Electronic Journal of Qualitative Theory of Differential Equations
2020, No. 84, 1-15; https://doi.org/10.14232/ejqtde.2020.1.84 www.math.u-szeged.hu/ejqtde/

Compactness of
Riemann-Liouville fractional integral operators

Dedicated to Professor Jeffrey R. L. Webb on the occasion of his 75th birthday

Kunquan Lan *

Department of Mathematics, Ryerson University, Toronto, Ontario, Canada M5B 2K3

Received 18 May 2020, appeared 21 December 2020

Communicated by Paul Eloe
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1 Introduction

Riemann-Liouville left-sided and right-sided fractional integral operators of order a« € (0,1),
denoted by Ié: “ and I!~*, respectively, are two special linear Volterra integral operators with

1 — 7
the kernel )

k(x,y) = pepeIe

The kernel k is singular at each (x,x) and the singularities often make it difficult to study
problems such as continuity and compactness of these operators defined in subspaces of
LY(0,1).

It is well known that Ij;* is bounded from L?(0,1) to LP(0,1) for each p € [1,00], and
from L?(0,1) to C[0,1] for each p € (ﬁ,oo], see [6, Theorem 2.6], [11, Theorem 12], [20,
Theorem 3.6] and [23, Proposition 3.2 (1) and (3)]. It is implicitly proved in [6, Theorem 6.1]
that I;;* is compact from C[0,1] to C[0,1] and in [22, Theorem 4.8] that I);* is compact from
D c C[0,1] — P, where D is a subset of C[0,1] and P is the standard positive cone in C[0, 1].

In this paper, we prove that both Ié: * and Illf % are compact from LP(0,1) to C[0,1] for

each p € (1%, 00]. This allows one to study the existence of solutions of the initial or

(1.1)
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boundary value problems for nonlinear fractional differential equations with discontinuous
nonlinearities by applying the fixed point theorems or fixed point index theories. We refer to
[2-6,8-10,13,15,18,19,21-27] for the study of these nonlinear problems.

To study the compactness of Iéj *, we first study compactness of the following two linear
Hammerstein integral operators L and .Z:

Lo(x) = /01 k(x,y)v(y)dy foreach x € [0,1], (1.2)
and .
ZLo(x) = ./0 o(x,y)k(x,y)v(y)dy foreach x € [0,1], (1.3)
where k : [0,1] x [0,1] \ 2 — R has singularities in a subset
7 ={(xy):x €01,y € D(x)}

to be defined in Section 2, and o (x,y) = sgn(x — y). It is not trivial to prove compactness of
these operators due to the singularities of k on 2.

Under suitable assumptions on k, we prove that both L and . map L?(0,1) to C[0,1]
and are compact for p € [1,00]. In particular, when 2 = {(x,x) : x € [0,1]}, we show that
I;7* and I;=* are proportional to the sum and substraction of the two operators L, and %,
respectively, where L, and .%, are the two operators L and .# with the kernel k defined in
(1.1). When p € (ﬁ,oo], these relations are used to derive compactness of Icl)j * and Illf “
from the compactness of L, and .Z,,. As applications of compactness of Ié: *, we show that the
spectral radius of Iéj *is 0, and I&j * has no eigenfunctions.

2 Compactness of linear integral operators
In this section, we study the following two linear Hammerstein integral operators
Lo(x) = /01 k(x,y)v(y)dy foreach x € [0,1], (2.1)
where the kernel k is allowed to have singularities on [0, 1] x [0,1] and
ZLo(x) = /01 o(x,y)k(x,y)v(y)dy foreach x € [0,1], (2.2)

where ¢ : [0,1] X [0,1] — R is defined by

1 ify <x,
oc(x,y) =sgn(x—y) =40 ify=x, (2.3)
-1 ifx<y.

