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1 Introduction

We consider the semi-linear equation
u"(t) +p)u' (1) +q()u(t) = f(tu(t),u'(t)), aete(0,1), (1.1)
subject to the linear functional conditions
Fi(u) =0, F(u) =0, (1.2)

where F; and F, are continuous linear functionals on C'[0, 1].

One of the early works that stimulated interest to applications of the coincidence degree
theory to non-local boundary value problems was the paper by Feng and Webb [3]. Our work
is motivated by [3] and [2]. In [2], the authors studied the resonant functional problem

u(t) = f(tu(t),u'(t)), aete(0,1), (1.3)
Bi(u) =0, By(u) =0,

where f is Carathéodory, B; and B, are continuous linear functionals on C! [0,1]. Imposing
Bi(t)Ba(1) = By(t)Bi(1), the problem (1.3), (1.4) is at resonance of dimension one or two. An
existence result was obtained for every possible resonance scenario.

B Email: nxkosmatov@ualr.edu


https://doi.org/10.14232/ejqtde.2020.1.82
https://www.math.u-szeged.hu/ejqtde/

2 N. Kosmatov

In order to apply the coincidence degree approach of Mawhin and many other methods of
functional analysis in ordinary semi-linear differential equations, one relies on the knowledge
of a fundamental solution set. In all known to us papers based on these methods, the linear
operator L, such as Lu = (pu’)" in [7], can be “inverted” by the reduction of order method.
The method developed here can be also applied to fractional order problems, that is, when L is
an integro-differential operator such as the Riemann-Liouville, Caputo fractional derivatives
and their numerous generalizations. Since we deal with a linear differential operator that,
in general, does not admit the reduction of order, this work is also a generalization of many
results such as [1,6-8]. Moreover, if the boundary conditions, or, for that matter multi-point
conditions, or even linear conditions involving Riemann-Stieltjes integrals are chosen, a spe-
cific resonance is “fixed”. Obviously, in this case, one would only hope to study one or very
few resonance conditions per paper. We believe a more productive approach would yield a
formalism for solving a class of problems.

In our setting, the problem is abstract since we deal with a large class of general second-
order linear differential operators whose fundamental solution set is {¢1,¢»}. Not only our
work is an abstract generalization of many results in that respect but also due to the functional
conditions (1.2) studied here, which certainly include (1.6). In fact, as in [2], we study every
“geometric” scenario of resonance. In particular, in [2], the authors considered (1.1) with
p(t) = q(t) = 0 subject to (1.2). Thus, the present work extends the results of [2], as well.

In [7], the author considered several resonance cases in the framework of the generalized
Sturm-Liouville boundary value problem

(w0 ~a0u) = £ (1, w6 ds ), e O, 1)
u(0) = bplO)a'(0) = pru(@),  eu(t) +ap(1)a' (1) = pou(@), 16

where a,b,c,d € R, 0 < ¢ < 1, and f is continuous and

1 1 &1 11
]/11<C/(: p(s‘)dS‘i_d)"_ﬂz(a/O‘ I?(S)d5+b>:ﬂd+bC+aC/o mds (17)

By means of a “shift” operator, a resonant problem can be converted to a non-resonant prob-
lem [5] and, thus, need not be studied as a coincidence equation Lu = Nu. In [7], the problem
is not at resonance if

Lou(t) = (p(t)u'(t))" — q()u(t).

Considering

Lu(t) = (' 1) = gt + £ (1, [we) ds (), e 1),

the equation (1.7) becomes a resonance condition. The advantage here is that the fundamental
solution set of L is easy to obtain while for Ly we only know that it exists but, in general, there
is no hope to obtain it explicitly. It is also worth mentioning that whenever a criterion for the
existence of a solution to the coincidence equation Lu = f(t,u,u’) is obtained, it can always,
with a little effort, be extended to Lu = f(t,u, T1(u), u’, To(u')), where Ty and T, are bounded
operators such as the primitive of u(¢) in (1.5), on a suitable functional space. Indeed, the
projection scheme needed to apply the coincidence degree approach to these equations is
exactly the same, and the only difference is in the “growth” condition on the function f.
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In [7], the author introduces a convenience assumption

¢ 1
(CV1—HH2)/O p(ss)ds—i—c(a—yl)/o p(ss)ds—i—d(a—m) # 0. (1.8)

In order to guarantee that the projector Q is well-defined, conditions similar to (1.8) have
been imposed in many papers (e.g., see the references in [2] and the remarks therein). In our
work, we construct the projection scheme so that Q is well-defined without relying on such
“convenience” assumptions that are rather restrictive and simply unnecessary.

