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Abstract. The limiting version of the Mackey-Glass delay differential equation x'(t) =
—ax(t) + bf(x(t — 1)) is considered where a,b are positive reals, and f(§) = ¢ for
¢ e€01), f(1) = 1/2, and f(§) = 0 for { > 1. For every a > 0 we prove the
existence of an ¢y = ¢g(a) > 0 so that for all b € (a,a + ¢g) there exists a periodic
solution p = p(a,b) : R — (0,00) with minimal period w(a,b) such that w(a,b) — oo
as b — a+. A consequence is that, for each a > 0, b € (a,a + ¢9(a)) and sufficiently
large n, the classical Mackey-Glass equation y'(t) = —ay(t) + by(t — 1) /[1 + y"(t — 1)]
has an orbitally asymptotically stable periodic orbit, as well, close to the periodic orbit
of the limiting equation.
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1 Introduction
The Mackey-Glass equation

+b y(t_T)

y(t) = —ay(t) + b

with positive parameters a,b, T,n was proposed to model blood production and destruction
in the study of oscillation and chaos in physiological control systems by Mackey and Glass
[13]. This simple-looking differential equation with a single delay attracted the attention of
many mathematicians since its hump-shaped nonlinearity causes entirely different dynamics
compared to the case where the nonlinearity is monotone. See [16] for a similar equation.
There exist several rigorous mathematical results, numerical and experimental studies on
the Mackey-Glass equation showing convergence of the solutions, oscillations with different
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characteristics, and the complexity of the dynamics, see e.g. [1,3,6,7,9,15,17-19,22,23]. Despite
the intense research, the dynamics is not fully understood yet.
The recent paper [2] studies the classical Mackey—Glass delay differential equation

y'(t) = —ay(t) + bfu(y(t — 1)) (En)

where a, b, n are positive reals, f,,(¢) = ¢/[1+¢"] for { > 0, T = 1 can be assumed by rescaling
the time. [2] constructs stable periodic solutions of (E,) for some b > a > 0 and large n. The
periodic solutions can have complicated shapes, see [2]. A limiting version of (E,) plays a key
role in the construction. The function f(¢) = lim, . fu() is given by f(&) = ¢ for ¢ € [0,1),
f(1) =1/2,and f(¢) = 0 for ¢ > 1. The equation

x'(t) = —ax(t) + bf(x(t—1)) (Ewo)

is called the limiting Mackey-Glass equation.

Let R, C and IN denote the set of real numbers, complex numbers and positive inte-
gers, respectively. Let C be the Banach space C([—1,0],R) equipped with the norm ||¢| =
max,e(_10] |¢(s)|. For a continuous function u : I — R defined on an interval I, and for
t,t—1€ I, u; € Cis given by u;(s) = u(t +s), s € [—1,0]. Introduce the subsets

={peC:y(s)>0foralls e [-1,0]},
= {l[) € CT : ¢~1(c) is finite for all ¢ € (0,1]}

of C where ¥~1(c) = {s € [-1,0] : ¢(s) = c}. CT and C," are metric spaces with the metric
d(g,¢) = llo =yl

A solution of equation (E,;) on [—1, o0) with initial function ¢ € C™ is a continuous function
y:[—1,00) = R so that yo = 1, the restriction y| (0,00) 18 differentiable, and equation (E,) holds
for all t > 0. The solutions are easily obtained from the variation-of-constants formula for
ordinary differential equations on successive intervals of length one,

y(t) = +b/ A=) £ (y(s — 1)) ds (1.1)

where k € NU {0}, k < t < k+ 1. Hence it is well known that each ¢ € C* uniquely
determines a solution y = y"¥ : [~1,00) — R with yi¥ = ¢, and y"¥(t) > 0 for all t > 0.