Unless stated otherwise, p,q € [1, 0] are the conjugate indices, that is, they satisfy the follow-
ing condition:
1/p+1/9=1, (2.4)

where if p = oo, then ¢ =1 and if p = 1, then g = co.
We denote by L?[0,1] and L. [0,1] the Banach space of functions for which the pth power
of the absolute values are Lebesgue integrable with the norm || - [|;»(0,1), and its positive cone,
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respectively, and by C[0, 1] the Banach space of all continuous functions from [0, 1] to R with
the maximum norm denoted by || - |[¢jo 1] or | - |-

Let X, Y be Banach spaces. Recall that a linear map L : X — Y is said to be compact if L is
continuous and L(S) is compact for each bounded subset S C X.

Assume that for each x € [0, 1], there exists a subset D(x) of [0, 1] satisfying meas(D(x)) =
0. Let

2 ={(x,y):x€0,1], y € D(x)}.
It is easy to verify that (x,y) € [0,1] x [0,1] \ Z if and only if x € [0,1] and y € [0,1] \ D(x).

Theorem 2.1. Let p,q € [1,00] satisfy (2.4). Assume that k : [0,1] x [0,1] \ 2 — R satisfies the
following conditions.

(i) Foreach x € [0,1], k(x,-) : [0,1] \ D(x) — R satisfies k(x,-) € L1(0,1).
(ii) Foreach T € [0,1], limy—r [[k(x, ") —k(T,)[|La(01) = O.
Then the map L defined in (2.1) maps LP(0,1) to C[0,1] and is compact.

Proof. Letv € LP(0,1). By the condition (i) we have

1
Lo()] = | [ kGry)ow)dy] < Ik luson [0l <00 for eachx € [0,1]

and Lo is well defined on [0, 1]. For 7, x € [0, 1], we have

1
|[Lo(x) — Lo(T)] < /0 [k(x,y) = k(T y)[[o(y)] dy
< [lk(x, ) = k(T ) laon 12l e (o,0)- (2.5)

It follows from the condition (ii) that Lv € C[0,1] for v € LP(0,1) and the first part of the
result holds.
We define a map % : [0,1] — L7(0,1) by

Then the conditions (i) and (i7) are equivalent to the fact that ¢ : [0,1] — L7(0,1) is continu-
ous. Hence, || (+)|| 10,1 : [0,1] — R is continuous, and thus

My := max{||k(x, ) ||,y : x € [0,1]} < co.
Let S C LP(0,1) be a bounded set in L”(0,1). Then
My := max{||v|[rr(o1) : v € S} < 0.
Hence, for v € Sand x € [0,1],
[Lo(x)| < /01 [k(x, y)l[o(y)| dy < [[k(x, ) llaoaollr o) < MiMa < co.
Hence, ||Lv||cp1 < MiMz and L(S) is bounded in C[0,1]. By (2.5), we have for v € S and

T,x € [0,1],
|Lo(x) — Lo(7)| < Ma|lk(x, ) = k(T, )| 1s(0,0)-
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It follows from the condition (ii) that L(S) is equicontinuous. By the Ascoli-Arzela Theorem,
L(S) is compact.

Let {v,} C LP(0,1) and v € LP(0,1) such that |[v, — v||rp(g1) — 0. Then we have for
x €1[0,1],

1
| Loa(x) — Lo(x)| < ’/0 [k(x, y)l[oa(y) —v(y)ldy| < lk(x,)llLso)l[on = 0l

and
[Lon — Lo||cjo,1) < Millvn — ©|lp01) — 0.
Hence, L : LP(0,1) — C[0, 1] is continuous and thus, is compact. O

The compactness result of Theorem 2.1 with g = 1 is closely related to [17, Lemma 2.1].

Lemma 2.2. Assume that k : [0,1] x [0,1] \ {(x,x) : x € [0,1]} — R satisfies the following
condition.

