Electronic Journal of Qualitative Theory of Differential Equations
2021, No. 41, 1-29; https://doi.org/10.14232 /ejqtde.2021.1.41 www.math.u-szeged.hu/ejqtde/

Bifurcation curves of positive solutions for the
Minkowski-curvature problem with cubic nonlinearity

Shao-Yuan Huang™! and Min-Shu Hwang?

lDepartment of Mathematics and Information Education National Taipei University of Education,
Taipei 106, Taiwan
2Department of Mathematics, National Tsing Hua University, Hsinchu 300, Taiwan

Received 25 February 2021, appeared 22 May 2021

Communicated by Paul Eloe

Abstract. In this paper, we study the shape of bifurcation curve S;, of positive solutions
for the Minkowski-curvature problem

_ <u’(x)2> :A(_gu3+u2+u+l), —L<x<IL,
)

1—(u'(x
u(—L)=u(L) =0,
where A, e > 0 are bifurcation parameters and L > 0 is an evolution parameter. We
prove that there exists ey > 0 such that the bifurcation curve S;, is monotone increasing

forall L > 0 if ¢ > ¢p, and the bifurcation curve Sy is from monotone increasing to
S-shaped for varying L > 0if 0 < & < ¢o.
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1 Introduction and main result

In this paper, we study the shapes of bifurcation curves of positive solutions u € C2(—L,L) N
C[—L, L] for the one-dimensional Minkowski-curvature problem

!/

_ m =Af(u), —L<x<L, @)

u(—L)=u(L) =0,
where A > 0 is a bifurcation parameter, L > 0 is an evolution parameter and the nonlinearity

u) = —eu® +ut+u+1, e>0. (1.2)
fu)
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It is well-known that studying the multiplicity of positive solutions of problem (1.1) is equiv-
alent to studying the shape of bifurcation curve Sy, of (1.1) where

Sr ={(A, [Jurlle) : A > 0 and u, is a positive solution of (1.1)}  for L > 0. (1.3)

Thus this investigation is essential.
Before going into further discussions on problems (1.1), we give some terminologies in this
paper for the shape of bifurcation curve S; on the (A, |||/« )-plane.

Definition 1.1. Let S; be the bifurcation curve of (1.1) on the (A, ||u||,)-plane.

(i) S-like shaped: The curve Sy is said to be S-like shaped if S; has at least two turning
points at some points (A1, [Juy,]|,) and (A, [|up,|,) where A1 < A, are two positive
numbers such that:

(a) at (Aq, ||uy,||,,) the bifurcation curve S, turns to the right,

(b) Hu)\zHoo < Hu)\lHoo’

(c) at (Ay, |Jup,],,) the bifurcation curve Sy, turns to the left.

(ii) S-shaped: The curve Sy is said to be S-shaped if Sy is S-like shaped, has exactly two
turning points, and has at most three intersection points with any vertical line on the
(A, |ull,,)-plane.

(iii) Monotone increasing: The curve S is said to be monotone increasing if A1 < A, for any
two points (A;, |uy,|l), i = 1,2, lying in Sp with |Jua, ||, < [Ji,]]o -

Crandall and Rabinowitz [2, p. 177] first considered shape of bifurcation curve of positive
solutions for the n-dimensional semilinear problem

u(x) =0 on 0Q), 14

{—Au(x) =A(—al+u*+u+1) inQ,
where () is a general bounded domain in R" (1 > 1) with smooth boundary 0Q). They applied
the implicit function theorem and perturbation arguments to prove that the bifurcation curve
of positive solutions of (1.4) is S-like shaped on the (A, ||, ]|, )-plane when & > 0 is sufficiently
small. Shi [17, Theorem 4.1] proved that the bifurcation curve of positive solutions of (1.4) is
S-shaped when ¢ > 0 is small and ) is a ball in R" with 1 < n < 6. Hung and Wang [6]
consider the one-dimensional case

~—

—u'(x)=A(—al+ut+u+1), -1<x<1, (15)
u(—1) = u(1) =0. '

Then they provided the complete variational process of shape of bifurcation curve S of (1.5)
with varying ¢ > 0 where
S={(A||urlle) : A > 0and u, is a positive solution of (1.5)}, (1.6)

see Theorem 1.2.
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Figure 1.1: Graphs of bifurcation curves S of (1.4). (i) ¢ > ¢y and (ii) 0 < & < &o.

Theorem 1.2 ([6, Theorem 3.1]). Consider (1.5). Then the bifurcation curve S is continuous on the
(A, ||[uA ]l )-plane, starts from (0,0) and goes to infinity. Furthermore, there exists a critical bifurcation
value ey € (0,1/ \/ﬁ) such that the bifurcation curve S is monotone increasing if € > eo, and S is
S-shaped if 0 < e < &, see Figure 1.1.

To the best of my knowledge, there are no manuscripts to describe the variational pro-
cess for S, of (1.5) with varying ¢, L > 0. Hence we start to concern this issue. In addition,
references [7,8,16] provided some sufficient conditions to determine the shape of bifurcation
curve or multiplicity of positive solutions of problem (1.1) with general f(u) € C[0, o). How-
ever, these results can not be applied in our problem (1.1) because the cubic nonlinearity f(u)
defined by (1.2) is not always positive in [0, ). So studying the problem (1.1) is worth and
interesting.

