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1 Introduction

Discrete Schrodinger equations are widely used as models in Physics and other branches
of science (see, e.g., [3,6,11,12,14,19] and the references therein). These discrete equations
belong to a large class of lattice dynamical systems which has been the object of extensive
research (see, for example, [4,5,7,9,12,13,19,22] and the references therein). Various properties
related to the dynamics of such systems have been studied. Among them, the existence of
global attractors is a theme which attracts a great deal of attention. However, most of the
contributions in this line of research addressed to discrete Schrodinger models are concerned
the discrete nonlinear Schrodinger equation (DNLS). In this paper, our main aim is to prove
the existence of a pullback attractor for a nonlocal discrete nonlinear Schrodinger equation
when delay terms are considered. The model is written as follows

it (1) + JFZO:O J(n — m)uy (£) + gn(t, tnt) + iyun(t) = fu(t), t>71,1n€EZ, a1

Up(s) =pu(s—1t), Vse[t—h1],

where 7,4, and <y are real numbers with & > 0 and v > 0. In (1.1), u,(t), fu(t), and ¢,
are complex functions and u,; denotes the translation of u, at time ¢, defined by u,(s) =
uy(t+s),Vs € [—h,0]. The dispersive coupling parameters J(m) are assumed to be real
numbers, symmetric (i.e., J(—m) = J(m), for all positive integer m) and Y%, |J(m)| < +oo.
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This includes important special cases as J(m) = Joe P and J(m) = Jo|m|—%, where Jy, B, and
s are positive real constants suitably chosen [8].

We assume that the nonlinear term g, (¢, u,;) in (1.1) includes delay terms as follows

&n(t unt) = Qon(tn(t)) + gLn(un(t — p(t)) + /Oh bu(s, un(t +5)) ds. (12)

Appropriate hypotheses on the functions p : R — [0,h], gin, : C — C,i = 0,1, b, :
[0,h] x C — C, and f,(t) are stated in Section 2.

Specific deterministic cases of equation (1.1) have been used in the study of physical phe-
nomena in which long-range dispersive interactions cannot be disregarded (see the physical
discussions in [8]). An example is the model proposed in [17] for the description of the non-
linear dynamics of the DNA molecule.

A class of discrete Schrodinger equations of great importance is
ity (t) + ARy (8) + gu(t, tne) + iyun(t) = fu(t), (1.3)

where AZ = Ajo---0Ay ptimes, and A, is the one-dimensional discrete Laplace operator
defined by Aju, = uy41 + tty—1 — 2u,. Equation (1.3) can be derived from (1.1) by choosing
the coupling parameters J(m) as

Jom = Y. (*7) -1t

=0 \J

where p is any positive integer and d,, x is the Kronecker delta.

Many contributions on existence and properties of solutions of the DNLS equation (i.e,
(1.3) with p = 1, g1, = by, = 0) and f, independent of time can be found in the literature
(see, e.g., [3,4,11,19] and references therein). For example, the existence and approximation
of attractors for the DNLS equation were investigated in [11] while the existence of attractors
for the DNLS with retarded terms was studied in [4]. Concerning equation (1.1), in [19],
the authors studied the existence of localized solutions for the homogeneous case without
delays. Later, also for the autonomous deterministic model, the existence of a global attractor
in weighted spaces was established in [20]. For the existence of attractors for some non-
autonomous lattice dynamical systems with retarded terms of the type (1.2) and references
about related works we refer the reader to the article [2]. Still concerning lattice models with
nonlocal terms, we would like to mention the papers [1,10,15,18,21].

In this paper, under suitable conditions on the functions p, g;,,i = 0,1, b,, and f,, we
prove the existence of a pullback attractor for the process associated with problem (1.1). As a
consequence of our discussion, the existence of a global attractor for the autonomous model
is derived.

The paper is organized as follows. In Section 2, we prove that the initial value problem
(1.1) is globally well posed. In Section 3, we establish the existence of a pullback attractor
for the process associated with problem (1.1) using the results in [16]. Finally, in Section 4,
we briefly show how the same ideas of the previous sections can be adapted to prove the
existence of a global attractor for the autonomous model.
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2 Existence of solutions

In this section, we discuss the existence of solutions for the problem (1.1). We denote by ¢7
the usual space of complex sequences 1 = (uy),ecz such that ||u]|» < co, where

1
+00 i
l|u]|er = ( ) |un|p> , if1<p<ocoand ||ul|m = sup |u,|, if p = oco.
n=—oo nez

When p =2, /2 is a Hilbert space with the inner product given by

—+o0
(wo)p =Y w0, wuvedl?
Nn=—oo
and, in this case, we denote by || - || the corresponding norm.

