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Abstract. In this paper, we study the following critical nonlocal problem

- (a—)\b/ Vu|2dx> Au = AlulP~2u+ Q(x)|ul?u, x€Q,
0
u=0, x € 0Q),

wherea > 0,b > 0,2 < p <4, A > 0is a parameter, (2 is a smooth bounded domain
in R* and Q(x) € C(Q) is a nonnegative function. By virtue of variational methods
and delicate estimates, we prove that problem admits k positive solutions for A > 0
sufficiently small, provided that the maximum of Q(x) is achieved at k interior points
in Q).
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1 Introduction

In this paper, we concern with the multiplicity of positive solutions to the nonlocal problem

- (a — Ab / |Vu]2dx> Au = MulP?u + Q(x)|ul*u, x€Q,
0 (1.1)

u=20, x € 0Q),

wherea > 0,b > 0,2 < p <4, A > 0is a parameter, () is a smooth bounded domain in R*

(2* = 4 is the critical exponent in dimension four) and Q(x) € C(Q2) is a nonnegative function
satisfying:

1 ere exis iferent points x*, x<,...,x" € suc a X‘ are strict local maximums
Th, ist k different points x!, x? k€ O such that Q(x/ trict local
and satisfy

Q) =Qm=max{Q(x):x €O} >0, j=12,...,k
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(Q2) Qm — Q(x) =O(|x — ¥/|?) for xnear x/, j = 1,2,... k.

In the past decade, the following Kirchhoff type problem involving critical growth on a
bounded domain QO ¢ RN

- (a+ b/ |Vu|2dx) Au=g(x,u) +K(x)|ul> 2u, xe€q,
19 (1.2)

u=0, x € d0Q),

has attracted considerable attention, where a,b > 0 are constants, 2* = 2N /(N — 2) with
N > 3 and K(x) is a nonnegative continuous function. Kirchhoff type problem is often
viewed as nonlocal due to the presence of the term b [, [Vu|?*dx which implies that such
problem is no longer pointwise identity. It is commonly known that Kirchhoff type problem
has a mechanical and biological motivation, see [1,8]. Under different hypotheses on g(x, u)
and K(x), there are many interesting results of positive solutions to (1.2) by using variational
methods, see e.g. [6,7,15]. In particular, Fan [6] showed how the topology of the maximum set
of K(x) affects the number of positive solutions to (1.2) via Ljusternik-Schnirelmann category
theory when N = 3 and f(x,u) = f(x)u? with f(x) € Lé%l(Q) and 3 < g < 5. There are
also several existence results for (1.2) in the whole space RN, see [5,11,12] and the references
therein.

In (1.2), if we replace a + b [, |Vu|*dx by a — b [ |Vu|*dx, it turns to be a new nonlo-
cal one. This kind of nonlocal problem presents some interesting difficulties different from
Kirchhoff type problem. Such nonlocal problem with subcritical growth

- <a—b/ |Vu\2dx> Au= fr(x)|ulP?u, xcQ,
0

u=0, x € 0Q),

(1.3)

has been studied by some researchers, where f)(x) € L7 (Q) and Q C RN is a bounded do-
main. If fy(x) =1and 2 < p < 2%, Yin and Liu [23] obtained two nontrivial solutions to (1.3);
Qian [18] proved the existence and asymptotic behavior of ground state sign-changing solu-
tions for (1.3); Wang et al. [22] proved that (1.3) has infinitely many sign-changing solutions.
For 1 < p < 2%, Duan et al. [4] established the existence of multiple positive solutions to (1.3).
In [10], the multiplicity result of positive solutions to (1.3) was obtained for 0 < p < 1. When
fa(x) has indefinite sign, Lei et al. [9] and Qian and Chao [16] proved the existence of positive
solution to (1.3) for 1 < p < 2 and 3 < p < 6, respectively. For more results about (1.3) with
general nonlinearities and its variants on unbounded domain, we refer the interested readers
to [19,20,24]. To the best of our knowledge, there is little result for (1.3) when f(x, u) exhibits
a critical exponent. Only Wang et al. [21] investigated the existence of two positive solutions
for the following problem involving critical exponent