By elementary analysis, we find that f(u#) has unique zero B¢ in [0,00). Then the main
result is as follows:

Theorem 1.3 (See Figure 1.2). Consider (1.1). Let &g be defined in Theorem 1.2. Then the following
statements (i)—(iii) hold:

(i) For L > 0, the bifurcation curve Sy, is continuous on the (A, ||u|,)-plane, starts from (0,0)
and goes to infinity along the horizontal line ||u||, = pr where pr = min{L, B }.

(ii) If € > &, then the bifurcation curve Sy, is monotone increasing for all L > 0.

(iii) If 0 < & < &, then there exist two positive numbers Le < L, such that

(a) the bifurcation curve Sy, is monotone increasing for 0 < L < L.
(b) the bifurcation curve Sy is S-like shaped for Ly < L < L.
(c) the bifurcation curve Sy is S-shaped for L > L.

Furthermore, L is a continuous function of € € (0,¢p), lim,_,o+ Le € (0,00) and lim, g L=
0.

Remark 1.4. By numerical simulations to bifurcation curves Sy, of (1.1), we conjecture that the
bifurcation curve Sy is also S-shaped on the (A, ||u,]|,.)-plane for Le < L < L and 0 < ¢ < .
Further investigations are needed. In addition, by Theorems 1.2 and 1.3, we make a list which
shows the different properties for Minkowski-curvature problem (1.1) and semilinear problem
(1.4), see Table 1.
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Figure 1.2: Graphs of bifurcation curve Sy, of (1.1) for e > 0.

Bifurcation curve St of (1.1) S of (1.4)
from monotone increasin
1. Shapes (0 < & < &) to S-shaped with varyinggs S-shaped
2. Shapes (¢ > &) monotone increasing monotone increasing
Numbers of (1). fromOto2varying L >0 if0<e<eg| (1).2 if0<e<g
" turning points (2). 0 if e > g (2).0 ife>¢g
4. Continuity continuous continuous
' IEJZ?;E;);(S) eand L €
6. Starting point (0,0) (0,0)
7. "End point" (00,0L) (00, 00)

Table 1.1: Comparison of properties of S; and §S.

The paper is organized as follows: Section 2 contains the lemmas used for proving the
main result. Section 3 contains the proof of main result (Theorem 1.3). Section 4 contains the
proof of assertion (2.31).
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2 Lemmas

To prove Theorem 1.3, we first introduce the time-map method used in Corsato [4, p. 127]. We
define the time-map formula for (1.1) by

) —F(u)] +1
— Fu)] +1}* -1

du for0 <a < Beand A >0, (2.1)

) = @ A[F(a
e /Om[zf(a)

where F(u) = [ f(t)dt. Observe that positive solutions u, € C?(—L,L) N C[-L,L] for (1.1)
correspond to
lurllo =a and Ty(a) = L.

So by definition of St in (1.3), we have that
St ={(Aa): Ty(a) =L forsome 0 < a < Beand A > 0}. (2.2)

Thus, it is important to understand fundamental properties of the time-map T)(«) on (0, B¢)
in order to study the shape of the bifurcation curve Sy, of (1.1) for any fixed L > 0. Note that
it can be proved that T)(«) is a triple differentiable function of ¢ € (0, 8;) for e, A > 0, and
Ty («), T, («) are differentiable function of A > 0 for 0 < &« < B¢ and a > 0. The proofs are easy
but tedious and hence we omit them. Similarly, we define the time-map formula for (1.5) by

du fora >0, (2.3)

1 o1
TM:@AJmpr

see [12, p. 779]. Then we have that ||u,|,, = « and T(«) = V/A. So by the definition of S in
(1.6), we see that

S = {(/\,(x) : VA =T(a) for some a > O} . (2.4)
For the sake of convenience, we let
A=A(a,u) =af(a) —uf(u), B = B(a,u) = F(a) — F(u),
C=C(au)=a’f(a) —u?f'(u) and D =D(x,u)=a’f"(a)—u>f"(u).

Obviously, we have

o
B(a, u) = / F(Hdt >0 for0<u<a<pe (2.5)
u
because f(u) > 0for 0 < u < ..

Lemma 2.1. Consider (1.1) with € > 0. Then the following statements (i)—(iii) hold:
(i) limy o+ Ta(a) = 0 and lim,_,5- Ty (a) = o0 for A > 0.
(i) limy_or VATV (&) = T0 (&) and limy e T (@) = 1 for 0 < & < Beand i = 1,2,3.
(iii) 0T\ (a)/0A <0 for 0 < & < Beand A > 0.