For 1 < p < oo, LP(—h,0) denotes the usual Banach space of (class of ) real functions f
defined on [—,0] such that |f|? is integrable in sense of Lebesgue and we recall that for the
0P spaces the following embedding relation holds:

Ace, lulp<lulo, 1<q<p<e.

Regarding the functions g;,, : C — C,i = 0,1, b, : [-h,0] xC — C, f = (fu(t))nez, and
p(t) in (1.1) and (1.2) we assume that

(A1) zgon(z) is real for all z € C and n € Z.
(A2) There exist a function x € L?(—h,0) and functions b, : C — C such that
[bn(s,21) = (s, 22)| < x(5)[bon(21) — bon(22)],
Vs € [—h,0] and Vz1,z, € C. We set &3 := fi)h |x(s)|? ds.
(A3) For every R > 0 there exist positive constants Lj(R), j = 1,2, such that

|gin(z1) — gin(z2)| < L1(R)|z1 — 22|, i=0,1,
|bon(21) — bon(22)| < La(R) |21 — 22,

forany n € Z and any z,z, € C such that |z;| < R, j = 1,2. Moreover, (£0,:(0))necz € 2.

(A4) There exist sequences of real numbers k1 = (ki )nez € (%, ko = (kon)nez € ¢* and
non-negative real functions B1,(-) € L?>(—h,0) and B2,(-) € L'(—h,0) such that

1811 (2)| < kinlz| + ko and  [bu(s,2)| < Bra(s)z] + Bon(s),

foralln € Z, s € [-h,0], and z € C. We set Kj = ||k1|¢~, K2 = ||k2]|, and

1/2

B = sup < /_Oh B2.,(5) ds>1/2 < o0, By = [ *Z"" ( /Oh byn(s) ds>2] < 0.

nez n=—oo
(A5) f € C(R;£?).
(A6) p € C(RR; [0, h]).
(A7) [' L If(s)[2ds < oo, VEER.
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Example 2.1. Let 0 # x = (Xn)nez € {7, for some 1 < p < oo, and ¢ : R — R defined by

pi(t) = aj%, where a and b are positive real constants. Also define the functions g1, : C — C,
bo, : C — Cand b, : [-h,0] x C — C by

81,1(2) = bon(2) = xn ¢1(|2]) 2,

bu(s,z) = xn @1(]2]) z (s+h) VneZ,se|—h0] and z € C.

Then, the hypotheses (A2)-(A4) are satisfied with

L(®) = 1a(R) = (5 + =) Il

1 1 1
K(E) =35+, Kin= 0l kaw=0, Pua(s) = lual(s+h), and fan =0,

Conditions (A1) and (A3) concerning g , are satisfied, for example, if g0 (z) = xn ¢2(|z])z,
with x, as before and any ¢, € C!(R";R), such that ¢,(0) = 0.

Now let us write (1.1) as an evolution equation with a retarded term in 2. For any
u = (uy)nez we define (Au), = Y02 o J(n — m)uy, Vn € Z.

Lemma 2.2. A : (%> — (2 is a bounded operator and || Au|| < 4||]||a||u|l, Yu € ¢

Proof. See Lemma 2.1 in [20]. O

We consider the space E, = C([—h,0];¢?>) with the usual norm given by ||ul| E, =
maxge (0] ||4(s)[| and define the map ¢ : R x E;, — 22 by (¢(t,0))nez = gu(t,vu), where
v(s) = (0n(s))nez, for any s € [—h,0], and

Qn(t,vn) = g0n(vn(0)) + g1 (vn(— +/ (s,vn(s))ds.

If we set uy = (Unt)nez for any t > T, then we can write the initial value problem (1.1) in
/2 as

in(t) + Au(t) + g(f,up) +iyu(t) = f(¢), t>71,

(2.1)
u(s)=y(s—r1), Vse[rt—hr1,
where ¢(s) = (Pu(s))nez, for any s € [—h,0].
We now define the map B : R x E;, — (2 by
B(t,v) = —i[Av(0) + g(t,v) +ivv(0) — f(t)].

Then, problem (2.1) can be rewritten as the following functional equation in /2

du

E + B(t, th) =0, t>71 (22)

The following two lemmas are sufficient to ensure the existence of a local solution for (2.1).
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Lemma 2.3. Assume that (A2)—(A6) hold. Then the map B is continuous and satisfies the local
Lipschitz condition: For any v,w € Ej, with ||v||g, < R and ||w| g, < R, there exists a positive
constant L = L(R) such that

|B(t,v) — B(t,w)|| < L|v—w|g, VteR.