— (a - b/4 ]Vu|2dx> Au = Ag(x) + |ul*u,x € RY,
R
u € DY (RY),

under the assumptions A > 0 is sufficiently small and g(x) € L*3(R*) is a nonnegative
function.
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When a = 1, b = 0, R* and Q(x)|u|*u are replaced by RN and Q(x)|u|?> ~2u, respectively,
(1.1) is reduced to the following local one

—Au=MulP2u+ Q(x)|ul* 2u, xeQ,
{ a2+ Q) .

u:O, anQ,

which does not depend on the nonlocal term [, |Vu|*dx any more. The study by Cao and
Noussair [3] is the first to investigate the effect of the shape of the graph of Q(x) on the
number of positive solutions to (1.4) with p = 2. More precisely, they proved that for small
enough A > 0, (1.4) has k positive solutions if the maximum of Q(x) is achieved at exactly
k different points of (), by applying Nehari manifold method. Liao et al. [13] extended the
result of [3] in the sense that a more wider range of p is covered. In [17], Qian and Chen got
a similar but more complicated result for (1.4) with an additional fast increasing weight.

Motivated by the idea of [3,6,21], it is natural and interesting to ask: can we apply the
shape of the graph of Q(x) to prove the multiplicity of positive solutions for the critical
nonlocal problem (1.1) as in Kirchhoff problem (1.2)? In the present paper, we will give a
positive answer to this question.

Our main results can be stated as follows.

Theorem 1.1. Assume thata > 0,b > 0,2 < p < 4 and Q) is a smooth bounded domain in R, If
the conditions (Qq) and (Qz) hold, then there exists Ao > 0, such that for each A € (0, Ag), (1.1) has
at least k positive solutions.

Since the result of Theorem 1.1 still holds for b = 0, then we obtain the following corollary
related to the multiplicity result of positive solutions for a semilinear problem with critical
exponent.

Corollary 1.2. Assume that a > 0,2 < p < 4 and Q is a smooth bounded domain in R*. If the
conditions (Q1) and (Qz) hold, then there exists A1 > 0, such that for each A € (0, A1), the problem

—ahu = MulP"2u+ Q(x)|ulPu, x€Q, 15)
u=0, x € 0Q), '
has at least k positive solutions.

Associated with (1.1), we define the functional I, on Hé (Q)) by
T LT T A/ Pdx — 1/ 4
(w) = gl =l = [ urax = [ QGo)lufax,

where |ul|? = [ |Vu[*dx. Then I, € C' (Hj(Q),R). Moreover, there exists a one to one
correspondence between the critical points of I, on H}(Q) and the weak solutions of (1.1).
Here, we say that u is a weak solution of (1.1), if u € H}(Q) and for all v € H}(Q), there holds

(a—)\b||u||2)/ Vqudx—/\/ lu|P2uvdx — / Q(x)|u|*uvdx = 0.
0 0 0

The proof of Theorem 1.1 is based on variational methods. Since (1.1) has a negative
nonlocal term, the approaches used in [6] to deal with Kirchhoff problem do not work here.
Indeed, we shall apply the ideas introduced by Cao and Noussair [3]. However, in the present
paper, there are some new difficulties caused by the competing effect of the nonlocal term
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with the nonlinear terms and the non-compactness due to the critical exponent. To overcome
these difficulties, we need to add the factor A of |u[P~?u to the nonlocal term —b [, [Vu|?dx
in problem (1.1). This modification will play an important role in our arguments (see Lemma
2.2 below). Moreover, inspired by [21], we consider our problem in dimension 4 and make
some delicate estimates in order to get the compactness condition. We also point out that it is
not clear whether the multiplicity result in Theorem 1.1 still holds for critical problem (1.1) in
other dimension, from which it follows that the critical exponent 2* is no longer equal to 4.

In Section 2, we present some lemmas which will be used to prove Theorem 1.1. Section 3
is devoted to the proof of Theorem 1.1.

