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1 Introduction

Let O C RN (N > 2) be a bounded domain with smooth boundary Q). We consider the
family of problems

—div (%w) —A¢Y inQ,

v=0 on d(),

(1.1)

where for each positive integer n, the mappings ¢, : R — R are odd, increasing homeomor-
phisms of class C! satisfying Lieberman-type condition

/
N—1<g0n—1St;0:((tt))§¢I—1<oo, V>0 (1.2)

for some constants ¢;, and ¢, with 1 < ¢, < @; < oo,

@, — 0 asn — oo, (1.3)
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and such that
there exists a real constant § > 1 with the property that ¢, < B¢, , V1 > 1 (1.4)

and
lim ¢, (1) 9" =1. (1.5)

n—oo
For some examples of functions satisfying conditions (1.2)—(1.5) the reader is referred to [5,
p. 4398]. Here we just point out the fact that in the particular case when ¢, (t) = ]t\”_zt, n>2,
the differential operator involved in problem (1.1) is the n-Laplacian, which for sufficiently
smooth functions v is defined as A,v := div(|Vv|" 2V v). In this particular case problem (1.1)
becomes
{—Anv = Ae? inQ, 16

v=20 on dQ),

which has been extensively studied in the literature (see, e.g. [3,7,12,14,15,18,19,32]). An
existence result concerning problem (1.6) for each given n > N and A > 0 sufficiently small
was proved by Aguilar Crespo & Peral Alonso in [3] by using a fixed-point argument while
Mihdilescu et al. [32] showed a similar result by using variational techniques. Moreover, in
[32] was studied the asymptotic behavoir of solutions as n — co. More precisely, it was proved
that there exists A* > 0 (which does not depend on 7) such that for each n > N and each
A € (0,A*) problem (1.6) possesses a nonnegative solution u, € W,”'(Q) and the sequence of
solutions {u,} converges uniformly in Q,as n — oo, to the unique viscosity solution of the
problem

{mm{|Vu| —1,-Acu} =0 in Q, 1.7)

u=20 on d(),

which is precisely the distance function to the boundary of the domain dist(-,9Q) (see [26,
Lemma 6.10]). The result from [32] was extended to the case of equations involving variable
exponent growth conditions by Mihdilescu & Farcdseanu in [14]. Motivated by these results
the goal of this paper is to investigate the asymptotic behaviour of the solutions of the family
of problems (1.1), as n — oo, for A > 0 sufficiently small. We will show that the results from
[32] and [14] continue to hold true in the case of the family of problems (1.1). In particular,
our results generalise the results from [32] and complement the results from [14].

The paper is organized as follows. In Section 2 we give the definitions of the Orlicz and
Orlicz-Sobolev spaces which represent the natural functional framework where the problems
of type (1.1) should be investigated. Section 3 is devoted to the proof of the existence of weak
solutions for problem (1.1) when A is sufficiently small. Finally, in Section 4 we analyse the
asymptotic behavior of the sequence of solutions found in the previous section, as n — oo,
and we prove its uniform convergence to the distance function to the boundary of the domain.

2 Orlicz and Orlicz-Sobolev spaces

In this section we provide a brief overview on the Orlicz and Orlicz-Sobolev spaces and we
recall the definitions and some of their main properties. For more details about these spaces
the reader can consult the books [2,22,33,34] and papers [4,9,10,20,21].
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First, we will introduce the Orlicz spaces. We assume that the function ¢ is an odd,
increasing homeomorphism from R onto R of class C!. We define @ : [0,c0) — R by

O(t) = /Ot o(s) ds.

Note that ® is a Young function, that is ® vanishes when t = 0, ® is continuous, ® is convex

and lim;_,. ®(f) = co. Moreover, since ®(0) = 0 if and only if t = 0, lim;_,o % = 0 and
lim; oo y = oo, then @ is called a N-function (see [1,2]). Next, we define the function

®* : [0,00) — R given by
t
* (1) = / o~ 1(s) ds.
0
@~ is called the complementary function of ®. The functions ® and ®* satisfy

®*(t) = sup (st — P(s)) for anyt > 0.

s>0
We note that ®* is also a N-function, too.

Throughout this paper, we will assume that

t)

0<g0—1§t200(§§(p+—1<oo, forallt >0 (2.1)

)

for some positive constants ¢~ and ¢*. By [28, Lemma 1.1] (see also [31, Lemma 2.1]) we
deduce that
tp(t)

1<¢ <2 <ot for all . 22
<g _q)(t)_q) < oo, forallt>0 (2.2)

By relation (2.2) it follows that for each t > 0 and s € (0, 1] we have

— — ! ¢ g l t oyt
P §0< ) / ) +
n dt < dt = In® D < P
ns /st l /st CD(T) 1 (t) In (St) = /g 1 —dt=—Ins

or
sPD(t) < D(st) <s? D(t), V>0, 5€(0,1]. (2.3)

