™, if xi
is a critical point of I, with m~ (I} (xx)) < i, — 1 (resp. m* (I (xx)) > i, + 1), then there exists a
constant B > 0 independent of k such that ||xi||1~ < B.

Proof. We use an indirect argument. Assume that ||x¢||z~ — oo as k — co. By the Sobolev
inequality | x|;~(jo,7) < Clx||, we have that |[x¢|| — o0 as k — co.

Let
X = Xk
[
Then X, satisfies
Vi)« (t,
— k= M (2.8)
k|

Up to a subsequence, we have that for some ¥ € E, ¥ — % in E, ¥ — % in L2([0, T]). And it
follows from Proposition 1.2 in [20] that X; converges uniformly to % on [0, T]. By (Ha), (H3)
and Lemma 2.1, there exists C] > 0 such that |(Vj)x(t, x¢)| < Ci|x¢|. Thus for every k,
Vi)x(t,
’ ( k)x( xk) < C“fk| (29)
[k

Multiplying (2.8) by X, one has
1= %)% < (C1+1)||xk||L2 ([0,T])"
Letting k — oo, we get
_ 1
121122017y = G| > 0. (2.10)

Now we show that up to a subsequence Xy converges uniformly to X on [0, T]. For any
t € [0, T], by (2.8), (2.9) and Holder inequality, we have

(Vk)
+/ Wx(s, %) ’

Tl
t>|+\ [ ez

te(£)| + CIVT | x| 2
()] + VT,

ds

(VAN
5<|

thus
T T T
/ \xk(0)|dt§/ yxk(t)ydt+/ C|V/Tdt
0 0 0
< VT||&]| 2 + CIVTT
< VT+CVTT.
Hence

%(0)] < Co,
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where C; = g +C] V/T. Then for any t € [0,T],

+/ (Vi)x (s, x¢ d'
[ xkl

| %k (8)]

QMW+MCWWWS

<G+ Ci\/TkaHLz
<G+ C{\/T,

which implies that for every k € Z™,
1% () lco < C2+ CIVT. 2.11)

For any At € R, by (2.8) and (2.9) we have

t+AL
fele+ a0 (o) = | [ fls)ds
_ /”At ~ Vs(t, xk)ds‘

(A
t+At
/ C! %] ds
t

< Ci|At2 ([Tl < CllAH2. 2.12)

IN

Thus by (2.11) and (2.12), we have
1% (E)]

Then by the Arzela—Ascoli theorem, X; converges uniformly to ¥ on [0, T}.

We claim that %(¢) # 0 a.e. in [0, T]. In fact, conversely, if X(f) = 0 in a positive measure
subset of [0, T], then there exists a point ¢y € [0, T] such that X(fp) = 0 and ¥(tp) = 0. Recall
that %; and ¥, converge uniformly to X and ¥ respectively on [0, T|, we have

1 <C.
Cc2

fk<t0) — 0 and J;Ck(to) —0 (2.13)

as k — oo. Let i := Xy, then (%, k) satisfies the following system

JLCk = yk/
{2t @14

[EAl

For any t € [0, T],

()30 = | lto) gelt0) + [ (mts), - )
< |(@lto) multo)] + | [ (y—k(s),_W>’dS‘

< |(xk(to), 7k (to) |+‘/ /14 CP (% s))|ds|.

Thus by Gronwall’s inequality, we have

[Ee(8), 7e(8)] < |(eto), Ti(to)) e o VITEEH < €| (x4 (t0), i (t0))],

(2.15)
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where C = ¢V!*FT_ Then letting k — oo in (2.15), we get Z(t) = 0 and §(t) = 0 for any
t € [0, T], which is contrary to (2.10). Hence the claim is proved. Note that ||xx|| — oo, then by
this claim one has

|xg| = o0 ae. in [0, T] (2.16)

as k — oo.
If (H5+ ) holds, then by (2.16), Lemma 2.1 (b), (c) and Fatou’s Lemma, for any fixed x €
Ex\ {0},

T

limsup (I (xx)x,x) = (Lx, x) — iminf | (Vj)xx(t, x)x - xdt
k—o0 k=oo JO
T
< (Lx,x) — [ Liminf(Vi)yx(t, x5)x - xdt
0 k—o0

T
< (Lx, x) —/ Aco(t)x - xdt
0

= (Leox, x) <0,

which implies that there exists k(x) € Z" such that (I'(x;)x, x) < 0 when k > k(x). Note that
E is finite dimensional, there must exist kg € Z* independent of x € E_ \ {0} such that

(I (xx)x, x) < 0

forall x € E_ \ {0} and k > ko. This means that m~ (I} (x¢)) > iy, for k > ko, which leads to a
contradiction.