(H) There exists q € [1,00] such that for each x € [0,1], k(x,-) € L1(0,1).
Then the following assertions hold.
(1) Ifqg € [1,00) and

31(1_>rr% Ik(x,+) = k(T,)[[a01) =0  for some T € [0,1], (2.6)
then
tim [lo(x, k(x, ) — o, k(T )1 n) = 0. @)

(2) Ifg € [1,00] and k(x,y) > 0 for x,y € [0,1] with x # y and then (2.7) implies (2.6).
Proof. (1) Letg € [1,00). Let x, 7,y € [0,1] with x #y and T # y. If T < x, then

0 ify<rm,
ox,y)—o(t,y) =42 ift<y<x, (2.8)
0 ifx<uy.
If x < 7, then
0 ify<yx,
olx,y)—o(t,y) =< -2 ifx<y<rm, (2.9)

0 ifx<t<uy.
For x, 7,y € [0,1] with x # y and T # y, let
@(x,7,y) = o(x,y)k(x,y) — o (T, y)k(T, y).
Then
@05, 7)1 < [l y) k() = k(m, )] + k(T )l oG y) - o(m)]]

< [Ik(x ) = k(x.9)| + k(T y) o (xy) — oz y)]]
< [k(x,y) = k(T + [k(x,y) o (x,y) = o(z,y)|". (2.10)
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Assume that (1) holds. If x, 7,y € [0,1] with x # y, T # y and T < x, then by (2.8) and (2.10),
we have

[ 1o el < [ k)~ K@y i+ Ky oty - oyl dy
= [ ko)~ Koy)lay + [ k() tlooy) — eyl dy
= [ ko) Koy + [ e y)llo(y) - oz y)ldy
—/ [k(x,y) — Ty)lqdy+2”7/ k(T y)|" dy.

This, together with the condition (H) implies

1
lim/ |P(x,T,y)|7 < hm/ |k(x,y) —k(t,y)|Tdy + 21 hm/ |k(t,y)|9dy =0

x—1tt J0o

and lim,_ .+ fol |®(x,7,y)|7 = 0. Similarly, if x < 7, by using (2.9) and (2.10), we have
lim, .- fol |®(x,T,y)|7 = 0. It follows that (2.7) holds.

(2) Let g € [1, 00]. Since k(x,y) > 0 for x,y € [0,1] with x # y,
‘U(x,y)k(x,y)‘ =k(x,y) forx,y € [0,1] with x # y.
Hence, we have for x, 7,y € [0,1] with x #yand T # y,

k(x,y) —k(,y)| = [le(x k()| = lo(x k(v
< |o k) - o(xyk(y)]. (2.11)
If g = oo, then by (2.11), we have

lim [[k(x, ) = k(T, ) [[1=(0,0) < Him [lo(x, )k(x, ) = (T, )k (T, ) [ 1= 0,0)- (2.12)

X—T

If g € [1,00), then by (2.11), we have

Koyl = lo(z k)|

K, y) — k(m )| = |l y)
< |otx)kxy) — o(r k(e )|

and
tim () = (5, i) < im o, Jk(x, ) = o(m, k(T Msony (213)

By (2.7), (2.12) and (2.13), we see that (2.6) holds. O
By Theorem 2.1 and Lemma 2.2, we obtain the following results.

Theorem 2.3. Let g € [1,00) and p € (1, 00| satisfy (2.4). Assume that k : [0,1] x [0,1] \ {(x, x) :
x € [0,1]} — Ry satisfies the conditions (i) and (ii) of Theorem 2.1. Then the maps L defined in (2.1)
and & defined in (2.2) map L¥(0,1) to C[0, 1] and are compact.
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Proof. By Theorem 2.1 with 2 = {(x,x) : x € [0,1]}, L maps L?(0,1) to C[0, 1] and is compact.
By (H), o(x,-)k(x,-) € L7(0,1). By Lemma 2.2 (1), Theorem 2.1 (ii) implies (2.7) holds for
each T € [0,1]. Hence, ok satisfies the conditions (i) and (ii) of Theorem 2.1. It follows from
Theorem 2.1 that £ maps L?(0,1) to C[0,1] and is compact. O

Theorem 2.4. Assume that k : [0,1] x [0,1] \ {(x,x) : x € [0,1]} — Ry satisfies the following
conditions.