Similarly, for each ¢t > 0 and s > 1 we have

st o~ st st gyt
lns"f:/t %drg t g;((?)d’rzlnq)(st)—lr\d)(t)g/t g07dT:1ns"’+

or
sP D(t) < D(st) <s? D(t), VE>0,5>1. (2.4)

Inequalities (2.3) and (2.4) can be reformulated as follows
min{s? ,s? }®(t) < O(st) < max{s? ,s? }d(t) forany s,t>0. (2.5)
Similarly, by [31, Lemma 2.1] we deduce that
min{s? 1,57 }o(t) < o(st) < max{s? 1,s* '}o(t), Vs, t>0. (2.6)

Next, if we let s = ¢~ 1(t) then we have
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By (2.1) we deduce that

1 tHe™h) (1) 1
< < .
§0+_1_ 4)71(1_) _407_1/ Vt>0
The above relation implies that
ot _ toT!(
pt—1— CD*(t

1< ) q)_ < oo forall t > 0. (2.7)

t
Examples. We point out some example of functions ¢ which are odd, increasing homeomor-

phism from R onto R, and ¢ and the corresponding primitive ® satisfy condition (2.2) (see
[10, Examples 1-3, p. 243]):

1 g(t) = |tP2t, ®(t) = L with p > 1 and ¢~ = ¢* = p.

P
= r -2 If|” [t] gptr1 .
2. ¢(t) = log(1+ [t|")[t|P—=t, ®(t) = log(1+ [t|") 5 Jo T3 ds with p,r > 1 and
¢ =p 9T =p+r
3. 9(t) = pitirp for t £ 0, 9(0) = 0, ®(t) = Sl + 3 [l ds with
- 9(t) = gz fort # 0, 9(0) =0, D(t) = plog(1HT) f (1+s)(log(1+s))Z 45 W1

log (t)

p>2and ¢~ =p—1,¢" =p=liminf o 75 7.

For each bounded domain Q) C RY, the Orlicz space L*(Q) defined by the N-function ®
(see [1,2,9]) is the set of real-valued measurable functions u : () — R such that

Il i=sup{ [ ueote) s [ @ (o)) dr <1 <o

Then, the Orlicz space L*(Q) endowed with the Orlicz norm || - || ro(q) is a Banach space and
its Orlicz norm || - [| e () is equivalent to the so-called Luxemburg norm defined by

ulle = mf{y>0/ < )>d <1} 2.8)

In the case of Orlicz spaces, the following relations hold true (see, e.g. [17, Lemma 2.1]):

uly < [@(u@Dar<uly  Vuel®@wihlulo<l, @9
luly < [ @(ut))dx < Jully  ¥uel®(@) withlulo>1  (210)
Q
and
/<I>(|u(x)|)dx:1<:> lullo =1, YueL®Q). 2.11)
O

Next, we recall that for each bounded domain Q) C RN, the Orlicz-Sobolev space W*®(Q))
defined by the N-function ® is the set of all functions u such that u and its distributional
derivatives of order 1 lie in Orlicz space L*(Q)). More exactly, W-®(Q)) is the space given by

Wi (Q) = {uGLq’(Q) aa]eLq’( ), je{l,...,N}}.
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It is a Banach space with respect to the following norm
[ullie = llulle + [ [Vul |lo

By Wg’q)(Q) we denoted the closure of all functions of class C* with compact support over ()
with respect to norm of W®(Q), i.e.

Wé’q)(Q) = CSO(Q) H'HLCD‘

Note that the norms || - |10 and || - [ 10 := || [V - | || are equivalent on the Orlicz-Sobolev
0

space W&’q)(Q) (see [21, Lemma 5.7]).
Under conditions (2.2) and (2.7), ® and ®”* satisfy the A,-condition, i.e.

D(2t) < CO(t), Vt>0, (2.12)

for some constant C > 0 (see [2, p. 232]). Therefore, L*(Q2), W'®(Q) and W, *(Q) are
reflexive Banach spaces (see [2, Theorem 8.19] and [2, p. 232]).

Remark 2.1. For each real number p > 1 let ¢(t) = [t|[P~%t, t+ € R. It can be shown that
@~ = ¢ = p as mentioned above in Example 1 and the corresponding Orlicz space L®(Q)
reduces to the classical Lebesgue space LP(Q)) while the Orlicz-Sobolev spaces W ®(Q) and
W, ®(Q) become the classical Sobolev spaces W'?(Q)) and Wé’p (Q)), respectively. Note also that
by [2, Theorem 8.12] the Orlicz space L®(Q) is continuously embedded in the Lebesgue spaces
L1(Q)) for each g € (1,97 ].

3 Variational solutions for problem (1.1)

In this section we will show that there exists a certain constant A* > 0 (independent of 1) such
that for each A € (0, A*) problem (1.1) possesses a nonnegative weak solution for each integer
n>1.