2 Notations and preliminaries

Throughout the paper, for simplicity we write [ u instead of [, u(x)dx. Hj(Q) and L'(Q)
are the usual Sobolev spaces equipped with the standard norms ||u|| and |u|,, respectively.
D2(R*) = {u € L*(R*) : Vu € L*(R*)}. Denote by B,(x) the ball centered at x with
radius r > 0. Let B,(x) and 9B, (x) denote the closure and the boundary of B,(x), respectively.
We use — (—) to denote the strong (weak) convergence. O(e!) denotes |O(ef)|/e! < C as
¢ — 0, and o(¢') denotes |o(e')| /¢! — 0 as e — 0. C and C; denote various positive constants
whose exact values are not essential. Let S be the best constant of the Sobolev embedding
H{(Q) < LY(Q), that is,
/ |Vul?

inf .
ueH} (Q)\ {0} </ |u|4> 172

The Nehari manifold corresponding to I, is defined by

My = {u € Hy(Q)\ {0} : (Ii(u),u) = 0}.

By the condition (Q1), we can take 77 > 0 sufficiently small such that By, (x/) C Q are
disjoint and Q(x) < Q(«/) for x € By, (x/) \ {x/}, j = 1,2,...,k. Following the argument of
[3], we define a barycenter map f: H}(Q) \ {0} — R* by setting

With the help of the map above, we will first separate the Nehari manifold M, then study

minimization problems of I, on its proper subset. We point out that, a key role of § is to

insure that the minimizers of the considered minimization problems are distinct.
Forj=1,2,...,k we consider the following subsets of M,

M = {ue M, :p(u) € By(x/)} and O} = {ue M, :B(u) € 3B, (x)}.

Correspondingly, study the following minimization problems

m]A = inf I)(u) and n~1])\ = inf I)(u).
uGM]A ue(?ﬁ\
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For all ¢ > 0 and xp € R*, we define

(8)' 2
@+ =P

us,xo =

which solves —Au = |u[*uin R*. Forj = 1,2,...,k fixed, define a cut off function ¢; € C7°(R*)
such that 0 < ¢; < 1, @j(x) = 1 for |[x — x| < p and ¢;(x) = 0 for |x — x/| > 2p with
0 <p<1n/2 Letug; = ¢j(x —x/)U, ;(x). By [2], we have for 2 < p < 4,

lugj||* = S* + O(?),
g3 = S*+O(eY),
lug |l = O(e* 7).

Lemma 2.1. Forj=1,2,...,kand A > 0, we have

4252

4(AbST+ Qu)’ 2

m])\ <
Proof. It is easy to see that there exists a unique . > 0 such that teu.; € M, and I A(tgugr]') =
sup,. Ir(tue ;). By the symmetry of u,; about x/, we further obtain tellej € ./\/l]A Thus, to
complete the proof of lemma, it suffices to prove that

252

sup I) (tue,;) 4 (2.2)

< —— -
£>0 4(AbS* + Qum)
At this point, we can suppose that t, > C; > 0 for any ¢ > 0 small. Otherwise, there is a

sequence ¢, — 0™ such that t,, — 0. By the continuity of I and the boundedness of {u,,},

152
sup I (tue, i) = Iy(te, e, i) >0 < ——5——,
o Mt ;) = I (te, e, ) 4(AbS% 4+ Qum)

that is, the proof is complete. Similarly, we also suppose that t, < C, for some positive
constant C; and any & > 0 small.
To proceed, set

at? Abtt tt
() = S g = S gl = 5 [ Qe

We easily see that h(t) achieves its maximum at

1/2
o alugl?
max —
/\bH“S,]'H4 + QM‘”S,j’i
B a$? +0(&2) 1z
~ \AbSF + QOS2 + 0(e2)

aS> 12 5
B (Abs4 T QM52> + o),

with
a%§?

ioes o o) 23)

h(tmux) =
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Using condition (Q>), we also have
[ (Qu= Q) It = 0(&). 4
By (2.3) and (2.4),

sup I)L(tug,]) = I)L(tguglj)

£>0
te s Ay p
= h(te) + 5 [ (Qu— Q) byl = T [ Jue
CézL 4 A P 14
< h(tmax) + Z (QM - Q(x)) |ue,j| - ;C1 / |ue,j|
QZSZ 2 4
= — — —-p
2(ABS? + Om) +0(e”) = O(e* 7).