Proof. Using (A2)—(A6) we see that B is well defined. Fix (t,v) € R x E;, and consider " — t
in R and v — v in Ej;. We have that

IB(#",0™) = B(t,0)|| < [|A(™(0) = 0(0))[| + [|g(+",0™) — g(t, v)]]
+7[9"(0) = o(0) | + |l £ (") = F(B)]-

Since the sequence (v")en is bounded in Ej, then using the assumptions (A2), (A3), and
(A6) we can find a positive constant L depending only on ||v||g, such that

(2.3)

lg(t",o™) — g(t,v)|* < 4 io 1801 (27(0)) — g0,1(vn(0))

n=—oo

F4 Y ga @ (=p(t™)) — gun(on(—p(t))

e X (2.4)
+4n;w (/ m(s))—bn(s,vn(s))]ds>

+o0 0 2
<8I[o" —v|}, +412 ) (/h|K(s)||vz1(s)—vn(s)|ds> .

n=—oo

Using the Cauchy-Schwarz inequality and the fact that ||[o" — v||g, < oo we can estimate
the last term in (2.4) as follows

v (/_Oh|x<s)rrvms)—vn(s)\ds)zdsgxg 5 [ e - ook

n=—oo . n=—oo (25)
<R [ % lo() o) Pds < 0" — ol b

1’!7—00

From (2.3), (2.4), (2.5), (A5), and Lemma 2.2 we deduce the continuity of B. In a similar
manner we prove the Lipschitz condition. O

Lemma 2.4. Assume that (A2)—(A6) hold. Then the map B is bounded, i.e., it takes bounded subsets
of R x Ej, onto bounded subsets of 2.

Proof. Let O be a bounded subset of R x Ej;. Then, there exists a positive constant R such that
|t2 + Hv||%h < R?, Y(t,v) € O. Using Lemma 2.3 we find a positive constant L = L(R) such
that

1B(t,0)|| < [|B(t,0) — B(t,0)[| + || B(£,0)]|
< LR+ max |[B(1,0)] < 0, ¥(t,0) € O. O
H<

Using Lemmas 2.3, 2.4 and applying the Theory of Functional Equations to problem (2.2)
we deduce the following result of existence of local solution for (2.1).
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Theorem 2.5. Assume that (A2)-(A6) hold. Then, for each € Ej, the initial value problem (2.1)
has a unique solution u = u(t) defined in [t — h, T) such that u € C([t — h, T); ¢?) N CY([t, T); ¢?).
Moreover, if T < oo then lim; - ||u(t)|| = co.

Next let us show that the local solution obtained in Theorem 2.5 can be extended globally.

Lemma 2.6. Assume that (A1)—(A6) hold. Then the solution u of (2.1) with u. = € Ej, satisfies

3 3O+ FICOIP < o IFOIP+ (Kt = p(e))] + K (o)

0 1/2
+|B (/h y|u(t+s)y|2ds> + B,

Proof. Taking the imaginary part of the inner product of equation (2.1) with u in £2, we obtain

(2.6)
lu(t)|], T<t<T.

S (a2 B Au(), w(8)) 2+ ()P + (g, ), (1)) 2 = T £(E), (),

forall T <t < T. Since

Im(f(#),u(t))p < Ellf( BII? + %Ilu(t)Hz/

400  +oo

(Au(t),u(t))e = JO)lu®)*+2 35 Y J(m)Re(unpm(t)un(t)),

m=1n=—oo

then, using (A1), we get the inequality

LA =1m 3 gun(un(t — p(8)))n

2, 7 2
3 g IO+ J oI < 5 )

- 2.7)
—Im Z / n(s, un(t+s))dsu,, T<t<T.

n=—oo

Let us estimate the last two terms in (2.7) using the assumption (A4) and the fact that
l|lut]| g, < 0o, VT <t < T. We have that

400 +o0
—Im ; 81n(un(t — p(t)))tn < ; k1 |un (= p(£))] + kau] |12a] 28)

< (Kaflu(t = o)) + Ka) [Jull,

—+o0
—Im Z/ n(s, un(t+s))dsu, < Z/ [B11(8)|un(t+8)| + Bon(s)] ds|uy|

n=—oo n=—oo

1/2

r:io </ 5171 ds> </_0h\un(t+s)‘2ds>] ||| + Baljul] (2.9)

0 1/2
B, (/h y|u(t+s)u2ds> + B

From (2.7)—(2.9) we obtain (2.6). O

]l
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We now make the following assumptions on the constants By, Ki, 7, h, and a suitable
positive parameter y, which will be used in Section 3 to define the universe where the pullback
attractor will lie in.

(A8) We assume that there exists a positive real number y such that

(i) If K1 > 0 and By > 0 then

2 —pho, (Y _
4B < e Hhy ( : y) (2.10)
and
1 > 2Ket, (2.11)
(ii) If Ky = 0 and B; > 0 then
Y 4, 2uh
<5 and u > ;Ble h. (2.12)

(iii) If Ky = By = 0 then p = § and h is arbitrary.