We start by introducing the following notations: for each positive integer n we denote by
®,, a primitive of the function ¢,. More precisely, we define ®, : [0,00) — R by

t) = /Ot ¢n(s) ds

Definition 3.1. We say that v, is a weak solution of problem (1.1) if v, € Wy ®*(Q) and the
following relation holds true

/ (pn"vvvvr’ Vo,Vw dx = A/Q e”w dx, Vwe W&’q)”(()). (3.1)

Note that the integral from the right-hand side of relation (3.1) is well-defined since
the Orlicz-Sobolev space W&"D" (Q) is continuously embedded in the classical Sobolev space

Wg’(p; (Q) (see, e.g. [2, Theorem 8.12]) and for ¢;,, > N we have WS’(P; (Q) C L*®(Q)). Moreover,
we recall that Morrey’s inequality holds true, i.e. there exists a positive constant C,, such that

[0l ey < Call V0] ] Voe W, (Q). (3.2)
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By [8, Proposition 3.1] we know that we can choose C, as follows

N(gy +1) N(gy —1) N- w;)z N—¢y

-1 Noon
Co:= @y [BO, )| o N @7 (g, —1) @ (¢ —N) @ [As(gy)] e, (33)

where |B(0,1)| is the volume of the unit ball in RN and for each real number p € (1,0), A1(p)
denotes the first eigenvalue for the p-Laplace operator with homogeneous Dirichlet boundary
conditions, i.e.

. Jo IVul? dx
M(p) = inf 29lVMTEY g (s,
)= o Tl & pe o)

By [8, Proposition 3.1] (see also [13, Theorem 3.2] for a similar result) it is well known that

lim C, = | dist(-, 300 1~(ay, 64
where dist(x,9Q)) := inf,caq |x —y|, V x € O, stands for the distance function to the boundary
of Q).

For each positive integer n and each positive real number A we introduce the Euler—
Lagrange functional associated to problem (1.1) as [, 1 : Wg’q)” (1) — R defined by

Jua (v /cpn Vo)) dx—A/e dx, Yove W, (Q).
Standard arguments can be used in order to show that J, , € C! (W&’CD" (Q),R) and

],M / (P”||vvv’v’ VoVw dx — /\/Qevw dax, Vo, we Wy (Q).
Thus, it is clear that v, is a weak solution of (1.1) if and only if v, is a critical point of
functional [, 1.

We point out that we cannot find critical points of |,y by using the Direct Method in the
Calculus of Variations since in the case of our problem ], ) is not coercive. For that reason we
propose an analysis of problem (1.1) based on Ekeland’s Variational Principle in order to find
critical points of J, 5.

For each positive integer n we denote

* . L _Cn[|0|+ﬁ(1)]l/%

A= .

where C, is the constant given by relation (3.3) and |} stands for the N-dimensional Lebesgue
measure of (). The starting point of our approach is the following lemma.

Lemma 3.2. For each positive integer n let A}, be given by relation (3.5). Then for each A € (0, A})
we have

1
Jua(v) 25, Voe W (Q)  with o]l 100 = 1.

Proof. Let n be a positive integer arbitrary fixed. By relation (2.5) we get that ®,(s) >
®,(1)s?, for all s > 1 and thus,

D, (s)
o,(1) Vs >0.

s <1+
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Using this fact we deduce that
- 1
/Q Vol dx < |Q) +%(1)/Q<I>H(Wv!) dx,  VoveWh(Q). (3.6)

By the above inequality, and since for each v € W(}’CD"(Q) with Hv||w[},<1>,1 = |Vo| |lo, =1 we
have [ ®,(|Vv|) dx = 1 (via relation (2.11)), it results

1 (Yen Lo .
(mg[m|+] , VoeWp®(Q) with [[o] e, = 1. (3.7)

I 1vol | 0

Lon

Next, taking into account that W, ®"(Q) is continuously embedded in Wé’q); (Q)) and using
the fact that ¢,, > N and Morrey’s inequality (3.2) we obtain

]n,A(U)Z/Qq)n(IVUI)dx—A/Qe” dx

>1 __,1|()’eHUHLw(Q)

Cull |V _
ANCT

>1—AlQfe ), YoueWyP(Q) with [ollyaon = 1.

Then for each A € (0, A}), combining the above estimates with relation (3.7) we get

]1/%7 ]1/7’;

Joa(@) = 1 - Al mm] 5 1 xS

for all v € Wy ®" (Q) with |o]| y1e« = 1. The proof of the lemma is complete. O
0
Lemma 3.3. For each positive integer n let A, be given by relation (3.5). Define

* . s *
A= inf A (3.8)

Then A* > 0.

Proof. First, we show that there exists a positive constant K > 0 such that

1 1Veu
Q|+ —= <K, Vn>1. 3.9
Indeed, since by (1.5) we have
lim ¢, (1) % =1,

n—oo

it yields that for each positive integer n large enough we get

< gu(1)

N[ =

which implies that
1

¢n(1)

By (1.2) (via (2.1) and (2.2)) we find that for each positive integer n large enough the following
inequalities hold true

SZ(P’T.