For equation (E.) with the discontinuous f, we use formula (1.1) with f instead of f, to
define solutions. A solution of equation (Es) with initial function ¢ € C* is a continuous
function x = x? : [-1,t,) — R with some 0 < t, < co such that xg = ¢, the map [0,t,) > 5 —
f(x(s —1)) € R is locally integrable, and

x(t) = e K (k) + b /k Lemal=5) fx(s — 1)) ds (1.2)

holds for all k € NU {0} and t € [0,t,) withk <t < k+1.

It is easy to show that, for any ¢ € C™, there is a unique solution x? of equation (Ex)
on [—1,00). However, comparing solutions with initial functions ¢ > 1, ¢ = 1, one sees that
there is no continuous dependence on initial data in C*. Therefore we restrict our attention
to the subset C;" of C*. The choice of C,' as a phase space guarantees not only continuous
dependence on initial data, but also allows to compare certain solutions of equations (E) and
(En) for large n. This is not used here, but it is important in [2]. [2] proves that for each ¢ € C;
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there is a unique maximal solution x? : [—1,00) — R of equation (E«). The maximal solution
x? satisfies x{ € C; for all t > 0; and if > 0 and x?(t — 1) # 1, then x¥ is differentiable at ¢,
and equation (Es) holds at t.

One of the main results of [2] is as follows.

Theorem 1.1. If the parameters b > a > 0 are given so that
(H) equation (Es) has an w-periodic solution p : R — R with the following properties:

(
(i) p(0) =1, p(t) >1forall t € [-1,0),
(i) (p(t),p(t—1)) # (1,a/b) forall t € [0, w]

holds then there exists an n, > 4 such that, for all n > n,, equation (E,) has a periodic solution
p" : R — R with period w™ > 0 so that the periodic orbits

O" ={p}:tel0,w"]}

are hyperbolic, orbitally stable, exponentially attractive with asymptotic phase, moreover, w" — w,
dist{O",O} — 0as n — oo, where O = {p; : t € [0, w]}.

[2] shows that in case b is large comparing to 4, namely b > max{ae?,e* — e~ "}, then (H)
is satisfied. In addition, by using a rigorous computer-assisted technique, [2] gives parameter
values a, b such that (H) is valid, and the obtained stable periodic orbits for the Mackey—Glass
equation may have complicated structures.

[2] remarks that (H) holds if b > a > 0 and b is sufficiently close to a, and refers to this
work for the proof. The aim of this paper is to prove this fact, namely the following result.

Theorem 1.2. For every a > 0 there exists an €y = eo(a) > 0 such that for the parameters a, b with
b € (a,a+ ¢) condition (H) holds.

In particular, for the periodic solution p = p(a, b) of equation (Ew.) the minimal period w = w(a, b)
satisfies w > 5, and there exists a 0 = o (a,b) € (4,w — 1) so that

0<p(t)<lforallt e (0,0); p(t) > 1forallt € (o,w).

Moreover, if a > 0 is fixed and (by)5> , is a sequence in (a,a + €g(a)), limy_,o, by = a then o(a, by) —
0o, w(a,by) — coas k — oo.

Theorems 1.1 and 1.2 immediately imply the following result for equation (E,).

Theorem 1.3. For each a > 0 there exists an ey = eo(a) > 0 such that for every b € (a,a + €¢) there
exists an n* = n*(a,b) > 4 so that, for all n > n*, equation (E,) has a periodic solution p" : R — R
with minimal period w" (a,b) so that the periodic orbits

O" ={p}:tel0,w"]}

are hyperbolic, orbitally stable, exponentially attractive with asymptotic phase. Moreover, if (by)f2; is
a sequence in (a,a + eo(a)) with imy_,o by = a, ny > n*(a, by) then w"(a, by) — o0 as k — oo.

Note that the papers [8] by Karakostas et al. and [5] by Gopalsamy et al. give conditions
for the global attractivity of the unique positive equilibrium of (E,) for b > a > 0, and n is
below a certain constant given in terms of 4, b. Theorem 1.3 requires n to be large.