Proof. Since
F
lim (Z) = 00,
u—0t U
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and by [7, Lemma 3.1], we obtain that lim, ,o+ T)(a) = 0. Since f(B,) = 0, there exist b,c € R
such that f(u) = (Be — u)(eu® + bu +c). Since f(u) > 0 on (0, B;), there exists M > 0 such
that 0 < eu? +bu+c < Mfor0 < u < Be. For 0 < t < 1, by the mean-value theorem, there
exists 77y € (Bet, Be) such that

BB fut) = [ S0t = FOn)Be(1=1) = (B =) (0 + b +€) b (1 =1
< (Be = Bet) MBc (1— 1) = MBZ (1 1)". (2:6)

Then there exists t* € (0,1) such that B(B, Bet) < 1 for t* < t < 1. So by (2.5) and (2.6), we
see that

AB(a, at) 4+ 1

1
lim T)(a) = lim zx/
0

a— B a— By \//\sz(zx,zxt) + 2AB(a, at)
1
> lim zx/ ! dt
a—spe Jr \/A2B2(a, at) + 2AB(a, at)
1 1
> 138/ - dt > ! ! dt = oo,
¢ /(AZ+27) B(Be, Bet) A2 t2n )M Je 1t

which implies that statement (i) holds. In addition, we compute that, for 0 < & < B¢ and
A >0,

Ty (a) = 1 du, (2.7)

/a ASB3 +3A%B2+ A (2B — A)
x Jo

(A2B2 + 2AB)*/?

1 [ (3A%B— B2C —2AB?) A3 + (3A%2 —4AB — 2BC) A?
Ti(a) = — / ( )27+ 7 2, 2.8)

a“ Jo (A2B2 4 2AB)

1 e A3

T'(w) = 5 | 75| B (9A%B — 3B2C — B2D — 124° + 94BC) 12

&> Jo [A2B2 4 2 B]

+ B(27A%B — 12B?C — 4B?*D — 24A% + 27ABC)A + 18A%B — 12BC

—4BD — 1543 + 18ABC} du. (2.9)

So we observe that, for 0 < a < S,

. , 1 [“2B—A, .,
Alin&\/XTA(zx)—&/o Wdu—T((x),

1 [*3A%—4AB—2BC -
. 1 . ./
/\hj& \/XTA (a) = E/o (23)5/2 du = T"(a),
1 [*18A%B —12B*C —4B?D — 15A% + 18AB -

lim VAT (a) = —3/ 8 c =75 AT+ 18 Cdu:T"’(zx).

A0+ &3 Jo (2B) /
Furthermore, lim,_, T} () = 1. So statement (ii) holds. The statement (iii) follows immedi-
ately by [7, Lemma 4.2(ii)]. The proof is complete. O

Lemma 2.2. Consider (1.1) with € > 0. Then the following statements (i) and (ii) hold:
(i) Ti(a) >0for0 <a <land A > 0.

(ii) Ty(«) has at most one critical point, a local minimum, on |33, Be).
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Proof. We can see that 2B(a, u) — A(x,u) > 0for 0 < u < a < 1because 2B(a,a) — A(x, &) =0
and

8?4 [2B(a,u) — A, u)] = —2eu’ + (1> —1) <0 for0<u <a < 1.

So by (2.5) and (2.7), we obtain that T}(a) > 0 for 0 < « < 1 and A > 0. Then statement (i)
holds. By (2.5), (2.7) and (2.8), we observe that, for 0 < a < B, and A > 0,

aTy (a) + 2T ()
1 /zx B°A% +5B*A? 4+ AB (3A% + 16B> — 4AB — BC) + 3A% 4 8B> — 8AB — 2BC |
0

— u
o VA (AB2 +2B)?
1 /zx AB (3A%416B* —4AB — BC) + 3A? + 8B — 8AB — 2BC |
— u
a Jo VA (AB2 +2B)*?
| «AB [3(A—B)2+532+B(2A—2B—C)} +3(A—2B)*+2B(2A—2B—C)
_ = du
tx/o VA (AB? +2B)*/?
1 “/\BZ(ZA—2B—C)+2B(2A—2B—C)d
> e .
a Jo VA (AB2 4 2B)

1/a (AB*+2B) (2A—2B—C)d 1« 24-2B-C
— U= - u
a Jo VA (AB2 +2B)*/? aJo /X (AB2+2B)>?

1 gla)— )
6 /0 VA (AB? +2B)Y 4 =
where ¢(u) = u3 (9eu — 4). Clearly, ¢’ (u) = 12u? (3eu — 1). Since

4 324 + 80
2 2T oY
f <98) T 70a 7Y

we see that
1 < 4 < B (2.11)
3¢ O¢ & ’
So we observe that
<0 for0O<u<g, <0 forO<u< 4,
p(u) s =0 foru= %, and ¢'(u){ =0 foru= é, (2.12)
>0 for g <u<pe, >0 for 4 <u< B

Let a € [3-, Be) be given. Then we consider two cases.

Case 1. Assume that & < a < Be. Since ¢(0) = 0, and by (2.12), we see that ¢(a) — ¢(u) > 0
for 0 < u < a. So by (2.10), we obtain aT} (x) + 2T} («) > 0 for A > 0.

