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Abstract. The systems of difference equations
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where a, ug, wy, vj,8;j = —2,—1,0, are complex numbers, and the sequences u;, v,, wy,
Sy are X, or yy, are studied. It is shown that each of these sixteen systems is practi-
cally solvable, complementing some recent results on solvability of related systems of
difference equations.
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1 Introduction

Let N, Z, R, C, be the sets of natural, whole, real and complex numbers respectively, and
No=NU{0}.If p,g € Z and p < g, then j = p,q is a notation for j = p,p+1,...,9.

First important results on solvability of difference equations and systems belong to de
Moivre [5-7], D. Bernoulli [3], Euler [9], Lagrange [15] and Laplace [16]. They found a few
methods for solving linear difference equations with constant coefficients, as well as methods
for solving some linear difference equations with nonconstant coefficients and some nonlinear
difference equations. Many books containing basic methods for solving difference equations
and systems have appeared since (see, e.g., [4,11-13,18,19,21,22]). It is interesting to note
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that many difference equations and systems have naturally appeared as some mathematical
models for problems in combinatorics, population dynamics and other branches of sciences
(see, e.g., [5-7,11-13,15-17,20,21,31,49]). The fact that it is difficult to find new methods for
solving difference equations and systems has influenced on a lack of considerable interest in
the topic for a long time. Use of computers seems renewed some interest in the topic in the
last two decades.

During the "90s has started some interest in concrete difference equations and systems.
Papaschinopoulos and Schinas have influenced on the study of such systems (see, e.g., [23—
28,32,33]). Work [29] is on solvability, whereas [24-26, 28, 32,33] can be regarded as ones
on solvability in a wider sense, since they are devoted to finding invariants of the systems
studied therein. Beside their study, have appeared several papers by some other authors
which essentially rediscovered some known results. These facts motivated us to study the
solvability of difference equations and systems (see, e.g., [1,34-48] and many other related
references therein).

Letk,I € Ng, a € R (or C), and

Zn—kZn—] T4
Zntl = 2tz n € Np. (1.1)
Equation (1.1) have been studied by several authors. Convergence of positive solutions to the
equation follows from a result in [14] (see [2]). For some generalizations of the result in [14],
see [8] and [27]. The fact that equation (1.1) resembles the hyperbolic-cotangent sum formula
has been a good hint for solvability of the equation. Some special cases of the equation were
studied in [30]. In [43] was presented a natural way for showing solvability of the equation.
The following systems

Up_kUp—] + 4 Wy—kSp—1 + 4

Xp+1 = ————F—— Ynp1 =
Wy + Sp—1

,  n € Ny, 1.2
Uy + Upg 0 12

where k,I € Ny, a,u_j,w_j,v_y,s_y €C,j= 0,k,j' = 0,1, and u,, v,, wy, s, are x, or y,, are
natural extensions of equation (1.1) (for studying the systems in the form, we have been also
motivated by [34]).

The case k = 0, I = 1, was studied in [47] and [48], and also in [41] where we presented
another method. We have also shown therein the theoretical solvability of the systems in (1.2).
The case k = 1, | = 2, has been recently studied in [40]. Here we study practical solvability of
the systems in (1.2) in the case k = 0 and | = 2, continuing our research in [40,41,43,47,48].
We use and combine some methods from these, as well as the following works: [35-39,42,46].
The investigation of the case has been announced in [41].

2 Main results

First we mention two lemmas. The first one belongs to Lagrange (see, e.g., [10,13,46]), while
the second one should be folklore (for a proof see [40]), and have been applied for several
times recently (see, e.g., [38,39,46]).

Lemma 2.1. Let t;, | = 1,m, be the roots of py(t) = amt™ + - -+ + art + ag, &y # 0, and assume
that t; # tj, when | # j. Then

m t] m tmfl

1

I . !

E =0, =0,m—2, and E = .
= pnt) J =) am
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Lemma 2.2. Consider the equation

Xy =@ Xp—1+ 02Xy 2+ +auXp_pm, n=>1I, (2.1)

wherel € Z,a; € C,j =1,m, ayn # 0. Let ty, k = 1,m, be the roots of gm(t) = t" — a1 —
at" % — ... —a,, and assume that t, # ts, when k # s.
Then, the solution to equation (2.1) satisfying the initial conditions

Xjim=0, j=L1+m—=2, and x_,=1, (2.2)
is
m t;;l-i—m—l
X, = — (23)
"= )

forn>1—m.

We transform the systems in (1.2) with k = 0 and | = 2 to some more suitable ones. We
have

(wn £+ v/a)(sn—2 £ v/a)

Wy + Sp—2

Xni1EVa= (un £/a)(vy—2 + \/a)

and ++va=
1y + Un2 Yn+1 \[

4

for n € Ny, and consequently

xn+1+\/a:un+\/a.vn72+\/ﬁ yn-i-l"‘\/a:wn‘f’\/E'San‘f‘\/a

(2.4)