Section 2 contains the proof of Theorem 1.2. The proof requires the study of a special
solution of a linear autonomous delay differential equation. If ¢ € C," is any function such
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that ¢(s) > 1 for s € [-1,0) and ¢(0) = 1 then the unique solution x = x? of equation (E)
satisfies x(t) = e for t € [0,1]. In order to find a periodic solution of (E) as stated in
Theorem 1.2 we consider the linear autonomous equation

u'(t) = —au(t) + bu(t — 1)

for t > 1 with u(t) = e, t € [0,1]. If we find a T > 0 such that u(t) < 1 fort € (0,T),
u(T) =1, u(t) > 1 for t € (T, T+ 1], then it is straightforward to see that x(t) = u(t) for
all t € [0,T +1]. Then, equation (E.) gives x'(t) = —ax(t) for all t+ > T + 1 as long as
x(t —1) > 1. Hence there exists an w > T + 1 with x(w) = 1 and x(t) > 1 for all t € (T, w).
By the fact f(§) = 0 for ¢ > 1, the solution x does not change on [0, c0) if ¢ is replaced by
X, and consequently x(f) = x(t + w) follows for all + > —1. Therefore the proof of Theorem
1.2 is reduced to the existence of a T > 0 with u(t) < 1fort € (0,T), u(T) = 1, u(t) > 1 for
t € (T, T + 1]. Property (H)(ii) is guaranteed by u'(T) > 0.

We remark that the use of a limiting equation in order to study nonlinear delay differential
equations when the nonlinearity is close to its limiting function is not new. We refer to
the papers [10-12,21,24-26] where the limiting step function reduces the search of periodic
solutions to a finite dimensional problem. The limiting Mackey—Glass nonlinearity f is not
a step function. The introduction of the limiting Mackey—Glass equation does not reduce
the search for periodic solutions to a finite dimensional problem, nevertheless it can simplify
it. The paper [14] considered the limiting Mackey—Glass nonlinearity to construct periodic
solutions for an equation different from (E,;). The result of [14] is analogous to the case when
b is large comparing to 4, mentioned above for the Mackey-Glass equation.

2 The proof of Theorem 1.2

The proof is divided into eight steps. The desired periodic solution of equation (E) will be
an w-periodic extension of a function w : [0, w] — R. We construct w in the remaining part of
this section.

Step 1. Let a > 0 be fixed, and consider the characteristic function
h:CxR>(z,e) »z+a—(at+ee *e€C

of the linear delay differential equation v'(f) = —av(t) + (a + €)v(t —1). By h(0,0) = 0,
D1h(0,0) = 1+ a, and Dyh(0,0) = —1, the Implicit Function Theorem can be applied to get
that there are ¢; € (0, min{a,1/4}), r; € (0,1) and a C!'-smooth map Ag : (—¢j,e1) — C such
that Ag(0) = 0, h(Ag(e), &) = 0, and (Ag(¢), ) is the unique solution of h(z,e) = 0 in the set
{z € C: |z| < r1} x(—¢1,€1). Since a and ¢ are real in the equation h(z,e) = 0, (z,¢) is a
solution together with (z,¢). Then, by uniqueness, it follows that Ag(¢) € R, € € (—¢1,€1).

Chapter XI of [4] applies to get that the zeros of the characteristic function h(z,¢) for
¢ € (—e1,€1) are Ag(e) € R and a sequence of pairs (AJ(S)'W);; with

)\0(8) > RE/\l(S) > ReAz(s) > > Re/\](s) — —o0 as ]—) 00

and
ImA; € ((2/—1)m,2jm) (j € N).