Case 2. Assume that 3. < a < &. Since ¢(0) = 0, and by (2.12), there exists & € (0, 5 ) such
that

<0 forO<u<a,
p(a) —p(u) S =0 foru =g,
>0 fora<u<a.
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So by (2.10), we observe that, for A > 0,

aTy (a) + 2Ty ()

LR Y (O et O (el A
"V [ 0 [ABz+2B]3/2du+/& [ABZ+23]3/2du]
1 & N
~ 6av/A [AB2(a, &) +2B(tx,5c)]3/2 {/0 [p(a) — p(u)] du + A [p(a) — ¢p(u)] du}
1 ®
— 6a\/X[ABZ(a,5¢)+ZB(06,5C)]3/2/0 [p(a) — P(u)] du

6ea’ 5
] w (55
5v/A [AB2(a, &) + 2B(«, &)] 12¢

Thus by Cases 1-2, we have

5
aTy (a) +2T; (a) > 0 for Top S <Peand A >0. (2.13)

Fixed A > 0. If T)(«) has a critical point & in [, B¢), by (2.13), then &T} (%) = aTy (&

)
2T} (&) > 0. It implies that T, («) has at most one critical point, a local minimum, on |53, e

for A > 0. Then the statement (ii) holds. The proof is complete. O

Lemma 2.3. Consider (1.1) with € > 0. Then
9 [\/XT’ (lx)} S0 for0<a<—andA>0. (2.14)
oA A = 12¢

Proof. By (2.5) and (2.7), we compute and find that

1 g« B%2(B3A\2+5B2\ +3A + 6B 1 [~ 3B%2(A+2B
i[\/XTg(a)} /0 (B2 + ) i > /0 (A +28)

=— u>— | ————du. (2.15)
oA 2u ()\Bz—i—ZB)S/Z 2u ()\B2—|—ZB)5/2

In addition, we compute that

a‘l [A(a,u) +2B(a,u)] = R(u),
where R(u) = 3eu® — 3 (1 — &) u> — 6u — 4. Clearly, R’ (u) = 9eu?® — 6 (1 — &) u — 6 is a quadratic
polynomial of u with positive leading coefficient. Furthermore,

5
/ _ [ —
R (0) =—-6<0 and R (12€> =

56¢ + 15

0.
16¢ <

Thus we observe that R'(u) < 0 for 0 <u < % It follows that

0 5
_ = < = — <u< —.
5 [A(a,u) 4+ 2B(a,u)] = R(u) < R(0) 4<0 for0<uc< 152

Then we have

5
A(a,u) +2B(aw,u) > A(a, ) +2B(a,a0) =0 forO<u<a < e

So by (2.15), we obtain (2.14). The proof is complete. O
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Lemma 2.4. Consider (1.1) with ¢ > 0. Let I be a closed interval in (0, B;). Then the following
statements (i)—(iii) hold:

(i) If T'(«) < O for a € I, then there exists A > 0 such that T} (a) < 0fora € Iand 0 < A < A.

(i) If aT"(a) + kT’ (&) < O for & € I and some k > 0, then there exists A > 0 such that a T/ (a) +
kT;(a) < Ofora € Iand 0 < A < A.

(iii) If 2aT" (x) +3T'(a)] > 0 for a € I, then there exists A > 0 such that [2aTY (x) + 3T} (x)]’ >
Ofora € land0 < A < A.

Proof. (I) Assume that T'(a) < 0 for « € I. By Lemma 2.1(ii), we have

lim VAT, () = T'(a) <0 fora € I. (2.16)

A—0t

For a € I, by (2.16), we define A, by

Ay =

1 if T)(¢) <0forall A >0,
(2.17)

sup{A;: Tj(a) <0for0 <A <Ay} if Tj(a) > 0 for some A > 0.

Clearly, T} (a) < Ofora € Tand 0 < A < A,. Let A = inf{A, : « € I}. Assume that A = 0. By
(2.17), there exists a sequence {a }; o C I such that

klim Ay, =0 and T//\ak (ax) >0 fork € IN. (2.18)
—00

Without loss of generality, we assume that limy_,,, &y = & € I. So by (2.16) and (2.18), we
observe that

k—oc0

0 < lim A“kTgak(ak) = gﬂ‘o \/)\akﬂmk(&) =T'(&) <0,

which is a contradiction. It implies that A > 0. So statement (i) holds.
(I) Assume that aT” (a) +kT'(a) < 0 for & € I and some k > 0. Let Gy(a, A) = aTY (a) +
kT}(x). By Lemma 2.1(ii), we see that

Alir(r)1+ VAGi(6,A) = aT"(a) +kT'(6) <0 fora €I (2.19)
—

For « € I, by (2.19), we define A, by

1 if Gi(a,A) < Oforall A >0,
Ay =
sup{Az: Gi(a,A) <O0for0 < A < Ay} if Gy(a,A) > 0 for some A > 0.

Clearly, Gi(x,A) < 0fora € Iand 0 < A < A,. Let A = inf{), : @ € I}. We use the similar
argument in (I) to obtain that A > 0. So statement (ii) holds.
(Il) Assume that [2aT”(a) +3T"(a)]’ > 0 fora € I. Let Ga(a, A) = [2aT" () + 3T’ («)]’. By
Lemma 2.1(ii), we see that
lim VAGy(a,A) = lim [Zax/XT)’L”(oc) + S\FATX(zx)} =2aT" (a) + 5T" ()
A—0+ A—0+

= [2aT"(a) + 3T (a)]’ >0 fora € I. (2.20)
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For « € I, by (2.20), we define A, by
1 if Go(a,A) < Oforall A >0,
Ay =
sup{A3: Ga(a,A) < 0for0 <A < Az} if Go(a,A) > 0 for some A > 0.