Xus1— VA Up—a Vg —a yp—va  w,—+a s,2—+/a
for n € Ny.
Hence, the following systems are studied

xn+1+\/ﬁ:xn+\/a‘xn—2+\/a yn+1+\/5:xn+\/5_xn—2+\/ﬁ 2.5)
anrl_\/a xn_\/a xn—Z_\/E’ yn+1—\/ﬁ xn_\/a xn—Z_\/E’
xn-i—l‘i‘\/azxn‘f’\/a.351172‘1‘\/a ]/n+1+\/a_]/n+\/ﬁ.xn72+\/;l (2.6)
Xpp1— VA Xn—/a xp2—+/a' Yni1—Va  yn—+a Xn2—+/a’ ‘
xn+1+\/azxn+\/ﬁ'xn72+\/ﬁ yn+1+\/ﬁ xn+\/a'yn72+\/a 2.7)
Xpy1 =A@ Xyp—/a xp2—+/a Ynt1—Va  xu—+/a yn—2_\/ﬁl

X1+ VA Xt Va X2+ VA Y +VA ynt VA yuatVa 2.8)
Xus1— V@  Xp—a Xy2—+/a Yni1—Va  Yn—+/a yan_\/a,
xn-i—l"‘\/a:yn"‘\/a'xan‘f‘\/a yn+1+\/a_xn+\/a'xn72+\/a 2.9)
Xpt1—Va  yn—+/a Xn—2—+/a Yni1—Va  xp—+/a Xn—2—+/a

X1+ Ve Ynt VA X2t VA et VA yntVa Xw2t+Va 2.10)
Xnt1 =@ Yo —VA Xp2— VA ypi—Va o Y —Va xu2—a'
xn+1+\/a:yn+\/a.xn72+\/a ]/n+1‘i‘\/a xn‘f’\/a.]/an‘i‘\/E 2.11)
xn—&—l_\/;l yn_\/a xn72_\/a, yn-i-l_\/a xn_\/a yan_\/;l’ '
xn-&-l"‘\/a:]/n‘f‘\/ﬁ.xnf2‘|‘\/a yn—Q—l"‘\/a yn+\/a'yn72+\/ﬁ (2.12)
Y1 = VaE Y= VA X2 = Ve Y= VA Ya— Ve Ypa— VA
xn+1+ﬁ:xn+ﬁ.yn—2+\/ﬁ yn+1+\/a xn+\/a‘xn—2+\/a (213)
Xpp1—Va  Xgp—+/a yn—Z_\/EI Yni1—Va  xu—+/a Xn2 — /@'
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X1 +Va Xt VA Yp2+ VA Y VA yn VA xn2+Va
Xup1 = VA X —VE Yu2—Va Ypi—VE  Yn—Va Xn2— @
xn+1+\/?z:xn+\/5'yn,2—|—\/5 yn+1+\/a:xn+\/‘;'yn72+\/§
xn—i—l_\/a xn_\/a ]/n72_\/a, yn+1—\/ﬁ xn_\/a yan_\/E’
X1+ VA X+ VE Y2t VE Ypr+ VA Ynt VA yu2tVa
Xnp1 = VA X —VE Y2 —Va Yur1—VaE Y= Yn2— @
xm—l‘i‘\/a:yn"‘\/a.yn%"'\/a yn+1+\/ﬁzxn+\/ﬁ_xn,2+\/a
Xup1 =VaA Yo —VA Ya2—Va Y= VA xa—a X2 —a'
X1+ VA Yn VA Yn2tVE Yt VA yutVa X2+ Va
Xut1 =VaA Yo —VA Y2 = VA Ypr— VA Y —Va xu2—a'
xn+1+ﬁ:yn+\/a_yn—2+\/a yn+1+\/a:xn+\/a‘yn—2+\/a
X1 = VA Ya—VaE Yn2—Va ypri—Va  Xu—a yno2—+a
Yl VA Ynt VA Yn2t VA Yt VA Yt VA yn2tVa
X1 —=VE  Yn—VA Yn2—Va Yar1 VA Yu—a Ya2—a
for n € Ny.
Let vi vi
Xn ++/a Yn++/a
n = and n = ’
¢ Xn—/a 1 Yn—Va
then
Cn+1 nt+1
Xp = a and y, =+a ,
xfén_l y \[;7”—1

and the systems (2.5)—(2.20) respectively become

€n+1 = gngl’l—ZI
€n+1 = gnCn—Z/
Cnv1 = Cnlu—2,
Cn+1 = Cngnfzz
Cny1 = Wnén—Z/
Cni1 = 77n€n—2,
Cnv1 = MnCn—2,
Cnt1 = Mnln—2,
€n+1 = €n77n—2/
Cn+1 = gnﬂn—z,
Cnt1 = Culln—2,
Cne1 = énﬂn—z,
Cnt1 = Nnln—2,
Cnt1 = Nnln—2,
Cnt1 = NMnln—2,
Cnt1 = Nnlln—2,

Mn+1 = Cnln—2,
Hnt1 = MnGn—2,
Mn+1 = Cnﬂan/
Mn+1 = Ynln—2,
M1 = Cnln—2,
i1 = NnGn—2,
Mnt1 = Cnlln—2,
Nnu+1 = Mulln—2,
Mn+1 = CnCn—2,
Nn+1 = Ungn—zl
Mn+l = gnﬂnle
Nn+1 = Mulln—2,
Nn+1 = CnCn—2,
Nnt1 = NnGn—2,
Mn+1 = Cnﬂnle

Mn+1 = Nntln-2,

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
(2.23)
(2.24)
(2.25)
(2.26)
(2.27)
(2.28)
(2.29)
(2.30)
(2.31)
(2.32)
(2.33)
(2.34)
(2.35)
(2.36)
(2.37)
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for n € Ny.