If e = 0 then A(0) = 0, and consequently Re A1(0) < 0. Fix ¢ € (0,4) so that
ReAq1(0) < —2c.
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Notice that the choice of ¢ depends only on a.
Differentiating the equation 11(Ag(¢), €) = 0 with respect to ¢ we obtain Aj(0) = 1/(1+a),
and thus
Ao(e)

- 1+a+77(8)

with a function 1 : (—é€1,€1) — R satisfying lim,_,0#(¢)/¢ = 0. Applying the above repre-
sentation for Ay(e), we assume (in addition to the above properties of ¢1) that €; is so small

that
2¢

1+ 2a
where the equality 2e/(1+42a) =¢/(1+a) +¢/[(1+a)(1 + 2a)] shows that this is possible.
By Rouché’s theorem [20] there exists an ¢, € (0,¢€1) such that

/\0(8) <

forall e € (0,¢1), (2.1)

ReAq(e) < —2¢ forall e € [0,¢).

In particular, h(z, &) # 0 on the line { —c +is: s € R} for all € € [0, &2].

Step 2. For ¢ € (0,¢2) consider the unique solution v : [—1,00) — R of the linear equation
v'(t) = —av(t)+ (a+e)o(t —1) (t>0) (2.2)

with initial function vy(s) = e+t _1 < s < 0. Remark that v and A, depend on ¢ as
well. Taking the Laplace transform of both sides of (2.2) and expressing the Laplace transform
L(v)(z) of v,
1 . 1—e ()
L(v)(z) = ) e+ OH_E)ﬁ

is obtained where the right hand side can be written as F(z,¢) = F(z) + F2(z, ¢) with

e 1 a-+te

F(z) = P F(z,€) = GranGe

According to Chapter I of [4], by taking the inverse Laplace transform, function v can be
written as

1 T
o(t) = e"'Res, F(z,¢) + ~—e ' lim e F(—c+is,e)ds (t>0).
27 T—oo J_T
As Fy(z) is holomorphic in a neighborhood of Ay, one finds Res) F(z,€) = Res) F(z,€). By
using that h(z,¢) has a simple zero at Ag, and Ag +a = (a +¢&)e 0, we get
a+e a+te eho

Res), F(z,¢€) = = = :
) = R Do)~ ot @)+ (atae ™)  1rath

For t > 1, integration by parts leads to

T . eist e s=T T pist e
SR (—c+is)ds = |~ —— / — ——————ds.
/—T izt is) [zta—c+zsL__T+ _r it (a—c+is)?

00
</
—0o0

Thus

T st p eist ie?
li / SR (— ] - 5
o e hi(—etis)ds it (a—c+is)?

T—oo /T

dSSKl
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with

[e°] e—ll
Ki=2 ———5—— ds.
! /0 (a—c)?+s? ’

Let so = 2(a+ 1)e°. The continuous function (s,¢) +— h(—c +is,¢) € C is nonzero on the
set [—so,50] X [0,€2]. So there exists k > 0 such that |F,(—c +is,¢)| < k on the compact set
[—s0,50] % [0, €2]. If [s| > 5o, € € [0, €2] then, by the choice of sy,

h(—c+is,e)| > a—c+is| — [(a+e)e | > [(a—c)2+52]"> = (a+ 1)e*
1
> 5 [(a—c)2+52"2.
Consequently
T . 00
lim / e Fy(—c +is,e)ds| < / |F2(—c+is,€)]| ds
T—oo )T —00
50 o a+1
<2 [Tkds+2 [ ds
0 o (1/2)[(a = ¢)* + 7]
=K
with (a+1)
Ky = 2k 4/ ———5——ds.
2 s+ o (@—c)2+s2 ’
Notice that both K; and K; are independent of € € (0, ¢2).
Summarizing the above estimations we obtain that
phol+1) -
t) = —— + (¢t t
ot) = s T (2 D)

for some continuous function 7 : [1,00) — R satisfying
PO <Re ™ (t21)

with K = (K; + K3)/(27). Note that 7 depends on ¢, however K and c are independent of e.