Clearly, Go(a,A) < Ofora € [and 0 < A < A,. Let A = inf{A, : « € I}. We use the similar
argument in (I) to obtain that A > 0. So statement (iii) holds. The proof is complete. O

Lemma 2.5. Consider (1.5) with ¢ > 0. Let &y be defined in Theorem 1.2. Then the following
statements (i)—(iii) hold:

(i) T'(w) > 0for 0 < a < B and € > «.
(i) 2aT"(a) + 3T ()] > 0for £ <a < 3 and e < ¢.

(iii) There exists & € (0,€g) such that T'(a) > 0 for 0 < a < i and &€ < e < gg. Furthermore,

& < 4/31/1000.

Proof. The statement (i) follows immediately by Theorem 1.2 and (2.4). The statement (ii)
follows immediately by [6, Lemma 3.5]. By [11, Theorem 2.1], there exists £ > 0 satisfying

&< i<€
V1000 = °°

. <0 forO<e<e§g,
T/< ) —0 fore—¢, (2.21)

3¢
>0 foré<e< e.

such that

By Theorem 1.2, (2.4) and [6, Lemma 3.3], we see that, for 0 < € < g, there exist two positive
numbers a, < a* < B, such that

>0 on (0,ay)U(a*,Be),
T'(x){ =0 whena =a, ora = a*, (2.22)
<0 for (ay,a*).

Since f is a convex function on [0, é], and by [15, Lemma 3.2], we see that T(a) is either

)
strictly increasing on (0, 5-), or strictly increasing and then strictly decreasing on (0, =

. So
‘)

by (2.21) and (2.22), we observe that % < a, for &£ < ¢ < g. It follows that T'(a) > 0 for
0<a< é and € < € < g). So the statement (iii) holds. The proof is complete. ]

Lemma 2.6. Consider (1.5) with 0 < e < & where £ is defined in Lemma 2.5. Then aT" (a) + T' (a) <
Ofor1 <a <17

Proof. Let A=¢(a* —u*), B=0a®—u3 C =a®>—u?and D = « — u. We compute that

. . 1 « Ny (o, u)
o () + T'(a) = /1 / du, 2.23
T = @) - R 22
where
1 - _ _ o o _ - - _ - -
Ni(@u) = <9A2 +4B? +36D% — 6AB 4+ 198AD — 120BD + 36 AC — 12BC — 36CD).
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Leta € [1,1.7], u € (0,a) and € € (0, ] be given. By Lemma [11, Lemma 3.6], we have

A<4ﬂl§ and [’)>LB>L iA :i.
3 4p3¢

302 302 \ 4en

Then ) o\ = B
D B

oo WHautw)D B oo <3(1.7)% = 8.67, (2.24)
) )

den 4¢ _ 34¢ A A 250 -
A<®5 X 17B="28 and D - A. 22
<3 bz UNB=gh and D> > farpe - 1% (2.25)

In addition, by Lemma 2.5(iii), we compute and find that

34 2 34 /31 2
15 3

<% m_§<z —0.26) < 0, (2.26)
34 20 34 [31 20
198 ( =2 — = 198 [ =4/ — — =
98<15 33) < 98<15 1000 33
5 250 5 250
348 4913¢
34 1000 4913 100

) (~ —40.98) < —0.40, (2.27)

~ —0.88) < 0. (2.28)

By (2.24)-(2.28), we observe that

1 - _ _ - - - _ _ - _ - - -
Ny (oc,u):ﬁ(9A2+4B2—|—36D2—6 B+ 198AD — 120BD + 36AC — 12BC — 36CD)
1[ (. 2. - 0 1. . .
= o5 [9A(A—3B)+198D B)+36C(A-— 3B—D ) +4B+36D
1 ../34, 2 __ (34 20
< [9AB <1e— 3> +198BD ( 78— 33)
- 5 250 -2 —
+36AC (1—34é—4913 >~|—4B +36D}
<i(— OBD+4BZ+36D> D (B \* 4
72 18 |\ D
D? >
<Ig [(1—5) —16}_0.

So by (2.23), we obtain that aT” () + T' (x) < 0 for 1 < & < 1.7 and 0 < € < & The proof is
complete. O

Lemma 2.7. Consider (1.5) with 0.07 < ¢ < & Then aT” (x) + 3T (¢) <0for 1.7 < a < &

Proof. We compute that

. 5 - 1 « Ny (a,u)
aT" (@) + 2T (a) = / du, 2.29
(2) + 5 T(a) 4v2a Jo [F(a) — F(u)]5/2 22)
where
Ny (1) = % (~94° + 42AB +450AD + 126 AC — 168° — 240BD

— 60BC + 288D% + 36CD) (2.30)
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Then we assert that
1
Ny (a,u) <0 forO<u<w, 17<a< % and 0.07 < e < & (2.31)

The proof of assertion (2.31) is easy but tedious. Thus, we put it in Appendix. So by (2.29)-
(2.31), we see that aT” (a) + 3T (a) < 0for 1.7 < a < 4 and 0.07 < e < &. O

Lemma 2.8. Consider (1.5) with 0 < ¢ < 0.07. Then T' (x) < 0for 1.7 < a < 4.