+
1 < @Eal < @29 < B2
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Using the above relations we deduce that for each positive integer n large enough we obtain

[’Q| + q)nl(l)]l/% < [|Q| +[3¢;2(P5}1/(P; < <ﬁ¢;2(p;+1>1/¢; .

Now, taking into account the fact that lim, .« (ﬁ(p; 29 +1)1/¢’7 = 2, the above approximations
imply that relation (3.9) holds true.

Next, using (3.9) and the expression of A}, we infer that

1 ¢ UOH#]U‘P; —KC
A= —— " (1) — n VYu>1.

"= 20 ~20° "=
Recalling that lim,,—,c C = || dist(+,0Q) ||~ () (by (3.4)) and taking into account that function
(1,00) 3 p — A1(p) is continuous (see, Lindqvist [29] or Huang [23]) we conclude from the
above estimates that A* = inf,cn+ Aj; > 0. The proof of Lemma 3.3 is complete. O

The main goal of this section is to prove the existence of weak solutions of problem (1.1)
for each positive integer n. This result is the core of the following theorem.

Theorem 3.4. Let A* > 0 be given by (3.8). Then for each A € (0,A*) and each n € IN*, problem
(1.1) has a nonnegative solution v, € B1(0) C Wy'®*(Q) identified by ], 1(vy) = infm Jur, where

B1(0) is the unit ball centered at the origin in the Orlicz—Sobolev space Wy ®"(Q0).

Proof. We consider A € (0,A*) and n € IN* arbitary fixed. For each v € Wy ®*(Q) with
o] y1ex < 1, in view of relations (2.9) and (2.11), we have
0

- +
[0l%0, = [ @u(IV0]) dx = [[o]| e, (310)

Thus, taking into account (3.10), Morrey’s inequality (3.2) and relation (3.6), for each v €
B1(0) € Wy ®"(Q) we obtain

]n,A(U)Z/QQn(IVUDdx—A/QeU dx

,

> [[ollfe, = AOel e
Cull VoI -

> —A|Qle L (0)

/¢y
> A0S 101+ 525]

Computing J, 1(0) = —A|Q)| we deduce that

Jur(0) <0

while by Lemma 3.2 we get

1
inf >=>0,
azla?(o) Jan 2 2
which imply that

Yn = inf J, € (—0,0).
B1(0)




The asymptotic behavior of solutions to a class of inhomogeneous problems 9

We consider € > 0 such that
€ < inf ]n/\ — ll’lf ]n)x (3.11)
9B1(0) B1(0
Ekeland’s variational principle applied to J,, » restricted to B;(0) provides the existence of
ve € B1(0) having the properties

i) Jua(ve) < inf J, 2+,
B1(0)

ii) Jur(ve) < Jur(v) +€|v— U€”w3"b" forall v # v..

Since 1nf ]n A< 1nfB 10 Tna and € is chosen small such that (3.11) holds true, using relation
i) above we arrlve at

Jur(ve) < inf J, o +€ < inf J,x+e€ < inf J,,,
B1(0) B1(0) 9B1(0)

from which we deduce that v, is not an element on the boundary of the unit ball of space

Wg’%(ﬂ), ve ¢ 0B1(0), and consequently, v¢ is an element in the interior of this ball, that

means v € B1(0).

Next, we focus on the functional F,, : B1(0) — R defined by F,,(v) = J,a(v) +
€llv— UGHW&%. Obviously, v, is a minimum point of F, , (via ii)) that infers

Pn,)\(ve + tZU) — Fn,A(ve) >0
; =

for small t > 0 and any w € B1(0). Computing the above relation we find

]n,/\(ve + tTU) B ]n,/\(ve)
t

+é ol ygon 0

and then passing to the limit as t — 07 it yields that ( ]n (), w) +€ HwHW&/“’” > 0 that implies
H]n,)\(ve) H(WS’Q”(O))* < €, where (W& ®1(0)))* is the dual space of Wg’q)"(ﬂ).

In consideration of that, we draw to the conclusion that there exists a sequence {vy, }m C
B1(0) such that
mhg}x) JuA(Om) =7 and lelgc}o ]n,A(vm) =0. 3.12)

The sequence {0y, } is certainly bounded in W, " (Q) since v,, € B;(0) for all m € IN* and
this fact induces the existence of v, € W&’CD” (Q)) such that, up to a subsequence, {v;, },» con-
verges weakly to v, in Wg’q)" (Q)) and uniformly in (), since ¢, > N, as m — co. Furthermore,
we infer that

lim [ e (v —v,) dx =0

m—o0 Q
and
Wl}g(}ogn A(Om), 0om —vn) =0,
which imply that
. (Vo
nlzll}}o (P"”v m’|ﬂ| omV (0 —vy) dx = 0. (3.13)

Owing to the weak convergence of sequence {v, }m to v, in Wy ®*(Q), as m — oo, we have
that