Remark 2.7. Conditions in (A8) will be used in the next theorem to prove an estimate for the
solution of (2.1) that allows us to extend it globally and that will be used in the proofs of
Lemmas 3.1, 3.2 and 3.3 in Section 3. It is clear from (2.10) that y < % We also observe that
(2.11) holds if and only if 0 < 2K; < %, where % is the maximum value of the real function
¢(s) = se”", s > 0. From this we see that 2Kieh < 1 and y € (p1, 42), where p;,j = 1,2, are
the two positive solutions of the equation ue " = 2Kj.

Theorem 2.8. Assume that (A1)—(A8) hold. Then, the solution u = u(t) of (2.1) with u; = ¢ € E,,
exists globally. Moreover, for each T < T < oo, the map J : E;, — C([t, T|; E},), defined by I(¢)(t) =
ug, Vv <t < T, is continuous.

Proof. Assume that (A8)(i) holds. Multiplying (2.6) by ¢ and integrating the resulting in-
equality over [T, t] we have, for any positive real constants ¢ and ¢/,

t 1 t
eMlu(t)|? < ellyllE, + (V—’r+€+€’)/ E”SHM(S)szSJrW/TE"SHf(S)HZdS

2B2 KZ ut
+< =2+ )V+2K/ e |ug 2, ds (2.13)

2B? /
+—1// e lu(t + 5|2 ds dt'.
3 T J—h

Let us estimate the last term in (2.13) using the initial condition in (2.1). We have
Lo 0 ot ,
/ / M |u(t + 5) | ds d’ = / / 1t ||y (¢ 4 5) || di ds
T J—h

e”h// o ||u () ||2dor ds

T t
=i | [ e u(o) o+ [ e uto) P
-

et u(t+h) h

IN

(2.14)

IR, + e [ (o))
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Substituting (2.14) into (2.13) we get

2B2elhy t
e lu()|* < eTllylz, + (H—7+8+8/+1€ >/€”Sllu(5)||2ds
T
2B2ettp 2B2 K3\ et
it SN T S YT £72 2 2 (2.15)
el + (2242 ) 5
1 f 2 t 2
y= / eHs|L£(s)) ds+2K1/ e lus |2, ds.
v Jr T '

Using (2.10) we can choose € = % and
¥ 4B2ethtp

/—7_ pa—
8—2 U - (2.16)

in (2.15) to obtain

4B2eth} 4B3 K2
emwwWSw“G+ ] )uwa+( " )

1 ot t
o [ If) P ds 2K [ ejusl, ds.
v JT T

Since ||u(s)|| < ||¢llg,, Vs € [t — h, 7], then we can replace t in (2.17) by t + o, with
€ [—h,0], to deduce that

t
ol < M)+ L [ e uslf, d,

where L = 2K;e" and

432€yhh 4B2 K2 ey(t—i—h) eyh t
M(t) = et™h (1 4 1 ( + 2) +— [ | f(s)]*ds.
() " lplE, + Lt ” - . £ ()l

The above inequality implies that

t
e [lug]|3, < eHTM(T) + et / e~ LM (s) ds. (2.18)

T

Performing the calculations in (2.18) using M(t) above and the fact that y > L by (2.11),
we find the following estimate for the solution of (2.1)

_ _ 2 L el rt
|2, < e |3, eL el 4 ; 2+7[me%a (2.19)
where
4B2ekhy, 4B2 K2\ phh
cp=e" 1+ 1 and ¢; = (2 + ,2> e (2.20)
Hy Y € U

Now, assume that (A8)(ii) holds. For this case we replace (2.14) by
t
e flu(t)|> < eTllylIE, + (-7 +e+e) / e ||u(s)||? ds

2B2etltp 2BZ K2\ et
+ el + (2 2 ) % 2

2B2elpy
o [l s+ ZAE [ e s
T
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Since that y < ¥, then we can choose ¢ = ¥ and ¢ = 7 — j in (2.21) and proceed as before
to obtain

4B2et]y 4B K2\ erltth)
e ||u(t)||? < et (T (1 + =21 ) I3, + <2 + 83) ‘
wY v # (2.22)
ehh

t t
+ 5 [P ds L [ e u, s
Y T T

where L = %B%ezi‘hh. By (2.12) we see that u > L. Therefore, we can deduce the estimate
(2.19) with ¢; and ¢, as in (2.20), with ¢ = % — p. Similarly, we can treat the case (A8)(iii) to
obtain the estimate

_ et
|2, < cillpll2 e M et +2c + o /_m 1£(s)*ds, (2.23)
where
/ ph ,_ e 2
¢) =2e" and ¢; = — (B3 + K3) . (2.24)