In this section, we state the preliminaries and the result due to Mawhin [4] used, in the
second section, to obtain a solution of (1.1), (1.2).

In order to develop our method, we need to make several basic assumptions. Of course,
we assume that the fundamental solution set {¢7, ¢} is known. We would like to consider a
solution of (1.1) in classical spaces and make use of the representation

u(t) = [ Kt 9)Lus) ds + h ) (6) + (), (19)

k(t,S) _ 4)1(5)4)2(1‘) - ¢2<S)¢1(t) ll(u) _ x/((;lll’(lc;fz)(((:)))’ lz(u) _ W((Pl,M)(O) (1.10)

i~ [ L) 50 ]

and W(¢1,¢)(t) = det (1, p2)(£) = p1(£)p5(t) — ¢ (t)¢2(t) is the Wronskian of the funda-
mental solution set on [0,1]. Our approach relies on the boundedness of W(¢1,¢2)(t) and
W(¢1,¢2)(0) # 0. So, the following would fulfill our wishes:

;Y= max{%ﬂz}-

(L) p,q € C[0,1], 11 = max, e [k(t,s)], 72 = sup, ¢ ’%k(t,s)

It should be mentioned that the assumption on p can be weakened, which would force one to
use weighted norms.

Introduce X = C'[0,1], |Ju|x = max{||ullo, [|u’[|o}, where [|ullo = max,c[o1) [u(t)]. The next
standing assumption concerns the linear functions in (1.2):

(F) Fi : X - R’ ‘Fl(u” S piHuHX’ Where Pi > 0/ Z - 1/2, F](¢]) = CK[Z, Fl((l)z) = [Xb’
F(¢1) = a, B(¢2) =b, a,a,b € R, a* + b* # 0.

Under this assumption the differential operator in (1.1) is not invertible and the functional
problem is said to be at resonance. Furthermore, in order to claim that all possible resonance
cases have been considered, we also need to study the case 2 = b = 0, which is only briefly
discussed in Section 2.

Definition 1.1. Let X and Z be normed spaces. A linear mapping L: domL C X — Z is
called a Fredholm mapping if the following two conditions hold:

(i) ker L has a finite dimension, and
(ii) Im L is closed and has a finite co-dimension.

If L is a Fredholm mapping, its (Fredholm) index is the integer Ind L = dim ker L — codim Im L.
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Since we work with a Fredholm mapping of index zero, it follows from Definition 1.1 that
there exist continuous projectors P: X — X and Q: Z — Z such that

ImP=kerl, kerQ=ImL, X=kerL®kerP, Z=ImL&®ImQ (1.11)

and that the mapping
L|domLrkerp: domLNker P — ImL

is invertible. The inverse of L|gqom Lnkerp We denote by Kp: Im L — dom L N ker P. The gener-
alized inverse of L denoted by Kpg: Z — dom L Nker P is defined by Kp o = Kp(I — Q).

Definition 1.2. Let L: domL C X — Z be a Fredholm mapping, E be a metric space, and
N: E — Z be a mapping. We say that N is L-compacton Eif QN: E — Z and KpgN: E — X
are compact on E. In addition, we say, that N is L-completely continuous if it is L-compact on
every bounded E C X.

Let Z = L'[0,1] with the Lebesgue norm denoted by | - ||;. Consider the mapping
L: domL C X — Z with

domL ={u € X:u' € AC[0,1], u satisfies (1.2))}

defined by
Lu(t) = u"(t) + p()u'(t) +q(t)u(t).
Define the mapping N: X — Z by
Nu(t) = f(t,u(t), u'(t)).