Since 2 < p < 4, (2.2) holds for € > 0 small enough. This ends the proof. O

Lemma 2.2. Assume that condition (Q1) holds. Then there exists Ao > 0 such that

a%5?

~]
m, >
AT 4Qm

forj=1,2,...,k,and A € (0, Ao).

Proof. Let us argue by contradiction and suppose that there exist sequences A, — 0, and

{un} C (’)]Aﬂ satisfying
a*S?

I <
An (ui’l) — C= 4QM,

@ [ 1V, = Ab (/ |wn|2)2 = o [ Jual? + [ Q) (2.5)

By {u,} C (’)An, one has for n large,

and

c+1> 1, (un) — :,<IA,1(un),un>
(Lo g ERE TP oy (- 4
=a(3- ) w20 (3=l + (3= 7) [ Q@i
1 1 )
> -
>0 (3-5)

which implies that {u,} is bounded in H}(Q). Using (2.5) and Sobolev embedding, we also
have

allun||* = Anblfun||* + )‘n‘“nm + /Q(x)|”n|4 < Anb || * 4 AnCllutn|P + QaaS 2 [ |*

from which we infer that
|un|| > C5 > 0.
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Noting that A, — 0, we then deduce from (2.5) that there is a constant C4 > 0 such that
/Q(x)\un\‘1 > Cy >0,
for all n € IN. Thus, we are able to choose t,, > 0 such that v,, = t,u,, satisfies

a/|an|2 - /QM|vn|4. 2.6)

This and Sobolev inequality give that % < ||vn||?. Moreover,

J Ql = re ([ 1908) A0 [l
[ Qulus

It follows that {t,} is uniformly bounded. Then, we can assume lim,_,« f, = to. By Q(x) <
Qm, An — 0 and the boundedness of {u,}, we see that ty < 1. We show next that the case
to < 1 leads to a contradiction. Since for tg < 1, we have

1/2

ty =

v Vou? = lim cat2 [ |V,
100, ngr.}ofa/ Un im fa/ Uy

:,}E&tz[(_> ( 1V =2 b(/\VunF) ~ /|un|p>

then it follows that

a’Ss? , , aS?
C_4QM and }%/\VUH\ = o’ (2.7)

Let w, = v,/ |vy|s, then |w, |4 = 1. Moreover, by (2.6) and (2.7),
[oa > [on >

lim/|Vw 2 = lim 1217 _ i —5
n—oo n n—o0 |U ’2 n—oo (QHUnHZ/QM)l/Z

namely, {w,} is a minimizing sequence for S. According to [14], we can find a point yp € Q
such that
[Vw,|> = du = S6y, and |wyls — dv =6y, (2.8)

with the above convergence holding weakly in the sense of measure, where 4, is a Dirac mass

at yo. Then
[xtwalt [xfoult [ xfon?
Blin) = = =

= - = : — Yo,
Sl [l [l

as n — Q.
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This together with B(u,) € 9B,(x/) imply that yo € 9B, (x/). Thus, from (2.6) and (2.8), we
conclude that

. . 1 1 2
lim I, (1) :}5’5}0%[(2_4) (a/[Vun\z—/\nb (/\wnF) —/\n/|un|”>
cab(2- D) ([19m2) s a0(2-2) [y
n 2 4 n n 2 p n

_ Qo) lim a/\anF

QM n—oo

B Q(yo) HZSZ _ aZsZ
© 40m Qm 40w’

which contradicts with (2.7). This completes the proof. O

Lemma 2.3. For any u € M., there exist p > 0 and a differential function § = g(w) defined for
w € HY(Q), w € By(0) satisfying that

g0) =1 g(w)(u—w)e M),

and

(20— 42b]ul?) [ VuVp—2p [ ul2ugp —4 [ Q(x)[uug
allulP = 3Abllullf = AGp—1) [ Jul” =3 [ Qlul*

Proof. Define F : RT x H}(Q) — R by

/

(8'(0),9) =

F(t, w) :at||u—wy|2—Abﬁuu—wu‘*—w—l/yu—w|P—t3/Q(x)|u—w\4.
By u € M), we get F(1,0) = 0 and
Fi(1,0) = allul = 32b]ul[* = A(p = 1) [ ul? =3 [ Q(x)luf
=0(2—P)Hu||2—/\b(4—19)HMH4—(4—P)/Q(x)|ul4

< 0.