If (H; ) holds, since EJ, is infinite dimensional, the above argument cannot be used directly.
To overcome this difficulty, we will split EJ; into two parts. Let

M = max |Ac(t)].
te[0,T]

Since A; — o0 as i — oo, then there exists iy € Z* such that A;, > 2(M + C}) where C, is the
constant as in Lemma 2.1 (b). Let

1'071 oo
Er= P E(A), Ex=EEW).
i=l+1 i=ip

Then Ef = E; @ E; and E; is finite dimensional. For any y; € E; \ {0}, note that

T T
/O(y'1|2—Aooy1'y1)df2/\z‘o/o lya |dt,
then
. T 2 T
I ey = [Pt = [ (Voue(t vy - e
T » T T
> )\io/o ly1] dH—/O Aooy1-y1dt—/0 (Vi) xx (8, xx)y1 - y1dt
T 2 T 2 T / 2
> Ny [ i Pt = [ My Pt — [ Chlu P
)\.
>

T
o [P o (2.17)
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For any y, € E; \ {0}, by (2.16), Lemma 2.1 (b), (c) and Fatou’s Lemma,

T T
1ilgg1f<lii/(xk)]/2,y2> :/0 ’yz\zdf—limsup/o (Vi) xx (£, x0)y2 - yodt

k—oc0

T T
> / ]yz\zdt—/ lim sup (Vi) xx (£, Xk )y - yodt
0 0 k—o0

T 2 T
> [ liaPat = [ Atz yads
= (Looy2,y2) >0,

which implies that there exists k(y2) € Z* such that (I}(x¢)y2,y2) > 0 for k > k(y2). Note
that E; is finite dimensional, there must exist k; € Z* independent of y» € E; \ {0} such that

(I (x)y2,y2) > 0 (2.18)
for all y, € E; \ {0} and k > k;. Hence by (2.17) and (2.18), for any y € ES \ {0} and every
k > kl/

(I (xi)y,y) > 0.

This implies that m* (I} (x)) < i, for k > ki, which leads to a contradiction.
Therefore the lemma is proved. O

3 Proof of Theorem 1.1

In this section, we will use Morse theory to prove the existence of nontrivial periodic solution
for (1.1). Let H be a real Hilbert space and | € C*(H,R) be a functional satisfying the (PS)
condition, i.e., any sequence {u,} C H for which J(u,) is bounded and J'(#,) — 0 as n — oo
possesses a convergent subsequence. Denote by H,(A, B) the g-th singular relative homology
group of the topological pair (A, B) with coefficients in a field F. Let u be an isolated critical
point of | with J(u) = c¢. The groups

Cy(J,u) := Hy(J5, ]\ {u}), gEZ

are called the critical groups of | at u, where | = {u € H | J(u) < c}. Denote K = K(]) =
{u e H|J'(u) =0}. Suppose that J(K) is bounded from below by a € R. The critical groups
of | at infinity are defined by

Cy(J, ) = Hy(H,J*),  q€Z

We say that | has a local linking structure at 0 with respect to the direct sum decomposition
H = H~ @ H if there exists r > 0 such that

J(u) >0 foru e H" with0 < |lul| <7, J(u) <0 forue H with |jul| <r.
The following results can be found in [1], [26] and [4].

Proposition 3.1 (See [1]). Suppose ] satisfies (PS) condition. If K = @, then Cy(J,00) = 0,9 € Z.
If K = {uo}, then Cy(J,00) = Cy(J, u0),q € Z.
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Proposition 3.2 (See [26]). Let 0 be an isolated critical point of ] € C*(H,R) with Morse index
wo and nullity vo. Assume that | has a local linking structure at O with respect to the direct sum
decomposition H=H~ @ H" and k = dim H~ < co. Ifk = pg or k = po + vp, then

Cq(], M) — 5q,kf, q € Z.