Thus, (1.1), (1.2) is converted into the coincidence equation Lu = Nu whose solution will
be shown to exist by applying the following theorem due to Mawhin [4, Theorem IV.13].

Theorem 1.3. Let Q) C X be open and bounded, L be a Fredholm mapping of index zero and N be
L-compact on Q). Assume that the following conditions are satisfied:

(i) Lu # ANu for every (u,A) € ((dom L\ ker L) NoQ)) x (0,1);
(ii) Nu & Im L for every u € ker LN ),

(iii) deg(JQN|xerLron, Q NkerL,0) # 0, with Q: Z — Z a continuous projector such that
kerQ=ImLand J: ImQ — ker L is any isomorphism.

Then the equation Lu = Nu has at least one solution in dom L N Q).
Lemma 1.4. The mapping L: dom L C X — Z is a Fredholm mapping of index zero.

Proof. By (F), itis clear that ker L = {c(—b¢; + a¢,) : ¢ € R} = R. For convenience, let

Te(t) = /0 'k(t,5)g(s) ds. (1.12)

We claim that InL = {g € Z: (F; —aF,)Tg = 0}. Now, ¢ € ImL if there exists u € domL
such that Lu = g. Recalling (1.9), that is, u = Tg + I1 (u)¢1 + 2 (1), we have, by (F),

Fi(u) = F(Tg) + a(li(u)a+ (u)b) =0, F(u) = F(Tg) + i (u)a+ L (u)b = 0.
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It follows, ImL C {g € Z: (F, —aF)Tg = 0}.
Letge{g€Z:(F —aF)Tg=0}. Define

E(T
=75 BT )

Then

E(T
Lu=1LTg— a;:_gbg (aL¢yr + bL¢) = g.

Also,

fi(fgbz (aFy(¢1) + bFi(¢2)) = Fi(Tg) — aF2(Tg) =0

and, similarly, F,(1) = 0. Thatis, u € domL, so g € Im L. We have

F(u) = R(Tg) -

{¢g€Z:(FF—aF)Tg=0} CImL.

Therefore, {g € Z: (F; —aF,)Tg =0} =ImL.

We show that there exists I € Z such that (F; —aF,)Th # 0. Let F = F; — aF,. By (F),
F(¢1) = F(¢2) = 0. Since F; and F, are linearly independent on X, there exists 1y € X such
that F(up) # 0. Since F is continuous on X, for € > 0, there exists a polynomial p such that
lp —uol|lx < e and F(p) # 0. Set h = Lp € Z. Again, recall (1.9). Then F(Th) = F(TLp) =

F(p —h(p)¢1 — L(p)¢2) = F(p) — Li(p)F(¢1) — (p)F(¢2) = F(p) # 0. Since T and F are
linear, we may assume, without loss of generality, that (F; —aF,)Th = 1. Define Q : Z — Z

by
t
Qg(t) = (Fy —aF)(TQ)h(t) = (Fy — aF) (/0 k(t,s)g(s) ds) h(t).
Since Qh(t) = (F, — aFR)(Th)h(t) = h(t), then Q*>q = Qg, ¢ € Z. Itis obvious that Q : Z — Z
is a continuous map and Z = kerQ & ImQ, ImQ = {ch : ¢ € R} with dimImQ = 1, and

kerQ =Im L.
Define P, B, Py : X — X by

—bW(u, $2)(0) +aW (¢, u)(0)

Pu(t) = (=br(t) + adn(t))

@ W) 0
_ - 1%):;2112(”)(—194)1(1%)+a¢z(t)), (1.13)
Pt = ) (o (1) 920
= S22 (agn (1) + ba(1), 114
and
PE) = i (0 + g N () = b () + b(wgalt),  (115)

where the second expression of each map is obtained using (1.10). Since

b
Py = —m(_b‘l)l +agy), P = azjl_ibz(_b(lbl +ag2),

then P(—b¢; + agy) = —bg + a¢y. Therefore, P> = P, X = ker P & Im P, where ImP =
{c(=bpy +a¢y) : ¢ € R} = kerL. Similarly, P> = B, X = ker P @ Im D, where ImP =
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{c(agy + bg2) : ¢ € R}. Moreover, P? = Py, X = ker Py & Im Py, where Im Py = {c1¢p1 + c2¢ :
c1,¢2 € R}. Finally,

P+P=Dn (1.16)

and PP = PP =0 on X.
Since the relationships (1.11) hold, the projectors P and Q are exact. In summary, L is a
Fredholm mapping of index zero. ]

The next two results provide the generalized inverse of L and its norm-estimates. Recall
(1.12).