To study the systems we use some ideas in [35-40,42,46]. The case a = 0 is simple (see
[41]). Hence, it is omitted.
2.1 System (2.22)

First, note that

Cn =1, neN. (2.38)
Let
a; = 1, bl = 0, 1 = 1, (239)
then
On =00 00 500, neN. (2.40)

Use of (2.40) implies
én - (én 2€n 4)ﬂ1€ 1C11 3= gaﬁ_blg = @iaz 2273 512—4’
for n > 2, where
a,:=a1+by, by:=c1, c:=a;.

Assume

On =0 0%, 0% (2.41)
ay = a1 +br_1, by =cr_1, o = ax_1, (2.42)

forak>2andn > k.
If we use (2.40) in (2.41), we obtain

Cn = (Cn—rk-1Cn—k-3)" kgn TS

_ ratby
_gn—k 1€n k— 2§n k-3

_ 7k bri1 Ck+1
- gnfkflgnfkfzgnfkffi’
where
Agy1 =g + by, Drpr =0k Cry1 = e

In this way, by using induction, we proved that (2.41) and (2.42) hold for every 2 < k < n.
From (2.39) and (2.42) we have

Ay = a1+ a,-3, (2.43)
not only for n > 4, but even for all n € Z, and
ap=1 a_.1=a_,=0, asz3=1, a_4=0. (2.44)
By taking k = n in (2.41), and employing (2.42) and (2.43), it follows that
w = Gt gty = g ety (2.45)

not only for n € N, but even for n > —2.
Combining (2.38) and (2.45), we have

= "0, (2.46)



6 S. Stevié¢

for n € IN.
Now note that the characteristic polynomial

Ps(A) =A% -A?—1=0 (2.47)

is associated with (2.43), and it has three different roots, say A;, j = 1,3. They are routinely
found [10].
By using Lemma 2.2, we see that

3 )\n+2

an = ’
! 1PM)

=

nez, (2.48)

is the solution to (2.43) satisfying the initial conditions a_» =a_; = 0 and a9 = 1.
From (2.21), (2.45) and (2.46), the following corollary follows.

Corollary 2.3. If a # 0, then the general solution to (2.5) is

xotva\ " (xa+v/a " (xotyva
(m A () () 0 _—
(onr\f) (x +\f>“n 2 <x72+\/a)an—1 K nz—z
xo—/a x_1—va X_p—va
Xo++v/a n +a An—2 X_o+\/a An—1
(xﬁ ) () () N
(X(H‘\[)a” (x ]Jr\/’)”n Dy (x,z—&-\/ﬁ)a”*l _1, n e ’
xp—/a x X_2—Va
where ay, is given by (2.48).
2.2 System (2.23)
First note that (2.45) holds, and that
M = Mn-1Cn—3, n €N. (2.49)
By using (2.45) in (2.49), we obtain
=10 -3
=1
=0 ]2 "¢
=1
= nogy g (2.50)
for n € Ny.
Employing (2.43) and (2.44), it follows that
Za]',g, = Z(a] — a]-,l) =day — 1, (2.51)
j=1 j=1
Y ai 5= (aj2—aj3)=au2, (2.52)
=1 j=1
Zajfél =) (aj-1 —aj2) = ay_, (2.53)
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for n € Ny.
From (2.50)—(2.53), it follows that

Tn = nog" UM, n € No. (2.54)
From (2.21), (2.45) and (2.54), the following corollary follows.
Corollary 2.4. If a # 0, then the general solution to (2.6) is

() () (=)
Xy = \/& (§§+\/i)an (i_;,_g)ﬂnz <§g+£>anl B 1, n> -2,
ap—1 0 .
oG ER ) e
(550) ()" ()™ ()™

where ay, is given by (2.48).

2.3 System (2.24)
First note that (2.45) holds, and that

Mn = Cn—-11n-3,
for n € N, that is,
Man+i = Can—1+ill3(n—1)+ir (2.55)
forneN,i=-2,—-1,0.
From (2.45) and (2.55), we have

Nan = 1o HCaj—l

=1 H §a3l a3] a3]

_ Y a3j1 00 A3j-3 X 43j2

=100 ¢ {5 , (2.56)
for n € Ny,

N3n1 = 12 H (3

=12 H C(E;S] §”3/ ”3]

- goj 0”3/€§ =0 3j— Zé’_l 043j-1 , (2.57)

forn > —1, and

Mans2 = -1 [ 341
j_

a3j+1 ﬂ3 ﬂs
_771H€ j+ J /

N e s e S (2.58)
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forn > —1.
Employing (2.43) and (2.44), it follows that

2”31 3= E asj—o — ﬂaj—s) = a3p—2, (2.59)

]_

n
2“31 2= Z 3j—1 — A3j—4) = A3n-1, (2.60)

=

n
Z azi-1 = )_(asj —asj_3) = as, — 1, (2.61)

i=1 =1

n n
2‘131'*2 = Z(a?)jfl - 113]‘74) = aA3n—-1, (2.62)

= =
2”31 1= Z f3j — A3j-3) = A3n — 1, (2.63)

]_
2’13]' - Z(‘ZBJ'H — f3j-2) = A3n41, (2.64)

= =

n n
Y s = Y (a32 — a3j-1) = Gzns2, (2.65)

L =

Use of (2.59)—(2.65) in (2.56)~(2.58), yield
173?1 — 1706“371 1€’a3n 26”3;1 1 (2.66)
for n € Ny,
1731’14—1 — 1172C83n+1 Cajg—lglfﬁ—ll (267)
forn > —1, and

N3n+2 = 77-1@83"“?1_3{715{35“, (2.68)

forn > —1.
From (2.21), (2.45), (2.66)—(2.68), the following corollary follows.