Let A be a nondegenerate bounded self-adjoint operator defined on H. According to its
spectral decomposition, H = H" @& H~, where H", H™ are invariant subspaces corresponding
to the positive and negative spectrum of A respectively. Let

J(x) = 5{Axx) +g(x),
and the following assumptions are given:
(A;) AL := A |y+ has a bounded inverse on H*;
(Ap) x:=dimH~ < oo;
(A3) g € C'(H,R!) has a compact derivative ¢’(x) and ||¢'(x)|| = o(]|x]|) as [|x|| — oo.

Proposition 3.3 (See [4]). Under the assumptions (A1), (Az) and (As), we have that | satisfies (PS)
condition and Cy(], ) = 5y F.

Proposition 3.4 (See [4]). Suppose that ] € C>(H, R) satisfies (PS) condition, and K = {uy, ..., ux},
then

i M,t1 = y Bat? + (1+1)Q(1),
q=0 q=0

where Q(t) is a formal series with nonnegative coefficients, M, = YK, rank Cy(J, ux) and B; =
rank C,(J,),4=0,1,2,...

Now we compute the critical groups of I at zero and at infinity.
Lemma 3.5. Assume that (Hy)-(H3) hold. Then for every k € Z™,

(1) if (Hy) holds,

oF, geZ.

Cq(Ik/ 0) = (5q,ia+zo

(2) if (H, ) holds,
Co(l0) =6, F, qeZ

Proof. (1) We first show that I; has a local linking structure at 0 with respectto E = E~ @ E™,
where E- = E; @ EJ and ET = E{. For x € Ef, by (1.5) and (2.6) we have

Ik(x) =

>

(Lox, x) — @ok(x)

N —

1[I = o(flx]1?) 3.1)

NS

as ||x|| — 0. This means that there exists small r > 0 such that

I(x) >0, forxe€ Ef with0 < |x|| <. (3.2)
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For x € E; ® EJ, we write x = x~ + x® with x~ € E; and x° € EJ. Then

T
Ik(x) = %(Lox ,X >—/ Gox(t, x)dt
0
0..—12 T
<=Dlx P~ [ Gorlt, . (3.3)
By (H,) and Lemma 2.1 (a),
/ Gor (£, x)dt > 0. (3.4)
|x|<é

If |x| > 4, since Eg is finite dimensional, we have
7] 2> x| = [x%] =[x = [} > [x[ = C[l2%]] = |x| = Cl|x]],
thus let 0 < r < 5, for ||x|| < r, we have
> [l = § > ] = 5el = 2l 35)
By Lemma 2.1 (b), (d), there exists C5 > 0 such that for |x| > J,
|Gox(t, )| < Csx[. (3.6)

Hence, by (3.3)-(3.6), for x € E; @ E8 with [|x|| < r, we have
CO —2 T
(%) < =l 2= [ Gt x)a

Sl J
——1|x — Gor(t, x)dt — Gox(t, x)dt

> Bl <o ok (¢, x) Ao ok (, %)
~DUx P+ [ Colalat

2 |x|>6

<—c—0Hx_H2+C/ <3>3|x_|3dt
-2 ’ x|>6 \ 2
o, _ _
<—50Hx 1+ Csllx~[°. (3.7)

IN

IN

This implies that there exists > 0 small enough such that
I(x) <0, forx € Ey ®E)with ||x|| <rand ||x~| > 0. (3.8)
On the other hand, for x € E?, we can choose r > 0 small enough such that
0 < |[x°||t> <6, whenO < [|x%) <.

Then for x € EJ with 0 < ||x%|| < r, since x° € C?([0, T],RY), there must exist 0 < t; < t, < T
such that
0<[x°(t)| <6,  Vte[t,ta)

Then by (H,") and Lemma 2.1 (a), for x° € EJ with 0 < [|x°|| <,

T T t
(%) = — /O Gor(t, 2°)dt = — /0 Go(t, x0)dt < — /t " Golt, x)dt < 0. (3.9)
1
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Hence, by (3.8) and (3.9), there exists r > 0 such that
Ii(x) <0, forx € E; @E)with0 < |x|| <r. (3.10)

Therefore, it follows from (3.2) and (3.10) that I; has a local linking structure at 0 with
respect to E = E~ @ E*, where E- = E; @ EJ and E™ = E{. Then by Proposition 3.2, we have