Lemma 1.5. If the map Kp : Z — X is defined by

1
Ky8 = —sz(Tg) (ag1 + b)) + Tg, (1.17)
then LKpg = g, ¢ € Z, and K,Lu = u, u € dom L N ker P.

Proof. 1t is easy to see that LKpg = g, ¢§ € Z. Let u € dom L Nker P and ¢ = Lu. Using (1.9)
and (1.15),

Tg=u—1hL(u)py —lp(u)pr = u — Pyu.

Then F(TQ) = F(u) — h(u)F(¢1) — l(u)Fa(¢2) = —aly(u) — blp(u) since u € domL. As a
result,

_aly(u) +bl(u)

KpLu = W(ac])l—l—bcpz)—i—u—ﬂ)u =Put+u—Pu=u—Pu=u
by (1.16) and since u € ker P. O
Obviously,

ITgllo < yillgll,  1(T8)llo < 12ligly,  [1Tgllx < vligllh-

Also, |F2(Tg)| < p2|Tgllx < vp2l|gll1- Hence,

p2llag1 + b2l P27 llagr + bgallo
|Kpgllo < @+ 07) [Tgllx + ITgllo < 2 +71 ) gl

p2v]la¢ + b5 o
a% + b?

ag; + b,
I(Keg) o < UL o+ rgy o < (

+72) lglh
The estimates on the generalized inverse are summarized in the next result.
Lemma 1.6. The map Kp : Z — X satisfies

(@) |[Kpgllo < Allgll1, where

4 — P27llags + bgajlo
a% 4 b?

+ 71,

(b) ||(Kpg)'llo < Bl|g|l1, where
g — P2rllag + bgsllo
a? + b2

+ Y2,

() [[Kpgllx < [IKpll[|gll1, where [[Kp|| = max{A, B}.
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2 Main results

Assume that the following conditions on the function f (¢, x1, x2) are satisfied:

(Hy) there exists a constant My > 0 such that, for each u € domL \ ker L with |u(t)| +
|u'(t)| > My, t € [0,1], we have QNu(t) # 0,

(H2) there exist functions &y, 61,6, € L'[0,1] such that, for all (x1,x;) € R?> and a.e. t € [0,1],
|[f(E %1, 22) [ < 6(8) + 81 (8)[x1] + 82(8)[x2]-
(H3) there exists a constant M; > 0 such that if |c| > M3, then ¢(F; — aF,)(TNu:) > 0, where
uc = c(—bpyr + a¢py).

In the next result, |® 1(¢1,¢2)(t)| is the matrix norm compatible with the norm
max{|a1|,|az|} of a vector [ay,a5]" € R2.

Theorem 2.1. If (L), (F), (H1)-(H3) hold, then the functional problem (1.1), (1.2) has at least one
solution provided

Di([lé1flr +[162[[1) <1, (2.1)

where
Dy = max {71 + 7 max 1271 (91, 2) ()| (91110 + [ p2lo),
T2+ 7 max 1D~ (@1, 2) (D111 llo + 5 ll0) }-

Proof. Let O = {u € domL\kerL: Lu = ANu, A € (0,1)}. If u € Q, it follows, from (H;),
that there exists ty € [0, 1] such that |u(ty)|, |u'(t0)| < My. Now,
u=ATNu+L(u)pr +L(u)ps, u' =A(TNu) + L (u)dy + L(u)ds. (2.2)

Thus,

hu) ] u(tp) — ATNu(to)
[ l;(u) ] =P 1(¢1/¢2)<t ) u’(to())—/\(TNu)’(()to)

In what follows, C;,i = 1,...,5, are positive constants whose exact values are ignored. Hence,