From (2.19) or (2.23) and Theorem 2.5 we conclude that the solution of (2.1) exists globally.
Next, let us prove that the map J is continuous. Fix T < T < 0,9 € E; and consider
1 € Ej such that || — ¢1||g, < 1. Let us denote by v = v(t) the solution of (2.1) with initial
condition v(s) = ¢1(s — 1), Vs € [T — h, 7]. Using the estimate (2.19) or (2.23) we can find a
positive constant Ky depending on ||i||g, and T such that ||u;||g, < Ko and ||v¢||g, < Ko, for all
T <t < T. Then, using the integral representations of u and v and Lemma 2.3 it follows that

[u(t) =o(®)[| < [[$(0) = 1 (0)] + /: 1B (s, us) = B(s,vs)|| ds

t (2.25)
<l = il + L(Ko) [ s = o], s

Replacing t in (2.25) by t + o, with ¢ € [—h,0], taking into account that ||u(t + o) —
v(t+0)|g, < ||[Y —ynlE, if t+ 0 < T, we obtain

t
s = otllg, < 19— 9alle, + L(Ko) [ s —ollg,ds,  vT<E<T.
T

Then, by Gronwall’s inequality, we conclude that |[u; — vs||g, < XK= ||y — ||,
which implies the continuity of J. O

3 Existence of a pullback attractor

By Theorem 2.8 we can associate to the initial value problem (2.1) a process {U(t, T)}¢> of
continuous maps U(t, T) in Ej, defined by U(t, 7)Y = u;, where T < t and u = u(t) is the
global solution of (2.1). In this section, we establish the existence of a pullback attractor for
the process {U(t, T) }+>r using the results obtained in [16]. We are interested in the existence
of a pullback attractor for a family of sets depending on time (see [16, Section 3]). Motivated
by the estimate (2.19) we consider the set R, of all functions r : R — (0, ) such that

lim e~ DH2(t) = 0. (3.1)

t——oc0
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Let us denote by D), the class of all families D = {D(t);t € R} of nonempty subsets of Ej, such
that D(t) C Bg,[0;7p(t)] := {¢ € Ew; |[¢llg, < rp(y}, for some radius rp € Ry For the case
(A8)(iii) we consider in (3.1) L = 0. In what follows, we will assume that (A8)(i) or (A8)(ii)
holds. Suitable modifications will be indicated for the case (A8)(iii). We will also consider L
as in the proof of Theorem 2.8 and the constants ¢1, ¢z, ¢} and ¢} given by (2.20) and (2.24).

Lemma 3.1. Assume that (A1)~(A8) hold. Then, the family B, of closed balls By, (t) = Bg, [0; Ry,(1)],
where for each t € R, the radius R, (t) is defined by

Z;tL

RE(t) = L erds 62

is pullback D,,-absorbing for the process {U(t,T)}i>r.
Proof. Since u > L, then using (A7), we have

ph et
lim e~ L)tRz(): lim e#~L)t (; L 2+e—/7 Hf(s)||2ds+l> =0,

t——o0 t——o0 L Y
which shows that B’H € Dy. Now, fixed t € R and De D, there exists a 1p = To(t,D) <t
such that

(y L)t 2( )< o (y—L)t,
for any T < 1. Then, for any ¢ € D(7), using (2.19) we obtain

ehh

_ _ L t
(e I, < e (el retmt g e, 4 [ ()P ds

< R3(1).

Therefore, U(t, T)D(t) C B,(t), for all T < 7y, which proves that the family B, is pullback
D,-absorbing for the process {U(f, T)}><. O

In Lemma 3.1, in the case (A8)(iii), we take L = 0 and replace ¢, by ¢} in (3.2). Next, let
us prove an estimate for the tails of the solutions u = u(t) of (2.1) when the initial conditions
ur = 1§ belong to B, (7).

Lemma 3.2. Assume that (A1)—(A8) hold. Let B, be the pullback D,-absorbing family defined in
Lemma 3.1. Then, for any ¢ > 0 and any t' < T, there exist Ty = Ty(¢,t', T, By,) and a positive integer
k =k(e, T, By), such that

max Y |us(t+s)P<e Vr<T, te[t,T],
SE[-h0] )=k

for any solution u = u(t) of (2.1) with initial condition u € B, (7).