(i) Foreach x € [0,1], k(x,-) € L®(0,1).
(if) Foreach T € [0,1], limy—< [|o(x, -)k(x, ) — o (T, - )k(T, ) || 1=(01) = O
Then the maps L defined in (2.1) and £ defined in (2.2) map L'(0,1) to C[0,1] and are compact.

Proof. By the condition (i), o(x,-)k(x,-) € L*(0,1). This, together with the condition (i),
shows that ok satisfies the conditions (i) and (ii) of Theorem 2.1 with 2 = {(x,x) : x € [0,1]}.
It follows from Theorem 2.1 that .# maps L'(0,1) to C[0,1] and is compact. By Lemma 2.2
(2), the condition (ii) implies that k satisfies Theorem 2.1 (ii). Hence, k satisfies Theorem 2.1
(i) and (ii) with ¢ = co. It follows from Theorem 2.1 that L maps L'(0,1) to C[0,1] and is
compact. O

As applications of the above results, we study the following two specific linear Hammer-
stein integral operators:

1
Lyo(x) = / #v(y) dy for each x € [0,1] (2.14)
o |x—yl*
and )
Zo(x) = / |Z(x’;/|)av(y) dy foreach x € [0,1], (2.15)
0 |x —

where a € (0,1).
We first prove the following result.

Lemma 2.5.

(1) Ifa € (0,1), then

' 1 — 1 1-a 1-a
/o|x—y!‘"dy_1—(x[x +(1—x) }foreachxe[o,l]

and
Loy , 1 - .
0 |x—y|wdy‘1—d" ~(1=x)""] foreachx € [0,1],

(2) Ifa € [1,00), then [y o dy = oo for each x € [0,1].

Proof. (1) Leta € (0,1) and x € [0,1]. Then

1 1 x 1 1 1 xl—a (1_x)1—¢x
—  d :/ —  d / dy = .
I TR S o A N ey A g S gy

Similarly, the second equality holds.




Compactness of Riemann—Liouville fractional integral operators 7

(2) Leta € [1,00), x € [0,3] and z =y — x for y € [0,1]. Then x < 1— x and

1 1—x X X
/1 dy:/ 1d22/ 1dz:2/ ldz:oo.
0o =y T e ERE T LT 0 2

Let x € (3,1] and letz =y — x for y € [0,1]. Then —x < —(1 — x) and

1 1 1—x 1 1—x 1 1-x 1
[ay= [T s [ e [Tl =
0 |x—yl x|zl ~(1-x) |z[* ozt

The following result gives an application of Theorem 2.3.

Theorem 2.6. Let « € (0,1) and p € (11, c0|. Then the maps L, defined in (2.14) and %, defined

1—a’
in (2.15) map LP(0,1) to C[0, 1] and are compact.
Proof. Let p € (11, 00] and q € [1,1) satisfy (2.4). We define k : [0,1] x [0,1] \ {(x,x) : x €

[0,1]} - R by
1

x —yl*
Since ag € (0,1), by Lemma 2.5 (1), we have for each x € [0, 1],

Kxy) = (2.16)

1 1 1
Koty = [ Lty <oo
) ety = [ oy <o

Hence, k(x,-) € L7(0,1) for each x € [0,1] and Theorem 2.2 (i) holds. Let T € (0,1) and
61 € (0,min{t,1—1}). Let

24—040/51_“‘7 1— =&
€€ (O, ﬁ ’ (Sg = |:€(240:J‘;q):| ' and J € (0, (Sg)

Then 6 < &, < 01 < 3. For x,y € [0,1] with x # y and y # T, let

1 B 1
x—yl*  Jt—y[*

ke y) = k(T y) =
Let Dy ={x€[0,1] : |x — 1| <} x[0,T — & U[T+ J,1]. Then D is closed and
x—y|>ly—1|—|x—7]>6—0>0 for(x,y) € D.