[l ()], |12 (u) | = max{ |l (u) |, [l2(u) [}
197 (¢1, ¢2) (to) [ max { |u(to) — ATNu(to)], [t/ (to) — A(TNu)' (to)|}

= max 197 (¢, ¢2) (1) || max { |u(to) | + AITNu(to)|, |u'(to)| + A|(TNu)' (to) |}

Stgl[(?)l(] 1@~ (¢, ¢2) (t)|| max { Mo + A|TNu(to)|, Mo + A|(TNu)'(t0)| }

<g[g>1<]Hq> Y1, ¢2) ()| max {Mo + 71 || Nul[1, Mo + 72| Nuf|1 }
= Cy +y max || @7 (¢1, ¢2) (1) ||| Nu| 1.
te[0,1]
We have
lullo < Y1lINull1 + [l ()] llo + [2(u)|[[p21]o

<G+ <71 7y max 127 (g1, ¢2) ()| (g1 llo + ||<P2H0)> INullx
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and, similarly,

Il < o+ (7247 max 197 1, 92D (14 o + gl ) Il
Hence,
Jullx < Cq+max {71 + 7 max 127 (1, 92) (DI ([l @1llo + llp2llo),

72+ max 197 (1, ¢2) (O (194 llo + lIallo) }INw 1.

By (Ha), [[Nully < ||oll1 + (|61 ]2 [|ullo + [|62][1 [/ [Jo < 100llx + ([[61/]1 + [162]]1)][u]|x, so
|ullx < Cs+ Di([|o1]ls + [|02][1) lullx

for all u € ()1. In view of the inequality (2.1), (}; is bounded.

Define () = {u € kerL: Nu € ImL}. Then u = c(—b¢; + a¢,) for some ¢ € R. Since
Nu eImL =kerQ, (F; —aF)TNu =0. By (Hs), |c| < M, that is, (), is bounded.

Define | : Z — X by

Jg(t) = (Fi — aF>)(Tg)(=ber () + aga(t)).

Recall the characterization of Im Q in the proof of Lemma 1.4. Since J(ch)(t) = c(F —
aF)(Th)(—=bgy + a¢gp) = c(—bgp1 + a¢y), J: Im Q — ker L is an isomorphism.

Let O3 = {u € kerL: Au+ (1 —A)JQNu = 0,A € [0,1]}. Let u € Q3 be denoted by
ue = c(—b¢r +a¢gy). Then Au+ (1 — A)JQNu = 0 implies Ac + (1 — A)(F; — aF)TNu, = 0. If
A =0, then JQNu, = 0, that is, u € (), which is bounded. If A =1, thenc = 0. If A € (0,1),
then, by (Ha),

0< A= —(1—A)c(F —aF)TNu, <0,

which is a contradiction. Thus, ()3 is bounded.

Let () be open and bounded such that Uleﬁi C Q. Then the assumptions (i) and (ii) of
Theorem 1.3 are fulfilled. It is a routine exercise to show that the mapping N is L-compact
on Q. Lemma 1.4 states that L if Fredholm of index zero. We now demonstrate that the third
assumption of Theorem 1.3 is verified.

We apply the degree property of invariance under a homotopy to

H(u,A) =Alu+ (1—-A)JQNu, (u,A) € X x[0,1].
If u € ker LN 0Q), then

ker(JON|xerLroa, Q@ Nker L, 0) = ker(H(-,0), QNkerL,0)
= ker(H(-,1),Q2NkerL,0)
= ker(I,QQNkerL,0)
£0,

that is, the assumption (iii) of Theorem 1.3 is checked and the proof is completed. O

It is worth mentioning that the inequality in (H3) may be reversed since the proof will
carry over with a slight modification.
We will replace (H7) of Theorem 2.1 with
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(Hy) there exists a constant My > 0 such that, for each u € dom L \ ker L with |u(t)| > My,
t € [0,1], we have QNu(t) # 0.