Proof. Assume that (A8)(i) holds. Similarly, we treat the case (A8)(ii). Let u = ¢ € B, (1) and
consider the corresponding solution u = u(t) of (2.1) defined in [t,0). Let § € C!(R";R)
be a function such that 6 =0on [0,1],06 =1on [2,0), 0 <60 <1, and |0'(t)| < 2,Vt > 0.
Let v = (vy(t))nez, where vn( ) = 9(|n|)un(t), with k > 0 fixed in Z. In order to simplify
notation, we will write 6, = 9( ) |lwllo = 5 o 0.|wn|? and Hut||%h’€ = maxge [y || ()][3-

Taking the imaginary part of the inner product of equation (2.1) with v in £ we find

§%<u,v>ﬁ2 +7(u,0)pp = Im(f,0)p — Im(Au,v)pp —Im(g(t, us),v)p, Vt>T1. (3.3)
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Let us estimate the terms on the right-hand side of (3.3). Since ¢ € B,(7) then, using
(2.19), we see that

lu(t)| <ro,  VtE[T,T],

with rg = (c1 + 1)R,(T). Moreover, by the definition of 6, we have that |6, — 6, < %m and
|6n+m — 04| < 2. Then,

—Im(Au(t),v(t)) 2 = —Im{ ()l ()13 + f f] Onrm — )un+m(t)un(t)}

n=—o0o m=
400 H4o0
S Z Z ‘] ’ ’9714-711 - 91’1‘ ‘un—i-m(t)’ ’un(t)| S V(T/k/ l)/
nN=—oom=

where v(T,k, 1) = (% Yl m|J(m)] +2 yore 141 [J(m)|)r3, 1> 1.
Using the hypotheses (Al) and (A4) and proceeding as in the proof of Lemma 2.6 we
obtain the estimate

—Im(g(f, ur),v(t)) 2 < i@ Onlg1,n(t, un(t = p(1)))] [un(£)]

n=—oo

+ Z 0, / n(S, U (t+5s))| ds|u,(t)]

n=—oo

< (Kaflu(t = p(t))llo + Kao) [lull
0 1/2
Bl </h ||u(t+s)||5ds> + Bz/g

[[24]lo.

where Byg = [ 04 ( [*) Bou(s)ds)’] " and Kop = (L1 o 0.43,) "%,
In addition, we know that

—Im(f(#),0(t))e < 2,YHf( )iz + %Hu(t)!lﬁ-

Therefore,
d ’ 1
@Ol +llu®)lls < ;Ilfl\e +2 (Ka[u(t = p(t))llo + Kap) [[(£)]]o
0 1/2 (3.4)
+2|B </h Hu(t—ks)H%ds) + Bog | |u(t)|lo +2v(T, k1),
forallt <t <T.
Now, we multiply (3.4) by e and use the inequalities
0 1/2
2 [31 (/" e )3as) oo o < 225 [° ute+5) 13+ 222 + 7l

2
2,0

K
2 (Kyflu(t = p()llo + Kap) [[u(t)lle < 2Ky [Jurlz,, + —= +€'llulf5,
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where ¢ > 0, to find

d 0% 1
31 @ IOIR) < (=5 +€) e IulF + e IF(WIF + 2K el

B3y  Kio\ y
S vl +2v(T,k,1)e (3.5)
4B2ekt (0
+ 5 [ e+ s)Bds,  vr<e<T,

Integrating (3.5) over [7,t] and using the following estimate analogous to (2.14)

lT hh
[ [ et sypasar < gl v et [ o uGs) s,

we obtain

4B2etpy v 4B2etp\ ot
e flu(t)lff < e’ |1+ — Igllz, + (1 =5+ +—— /e”sllu(s)lléds
uy Y T
4B?2
+ < 28 4
v

1 t
o [ eIf) s
Y JT

eyt t s 5
(T,k,l) ‘14+2K1/r et HMSHE}«,,Q ds

By condition (2.10) we can choose ¢’ as in (2.16) in the above inequality to obtain

4B2ek!t] 4B3 1<2 ot
eMllu(b)|3 < WQ+;7)W%+(f (Th1) ) =

| (3.6)
1 t
+21<1/ eﬂsHusH%thS—i—,y/ e|| f(s) 15 ds.
T . T

Replacing t by t + o, with ¢ € [—h,0] in (3.6) and using the inequality ||u(t + 0)| =
lp(t+o)| < |l¢|lg,, valid for t + o < T, we deduce that

t
e [|uel|Z,,, < M (t) + L/T e*|lus|, , ds, (37)

where L = 2K;eM" and

4B2eth 4B2, K? p(t+h)
mmemﬂw ;)Wmﬂzhgummwe

Y H
eyh t 5
+ 5 [ el o) ds.
Y Jr
We know that y > L. Then, from (3.7) and ¢ € B, (1), we obtain

i3, < o R2(rpemltet-vr 2Ly 21 D) gy
p—L p(p—1L) (338)

ekl pt 5
+ [ WOGas vz
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2
where ¢y 9 = (% KEZ,"’ ) %h Similarly, if (A8)(ii) holds, we obtain (3.8) with L = %B%ezﬂhh.
To conclude the proof, let ¢ > 0 be given. Since B, € D, and Y_; |J(m)| < oo, then there
exist p = (¥, T, ¢, BH) <t and a positive integer I(¢) such that

clRi(T)e(L_”)te(”_L)T < 2, vVt <1, telt,T],
and , .
4(2u — L)et , & €
— 10 J(m)| < 7.
p=L) 7, T 4
Then, from (3.8) we have
1(e) h T
2u—L 4(2u — L)et" 13 et / 2
u < = —|— + —-——> m|J(m)| 4+ — s)||5 ds,
ol < 5+ e+ e Y gl + - [ IFOIE

forall T < 1p and t' <t < T. Observe that the hypothesis (A7) and the Lebesgue Dominated
Convergence Theorem imply that

lim/ Y Ifuls)]2ds = 0.