Hence, k : D; — R is uniformly continuous on D;. Let ¢ € (O, %) It follows that there

2(1-25,)
exists 6* € (0,0) such that when |x — 7| < 6%,
lk(x,y) —k(T,y)|? <oe forye[0,T—0U[T+ 1]
Hence, when |x — 7| < 6%, we have

T—0¢ 1
| ey —k@ylidy+ [ ko) —kzy)ldy
0 T+0

<oe(T—0¢) +oe(l—T—06) =0e(l—26) <

N[ ™
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and
T+6, ' 74 i 1 p T—x+d 1]
x, = _— = _—
fog Wby = [ o= [ 2
5*+6¢ 1 5* 46 2(5* + )1 2(26, )1
/ —2/ —d <
(6*+6¢) [u]2a u~q 1—uag 1—uag

22740 ¢(1 —aqg) e

T 1-ag 25w 4

This implies that when |x — 7| < 6%,
/ k(x,y) — k(T, )| dy
T+0;
= [ ) kel + [ k) kg [ ) k) Py
S
<2+/ (I, )| + k(T y)])" dy
e T+0
<2+/ xy\‘ﬂiy—k/ k(t,y)|7dy
S
"2

T+0g 1 p T+55 1 p e e €
+/ 5 |x_y’[xq y+/r§€ |T—y|“‘7 y<§+i+1—€

Hence,
. e
}161_>rr%/ |k(x,y) —k(t,y)|Tdy =0

and Theorem 2.2 (ii) holds. The proofs are similar if T = 0 or T = 1. The result follows from
Theorem 2.3. O

3 Compactness of Riemann-Liouville fractional integral operators

Leta,b € Rwitha < band ¢ : [a,b] — R be a measurable function. The Riemann-Liouville
left-sided fractional integral operator of order a € (0, c0) is defined by

(14 1 x
o) = ro / G f(yy))m dy for each x € [a,D)], (3.1)

provided the Lebesgue integral on the right side of (3.1) exists for almost every (a.e.) x € [a,b],
and I' is the standard Gamma function defined by

see [6, p. 13], [14, p. 69] and [20, p. 33]. Similarly, the Riemann-Liouville right-sided fractional
integral operator of order & € (0, ) is defined by

Lt 9@y
Ie(x) = s | dy for each x € [a,b], 2
h-@(x) M) )i =) y foreach x € [a,b] (3.2)
provided the Lebesgue integral on the right side of (3.2) exists for a.e. x € [a,b]. Hardy and
Littlewood [11] called these integrals ‘right- handed” integral ‘with origin a’, and ‘left-handed’
integral ‘with origin b’, respectively.
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Note that in (3.1), we still use the symbol I%, ¢(x) to denote the Lebesgue integral on the
right side of (3.2) at x even when the integral does not exist at x. Hence, we treat (3.1) to hold
for each x € [a,b]. Similarly, we treat (3.2) to hold for each x € [g, b].

It is well known that both If, and I~ map L'(0,1) to L'(0,1), see [6, Theorem 2.1], [14,
Lemma 2.1], [20, Theorem 2.6], [14, Lemma 2.1] and [20, Theorem 2.6].

We only use Ij. and I{_ to denote the following operators:

Iyro(x) == F(loc) /Ox = f(yy))la dy for each x € [0,1], (3.3)
" I p(x) = 1 /1 ?() dy for each x € [0,1] (34)
PO e e o |

We give the following relationships among the above operators given in (3.1), (3.2), (3.3)
and (3.4). They are well known to experts, but we give the proofs for completeness because
we have not found them anywhere else.

Proposition 3.1. Let ¢ € L'(a,b) and let
t(x)=(1—x)a+xb foreachx € |0,1]. (3.5)

and
(p(t))(x) = @(t(x)) forae x€]0,1]. (3.6)
Then the following assertions hold.