Wlll_rgogn A(On), 0m — o) =0
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and it follows that
lim (P" ‘an’

m—00 ’an’

Vv, V(v —vy) dx = 0. (3.14)
Assembling relations (3.13) and (3.14), we conclude that

@n(|Vom|)

@u(|Von|)
1 Fn\lVonl)
i Q[ Vo,

Vo, —
Vo,

Vo, | V(vom —vy) dx = 0. (3.15)

By [16, Lemma 3.2] we know that there exists a positive constant k, such that

oullE), oD 1 . (I - nm% y

In our case, we established that there exist constant k,, > 0 so that

[ [0, - Vb, | o, - a
QO

|V, Vo,
¢n 2
s by [ —(0n(¥en = Vo)l

(@, |wm\ + @, (| Vo, |)] Y (ot

Due to relation (3.15) we deduce that

dx = 0.

@n(’V(Um —0y)|) e
tim [ @19 (00~ 0,)) [ ot

Since ®,, is a convex function we obtain by relation (2.5) that

(|9 (0 — v,)]) < 2o VOm) ;CD”(Z’W”D <29 [y (|Vou|) + Pu(|Vou])] -

Using assumption (1.4), the last two relations require

r%lggo Q<I> (IV(vy —vy)]) dx =0,
and (2.9) generates

nll_l’)llo va — U”HWOLCD” =0.

That being the case, {vy, }m converges strongly to v, in W&"b” (Q)) as m — oo. Hence, relation
(3.12) contribute to

Jur(vn) =vn <0 and ], ,(vs) = 0. (3.16)

As a result, v, is the minimizer of ], y on B;1(0), and also v, is a critical point of the functional
Jua. Of course, v, is really a weak solution of (1.1). Finally, note that J, A(|v|) < J,1(v) for
any v € W&@" (Q)) and for this reason v, is a nonnegative function on Q).

The proof of Theorem 3.4 is complete. O
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4 The asymptotic behavior of the sequence of solutions {v,}, of
problem (1.1) given by Theorem 3.4 as n — o

The goal of this section is to prove the following result.

Theorem 4.1. Let A* > 0 be given by (3.8). For each A € (0,A*) and each n € IN* we denote by
vy the nonnegative weak solution of problem (1.1) given by Theorem 3.4. The sequence {v, } converges
uniformly in Q) to dist(-,9Q2), the distance function to the boundary of Q).

In order to prove Theorem 4.1 we first establish the uniform Holder estimates for the weak
solutions of (1.1).

Lemma 4.2. Let A* > 0 be given by (3.8). Fix A € (0,A*) and let v, be the nonnegative solution of
problem (1.1) given by Theorem 3.4. Then there is a subsequence {v,} which converges uniformly in

O, as n — oo, to a continuous function ve € C(Q) with ve > 0 in Q) and v, = 0 on Q.

Proof. Let g > N be an arbitrary real number. By (1.3) we can choose q < ¢,; for sufficiently
large positive integer n. Using Holder’s inequality, relation (3.6), recalling that v, € B1(0) C
Wg’q)” (Q)) and taking into account (2.9) we have

1/q - 1/ gy )
([ o) < ([ 1o ax) " iapaye
O 0
[ 1 Yo e e
< Q S AN q) d Q q—1/¢n
< _| |+<1>n(1)/0 n(|Vou]) x] [e
_ 1 o 1/, et o-
<O+ —= n Qa1 ¢,
>~ _| |+<Dn(1)HUnHWéq>,,:| ’ |
i L] 1/9-1/¢;
S Q —|—:| Q q— (Pn.
Ot e,m) 1

Thereupon, using (3.9) we find that sequence {|Vv,|} is uniformly bounded in L7(Q)). It
is clear that ¢ > N ensures that the embedding of Wé’q(Q) into C(Q) is compact. Keeping in
mind the reflexivity of the Sobolev space Wg’q(ﬂ) we deduce that there exists a subsequence
(not relabelled) of {v,} and a function v € C(Q)) such that v, — ve weakly in W&’q(Q) and
Uy — Ue uniformly in () as n — co. In addition, the facts that v, > 0 in QQ and v, = 0 on
Q) for each ¢,, > N hint that v, > 0 in Q) and v = 0 on 0Q). The proof of Lemma 4.2 is
complete. O

In Theorem 4.5 below we show that function v given by Lemma 4.2 is the solution in the
viscosity sense (see, Crandall, Ishii & Lions [11]) of a certain limiting problem. Accordingly,
we adopt the usual strategy of first proving that continuous weak solutions of problem (1.1) at
level n are indeed solutions in the viscosity sense. Before recalling the definition of viscosity
solutions for this type of problems, let us note that if we assume for a moment that the
solutions v, of problem (1.1) are sufficiently smooth so that we can perform the differentiation

in the PDE
—div <(pn(]an|) V0n> =Ae’, in (),
|Vo,|

we get

_ @n(|Von|) B [Voa| @, ([Vou]) — @u(IV0u|)
Vou] SO VouP A

oUn = Ae%, in (), 4.1)
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where A stands for the Laplace operator, Av := Trace(D?*v) = YN, g%ﬁ and A. stands for the
co-Laplace operator, l
N 9v dv %0
A00 = DZ 7 - B 7
v < oVo VU) izl axi aX]' 8xiax]-
]=
while D?v denotes the Hessian matrix of v.
Remark that (4.1) can be reformulated as