k—+o00 In[>k

Using this fact and also Y, _, ( f E) , Ban(s) ds) < ooand Y% k2 < oo we can find a positive
integer k = k(e, T, 19,4) such that

2‘1/1 — L (Z‘M L)eyh 2 1(g) ehh ) €
Copt —— v +—/ s)|lgds < =.
e R e AR S ILCLCOI ey B VOIS
Therefore,
max Y |un(t+s)|* < H”tH%,,,g <eg iftr<7 <t<T. O

S€[=hOL 2
In the case A(8)(iii), in (3.8), we take L = 0, replace ¢ by ¢} and ¢; 9 and R7(7) by

ehh
Chp = P (Bg,e +K%,9) and R =) + / £ (s)|? ds.

Lemma 3.3. Under the assumptions (A1)—(A8), the process {U(t, T) }1>+ is pullback D-asymptotically
compact.

Proof. Fixed t € R and Dy € D,, consider the sequences (Ty)men and (u}*),en, such that
Ty — —oo and u}" = U(t, Ty)yP™, with ™ € D(t,). We want to prove that (u}"),cn has
a subsequence which is relatively compact in E;. Given ¢ > 0, by Lemma 3.2, there exist
T =1T(¢g t, B;,) < t —h and a positive integer n; = ny (¢, t, B’V) such that

£2
max lun(t+35))* < = (3.9)
sel=ho] Z>:n1 8 8’

where u = u(t) = (u,(t)) is any solution of the initial value problem (2.1) with u. € B, (7).
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Since By, is pullback D,-absorbing and 7,, — —oo, without loss of generality, we can
assume that
U(T, o) 9™ € Bu(T), Vm > 1. (3.10)

Also, by the definition of a process, we know that
U(t,t)U(t, o)™ = U, t) "™, V<t <t (3.11)
Using (3.10), (3.11), and the estimate (2.19) we see that
U, )" ||, <K, Vo<t <t (3.12)

where K = K(t) = (¢1 + 1)R§(t). In particular, the sequence (4} (s))en is bounded in ¢2, for
any s € [—h,0]. Therefore, for any fixed s € [—h, 0], there exists a subsequence, which we will
still denote by (u"(s))men and {(s) € £2, such that

u"(t+s) — {(s) weakly in £2. (3.13)

Let us show that the convergence in (3.13) is strong in ¢2. Since {(s) € 2, then there exists
a positive integer 7, such that

2
Yo ()P < = (3.14)

\n|>n2

Moreover, using the weak convergence (3.13), we can find a positive integer m; = m (¢, t, ﬁy)

such that )
Y, lup(t+s) = Ca(s)]? < % Vm > my, (3.15)

|n|<ng

where 1y = max{ny,n,}. From (3.14) and (3.15), for any m > mj, we have that

[ (t+s) = ¢ < Y |up(t+s) = Gu(s)?+2 Y [ui(t+s)
|n|<ng [n[>no
362 (3.16)
+2 Y |Zu(s) <T+2 Yo up(t+s)
[n|>ng |n|>ng

Using the estimate (3.9) with ur = U(T, 7)™, m > my, from (3.16) we conclude that

[u™(t+5) = Z(s)]I* < .

Therefore, (1 (s))men is relatively compact in ¢2 for each s € [—F,0].
Next, let us show that (u}"),en is equicontinuous in [—h, 0]. Using the integral represen-
tation of the solution of (2.1) we obtain

t+s;
™ (¢ + 51) — u"(E+82)|| < /t+ IB(r, u™)| dr, (3.17)
. $1

for any —h < 51 < sp < 0. Using (3.12) in (3.17) and Lemma 2.4, we deduce the existence
of a positive constant L(K) such that ||u"(t +s1) — u™(t +s2)|| < L(K)(s2 —s1), Vm € N,
which implies the equicontinuity. By the Ascoli-Arzela Theorem, we conclude that (u}")en
is relatively compact in E;,. This completes the proof of Lemma 3.3. O

As consequence of Lemmas 3.1, 3.3 and of Theorem 18 in [16] we obtain the main result
of this section.
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Theorem 3.4. Assume that (A1)—(A8) hold. Then, the process {U(t, T) }+>+ possesses a unique pull-
back D,-attractor A in D,,.