Thus, we can use the implicit function theorem for F at the point (1,0) and obtain p > 0 and
a functional g = g(w) > 0 defined for w € H}(Q), ||w|| < p satisfying that

g(0)=1, g(w)(u-w)e M, YweH)(Q), |w]<p.



Multiplicity of positive solutions for a nonlocal problem 9

By the continuity of the maps g and B, we can further take p > 0 possibly smaller (0 < p) such
that
B(g(w)(u—w)) € By(x), VYwe Hy(Q), [w| <p,

which means that g(w)(u — w) € J\/l]A
Moreover, we also have for all ¢ € H}(Q)), r > 0,

F(1,0 +r¢) — F(1,0)
= allu—rg|* = Abllu— gt =4 [ Ju—rgl" = [ Q)lu—rof
— alful + Ablul*+ A [ ul? + [ QCx)Juf
= —a [ (2rVuV—rVeP)

2/]Vu|2/(2rVuV(p—rz|V¢|2) _ (/(2rVuV<P—r2\V<P|2)>2]

A [ (=gl = fulr) = [ Q) (Ju— rglt — [ul*).

It follows that

+ Ab

(Fu, $)|t=1,0—0 = lim F(1,0+r¢) — F(1,0)

r—0 r

— (Za—4Ab|\qu)/Vqu>+pA/|u|p_2u<p+4/Q(x)|u\2u(p.

Therefore,

(§/(0),¢) = — Tt

t=1,w=0
(20— 4\b]ul) [ Vuvp—2p [ ul2ugp 4 [ Q(x)fuug
allulP = 3Abllull* = A(p 1) [ Jul" =3 [ Qulul*

The proof is completed. OJ

Lemma 2.4. There exist Ag > 0 and a sequence {u,} C ./\/l]A such that

ug >0, Iy(un) = my, Ij(un) =0,

forj=1,2,...,k,and A € (0, Ao).

Proof. Note that M, = M]A U (’)Z\ and Of\ is the boundary of ﬂi\ In view of Lemmas 2.1 and
2.2, we know that there exists Ay > 0 such that

m])\ < WA
for A € (0,A¢),j=1,2,...,k,. This implies that
m, = inf{I,(u) : u € M)}.

Then, for each j = 1,2,...,k, we can apply Ekeland’s variational principle to construct a
minimizing sequence {u,} C M/, satisfying the following properties :
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(i) Jim 1 () = ),

.. 1 s
(i0) In(un) < Ir(w) + —[w — uy||, ~ foreach w e M.

Since I, (|u|) = I)(u), we may assume u, > 0. Using Lemma 2.3 with u = u,, we get p, >0, a
differential function g,(w) defined for w € H}(Q), w € B, (0) such that g, (w)(u, —w) € ./\/lf\
Let0 < ¢ < p, and let ws = du with ||u|| = 1. Fix n and set zs = g, (ws) (1un — ws). By zs5 € /\/l])\
and the property (ii), one has

1
In(zs) — In(un) > —;HZ(S — Uy]|.

Then, by mean value theorem

1
(I3 (tn), 25 = wn) + 0(llzs = unll) = = [|25 = ttull-

Thus,

<I;\(un)/ (un —ws) + (gn(wé) - 1) (un — ws) — up) > _%HZ& — up|| +o(l|zs — unl|)

which yields that

1
—6(I3 (un), 1) + (n(ws) — 1) (I (un), n — ws) > _EHZzS — un || + o(|lzs — unl]).
Combining this with (I} (zs), gn(ws) (un — ws)) = 0, we obtain

Llizs =l ollzs = wall) , gnlas) —1

n ) ) 5 (I3 (un), un — ws). (2.9)