Theorem 2.2. If (L), (F), (H2)—(Ha) hold, then the boundary value problem (1.1), (1.2) has at least
one solution provided —b¢ (t) + ag(t) # 0 on [0,1], and

Da([lé1]l1 + [16211) < 1, (2.3)

where

L= All = b1 + agn | x
minge(oq) | — b1 (t) + aga(t)]

Proof. As in the proof of Theorem 2.1, let O = {u € domL\kerL: Lu = ANu, A € (0,1)}.
For u € (), it follows from (Hy) that there exists fo € [0, 1] such that |u(t)| < Mo.
Remark: Note that it does not follow from (Hy) that |u/(ty)| < My, so we cannot apply the
approach taken in the proof of Theorem 2.1 to the present case. Likewise, the inequality
|u(to)| < My can not be obtained from (Hs) of Theorem 2.3, which will not allows us to apply
the argument of Theorem 2.1. For this reason, here and in the proof of Theorem 2.3 we rely
onu = Pu+ (I —P)u.

Consider u € O and u = uy +up, u; = Pu € ImP = kerL, up = (I — P)u = KpLu =
AKpNu. We have, by Lemma 1.6,

+ [IKp|l.

[uallo < Al[Null1, [luzllx < [[Kp[[||Nul|1. (24)
Now, u1 = u — uy, so that |Pu(ty)| = |u1(to)| < |u(to)| + |ua2(to)| < Mo+ A||Nu||;. We have
| — bly(u) +aly(u)

lui(to)| = o, |’—b¢1(t0)+a4’2(t0)| < Mo + Al[Nu||;.
In particular,
| — bl (u) 4 aly(u)| < My + A||Nu||;
2 12 Y :
a*+b minco1) | — bp1(t) + aga(t)|

Hence,

| = bly(u) +aly(u)
o | — b1 + agal|x

| — b1 +agal|x
- minte[o’l] ’ - b(i)l(t) + a(PZ(t)’

Combining (2.5) and (2.4), we conclude

[ua][x = [[Pullx <

(Mo + A[[Nul|). (2.5)

[ullx < luallx + lluzllx

Al = b1 + ada||x
! (mmte[o,l} | — b1 (t) + ag(t)] [Kpll ) | Nully

All — b1 +aga||x
<Gtln + K Sillh + |6
2 (mmte[o,” ] _b<P1(t) +a¢2(t)] H PH <H 1”1 H ZHl)HuHX

< Co+ Da(||é1 11 + [102]]1) [[u]x-

Therefore, by (2.3), (01 is bounded. The rest of the proof is identical to that of Theorem 2.1. [
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The next result relies on the assumption

(Hs) there exists a constant My > 0 such that, for each u € dom L \ ker L with [u/(t)| > My,
t € [0,1], we have QNu(t) # 0.

Theorem 2.3. If (L), (F), (Hz), (H3), and (Hs) hold, then the boundary value problem (1.1), (1.2)
has at least one solution provided —b¢y(t) + adh(t) # 0on [0,1], and

Da([|é1]l +[1621[1) <1, (2.6)

where

Dy — B — bg1(t) + agallx
miny¢oq) | — b () +agy(t)]

Proof. Again,let )y = {u € domL\kerL: Lu = ANu, A € (0,1)} and u € ;. By (Hs), there
exists to € [0,1] such that |t/ (tp)| < Mo.

As in the proof of Theorem 2.2, choose u € (2, where u = u; +up, u1 = Pu € ImP = ker L,
up = (I — P)u = KpLu = AKpNu. We have, by Lemma 1.6,

+ [IKp|l.

luzllo < BIINully,  [luzllx < [ Kp[[INul:. (2.7)
Since 11 = u — uy, then |(Pu)'(to)| = |uj(to)| < |1/ (to)| + |u5(to)| < Mo+ B||Nul|;. We have

| — bl (u) + aly(u)

u(to)| = PO IROOL 1) 4 aghio)] < Mo+ AlINu
For u € ()1, we have
| — bl (u) + aly(u)] My + B||Nul|1
2 112 = — / 7 :
a>+b mingejoq) | — bf () + agy(t)]