(2) By a similar argument as (1), we can prove that I; has a local linking structure at 0 with
respect to E = E~ @ ET, where E- = E; and E™ = E; & EJ). Then by Proposition 3.2, we have

Cq(I,0) =6, F, qeZ 0

Lemma 3.6. Assume that (Hy)-(Hs), (HZ )(or (Hs ) hold. Then for every k € Z™, I satisfies (PS)
condition and the critical groups of I at infinity are

Proof. Note that
1
I(x) = 5 (Lyx, ) — i (x)
Since L, is a nondegenerate operator on E, then L, | g+ has a bounded inverse on Evi. Recall
that dim E; = ji, < oo. Thus the assumptions (A1) and (Az) in Proposition 3.3 are satisfied.
On the other hand, note that ¢(x) € C?*(E,R) has compact derivative ¢} (x) and ¢, (x) =
o(||x]|) as ||x]| = oo, then the assumption (A3) in Proposition 3.3 is also satisfied. Hence, by

Proposition 3.3, we have

Remark 3.7. Since I}(x) = L,x + ¢, (x) = L,x +0(]|x||) as [|x|| = o0 and L, is invertible, it is
easy to see that the critical point set K(I;) is bounded for every k € Z*. Then since I satisfies
(PS) condition by Lemma 3.6, we conclude that K(Iy) is a compact set for every k € Z+.

Proof of Theorem 1.1. We only prove the result for the case (1), the proofs for the cases (2), (3)
and (4) are similar.

For every k € Z*, since x = 0 is an isolated critical point of I, there exists ¢ > 0 such that
Iy(x) has no nontrivial critical points in B,(0) := {x | ||x|| < ¢’}. Since iy + i3 < iz, — 1, then
by (2.4), Lemma 3.5 (1) and Lemma 3.6 we have

Cq(Ik, ) # Cq(Ix, 0)

for some q € Z. So by Proposition 3.1 and Remark 3.7, the set K(I) \ {0} is not empty and
compact. Denote K = K(I;) \ {0}.

Now we show that for every k € Z™ there exists a nontrivial critical point x; € Ky such
that

m (I (x)) < i — 1. (3.11)
We use an indirect argument. Suppose that for any x; € Ky,
m~ (I (x¢)) > iy — 1. (3.12)

For A C Eand a > 0, set
N,(A) :={x € E | dist(x,A) < a}.

Using the Marino-Prodi perturbation technique from [25], for any € > 0 and 0 < T <
min{%,1}, we can obtain a C? functional J; such that:
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@) k= Jkllee <€
(ii) Ix(x) = Jk(x), x € E\ Noo(Kx);

(iii) I'(x) = J/(x) for any x € N¢(K(I)), K(Jx) \ {0} C Nz(Kx), and the nontrivial critical
points of J; are all non-degenerate.

By (iii), J;/(0) = I/(0), thus by Proposition 3.2 and Lemma 3.5, we have

Cy(Jx,0) = Cy(It,0) = 6, -, o F. (3.13)

Qg +ig
By (ii), I(x) = Jx(x) for x € E\ Np(Kk), then by Lemma 3.6, J also satisfies (PS) condition
and

Cl](]k/ oo) = Cq(Ik,OO) = 5q,j;f- (3.14)

Since K(Jx) C N(K(Ix)) and K(I;) is compact, K(J) is also a compact set. Moreover, note
that the notrivial critical points of Ji are all non-degenerate, we have that K(Ji) is a finite set.
Suppose that

K(Ji) \ {0} = {xt1, Xa2, Xa3, - -+ Xk }-

By (iii) and (3.12), we can choose T small enough such that forall 1 <i <,
m~(Ji (ki) > iy — 1. (3.15)

By (3.13), (3.14), and Proposition 3.4 we have
PR n — .

po 0 1y g U Gw)) = i - (14 £)Q(1). (3.16)
i=1

Note that iy + 19 < i, — 1 and iy, < jg, it follows from (3.16) that (1 + #)Q(¢) has a nonzero
term with exponent i, + ig. Then this means that the left hand side of (3.16) has a nonzero
term with exponent i, + ig —lori, + ig + 1. Thus there exists a 1 < i < n such that

m™(J¢ (wi)) =iy +ig—1 or m™(J{(x) =iy +i+ 1.