Corollary 2.5. If a # 0, then the general solution to (2.7) is

(S (1) ()™ g
" T T
VA sy )BT (xaeya) B (x| g
oD B (S wem
(7)) (22p) " (223) ()
yot+va\ ([ xoty/a B 1va\ Bl (x4 /a a3, —1
Yan1 = \/E (Z i—ﬁ) (i2+§)a3n+1 < +£)a3n] (i§+£)”3n1 ’ 1’ n=>-1,
(o) ) ()™ )
a3 a1 .
DG
y_1+va X0 nte (x_ AN X o4y/a "t
y-1—va) \xo—va x_1—va X_2—/a

where sequence a, is given by (2.48).
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2.4 System (2.25)

Note that (2.45) holds, and that

an-2  0pn—1

M =102y,

forn > —2.
From this and (2.21) the following corollary follows.

Corollary 2.6. If a # 0, then the general solution to (2.8) is

A €= M =) B =) iy

(Btv2)™ ()™ (2v) ™
o () ()
L () () ()

for n > —2, where a, is given by (2.48).

2.5 System (2.26)

The relations in (2.26) yield
gn = gn—Zgn—S'éanL/ n=>2.

Let
b]:Clzdlzl, 81:0,

then (2.69) can be written as

On = 00,00 0 00 ., n>2.

n—5/

Use of (2.69) in (2.71) yield
CnZCf?z 213 Z14 5115
(gn 4€n 5€n 6)b1€ dl 21—5
— g Cb1+d1€b1+€1€
= é'1173511—4 n75€n76

for n > 4, where
by :=c¢1, c:=b1+dy, dr:=b1+e, ep:=Dh.

Suppose that
Z:”_gn k— 16;11 k— Zgn k— Sgn k—4

and

by =ck-1, Ck=Dbr1+dk1, dx=Dbr1+e1, e =Dbr,

forak>2andn > k-4 2.

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)
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Employing (2.69) in (2.72), it follows that

_ b Ck
g”_gnklnk2nk3€nk4

(gnk3€nk4€nk5)kgnk2nk3§nk4

bk-l-dk br+ey

_an2n7k3gnk4nk5
_ bk o diy1 7€k
- gnjkugni—kf?)gnjkfélgnfka’

where

biy1:=ck, Ckp1:=br+di, dip:=br+er, ey = by,

for a k > 2 and every n > k 4 3. Hence, (2.72) and (2.73) really hold for 2 < k <n — 2.
From (2.70) and (2.73) we have

by = by_o+by_3+by_y, (2.74)
not only for n > 5, but also for every n € Z, and that
bop=0, b1=1, bo=bs3=b4=0 bs5=1
Letting k = n — 2 in (2.72), it follows that
L= 4y’
= (mg-2)" 2052 g gy

— ;78;1—2 g(c)nfz é‘in{z élﬁ1£2 +en—2
— ”gn—Z ggn—lgllrzl—3+h1l—4 glﬁlz—Z'HM—S, (275)

forn > —2.
By using (2.75) in the second equation in (2.26), it follows that

Nn = Cn— 1gn 3
— 170;1 3+bn 56’ 2+bn 4€ n— 3+bn 4€’ n— 2+bn 3, (2.76)

for n € INp.
The characteristic polynomial associated with equation (2.74) is

Py(A) =A* = A2 - A —1.

Since
Py(A) = (A+1)(A3 =A% —1),

we have that three roots of Py, coincide with the roots, A;, j = 1,3, of polynomial (2.47),
whereas Ay = —1.
Lemma 2.2 shows that the solution to (2.74) satisfying the initial conditions b_4 = b_3 =
b,=0and b_1 =1, 1is
4 A;fl+4
by, ]:Zl AEDE ne-. (2.77)

From (2.21), (2.75) and (2.76), the following corollary follows.
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Corollary 2.7. If a # 0, then the general solution to (2.9) is

(y0+\/a>bn72 (x(ﬁ_ﬁ)bnq <x71+ﬁ)bn73+bn74 <x72+ﬁ)bn72+bn73 1
X, = \a Yo—va xo—/a x_1—Va
" (yOJr\/E)bnfz (xo—s-\/ﬁ)b"*l <x71+\/§>bn73+hn74 (x,2+ a>bn72+bn73
yO_\/;’ xo—va x_1—va

forn > =2, and

y0+\/a bn73+b1175 X[)-‘r\/ﬁ bn72+bn—4 X,1+\/L; bn—3+bn—4 X_z-‘r\/a b1’172+bn73
Y = ﬁ(yox/ﬁ) (xo*\/ﬁ) (Ll*ﬁ) <x—2*\/5) +1
n (y0+\/a>bn73+bn75 (x0+\/a)bn72+b1174 <x_1+\/a>bn—3+bn—4 (x72+\/a)bn72+bnf3 _ /
Yo—Va Xo—v/a x1—va Xxo—a
for n € Ny, where b, is given by (2.77).
2.6 System (2.27)
Clearly, we have
Cn = My N E N,
from which along with (2.27), it follows that
Cn+1 = Culn—2, n€N.
Hence, by using (2.45) it follows that
gn — gi’n—l ggn—scﬁl—z
— (od2) g
— 1731171 CSn—S é’fﬁ1{2 é"inz—ll (278)

for n > —1, where a, is the solution to (2.43) satisfying the initial conditions a_» =a_1 =0
and ay = 1. Hence

e = 10" 00 (2.79)

for n € IN.
From (2.21), (2.78) and (2.79), the following corollary follows.