(I (un), ) <

By Lemma 2.3 and the boundedness of {u,}, we easily see that

lzs = il = Il (gn(ws) = 1) (uh — w5) — ws|| < |gu(ws) —1/Cs +8

and

. n _1
tim B =1 0), ) < 1g5(0)] < G
—0 (5

Therefore, for fixed 1, we can conclude by passing § — 0 in (2.9) that

C

(I (un),u) < =,
n

which implies that I} (u,) — 0 as n — oo, and Lemma 2.4 is proved. d

Lemma 2.5. Forall A > 0, if {u,} C M, is a sequence satisfying

262
aS
IA(u,q)—>c<4

!
—(Ab52+QM) and I, (u,) — 0,

as n — oo, then {u,} has a convergent subsequence.
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Proof. As in the proof of Lemma 2.2, it is easy to verify that {u, } is bounded in H}(Q). Hence,
we may assume that for some u, € H}(Q),

u, — u, in H(Q),
up, — uy  inL'(Q), 1<r<4,

Uy, — U, ae. in Q.
Denote v, = u, — u, and we claim that ||v,|| — 0. If not, there is a subsequence (still denoted

by {v,}) such that ||v,|| — L with L > 0. By (I} (4x), u«) = 0(1) and the weak convergence of
u,, we see that

= a2 = AB(L 4 e ) 2 = A [ el [ Q] 210)
Moreover, by (I} (u,), uy) = 0, we can apply the Brézis-Lieb Lemma to get

0 = a(flonll? + l[us12) — Ab(lonll* + 2llon |l [l + [l ]|*)

, (2.11)
A [l = [ Q)= [ Q) lunf +o(1).
Combining (2.10) and (2.11), we have
0(1) = allva|l* = Abllog|[* — Abl|vn]|*[|u.1* — /Q(X)Ivnl4 (2.12)
and consequently,
al[on||? = Ab|[oa||* — Ab|va]|?||u.]* = /Q(X)Ivn!4 +0(1) < QuS?[loall* +o(1).
Passing the limit as n — oo, we obtain that
S*(a — Ablu|?)
L? > > 0. 2.1
~  AbS?2+Qu =0 @13)
By (2.10) and (2.13), we have
AR T P YR
() = Sl = Pt = 5 el = 3 [ @@l
_Ab 4 AD 5 5 1 1 p 1 / 4
=Sl G (=3 [+ [ Q@i
Ab 4 AbS%(a— Ab||u.|]?) »
> " lu, = . .

Ab(AbS® + Qu)l[us|* | AabS?[lus|?  AAS*|u ]t

4(AbS? + Qm) 2(AbS*+Qm)  2(AbS*+ Qm)

- AabS?|Ju,|* APDPSP||u.
= 2(AbS2 4+ Qum)  4(AbS?+Qum)’
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Furthermore, using (2.12)—-(2.14), we deduce that
c+o(1) = I (un)

a Ab A
- §||unu'2—znun||4—f/|un "’—*/Q i
_4a 2 P 4
= Dl = Pl = 2 [l = 7 [ Qo)
2

a Ab
+ 2ol = kel = el el = 7 [ QEloalt +0(1)

a Ab
= 1) + S loall? = L ol 2+ 0(1)

- 2
= 1) + 222 )
2282 AabS?||u.||? A?D2S2|u. ||*
> I(us -
= 1) 0057+ Q) 200057+ Qur) T 4652+ Q) Y

a’Ss?
> *t2
= 4(AbS? + Qum) +oll)

a contradiction to the assumption ¢ < m. Therefore, the claim holds, namely, u,, — u.

in H}(Q)). This completes the proof of Lemma 2.5. O

3 Proof of Theorem 1.1

Proof of Theorem 1.1. By Lemma 2.4, we know that there exists A¢ such that for each A €
(0,A¢) and ] = 1,2,...,k, there is a minimizing sequence {u,} c M satlsfymg i, >0,
IA(un) — m/\ and I} (un) — 0. From Lemmas 2.1 and 2.5, it follows that #}, — w/ and / > 0
is a weak solution of (1.1). Furthermore, standard elliptic regularity argument and strong
maximum principle imply that u/ is a positive solution. Finally, u/, j = 1,2,...,k, are different
positive solutions since f(1/) € B, (x/) and B, (x/) are disjoint. The proof is completed. O
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