Since iy 413 < iy, — 1, we have that m ™ (J}/(xy;)) < iy, — 1 for some 1 < i < n. This is contrary
to (3.15), thus (3.11) is proved.

By Lemma 2.2 and (3.11), for every k € Z* the functional I; has a nontrivial critical point
xy such that ||xi||r~ < B. By Lemma 2.1, for k large enough such that Ry > B, x4 is also a
nontrivial critical point of I, and thus x is a nontrivial periodic solution of (1.1). O

4 Proof of Theorem 1.2

We introduce two critical point theorems which will be used in proving Theorem 1.2. Let H be
a Hilbert space. Assume that ] € C2(H,R) is an even functional, satisfies the (PS) condition,
J(0) = 0 and K(J) is a compact set. Let B, = {y € H | ||y|| < a} and S, = 0B, = {y € H |
lly]| = a}. The following two critical point theorems follow from Ghoussoub [7] and Chang
[4] (see also [13] ).
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Proposition 4.1 (See [7]). Assume H = Y @ Z, and let X be a subspace of H, satisfying dim X =
j >k =dimY. If there exist R > r > 0 and « > 0 such that

infJ(S,NZ) >ua, sup J(SkNX) <0,
then | has j — k pairs of nontrivial critical points {4uy, +u, ..., +u; i} so that m=(J" (u;)) < k+i
fori=1,2,...,j—k.

Proposition 4.2 (See [4]). Assume H =Y @ Z, and let X be a subspace of H, satisfying dim X =
j >k =dimY. If there exist r > 0 and « > 0 such that

infJ(Z) > —oo, sup J(S,NX) < —ua,

then | has at least j — k pairs of nontrivial critical points {+uy, fua, ..., Tuj_} so that m*(J" (u;)) >
k+i—1fori=1,2,...,j—k

For every k € Z*, by Lemma 2.1 (e), we see that I;(x) is an even functional on E. From
Lemma 3.6 and Remark 3.7, i satisfies (PS) condition and K(Ix) is compact. Now we give the
proof of Theorem 1.2.

Proof of Theorem 1.2. (1) We will use Proposition 4.1 to prove this case. Let Y = E; @ E),
Z=Efand X =E;. ThenE=Y®Zand dimX =iy > iy +i) = dimY.
For x € EJ, by (1.5) and (2.6) we have

5(x) = 3 (Lo, ) = gue(x) 2 2 x| +o(x]) @1)

as ||x|| — 0. Then there exists « > 0 and sulfficiently small » > 0 such that [;(x) > « for any
x € S, NEy, that is
inf I(S, N ES) > a. (4.2)

On the other hand, recall that E,, C E. in this case, then by (2.3) for x € E we have

1 c
Ie(x) = 5 {Lyx, %) = @e(x) < =L xll* + ([l x]|*) (4.3)
as ||x|| — oo. Thus there exists R > r such that Iy(x) < 0 for any x € Sg N E, that is
sup (SR NEy) < 0. (4.4)

For every k € Z*, by (4.2), (4.4) and using Proposition 4.1, we have that I;(x) has i, —i; —
i— i~ 0 ‘

i pairs of nontrivial critical points {£x}, +x2,..., j:x;("" ° Y with m— (I (x1)) < iy + i+
fori=1,2,...,i5 —iy — i8. By Lemma 2.2, fo(HLoo <B fl?r'z;:ol,Z,...,i; — iy — ig — 1. Then
for k large enough such that Ry > B, {£x}, £x2,..., x> ° ~0~1Y are also nontrivial critical
points of I, and therefore are nontrivial periodic solutions of (1.1).

(2) We will also use Proposition 4.1 to prove this case. Let Y = E;, Z = Ej @ EJ) and
X=E,. ThenE=Y® Zand dimX =iy, > i, =dimY.

For x € Ef ® E), we write x = x* + x% where x™ € Ef and x° € EJ. For x € (Ef NS,) ®
(EJ N B,), by (1.5) we have

1
Ii(x) = §<L0x+,x+> — poe(xT +x9)
Co
§Hx+|!2 —o(|lx™ +x%)?)

Vv

(4.5)
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provided r is small enough.
Now we consider I on (Ej NB,) & (EJNS,). For x € (Ef NB,) & (EJN'S;), by (1.5) we
have that

1
Li(x) = E<L0x+,x+> — poe(xT + )
> —por(xt +20)

1
> —1# (4.6)

provided r is small enough. Inspired by [12], we define a function ¢ : E}N'S, — R by
g(x®) = inf{L(x* +x°) | x* € Ef NB,}.