Corollary 2.8. If a # O, then the general solution to (2.10) is

(22" (32)" ()" (222)" 1

() () () ()

Xn =+a

forn > —1, and

(M)a”‘l (M)’IH <x71+\/ﬁ>“”*2 (x_z+\/ﬁ)”"‘1 1

I R (e () ()

for n € IN, where ay, is given by (2.48).
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2.7 System (2.28)

From (2.28) we easily get
On = Cn20p 30, te) n >4 (2.80)

Let
b1 = 1, 1 = 2, d1 =e1 = O, f1 = —1, g1 = 0. (281)

From this and (2.80), we have
b d
Cn = €n1_2 21—3 n14 ZI—SCn]—6C§]—7
- d
= (gn 46% 5§n 18)}71@617 ! Cl €176§§177
— C €b1+d1 €2b1+€1€ C 7C b1
g CZ —5 n—6€ gn 87

for n > 6, where
by:=c1, co:=b1+d1, dy:=2b1+e, e2:=f1, =81, §:= —b1.

Assume
Cn :gn k— 1€n k— 2€n k— Sgn k— 4€n k— 5gn k—67 (2.82)

forak>2and alln > k44, and

by = ck_1, Cx = b1 +di_1, dip =2bx_1 +ex_q,

(2.83)
ek = fr-1, fr=81, 8= —br1.
We have
g gnklgnk2§nk3€nk4 k5€nk6
b fi
(gnk3€nk4€nk7)kgnk2nk3nk4§nkk5§nk6
b+di  »2bg+er ~fi b
_gn k— Zan—k—k3Cn—kk EIZLan k— 5§ —k— 6§ f
S A v e S avas WS éikr;,yf
forn > k +5, where
bk+1 == Ck, Ck+] — bk + dk, dk+1 = 2bk + ek,
ekr1 = foo frr1 = Sk Sk+1 = —by.
Hence (2.82) and (2.83) really hold when 2 < k <n —4.
From (2.81) and (2.83) we have
bn = bn—Z +2by3 — by, (284)

not only for n > 7, but for all n € Z, and

bp=0, by1=1 b;=0,j=26 b;=-1 bg=0.
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By taking k = n — 4 in (2.82), it follows that

gn _ €§n74 €§n74 gfn74 €8n74 gjjzf} €§n£4
= (07-180G—2)""* (72800 1) * (oG —2) P44 T/ &t

gon 4FCp—gte,— 4CCn —atfu- 4€ n—atdn—atgn— 4]7bn atdy- 4;,]bn 417Cn24
b b b b b b b
— gon 17 Yn— 4§ n—3"Un— 6€ n—2"Un— 57] n— 277 n1417 n23, (285)

forn > —2.
Using (2.85) in the first equation in (2.28), we obtain

Mn = €n+1/§n 2

by—2by_3-+by—g »by_2—2b4_5-+bp_g »by_1—20n_a-tby_7 bu1—bp_s bu_s3—bp_g. bu_s—bn_s
— goﬂ n n é’ n— n n Ci‘l n n 1707[ n 17 nl n 17:12 n

gon 2C n— 4€ n—3 bn 1=bn 417@113 by 617?722 by—s (2.86)

7

forn > —2.
The characteristic polynomial associated with equation (2.84) is

Pe(t) =t —t* 283 +1 =P - -1 (L +>-1).

Let tj, j = 1,6, be its roots. Clearly t; = A;, j = 1,3, (the roots of polynomial (2.47)), whereas
the other three roots of Py are the roots of the polynomial > + > — 1.
Thus, the solution to (2.84) satisfying the initial conditions b_; = 0, k=2,6,and b_; =1,

is
tifl+6

6
b,=Y L, nez. (2.87)
’ ]; Pe(t)
From (2.21), (2.85) and (2.86), the following corollary follows.