Proof. By Lemmas 3.1, 3.3 and Theorem 18 in [16] the process {U(t, T}):>r possesses a pull-
back D, -attractor A. Since the family D, is inclusion-closed and each member B,(t) of the
pullback family BH is a closed subset of Ej, then A € D, and it is the unique pullback
D,-attractor belonging to the class D,,. O

4 The autonomous model

In this section, we consider the autonomous model
. =
iy (1) + Y J(n— m)up(t) + gn(tnt) +ivun(t) = fu, t>0,n€Z, a1
m=—oo .
uy(s) = Pu(s), Vse|[—h0],

where f = (fu)nez and

S(tar) = 80 (1) + 810 (a0~ 9)) + [ b5, 4+5)) s,

with 0 < p < h. We assume that f ¢ /% and the functions 80, §1n, and b, satisfy the
assumptions (A1)-(A4) stated in Section 2.
Defining the map g : E;, — ¢2 by (¢(v))nez = gn(vn), where

80(0n) = 800 (00(0) + g10(n(~0) + [ buls,0a(s)) s,

we can write (4.1) in ¢ as

in(t) + Au(t) + g(uy) +iqyu(t) = f, t>0

u(s) = ¢(s), Vse[—h0], (4.2)

where, as before, u(t) = (uy(t))nez and ¥ (s) = (Pu(s))nez-

Using the assumptions (A1)-(A4) and the Theory of Functional Equations we obtain a
local solution for the problem (4.2) with ¢ € Ej,.

In what follows, we will use the same notations of Sections 2 and 3 and, as before, we will
assume that (A8)(i) or (ii) holds. Similarly, we can prove the results for (A8)(iii). Proceeding
as in the proof of Theorem 2.8 we can prove the following lemma.

Lemma 4.1. Assume that (A1)—(A4) and (A8) hold. Then, the solution u = u(t) of (4.2) with initial
condition ug = ¢ € Ey, defined in the maximal interval of existence [0, T), satisfies

L
il < il 0+ 2 (e a1 43)

As a consequence of (4.3) we conclude that the solution u = u(t) of (4.2) exists on [0, )
and we can define a semigroup {S(t) };>0 on Ej; associated with (4.2) as follows

S(t)yyp =u;, Vit >0.
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Moreover, from (4.3) we deduce that the closed ball Oy = Bg, [0;r¢] in E;, where

2y—L( e 2) ]1/2
T = o+ — +1f ,
o= [A=F (@ Sl

is an absorbing set for {S(¢) };>o in Ej,.

(4.4)

Next, let us modify the proof of Lemma 3.2 to show that {S(t) };>¢ is asymptotically com-

pact in Ej,.

Lemma 4.2. Assume that (A1)—(A4) and (A8) hold. Also, assume that € Oq. Then, for any € > 0,

there exist T(e) > 0 and a positive integer k(€), such that the solution u = u(t) of (4.2) satisfies

max ) lun(t+3s)> <e, Vt>T(e).
s€[—h,0] n|>k(e)

Proof. Since i € Oy, then by (4.3) and (4.4), we have
utllg, <11, VE>0,

where r1 = (c; +1)?rg.
Using (4.5) and proceeding as in the proof of Lemma 3.2 we can prove that

t
o ual,, < Ma(t) +L [ e usl, ds,

with
4B2 4B2, K2, 1 (1)
My (t) = et <1+1e”h> 2 + L 20 ouk D) + — |3 ,
(t) " 19, Y o (k1) vaHe "

where
!

vk = (3 S mlion)|+2 ¥ 11n] )

m=1 m=I+1

From (4.6) we obtain

2u—L 2021 — L
i +(H )

S\eP =) uh
—7 Cop W= 1) e (k,1),

g, < errfe D0

where

4B? K? 1 ehh
2,0 2,0 2
Cop = ~— + ==+ — —.
? ( Y ¢ ’YHf||9> H

Finally, from (4.7) we can conclude the proof of Lemma 4.2.

(4.5)

(4.6)

(4.7)

O

Under the hypotheses of Lemma 4.1, using Lemma 4.2 and proceeding as in the proof of
Lemma 3.3, we show that the semigroup {S(f) }+>0 is asymptotically compact in Ej. Thus, we

can derive the desired result in this section.

Theorem 4.3. Under the same hypotheses of Lemma 4.1, the semigroup {S(t) }+>0 possesses a unique

global attractor A in Ej,.

Remark 4.4. When po(t) = p and f(t) = f in problem (2.1), then the constant family A =

{A(t) = A; t € R} is the pullback D-attractor from Theorem 4.3.
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