Step 3. For ¢ € (0,¢,) define the function u : [0,c0) — R by u(t) = v(t —1), t > 0. Then
u(t) =e " for t € [0,1], u is differentiable on (1, 00) and satisfies

u'(t) = —au(t)+ (a+e)u(t—1) (t>1). (2.3)

Moreover, defining r(t) = #(t — 1) for t > 2, K = Ke®, u has the representation

Aot
u(t) = Heaﬁ +r(t) (t>2) 2.4)

with the continuous function r : [2,00) — R satisfying
r(H)| < Ke ™ (t>2). 25)
From equation (2.3)
t
l/l(t) = eiﬂ(tfl)u(]_) +/ (a + g)e*ﬂ(tfs)efg(sfl) ds
1
—e [1—|— (ﬂ—l-S)e”(t—l)] (t c [1,2])
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and
W (t)=e " [—a—a(ate)e(t—1)+ (a+te)e (t € (1,2]).
Define , .

th = =14+-—--—.

0 = to(e) * a (a+e)e”
Choose ¢3 € (0, 3] so that

g5 < —2 (e7"—14a)
3> 1-a

provided a € (0,1), and let e3 = &5 if a > 1.
Suppose ¢ € (0,¢3). Then ty = ty(e) € (1,2) is the unique zero of v’ in (1,2), and it is easy
to see that

B  a e _ a-+e ae ? B
tren[zlvé] u(t) =u(tg) =e ™ [1+ (a+e)e(tp—1)] L exp [a o 1] . (2.6)

Step 4. In this step we show the following
CLAIM:

(i) Foreach k € N .
H<(1+= £,
max , u(t) < (1+0) max u(t

and

(ii) for each N € N

< (148"
t — t).
pmax () < (14 ) max u(t

Let k € IN be given. If max;cii;1 k42 < maxXucpisq) #(t) then the stated inequality obvi-
ously holds for k. If max;e(iiq k42 #(t) > maxseprr1) #(t), then there exists a t1 € (k+ 1,k +2]
such that u'(t1) > 0 and u(t1) = maX,ci12) #(t). Equation (2.3) at t = t; and u'(t;) > 0
imply the inequality —au(t;) + (a +¢e)u(t; — 1) > 0. Hence
a+e

max u(t) =u(t)) <
tek+1k+2] (*) (h) <

€
— < —
uth 1) < (1 * a) ter[gcl,%jr(l] u(t).

that is, the stated inequality is satisfied. This proves (i).
A repeated application of (i) gives (ii):

€ e\ 2
H<I(1 — H<I(1 — t
Lpmax () < (14 1) max u() < (1+0)" max u(h

e\ N
< ... <K — .
<--- < (1+ a) tme[:la,>2<]u(t)

Step 5. Choose &) € (exp(e™* —1),1). The function

—a
(O,oo)asHa—'_gexp A eR
a a-+e¢

strictly increases and its limit is exp(e™* — 1) as ¢ — 0+. Therefore there exists an €4 € (0, €3)
such that

a-+e ae “
ex

a P a+8_1]<§o
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for all e € (0,¢e4).
By the equality (2.6) in Step 3 and the choice of e4, for all ¢ € (0,e4), the inequality
max;e(1,9 #(t) < go holds. Then by the CLAIM in Step 4

max u(t) < (1 + Z)N(fo (2.7)

te[1,N+2]

follows for all N € IN.
For a given N € N, from (2.7) one gets

max u(t) <1
te[1,N+2]

provided ¢ € (0,¢e4) is so small that

e<a [(1/50)1/N - 1] . 2.8)

Step 6. Let N € IN'\ {1,2} be given. We look for a condition on ¢ € (0,&4) to guarantee
u'(t) >0 forallt> N. (2.9)
Equation (2.3) gives that
au(t) < (a+eu(t—1) forallt >N (2.10)

is sufficient to yield (2.9). By the representation (2.4) condition (2.10) is equivalent to

a Aot €Y oo —
152 /\Oe {(1 + a) e 1} >ar(t) — (a+e)r(t—1) (t>N),
that is

(1+5)eh-1> ”“ai”oﬂof ar(t) — @+ e)r(t—1)]  (t> N).