Corollary 2.9. If a # 0, then the general solution to (2.11) is

) () () () () ()
xo+y/a\Pr1 Pus (x yiva\Pr2 (yorva\Pn2 [y i4va\Pt [y otva b,,,g,_l’
Em) (x ) ) (5 ff)bn_g (yo+ é)ﬁnl (ygf)ﬁ,,_s <“+jf)ﬁn_z
_ xo—ﬁ) (e ) (2a) " (g)" () () n
" ) ) () ) () (e
Xo—+/a X 1—a X 2—/a Yo—/a Yy 1—a Y a—a
for n > —2, where the sequence by, is given by (2.87) and B, := by — by_3.
2.8 System (2.29)
This system is obtained from (2.24) by interchanging letters ¢ and 7.
Hence, we have
Can = Cong '™ y™ 7, n € Ny, (2.88)
C3n1 = (- 27703”“77[1311 Tl i > -1, (2.89)
Cansa = o2y ™ ™, n> 1, (2.90)
M =gy, n > =2, (2.91)

From (2.21), (2.88)—(2.91), the following corollary follows.
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Corollary 2.10. If a # O, then the general solution to (2.12) is

S ) () () e

yn—

o - , nz=-=2,
() () ()
a3, —1 a3 N\ B3
_ & 6a) (M);_l (i) (f) e
(o) ()™ (29) ™ ()™
a3y 3 3, —
o () () () (e
n 7 a3n41 Bp—1 [, A3n— ’ = 4
(50 () () () -
YA ) ) B v ) B G ) AL S
e o T )
where sequence ay is given by (2.48).
2.9 System (2.30)
From (2.30), we have
Cn = Cn-1Cn-4Cn—s6, (2.92)
for Irij 4.
am=1 by=c=0 d=1 e=0 f=1 (2.93)
e On =M 0000, L, n>a (2.94)
From (2.92) and (2.94), it follows that
én = 5,21_1 Zl, Cl é
= (Gn—20n-— SCn 7)”1C 20 C WGnshe
_ §a1+b1€ a1+61€ 6€
= gan n—3 2 gn 77

for n > 5, where

am:=a1+b;, bh:=c, c:=d, dr:=a1+e, e:= fl, fz =a.

Similar to the case of equation (2.80) it is shown

On = 00 0 0 s, (2.95)
forak > 2and n > k + 3, and that

A = ag—1 +bx—1, bp=cx_1, k= di_y,

(2.96)
Ay = ar_1+e—1, e = fro1, fr = ar-1.
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From (2.93) and (2.96), we have
ap = Ap-1+ ay—4 + an—g, (297)

not only for n > 7, but for all n € Z, and that

ap=1 a,;=0,j=15 ae¢=1 a;=0 ag=-1L

Letting k = n — 3 in (2.95), it follows that

gn — ggn—S ggn—3 gfl«‘n—S ggn—s é’fizl—s €J212—3
= (Gomor—117-2)" (Gon-111-2)""*(Gon-2)" 55" 25 ¢

— gﬂn—3+bn—3+cn—3+dri—3gen—ng -3 n-3_ An-3+by_3_ay_3+by,_3+cy_3
— %0

2 o M1 Uy
_ é’ﬂngﬂn 5€'ﬂn24]761n 317ai11217ul421/ (298)

forn > —2.
If in the second equation in (2.30) is used (2.98), we get

n = Cn-1Cn-3

_ 7On-110n-3 pAn—6+an-8 yAn—5+an—7_ An—a+an—6_An-3+an_5_ An—2+0n—4
=0 ¢y 4% 1o ny ny , (2.99)

forn > —2.
The characteristic polynomial

Po(t) =t - - —1=(F - -1)(F+1)
associated with equation (2.97) has the roots
tl = Al’ tz = AZ/ t3 - )L3/ t4 - _1/ t5,6 - eii%/

where Aj, j = 1,3, are the roots of polynomial (2.47).
Hence, the solution to equation (2.97) satisfying the initial conditionsa_; =0, j = 1,5, and
ap=11is

6
a =Y = ~, nez (2.100)

From (2.21), (2.98) and (2.99), the following corollary follows.

Corollary 2.11. If a # 0, then the general solution to (2.13) is

() ()" () () ()™ () o
) () ()™ ()™ ()™ () 1
- ﬁW) () () () () ()
() (00 (20) () () ()

for n > —2, where the sequence a,, is given by (2.100) and b, = a, + a,_».
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2.10 System (2.31)

From (2.31), we have

Tn = 0o 10 2Cn—6/ (2.101)
forn > 4.
Let
a; = 2, b1 = -1, 1 = dl =€ = 0, f1 =1, (2.102)
then
n =00 00,0 L (2.103)
for n > 4.

Employing (2.101) in (2.103), it follows that

O ST SN s N AN AL Al
( 2§n 3Cn 7)a1€ Cl el 5€n]—6
€2u1+b1§—fl3+clén_ g 6C
S SN S SR s S

for n > 5, where
ap = 2a1+b1, b2 ‘= —ay1+c, Cp:i= dl, dz =€, ex.= fl, f2 = 4ai.

Similar to equation (2.80), it is shown that

C” _g gn k— lCn k— 2€n k— Sgn k— 4€n k—57 (2'104)
and
ax = 2ax_1 +br_1, by = —ar_1 +c1, o = di—1,
dy = e—1, e = fk—1,  fr = ax-1, (2.105)

fora2 <k<mn-3.
From (2.102) and (2.105) we have

ay = Zan_l —Ay—2 + An—6, (2.106)

not only for n > 7, but for all n € Z, and that

~
[
&
|
—_
~
N
N
|
e}

El():l, El,]‘:O,].Zl,S
For k = n — 3, from (2.104), we have

CH — §§n73 ggn—S gin73 an73 gi«IS gjiﬂ2—3
_ (€077077 e 2)»1,,,3 (@o'? e 2)bn,3 (5077 2>Cn,3€'gnf3é’enf3gfn73