H,(vn, Vo, D?v,) =0, in Q

with function H,, defined as follows

/ J—
Hy,(y,z,S) = —€0"|(Z||ZD Trace S — |Z’%(|Z’|)Z‘3 Pu(lz]) (Sz,z) — Aé?,

where y € R, z is a vector in RN and S stands for a real symmetric matrix in MN*N,

Since our main objective in this section is the asymptotic analysis of solutions {v,} as
n — oo, we are now ready to give the definition of viscosity solutions for the homogeneous
Dirichlet boundary value problem associated to degenerate elliptic PDE of the type

{Hn(v, Vo,D?v) =0 inQ, 4.2)

v=20 on 0Q).

Definition 4.3.

i) An upper semicontinuous function v is a viscosity subsolution of problem (4.2) if v < 0 on
0Q) and, whenever xy € Q and ¥ € C?(Q) are such that v(xp) = ¥(x) and v(x) < ¥(x)
if x € B(xo,7) \ {x0} for some r > 0, we have H, (¥ (x0), V¥ (x0), D>*¥(x9)) < 0.

ii) A lower semicontinuous function v is a viscosity supersolution of problem (4.2) if v > 0 on
0Q) and, whenever xo € Q and Y € C?(Q) are such that v(xy) = Y(x) and v(x) > Y(x)
if x € B(xo,7) \ {x0} for some r > 0, we have H, (Y (x0), VY(x0), D*Y(x0)) > 0.

iii) A continuous function v is a viscosity solution of problem (4.2) if it is both viscosity
supersolution and viscosity subsolution of problem (4.2).

In the sequel, functions ¥ and Y stand for test functions touching the graph of v from
above and below, respectively.

Our goal now is to prove that any continuous weak solution of (1.1) is also viscosity
solution of (1.1) and in order to establish this result we follow the approach by Juutinen,
Lindqvist & Manfredi in [27, Lemma 1.8] (see also [35, Lemma 1] for a similar approach but
in the framework of inhomogeneous differential operators).

Lemma 4.4. A continuous weak solution of problem (1.1) is also a viscosity solution of (1.1).

Proof. Firstly, we prove that if v, is a continuous weak solution of problem (1.1) for a fixed
positive integer 7, then it is a viscosity subsolution of problem (1.1). We begin by considering
x9 € O and a test function ¥, € C3(Q) such that v,(x%) = ¥,(x%) and v, — ¥, has a strict
local maximum at x0, that is v, (y) < ¥, (y) if y € B(x9,0) \ {x%} for some p > 0.
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Next, we have to show that

0
— div ¢n(|vlljﬂ(3cn)’) vlljn(xg) < Aeer(xg)
[V (x)]

or

RAGAACH])
VY (x3)]

VYR D 9n IV () ) — @ (I VEn (x3)])
(V¥ (x3)

A¥, (20 Aoy (x9) < Ae¥n(),
Arguing ad contrarium, suppose that this is not the case of the above assertion. In other words,
we admit that there exists a radius p, > 0 such that B(x9,p,) C Q from the Euclidean space
RY such that

AN VYW@ (VR (y)]) — @ (IVFa(y)]) -
V¥ (y)l A¥aly) IVE, (1)]? A¥u(y) > Ae™VY

for all y € B(xY,04). For p, small enough, we may presume that v, — ¥, has a strict local
maximum at x9, that is v, (y) < Y, (y) if y € B(x%,p,) \ {x%}. This fact implies that actually

sup (v, —¥,) <O0.
9B(x),0u)

Thus, we may consider a perturbation of the test function ¥, defined as

wp(y) :=Yu(y)+5 sup [vn—¥ul(y)
y€IB(x9,0n)

that has the properties
0 W, (x%) < v,(x9);
® W, > v, on dB(xY, 0,) ;

. —div(% Vw,) > Aetr in B(xY, p,).