(1) If (I% @) (t(x)) exists for some x € [0,1], then

(Ir @) (t(x)) = (b — a)* (Ig: (@(t))(x). (3.7)
(2) If (It ) (¢(x)) exists for some x € [0,1], then

(I-¢)(t(x)) = (b —a)* (I} (@(t)) (x). (3.8)

Proof. Let ¢ € L'(a,b) and let y = t(x) for x € [0,1]. Then

[ lotldy =) [ lgt()lar=ba) [ (p))(x)|dx

This implies ¢(t) € L'(0,1).
(1) Assume that (I5, ¢)(t(x)) exists for some x € [0,1]. Then by (3.1), we have

) = i [ Gl 39

Lets =t(y) = (1 —y)a+yb for y € [0, x]. Then

W) [ eltw)
/a (t(x)—S)l“ds_/o [(b—a)(x —y)]— (b—a)dy

_ « [* (o(t)(y)
= (b—a) /o Wdy.
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This, together with (3.9), implies (3.7).
(2) Assume that (I}_¢)(t(x)) exists for some x € [0,1]. Then by (3.2), we have

! _ L el
(Ib*(P)(t(x» - F(IX) /t(x) (S — t(x))lﬂx ds.
Lets =t(y) = (1 —y)a+yb fory € [x,b]. Then

b, ety)
[ e e Lol et e A G

e [ 00,

This, together with (3.10), implies (3.8).
Proposition 3.2. Let ¢ € L!(a,b) and let
t(x) =a+b—x foreachx € [a,b]

and

(¢(£))(x) = @(t(x)) forae x € [a,b].
If (I @) (t(x)) exists for some x € [a, b], then
(Ip- @) (£(x)) = (Ig- @ (£)) (x).
Proof. Assume that (I;_¢)(t(x)) exists for some x € [a,b]. Then by (3.2), we have

(1060 = 1755 [, =Ry %
Lets =t(y) =a+b—y fory € [a,x]. Then

b es) Lt elt®) [ (et)(y)
/tm (s — t(x))1~* ds_/a G-y " _/a =y

This, together with (3.14), implies (3.13).

Proposition 3.3. Let ¢ € L'(a,b) and let
t*(x) =xa+ (1 —x)b foreach x € [0,1]

and
(p(t*))(x) = @(t*(x)) forae x €[0,1].
If (I ) (t*(x)) exists for some x € [0,1], then

(18- 9)(#*(x)) = (b — )" (5 9(t"))(x) for each x € [a,b]

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Proof. Note that t*(x) = t(1 — x) for each x € [0,1], where ¢ is the same as in (3.5). By (3.8),

we have for each x € [0,1],

(- @) (t"(x)) = (Ii-@) (¢(1 = x)) = (b — a)* (I~ (¢(£))) (1 — x)

p(t(1—2))

dz

_(b—a)* 1 t(y ))
() / (y—(1-x
_(b—a)* ¥ o(t'(z

- T(a) / (x —z)1
and the result holds.

¢(
1-
)

) g = (b a) (15 () ()

(b—a)* [*
T T h g A
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By Proposition 3.3, we obtain the following result.
Corollary 3.4. Assume that v € L'(0,1) satisfies that (I;~"v)(x) exists for some x € [0,1]. Then
(L") (x) = (Ip="0") (1 —x),
where v*(s) = v(1 —s) fora.e. a € [0,1].

To apply the results in Section 2, in the following we always assume a € (0,1) and consider
the following Riemann-Liouville fractional integral operators:

a 1 x
I (x) = i) /0 (xvfy;)a dy for each x € [0,1] (3.17)
and
1 1
[o(x) = = = / (yvfyi)a dy for each x € [0,1], (3.18)

where v € L1(0,1).
Now, we prove that if p € (11, ), then both I};* and I;~* map L?(0,1) to C[0,1] and
are compact.
Theorem 3.5. Let p € (71, 00]. Then the following assertions hold.
(1) The maps I3;* and I} =* map LP(0,1) to C[0,1] and are compact.
(2) Foreachv € LP(0,1), I;7*v(0) = I;=*v(1) = 0.