— é’un 3+bu—3+cu—3+d,— 3€en 3€fﬂ 3 an 3, An-3+by3_ an 3+by_3+cu3
— 90

U -2
— éun ap— 1€un 5€”n247]gn 3;751"12 an— 37,]”:121 an— 2, (2107)

forn > —2.
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From (2.31) and (2.107), it follows that

M = €n+3/€n+2

— ganJrS Zan+2+an+1€an 2= Aan— 3€an 1—an— 217‘1;1_‘111 1, 004120y +ay 1 An2—20,41+an
— 90 0

-1 -2
— é‘an 3€an 2—0an— 3€ﬂn 1= an-2 ﬂn an— 117‘111 517”1124’ (2.108)

for n > —2 ((2.108) is also obtained from (2.107) due to the symmetry of system (2.31)).
The characteristic polynomial associated with (2.106) is

Py =t =20+t 1= (B -2 —1)( =2 +1).

Let ?]-, j = 1,6, be the roots of polynomial 136. Then, the solution to (2.106) such that a_j=0,
j=15andag=1,is

e
— 3

6
=) €Z. (2.109)
j=

10 (5)
From this and (2.21) the following corollary follows.

Corollary 2.12. If a # 0, then the general solution to (2.14) is

N €= I =) B =) B =) (i ) ()
n Aa,_q ay_s ay_4 Aay_3 Aay_p /
() Gm) () G () )
Ap— Aay, Aay, 7 Aa, - 7\ - - 7\ -
oovabin) () () () (RmE) (B)
n Ay Aa,_ Aay,_ Aa,_ ay_ a,_ ’
() (md) ) () (Bl ()
for n > —2, where the sequence ay, is given by (2.109) and Aa, = a1 — an.
211 System (2.32)
From (2.32) we see that
Cn =1, neN,
implying that
Cn = g?’l—lgi’l*:’)/
forn > 4.
Employing (2.45) it follows that
g ggn 3€;n 5§ﬂn 4
= (Gonon—11-2)">(Conr—11-2)"" " (Jorg—2)™*
— boln 117% 37]11711 2;7%21, (2.110)

for n € IN, where a, is the solution to equation (2.43) such thata_; =a_» =0and ap = 1, and
consequently

T = an 1178;1 3]711»112;7%21/ (2111)
for n € Ny.
From (2.21), (2.110) and (2.111), the following corollary follows.
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Corollary 2.13. If a # 0, then the general solution to (2.15) is

oo ) () ()
n Apn—1 7 n-3 B 7 fn-2 B 7 An-1 4
(o)™ (i) () ()

forn € N, and

o va )" (B) (550" ()" 1
(55" () () ("

for n € N, where a, is given by (2.48).

2,12 System (2.33)
This system is get from (2.23) by interchanging letters { and #. Hence, we have

n ,0n—2  0n—1

M ="Mo N-1 T2
forn > —2, and
Cn = Cong" "y
for n € Ny.
From this and (2.21) the following corollary follows.

Corollary 2.14. If a # O, then the general solution to (2.16) is

xoty/a) (yobva) " (yaya) o (g atya)
xn_\f(xof)(yof> (y1\f> (yzf) +1 n € No
() (8)™ ()™ (m0)™ -
Xo—/a Yo—va y-1—va Yy-2—a
wotva )™ (yatya) " (yoatya) S
Yo = \a (yo f) ( ”) <J/72*\/E) +1 N> _2
n <y0+\[> (y +\f> (]/724“\/5)[1"71 _ 11 - Y
Yo—va va y_2—/a
where ay, is given by (2.48).
2.13 System (2.34)
From (2.34) we have
Cn = gn—Zgi_zLén—ér (2112)
for n > 4.
Let
a = 1, b1 = 2, C1 :— 1. (2.113)
Then, from (2.112) and (2.113), it follows that
Gon = 0h 203, 405 o (2.114)

forn > 2.
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Employing (2.112) in (2.114), it follows that

g an 2€2n 4 271 6

= (Con-al3_6Qon—8)" 00 W05 6

_ a1+by 201+
= Con_ 416215 61€zn 8

an 4 2n 6 2n 8/
for n > 3, where
ay:=a +by, by:=2a;+c, c:=aj.

Similar to equation (2.40), it follows that

a b C
Con = ZIEn—k) ZIEn—k—l) 2k(n—k—z)'

and
A = ag—1 +bx_1, by =2ar_1+c_1, k= ar_1,

forak>2andalln > k+1.
From (2.113) and (2.116) we have

ay = ay_1+2a,_2+ a,_3,

and
apg = 1, a_1 = 0, a_p = O, a_3 = 1.

Letting k = n — 1 in (2.115), it follows that

Con = 05100 10!
= (§0€7277_1)a”—1ggn_an—1gu_y,2_2

— 70n Ap—1+an—2_ An-1
0 >-2 -1

forn > —1.
Similarly is get

Con—1 = gg"’zgl;”ﬂgitl—z
= (g 17](%17 2)””*2(170;7 z)an—l—an—Zgﬁ’ll—S

= g@l 2+a,— 3;7‘171 1+ay— 277a;121’
for n € INy.
Combining (2.34) and (2.118), it follows that

Non—1 = Con—20on—4

_ Can—l+an72€an—2+2an73+an—4 ay—2+ay—3
=69 n-1

_ Ap1tan—2 yay-1  ap-2+a 3
_goﬂ gﬂ ;7’ n—

for n € Ny, whereas by combining (2.34) and (2.119), it follows that

N2n = Con—102n—3

_Cai172+2ﬂn—3+an—4 ap1+2ay o+ay-3 Ay 1+a,-2
= Mo n

gﬂn 1,05, 0n—1F0n—2

1 Mo M2 ,

19

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)
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forn > —1.
The characteristic polynomial associated with (2.117) is

Py(t) =8 -2 —2t—1.