Proof. We compute that

| “2B(a,u) — Ala,u) , 1 “0(a) —0(u)
T@=mh e M ey b B @

where 0(u) = 2F(u) —uf(u) for 0 < u < B. Since 0 < ¢ < 0.07, and by [11, Lemma 3.1], there
exists p € (0, %) such that 6'(u) > 0 for (0,p) and 6'(u) < 0 for (p, ). Leta € [1.7, 5] be
given. Assume that 6(a) < 0, see Figure 2.1(i). Since 6(0) = 0, we see that 6(a) —6(u) < 0
for 0 < u < a. So by (2.32), we obtain that T’ («) < 0. Assume that 6(a) > 0, see Figure 2.1(ii).

We compute and find that

49138— @ <0 for0<e<0.07.

32 _
0'(17) = 2eu® —u? +1| _,, = 500~ 100

Since 1.7 < & < 4, there exists & € (0, p) such that

>0 forO<u<a,
O(w) —0(u)¢ =0 foru=a,
<0 fora<u<a.

A
O(u)
:
1
]
1
1
]
! <
] u
(1)
Figure 2.1: Graphs of 6(u) on [0,a] where 1.7 < a < 4 and 0 < & < 0.07.
So by (2.32) and similar argument of [14, (3.11)], we observe that
_ @ 8ea® — 502 + 10
T (a) < ! / ub (u)du = # (8ew — 50+ ) (2.33)
21/2aB3/2(a, &) Jo 40v/2B3/2(a, &)

Since

0 1
= (8eu® —5u® +10) = 2u (12eu —5) <0 for 1.7 <u < o
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we see that, for 1.7 < u < % and 0 < £ < 0.07,

_ 13 89
u=17" 125~ 20

So by (2.33), we obtain that T’ («) < 0. The proof is complete. O

8cu® — 5u% +10 < 8eu® — 5u% + 10‘

Lemma 2.9. Consider (1.1) with 0 < € < €g. Then there exists ¢, > 0 such that
T.={A>0:T,(a) <O forsomea € (0,B:)} = (0,&).

Proof. Let € € (0,¢0) be given. By (2.22), there exist two positive numbers a, < a* < B¢ such
that
>0 on (0,a:)U(a*,Be),
Alirg+ VAT, (&) = T'(¢) { =0 when a = a, or a*, (2.34)
<0 on (aya*).

Then we divide this proof into the next four steps.

Step 1. We prove that a, < 3-. Assume that a, > 3-. By (2.34) and Lemma 2.3, we see that

0< T (a) = Ali_>r51+ VAT, (0) < VAT, (a) for0 < a < % and A > 0. (2.35)

By Lemma 2.2(ii) and (2.35), we further see that T} (a) > 0 for 0 < « < B, for A > 0. So by
(2.34), we obtain that

0 < lim \fATA(“*;a>:T’<IX*+{X ) <0,

A—0+ 2

which is a contradiction. It implies that a, < %

Step 2. We prove that, for a« € (a,,a*)N (0, %}, there exists a continuously differential
function A, > 0 of a such that

<0 f0<A<A,,

VAT, (6){ =0 if A = Ay, (2.36)
>0 ifA> A,
By Lemma 2.1(ii), we see that
Lim VAT (2) =00-1=00 fora € (0,B). (2.37)
— 00

By (2.34), (2.37), Lemma 2.3 and implicit function theorem, we observe that, for « € (a,,a*) N
(0, %] , there exists a continuously differential function A, > 0 of a such that (2.36) holds.

Step 3. We prove that

~ 5
Ce = sup {)\a ta € (a,a")N <0,128] } € (0,00).
Clearly, ¢, > 0. By (2.34) and Lemma 2.3, we see that

0= lim VAT, (a,) < Th_q ().
A—=0t
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So by Lemma 2.3 and continuity of T, _, (a) with respect to «, there exists § > 0 such that
/ / 5
0<Ti_i(a) < VAT (a) fora*<zx<(x*—|—(5<@and)t21,

from which it follows that A, < 1 for a, < & < a, + 6. Thus lim,_,,+ Ay <1 < co. By similar
argument, we obtain that

~ 5
Iim Ay <o ifa*< —.
a— ()~ ¢ 12¢

So by Step 2, we observe that ¢, € (0, ).

Step 4. We prove that I'. = (0,{;). Let A1 € (0,&;). There exists a1 € (as, a*) N (O, %] such
that A < ;\al- Then by (2.36), we see that T/’\l(oq) < 0, which implies that Ay € I',. Thus
(0,8:) € T, Let Ay € T,. There exists ay € (0,B¢) such that ng (ap) < 0. Next, we consider
two cases.

Case 1. Assume that 1%3 < a*. By (2.34) and Lemma 2.3, we see that
0< lim VAT, (&) < VAT (a) fora € (0,a,] and A > 0. (2.38)
4)
By Steps 2 and 3, we see that

VAT () >0 fora e <lei€] if A > Z.. (2.39)

By (2.39) and Lemma 2.2, we see that
Ti(a) >0 for % <a < Beand A > & (2.40)

So by (2.38)—(2.40), we obtain that T} («) > 0 for & € (0, B¢) if A > ;. It implies that Ay < .
Thus I’ C (0, &).