(3) Foreach x € [0,1],

I (x) = F(J;l:a“) and I~ (x) = (11"(_2i):¢_)“ (3.19)
where 1(x) =1 for each x € [0,1].
Proof. (1) Letv € LP(0,1) and x € [0,1]. Then
x 1 1 1
Zyo(x) = /0 Wv(y) dy —/x Wv(y) dy
=T(1—a)[(I;;"0)(x) — (L="0)(x)] (3.20)
and
x 1 1 1
Lyo(x) = /0 WU(W d}/+/x Wv(y) dy
=T(1—a)[(Ijr ") (x) + (I;=%0) (x)]. (3.21)
By (3.20) and (3.21), we have for x € [0,1],
I(x) = 2F(11—0c) [Lev(x) + Zyo(x)] (3.22)
and ,
I=%0(x) = T —a) [Lyv(x) — Lo(x)]. (3.23)
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The results follow from Theorem 2.6.

(2) For v € LP(0,1), by (2.14) and (2.15), it is easy to see that
L,v(0) = —%0v(0) and L,v(1) = Zo(1).
This, together with (3.22) and (3.23), implies

(I;7")v(0) = [=*v(1) = 0.

(3) By Lemma 2.5 (1) and (3.20) and (3.21) with v = 1, we see that (3.19) holds. O

Remark 3.6. In a personal communication, Professor J. R. L. Webb informed me that there is
another known proof of compactness of I;;* which I reproduce below. By [11, Theorem 12]
(or [6, Theorem 2.6], [20, Theorem 3.6] and [23, Proposition 3.2 (3)]), I&I * maps L?(0,1) to the
Holder space C%P, and the Holder space C% with the norm

u(x) —u
|ullo,p := max |u(x)] +SupL[gy)|
x€[0]] x#y [x =yl

is compactly imbedded in C[0,1], where p =1 —a — %. Indeed, if {u,} is a bounded sequence
in C%[0,1], say ||lunllog < M < oo, then we have for x # y,

U, (x) — u,
() = )] = 2 < iy,

so {uy, } is bounded and equicontinuous, and hence relatively compact in C[0, 1] by the Ascoli—
Arzela theorem.

Remark 3.7. By Proposition 3.4, I]=* : LP(0,1) — C[0,1] is compact for each p € (71, 00].

By (3.22), (3.23) and compactness of I&j * and Illf * obtained in Remark 3.6, we see that Theo-
rem 3.5 (1) is equivalent to Theorem 2.6.

By Propositions 3.1, 3.2 and 3.3, we see that all the theorems which are proved for one
operator of the operators: I7,, I, I§, and I}, will apply, with the obvious changes, to the

others. Therefore, in the following, we only consider the operator Ié: ®,

As an application of continuity and compactness of Iéj *, we prove the following result on

the eigenfunctions and spectral radius of Ig: “.
Theorem 3.8. Let p € (72, 00|. Then the following assertions hold.
(1) If there exist ¢ € LF (0,1) and p € (0, 00) such that
@(x) = ulyi“@(x) forae x €[0,1]. (3.24)
Then ¢(x) = 0 for each x € [0, 1].
(2) r(Ir*) = 0, where r(Iy;*) is the spectral radius of I;7*.
Proof. Let P be the standard positive cone in C[0, 1], that is,

P={ueC[0,1]:u(x) >0 forxe[0,1]}. (3.25)



Compactness of Riemann—Liouville fractional integral operators 13

Then P is a total and normal cone in C[0, 1].

(1) By Theorem 3.5 (1), I;; "¢ € P. By (3.24), ¢ € P. By (3.24) and weakly singular Gronwall
inequality [12, Lemma 7.1.1] or ([6, Lemma 6.19], [7, Lemma 4.3] and [22, Theorem 3.2]), we
have ¢(x) = 0 for a.e. x € [0,1]. Since ¢ € C[0,1], ¢(x) = 0 for each x € [0, 1].

(2) By Theorem 3.5 (1), for p € (2, ], the operator I};* maps P to P and is compact. If
r(Iéj *) > 0, it would follow from Krein—Rutman theorem (see [1, Theorem 3.1] or [16]) that

there exists an eigenvector ¢ € P\ {0} such that
Iy “¢(x) = r(I;:")@(x) foreach x € [0,1].

By the result (i), we obtain ¢(x) = 0 for each x € [0,1], which contradicts the fact ¢ €
P\ {0}. 0
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