Then by (4.6), g is well defined and continuous. For any fixed Pa= E8 NSy, by a standard
minimization method, we see that g(xo) is attained at some ¥ € EO+ N B,, i.e.,

§(x%) = (% + ).
By the Sobolev inequality ||x||;~ < C||x||, we can choose r small enough such that
|27 + 20| < 6.

Thus by (H, ),
Goe(t, (T + 29 (1) <0

for any t satisfying (x* + x%)(¢) # 0. Since x° € EJN S,, then ™ + x? is not identically equal
to zero. This implies that

/OT Gor(t, (&+ +20)(£))dt < 0

and
T
g(x) = L(x" + %) = %<Lox+,x+> — / Gok(t, (7 4+ x0)(¢))dt > 0.
0

Since E8 is finite dimensional, E8 N Sy is a compact set. Then there exists ag > 0 such that
g(xo) > g, vl e E8 NnS,.
Hence, by the definition of ¢ we have
L(xT+x%) > ¢(x% >ap, Vat+2%€ (EfNB,)®(EJNS,). (4.7)
Let & = min{ao, £r*}. Notice that
AI(Ef NB,) @ (BN B,)] = [(Ef NS,) @ (E§NB)]UI(ES NB,) @ (E)NS))],
then by (4.5) and (4.7) we have
L(x"+2% >a,  Vx©+2%€9[(Ej NB,) @ (EJN B,)]. (4.8)
Taking a > 0 smaller if necessary, we obtain

L(x"+2% >a,  Va"+x%€ (Ef ®E))NS,, (4.9)
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that is
inf I, ((Ef @ EJ)N'Sy) > a. (4.10)

By (HJ), it is easy to see that (4.4) also holds in this case. Then by (4.4) and (4.10), using
Proposition 4.1 and a similar argument as the case (1), we can prove that system (1.1) has at
least i, — i, — 1 pairs of nontrivial periodic solutions;.

(3) We will use Proposition 4.2 to prove this case. Let Y = E,, Z=Ef, and X = E; & E8.
Then E =Y ® Z and dim X = i +i8 > iy =dimY.

For x € E, note that E5; C EJ by (2.5) in this case, we have

() = 3 (Ly,3) = gudx) > x| = o(x]P) @11)

as ||x|| — oo. Then there exists My > 0 such that
I(x) >0, Vx € ES with ||x|| > My. (4.12)
On the other hand, by Lemma 2.1, there exists a constant C{ > ( such that
Vi(t, 0)| < Ci|x 2.

Thus for x € Ef with ||x|| < My, we have
1 /T T T
L(x) = 5/ |5c|2dt—/ Vilt, x)dt > —c;/ |x|2dt > —C| M2, (4.13)
0 Jo 0

By (4.12) and (4.13), we have
inf [, (EL) > —oc0. (4.14)

For x € E, @ EJ), by using a similar argument as in obtaining (4.9), we have that there exist
r > 0and « > 0 such that

I(x)<—a,  Vxe(E, ®E})NS,

that is
sup ,((E; ®E))NS,) < —a. (4.15)

Then by (4.14) and (4.15), using Proposition 4.2 and a similar argument as the case (1),
we can prove that the system (1.1) has at least iy + i) — i, — 1 pairs of nontrivial periodic
solutions.

(4) We will also use Proposition 4.2 to prove this case. Let Y = E_, Z = E}, and X = E .
ThenE=Y® Zand dimX =i; > i, =dimY.

It is easy to see that (4.14) also holds in this case. For x € E,

Ik(x) = 5 (Lox, x) — go(x) < —%OIIXHZﬂLO(IIXIIZ) (4.16)

N —

as ||x|| — 0. By (4.16), there exist r > 0 and a > 0 such that
sup I,(E; NS;) < —a. (4.17)

By (4.14) and (4.17), using Proposition 4.2 and a similar argument as the case (1), we can
prove that system (1.1) has at least i; —i,, — 1 pairs of nontrivial periodic solutions. O
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