Multiplying the above inequality by the positive part of the function v, — w,, ie.
(vy — Wy,) T, that vanishes on the boundary of the ball B(xY, p,,), and integrating on B(x9, p,,),
we get

» WV&)M@ [Vo,(x) — Vw,(x)] dx > A » et () [0, (x) =@, (x)] dx, (4.3)

where the set M,, := {x € B(x0,0,); W,(x) < v,(x)}.
On the other hand, taking the test function in relation (3.1) to be

(vy —W,)T(x), ifx € B(x9,pn),

w:Q—=R, wkx)=
0, if x € Q\ B(xY, pn),

we obtain
ou(|Vo, (1)) . [ oy
P O N ou(x) V(on — @) (x) dx = A W) (g, p
/B(xg,pn) Vo, (x)] ou(x) V(on = u)" (x) dx B(xgpn)e (0 = Wu) " (x) dx
or

M, van(x) V(Un —wn)(X) dx = A M, evn(X)(v” _wn)(x) dx
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since v, < W, in the ball B(x), p,,) outside M,,.
Applying the subtraction of the above equality from inequality (4.3) it produces

Pn(|VWu|) o _q)n(|V0n|) ] e
/n[ N, Vw, Von Vo, | (Vo, — Vwy,) dx

> )\/Mn (e‘P" - ev”) (v, —Wy,) dx >0 (44)

with the aid of the facts that v, < ¥, on B(x9,0,) \ {x} and w, < v, on M,, C B(x9, 0,).

Cauchy-Schwarz inequality implies

/Mn [Gﬂn(|vvn|) - (Pn(|vwn|)] (IVou| — [Vw,|)dx

¢n(|cvn|) ¢n(|cwn|) _ —
< L s 7 - 7 —
/ [ ol Vo, Nl Vw, | V(v, —w,)dx

n

and combined with relation (4.4) leads to
/M [Gpn(|vwn|) - (Pn(’vvnm (|Vwu| — [Vou|)dx <0

which is a contradiction with the statement that ¢, is an increasing function on R. Actually,
it follows that v, is a viscosity subsolution of problem (1.1).

On the other hand, v, is a viscosity supersolution of problem (1.1) with similar arguments
as above adapted for this case and therefore, these details will be omitted. The proof of
Lemma 4.4 is complete. O

By Lemma 4.2 we may select a subsequence {v,} that converges uniformly to v, in )
as n — co. Next, we will focus to identify the limit equation verified by v.. The following
theorem encloses the main result regarding the asymptotic behavior of the solutions {v,} of
problem (1.1).

Theorem 4.5. Let v be the function achieved as the uniform limit of a subsequence of {v, } in Lemma
4.2. Then vy, is a solution in the viscosity sense of problem

(4.5)

min{—Ax?, |Vv| -1} =0 inQ,
v=0 on Q).

Proof. First, we investigate if v, is a viscosity supersolution of (4.5). We consider yp € Q
and a test function Y € C2(Q) such that ve — Y has a strict local minimum point at 9. We
claim that the uniform convergence of {v,,} shown in Lemma 4.2 allows us to extract, up to
a subsequence, {y,} C Q such that y, converges to o and moreover v, — Y achieves a strict
local minimum point at y,. Indeed, since yy is a strict minimum point of v, — Y it follows
that v (y0) = Y(yo) and ve(y) > Y(y) for every y in a punctured neighborhood of vy, let’s
say B(yo,r) \ {yo} with r > 0 fixed in such a manner that B(yp,2r) C Q. For any positive p
with p < r we get
inf (ve—Y)>0.
B(yo,r)\B(yo,0)

By the uniform convergence of {v,, } to v« in Q) and in particular in B(yy, ), for any positive

integer n sulfficiently large, the function v,, — Y attains its zero minimum value in B(yo, o) and
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thus, the minimum point of v, — Y will be represented by y, € B(yo,p). Considering a
sequence px — 07 as k — co, we can construct a subsequence {n;} such that y,, converges to
Yo as k — oo. The claim now holds true after an appropriate relabelling of the indices. In other
words, taking into account that v,, ve € C(Q) for any positive integer n sufficiently large, the
uniform convergence of sequence {v, } to v in () implies that since Y touches v, from below

at 1o, then there are points y, — yo such that

on(y) = Y(y) > 0=104(yn) — Y(yn) forall y € B(yo,p)\{yo}

for some subsequence (see [6, Theorem 3.1] or [30, Lemma 11]).

Keeping in mind that in view of Lemma 4.4, v, is a continuous viscosity solution of (1.1)
we have

_ onVY()]) _ VY () [9h (VY (ya) ) = @a(IVY (yn) 1) (o)
oY AY ) Y ()P AsY (yn) > Ae¥0)

(4.6)
Since Ae¥(¥») > 0 for any A € (0,A*), it follows that |VY(y,)| > 0 for each positive integer 7.
Recalling inequality (2.6) states

min{s? 1, 5% 1}, (t) < @, (st) < max{s? 1, s 1Yo, (t), Vs t>0 (4.7)

and keeping in mind (1.3), for each positive integer n sufficiently large, the functions A, B, :
[0,00) = R,

tou(t) — @u(t) . pn(t) .
An(t)'{t3' ift >0, Bn(t)'{ L ift >0,

0, ift=0, 0, ift=20

are continuous. Moreover, function B, is of class C! since A, (t) = t~!BJ(t) for t > 0. Accord-
ing to (1.2) and (1.3), we deduce that

VY (ya) P
VY ()l (IVY (y)]) = @u(IVY (yn)])

Inequality (4.6) multiplied with the above positive quantity in both sides becomes

N (VY () DIVY (yn)
VYY) 9 (IVY (yn) ) = @n(IVY (ya)])

> 0.