We infer

| — bly(u) 4 aly(u)]
22 1 b2 H - b(Pl +a¢2HX

| — b1 + aa||x
= mingp) | — b () + ags(t)|

luallx = [[Pullx <

(Mo + B|[Nul|1). (2.8)

Applying (2.7) and (2.8), we deduce

lullx < [Jurllx + [lu2llx

Bl — b +a
<q+< | = b1 + agnlx +Mﬂ)ww1

mineo,1) | — b () +ags(t)]

B|| — b1 + a¢o||x
<C K ) o
2+ <mmt€[0’1] = 6g (1) + agii(D) + [|Kpl| | (6111 + [[62[]1) l|ullx

< Co+ Ds([|o1l1 + [|02]|1) [ x-

Therefore, ()1 is bounded in view of (2.6). The rest of the proof replicates those of the previous
theorems. O
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Note that the preceding results depend on a? + b?> # 0 and deal with such resonance
conditions that dimker L = 1. If 2 = b = 0, then dimker L = 2 and the projector P is simply
Py. We can find linearly independent hy,hy € Z such that In Q = {c1h1 + c2hp @ ¢1,¢2 € R}
Moreover, the generalized inverse has a simple form, namely, Kpg = Tg. Finally, we observe
that the method of proof of Theorem 2.1 applies directly to this case.

Note that (1.3), (1.4) is a special case of (1.1), (1.2), that is, the former serves as an example
of the latter. In conclusion, we present an example that cannot be so cheaply obtained.

Consider

Lu(t) = u"(t) —u(t) = k(1 +2sinu/(t) +u(t)), ae te(0,1), (2.9)
where x # 0, and
Fi(u) =u(0) —u(1l) =0, BE(u) =u'(0)+u'(1) =0. (2.10)

In this case, ¢1(t) = e and ¢p(t) = e~! with W(¢1,¢2)(t) = —2, k(t,s) = sinh (t —s). The
equation (1.9) becomes

u(t) = /Ot sinh (t —s)Lu(s) ds + u'(0) sinh t + 1(0) cosh t.

Then Fi(¢1) =1—e, F1(¢2) =1—e!, B(¢1) =1+e, B(¢2) = —1 — e, that is, we have (F)
witha=1+¢b=—-1—¢1,anda = 1—5 Hence,

ker L = {c(—bo1(t) +apa(t)) : c € R} = {c(e + ") : c € R}.

Note that —b¢(t) + a¢(t) # 0 on [0,1].
We also derive

1 1—e /1
(Fl—och)Tg——/O 51nh(1—s)g(s)ds+1—+€/o cosh (1 — s)g(s) ds

= —/01 <sinh(1 —s)+ Z;i cosh (1 —s)) g(s)ds.

In particular,
ImL={¢e€Z:(F—aF)Tg=0}
L7 e—1
—{gez./o <51nh(1—s)+e+1cosh(1—s)>g(s)ds—0}.

Introduce, for convenience,

e—1
+1cosh(l—s) <0

K(s) = —sinh (1 —5s) —
on [0,1]. As a result, if |u(t)| > My = 4, we have
1
(Fy —aF)TNu = K/ K(s)(1+2sinu/(s) 4+ u(s))ds # 0.
0

Hence (Hy) holds. It is also easy to find M; > 0 such that |c| > M; implies c(F; —aF,)TNu, #
0. Indeed,

¢(Fi — aF) TN, :cx/()llC(s)(l—|—2sinué(s))ds+c21</ollC(s)(—bgb1(s)+aq>2(s))ds
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where the first integral is bounded in ¢ and the second integral is a constant. Thus, if |c| is
large enough, the assumption (H3) is fulfilled.
Obviously, if |«| is small enough, then also (2.1) holds. Indeed,

(1 + 2sinu’(£) +u(t))] < ] + 2[x| [u' (£) | + [x] [u(£)],

that is, ||01]1 = 2|x| and ||62||1 = |x| can be made small enough to fulfill (H3) by choosing
a sufficiently small |x|. By Theorem 2.2, the problem (2.9), (2.10) has a solution. Finally,
since —b¢;(1/2) + a¢h(1/2) = 0, Theorem 2.3 cannot be applied to this particular problem at
resonance.
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