Lett;, j = 1,3, be the roots of the polynomial. Then, the solution to (2.117) such that a_, =

a_1=0anday=1,1is
3 t?fl+2

J
iy =Y =—, neZ (2.120)
=1 P3(t5)
From this and (2.21) the following corollary follows.

Corollary 2.15. If a # 0, then the general solution to (2.17) is

(;Cg-i-\\?)”” (iji_g)ﬂnfﬁanfz <th£ a1 +1

, >
xo+\[>a” <x72+\/5>u”71+a"72 (]/—H-\/ﬁ)a"*l -1 o
X_2—va y1—Va
ap—2+ay—3 (y0+\/a>an—l+”n—2 (y72+\/ﬁ>”n—1 + 1

Yo—Va y2—va
An—2Fn=3 (o4 Jq\ 102y 4 /g B 1

(o) ()

fn-t (y0+\/5)an <y72+ﬁ)a"_l+a"72 +1
Yo—va Yy2—Va

an-1 <y0+\/§)an (y72+\/§)an—]+an—2

, n €Ny

, n>-—1

-1— Yo—va y-2—va
x0+\/7 n—1Fan—2 x72+\/ﬁ ap—1 y71+\/a ap—2+ay-3 4 1
x_2—a y-1—va

x0+\/’ Ap—1+ay—2 X,2+\/E an—-1 y71+\/ﬁ Ap—2+an-3 . 1’
Xx2—\a y-1—va

n € Ny,

<
N
N
§
AAAAAAA
RR
+
:1\_/\_/\_/\_/

where the sequence a, is given by (2.120).

2.14 System (2.35)

This system is get from (2.30) by interchanging letters  and #. Hence, we have

n—1+an-3_An—6+an-8_An—5+an— 7€ﬂn 4+an— 6€an 3+an— 5€an 2+ay—4

gn:% /=t [/

forn > —2, and

4

17” — 770 ;,] 1 nan24€gn 35“7[ ZC“H 1
forn > —2.
From this and (2.21) the following corollary follows.

Corollary 2.16. If a # 0, then the general solution to (2.18) is
yorv/a\ Pty it va\ ey @\ s (xorva\ Pt x va\ I3 [ xaa) P2
(yo ) (y—f\/ﬁ) (y—r\/ﬁ) <x0*\/ﬁ> (x—lfx/a) (x—r\/a> +1

W) () () () () ()

( N
(22)" ()" (122" (2) () () 0
(

7

_ i
Va Yo—va y-1—va y—2—Va Xo—Va x_1—Va X_p—Va

wee) () () ) () ()

for n > —2, where the sequence a,, is given by (2.100) and b, = a, + a,_».

Yn =

x_p—y/a
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2.15 System (2.36)
This system is obtained from (2.26) by interchanging letters { and 7. Hence, we have

Oy = gon 3+bn— 5 bn 2+by— 4}7bn13+bn 4}73;122-5-1771 3 n e Ny,

b b b b b
M _gon 2 n 1;7 ;113+ n— 4;7 n22+ n— 3, n> —2.

From this and (2.21) the following corollary follows.

Corollary 2.17. If a # 0O, then the general solution to (2.19) is

(x0+\/ﬁ)b"’3+b”*5 <y0+\/ﬁ>bn—2+bnf4 <y71+\/§)bn—3+bnf4 (y72+\/a>bn72+bn73 1
X = /2 Xo—Va Yo—va y1—va ya—va
n =
<xo+\/a>bn73+h1175 <y0+\/ﬁ>bn—2+bn—4 <y71+\/ﬁ)bn—3+bn—4 (y72+\/ﬁ)bn—2+bn73 - 1’
Xo—v/a Yo—va y-1—va y2—va

for n € Ny, and

(x0+\/ﬁ)b"*2 (yo—&-\/ﬁ)b"*l (y71+\/ﬁ>b1173+bn74 <y_2+\/ﬁ)bi172+bn73 1

y Xo—/a Yo—a y-1—va yo—a
n — 7
(xO+\/E)br172 <y0+\/a)bn—1 (y71+\/5)b1173+bn—4 (y72+\/5)b1172+bn73 B
Xo—\/a Yo—va y_1—/a Y_2—/a

forn > —2, where b, is given by (2.77).

2.16 System (2.37)

System (2.37) is get from system (2.22) by interchanging letters { and 7 only. Hence, we have

a a
g'rl — 170 17 n1217 n21’ ne IN"
Ap—2  0n—1

T =M, = =2
From this and (2.21) the following corollary follows.

Corollary 2.18. If a # 0, then the general solution to (2.20) is

) (mnE) " ()
Xn = i — , neN,
" (M)a ()™ ()™
n n—2 n—1
alemd) () ") e
Ml ) )T
Yo Yy-2—va

where ay, is given by (2.48).
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