Case 2. Assume that a* < % By (2.34) and Lemma 2.3, we see that

0< A1i_>n(r)1+ VAT, (&) < VAT, (a) fora € (0,a,] U [(x*, 128} and A > 0. (2.41)
By Steps 2 and 3, we see that
VAT (a) >0 fora € (a,,a*) if A > Ee. (2.42)
By (2.41) and Lemma 2.2(ii), we see that
Ti(a) >0 for % <wa<Beand A > 0. (2.43)

So by (2.41)—(2.43), we obtain that T} («) > 0 for & € (0, B¢) if A > ;. It implies that Ay < .
Thus I', C (0, ¢e).
By the above discussions, we obtain that I', = (0, &,). The proof is complete. O

Lemma 2.10. Consider (1.1) with 0 < & < €o. Then there exists k, € (0,¢,) such that T)(«a) has
exactly two critical points, a local maximum at ap(A) and a local minimum at w,, (A) (> ap(A)), on
(0,B:) if 0 < A < K.



Bifurcation curves for the Minkowski-curvature problem with cubic nonlinearity 15

Proof. Lete € (0,¢&9) be given. By (2.34) and Lemma 2.1(ii), there exists A; > 0 such that

T/ (“*JZ”" ) <0 for0<A <A (2.44)

We divide this proof into the next four steps.

Step 1. We prove that there exists A, € (0,A1) such that, for 0 < A < A, either T} («) > 0 on
(0, %], or Ty(«) has exactly one critical point, a local maximum, on (0, i} , see Figure 2.2. By
Lemma 2.2(i), we have

Ti(a) >0 for0<a<landA > 0. (2.45)

A A

() Tx(o)

o
) %/38 o Q)

-
2T o

[y IO

o
(S I

a (i1)
Figure 2.2: Graphs of Ty (a) on (0, ] for 0 < A < A,.

Then we consider the following three cases.

Case 1. Assume that £ < & < gy9. By Lemmas 2.1(ii), 2.3 and 2.5(iii), we see that
_ 1
0< T () = /\lirrol+ VAT, (@) < VAT, (a) forl<a < 3 and A > 0.
—

So by (2.45), T;(a) > 0 on (0, 1] for A > 0, see Figure 2.2(i).

Case 2. Assume that 0.07 < e < & By (2.21), Lemmas 2.1(ii), 2.4(ii), 2.6 and 2.7, there exists
Az € (0,A1) such that

1 1
T} <38> <0 and aT{(a)+K(a)Tj(a) <0 forl<a< 3 and 0 < A <Ay, (246)
where K(x) = 1if 1 <o < 1.7, and K(a) =5/2if 1.7 < & < 4. By (2.45) and (2.46), there
exists a) € (1, %) such that T{(a,) = 0 for 0 < A < A,. Furthermore,

DC/\T)/L/(DC/\) = DCAT//\/(DC/\) —I—K(Dc/\)T;L(OC/\) <0 forO< A <A,

1

Thus T) («) has exactly one local maximum at a, on (0, g] for 0 < A < Ay, see Figure 2.2(ii).

Case 3. Assume that 0 < ¢ < 0.07. By Lemmas 2.4, 2.6 and 2.8, there exists A, € (0,A1) such
that
aT! () + Ti(a) <0 for1<a<17and0 <A< Ay, (2.47)

Ti(x) <0 forl.7 <a< % and 0 < A < Aj. (2.48)
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So by (2.45), (2.47) and (2.48), there exists ay € (1,1.7) such that T} (xy) = 0 for 0 < A < A.
Furthermore,
)Ty (ay) = ap Ty (ay) + Ty(an) <0 for0 < A < Ap.

Thus T) («) has exactly one local maximum at a; on (0, %] for 0 < A < A, see Figure 2.2(ii).

Step 2. We prove that there exists A3 € (0, A;) such that, for A € (0,A3), one of the following
cases holds:

(ci) T} (a

V
o
Q
5
Sl
—
B

oY)

Sl

~

—_

N‘(.n

[+

~— ~—

(cii) Tj(a) < 0on

(@)
(@)
(ciii) T} (a)
(@)
(@)

AN
(e}
o
=}
—~~ N N

%,bc) and T} («x) > 0 on (&, %) for some & € (%, %)
(civ) Tj(a) >0 on %,ﬁc) and T} («x) < 0 on (&, %) for some & € (i, %)
(cv) Tj(x) > 0on %,&) U (& 13;) and T (x) < 0 on (&, &) for some &, & € (i,%)

See Figure 2.3.