AY (Yn) — Do Y (Yn)

N AV ()
= ) [9h (Y a)D) — a (VY )])

(4.8)

On the other hand, we obtain

Pun(IVY () DIVY (y) _ VY (ya) < VY () ?
VY (a)lon(IVY ) D) = @n(IVYn)D) [VY )l @n (VY (ya)) ) — on =2
Pu(IVY(yn)l)

where in the latter inequality we use Lieberman-type condition (1.2).
In relation (4.8) we pass to the limit as n — oo and then using (1.3) we infer by relation
(4.9) that

, (49

Y (yn) 3
— AY(yo) > limsup Ae VY ()|

oo | VYY)l @n(IVY(yn)]) = @n(IVY (yn)]) (4.10)
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which hints that
— DAY (o) = 0. (4.11)

In the following we will show that
VY (yo)| — 1> 0. (4.12)

If we assume by contradiction that is not the case of the above claim, we get |VY(yo)| —
1 < 0, that implies |VY(y,)| < 1 for any positive integer n sufficiently large. Taking into
consideration (1.2) and then inequality (4.7) we arrive at

AeY W) | VY (y,) P B VY (yu) Al
VY Wn)loh (VY W)D) = (VY W)) — VY[V W) ¢a(IVY()])
on(IVY (y)])
IVY(yn)P AeYm)
on —2  @ul|VY(yn)])
VY ()P ) AeY ()
Pn =2 @u(D)|VY(yu)|o

Yo NV
((qﬂi —2)%(1)) VY (yn)]| '

Since by (1.5) we have lim, o ¢,,(1)Y/%" = 1 we get using (1.4) that

i AeY) VY )
m R ——— = 1.
n=eo \ (@ —2)gu(1)

11
VY (yn)| VY (yo)l

> 1 we obtain

Next, taking into account that lim;_,c.

i AeY(y”) 1/@;_4) 1 1
m|-———— = >
n—eo \ (@ —2)@n(1) IVY ()|l IVY((vo)]

and then, we deduce that there exists ¢y > 0 such that

AEY(yn) /(@ =4)
—_— ———— >1+4¢y for all positive integer n sufficiently large,
((qv;f —z>¢n<1>) VY ()] P & Y

which yields to

. AT ) . _—
RSP TN a9 (9 () ]) — ga [V () ) = (0= e
a contradiction with (4.10). Thus, inequality (4.12) holds true.
Assembling relations (4.11) and (4.12) we have min{—A«Y (o), |[VY(y0)| — 1} > 0 which
leads to the fact that v, is a viscosity supersolution of (4.5).
Now, it remains to see that in fact v, is a viscosity subsolution of (4.5). We take a test
function ¥ € C%(Q)) that touches the graph of v from above in a point xy € ), that means
Voo (%0) = ¥(x0) and v (x) < ¥(x) for every x in a punctured neighborhood of xy and we have
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to establish that min{—A.Y¥(x¢),|V¥(x0)| — 1} < 0. We notice that if |[V¥(xo)| = 0 then we
have A¥(xp) = 0 and everything is clear. Then, it is sufficient to check that if |[V'¥(xo)| > 0
and also

IVY¥(x)| —1>0, (4.13)

we get —Ao¥(xp) < 0. Actually, the uniform convergence of subsequence of {v,} ensures
again, as in the first part of this proof, the existence of a sequence x, — x¢ as n — co such
that v, — ¥ has a strict local maximum point at x,, and

Pu(IVE (x0) DIVY (x0) 2

 E o) [0 (Vo)) — g ([VE Gy O F () — B ()

< Ae¥ ) [V ()2
~ VY () [@n (IVY (xa)|) — @n(IVE (x0)])

Passing to the limit as n — co in the above relation and using (4.13), inequality (4.7), and
assumptions (1.3) and (1.5), we deduce that

Ae¥ (xn) Lo =4)
(on — 2)%(1))

(4.14)

P —4
=0

A < Tim
As¥ (x0) < h;ﬂgolf |:< V¥ ()

which implies that —A¥(x9) < 0. Thus, we conclude that v is a viscosity solution of
problem (4.5). The proof of Theorem 4.5 is complete. O

Next, we identify the limit of the entire sequence of weak solutions {v, } of problem (1.1).

Proof of Theorem 4.1 (concluded). It is well-known that problem (4.5) has as unique viscosity
solution dist(+,9()), namely the distance function to the boundary of Q) (see Jensen [25], or
Juutinen [26, Lemma 6.10], or Ishibashi & Koike [24, p. 546]). As a consequence, Lemma 4.2
and Theorem 4.5 allow us to reach to the conclusion that the entire sequence {v,} converges
uniformly to dist(-,0Q)) in ), as n — o0. O
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