From ¢ < 1,0 < Ap(e) < 1 and (2.5) one obtains
1+++/\Oe_/\°t lar(t) — (a+e)r(t —1)]

< (a+2)(2a+ 1) oe(t-1)
a
(
a

< ([l—l—Z) 2a+1)Kc —cN

(t > N).
Recall that, by the choice of ¢; in Step 1,
2¢
Ao(e) < 27
Hence 5
e ME) > 1 Qg(e) >1— Za—il'

Thus, by using €1 < 1/4 as well,

(o)1 (109) (1-52%5) -

e — 2¢2 < €
aa+1) = 2a(2a+1)
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Consequently, (2.9) holds if, in addition to & € (0, ¢€4),
e > &e N (2.11)

with & = 2(a +2)(2a 4 1)?Ke".

Step 7. In order to satisfy conditions (2.8) and (2.11) simultaneously consider a [(1/&)'/N — 1]
and & e °N. By L'Hospital’s rule

) é’lech
1 =0.
N a[(1/E) /N — 1]
Therefore there exists an integer Ny > 2 such that
gre~N .
<1 for all integers N > Np. (2.12)

a [(1/@'0)1/(N+1) _ 1}

Define ¢, € (0,&4) so that
g, < a [(1/@0)1/1\]0 - 1} .
Let ¢ € (0,¢,) be fixed. By € < ¢, and limy_,ca [(1/&))Y/N — 1] = 0 there exists a maximal
integer N (&) > Ny so that
e<a [(1/50)1”\](8) — 1} : (2.13)

The maximality of N(e) > Ny and inequality (2.12) imply
Ere~NE) < g [(1/50)1/(1\](6)“) — 1} <e.
Therefore, we arrive at the inequality
Fle=NE) < ¢ < g [(1/60)” NG _ 1} , (2.14)

that is, for every ¢ € (0, ¢,) inequalities (2.11) and (2.8) hold with N = N(e).
Step 8. By Steps 5-7, for each ¢ € (0,¢) there exists an integer N = N(¢) > 2 such that the

unique continuous function u = u(e) : [0,00) — R satisfying u(t) = e * for t € [0,1], and
equation (2.3) on (1, o) has the properties

1=u(0) >u(t) >0 forallte (0,N+2),
u'(t) >0 forallt> N, (2.15)
u(t) —oco ast— oo.

The last property is clear from Ag(e) > 0, (2.4) and (2.5).

From (2.15) it follows that there exits a unique o(¢) > N(¢) +2 > 4 so that u(c(e)) = 1
and /(o (e)) > 0. From u/(c(e)) > 0 it is clear that u(c(e) — 1) # a/(a + ¢). The maximality
of N(¢) in inequality (2.13) implies that N(¢) — oo, 0(g) — o0 as ¢ — 0+.

Let w(e) = o(e) +1+ (1/a)logu(c(e) +1) > 5. Define the function w : [0, w(¢)] — R by

w(t) = u(t) ift €[0,0(e) +1],
u(o(e) +1)et=o@-1 ift € [o(e) +1,w(e)].
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Then w(t) > 1forall t € (0, w), and w(w) = 1. Let p : R — R be the w(e)-periodic extension
of w to R.
For the fixed a > 0 set g9 = ¢.. Observe that ¢, K, and consequently (o, 1, depend only on
a. Then relation (2.12) shows that Nj is also a function of a . Therefore, 9 depends only on a.
If b € (a,a+ ¢o) then the above constructed p(e) withe =b —a € (0,¢,) is clearly an w(e)-
periodic solution of equation (E.) satisfying (H). Setting w(a,b) = w(e) and o(a,b) = o(e),
we see that all statements of Theorem 1.2 are satisfied, and the proof is complete.

The typical shape of the periodic solutions obtained in this paper for (E.) is shown in
Figure 2.1 witha =9, b =9.7.

121

1.01

0.8;

£ 06}
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Figure 2.1: The periodic solution of (Es) fora =9,b = 9.7
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