A A A
0 O\"» 0 I/IT‘SS .. SZZS (; 0
(11)
A A

=%
g
=
i,

R L L L

wn
5
Ry

> 0] 1/,
(iv) * ’ (v)

wn
>
[\]
(ar]

O Vs

Figure 2.3: Graphs of T)(a) on (%, 33:) for 0 < A < As.
Let H(a,A) = 2aTY (a) 4+ 3T} (). By Lemmas 2.4(iii) and 2.5(ii), there exists A3 € (0,A,)
such that

d 1 5
— — < a< — < . .
aaH(""A)>O for 3 Ses o and 0 < A < A3 (2.49)

Fixed A € (0, A3). Then we consider three cases.
Case 1. Assume that H(a,A) < 0 for % <a< % If T)(«) has a critical point a7 in (é, %),
then

20(1T)/\/(061) = H(Dél,)\) < 0.
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S

It implies that T) («) has at most one critical point, a local maximum, on (%, 198

(ci), (cii) and (civ) holds.
Case 2. Assume that H(x,A) > 0 for 3 < a < 53.. If T)(a) has a critical point a, in (5, 3:),
then

). Thus one of

2062'1")/\/(0(2) = H((Xz, )\) > 0.
5

It implies that T) («) has at most one critical point, a local minimum, on (%, 1—28) Thus one of
(ci), (cii) and (ciii) holds.

Case 3. Assume that there exists a. € (s, 13:) such that H(x,A) < 0 for £ < a < a,
and H(a,A) > 0 for &, < a < 3. If Ty(«) has a critical point in (4, a.), by above similar
argument, T)(«) has at most one critical point, a local maximum, on (%,zx*). If Th(a) has a
critical point in (a4, 3;), by above similar argument, T) («) has at most one critical point, a

local minimum, on (a., $3:). Thus one of (ci)~(cv) holds.

Step 3. We prove Lemma 2.10. By Lemmas 2.1(i) and 2.2(ii), we see that, for A > 0, either
T;(x) > 0 on [%,ﬁg), or there exists & € (%,ﬁg) such that Tj(a) < 0 on [%,&) and
T} (x) > 0 on (&, Be), see Figure 2.4.

A A

Th(o) Th(o)

0 -’ 0 Y
3N2e i Bg 0. 3N2e . ﬁg 0.
(1) (1)
Figure 2.4: Graphs of T («) on [5/(12¢), B.) for A > 0.
Then by (2.44) and Steps 1-2, we observe that T) («) has exactly two critical points, a local

maximum at aps(A) and a local minimum at a,,(A) (> ap(A)), on (0, Be) if 0 < A < ke = As.
The proof is complete. O

Lemma 2.11. Consider (1.1) with 0 < & < gg. Let apr(A) and a,, (A) be defined in Lemma 2.10. Then
ap(A) is a strictly increasing function of A € (0,x;) and

lim ap(A) <am(A) < Alirni apm(A) < ay(A) for A € (0,xe). (2.50)

A—0 Ke

Proof. By Lemma 2.10, we have that
>0 forae (0,ap(A)) U (am(A),00),
Th(a)$ =0 fora =ap(A)ora=ay(A), if 0 <A < ke (2.51)
<0 fora e (apm(A),am(A)),

By Lemma 2.2, we see that 0 < ap(A) < % for 0 < A < xe. Let0 < Ap < Ay < k. By
Lemma 2.3, we obtain that

VAT (am(A2)) < VAT, (am(A2)) =0,
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which implies that ap(A1) < ap(A2) by (2.51). So ap(A) is a strictly increasing function of
A € (0, k). It follows that

lim ap(A) < ap(A) < lim ap(A) for A € (0, k).

A—0t A=k

Assume that there exists A3 € (0,%¢) such that lim, o+ ap(A) < am(Asz) < lim,_,, - am(A).
Then there exists A4 € (A3, %) such that

wni(As) < am(As) < ani(Ae) < % (2.52)

By (2.51), there exists a1 € (ap(A4), 33;) such that T),(a1) < 0. Then by (2.51), (2.52) and
Lemma 2.3, we observe that

0< )\3T//\3 (0(1) < v/ )\4T;\4(061) <0,
which is a contradiction. So (2.50) holds. The proof is complete. O

Lemma 2.12 ([9, Lemma 4.6]). Consider (1.1) with fixed L > 0. Let pr, = min{L, B} and sgn(u)
be the signum function. Then the following statements (i)—(iii) hold:

(i) There exists a positive function Ar(a) € CH(0,pr.) such that Ty, ) (a) = L. Moreover, the
bifurcation curve Sp = {(Ap(a), &) : & € (0,pLe)} is continuous on the (A, ||ul|,)-plane.

(i) limaﬁ(ﬁ /\L((X) = 0and hmﬂt%pgg )\L(OC) = 00,
(iii) sgn(Ay(a)) = sgn(T} (@) for a € (0,pLe).

Lemma 2.13 ([10, Lemma 3.5]). Consider (1.1). Let L > 0. Then the following statements (i) and
(ii) hold:

(i) If A(a) has a local maximum at ap, then Ty, (q,,) () has a local maximum at ap. Conversely,
if Tx(«) has a local maximum at apr and Ty (apr) = L, then Ap(«) has a local maximum at apy.

(ii) If AL(a) has a local minimum at ay, then T, (4, () has a local minimum at a,,. Conversely, if
Ty () has a local minimum at oy, and Ty (ay) = L, then Ap(a) has a local minimum at w,,.

Lemma 2.14. Consider (1.1) with 0 < € < gg. Then there exists a continuous function L, € (0,00) of
e such that

Ae={L>0:A(a) <O for somea € (0,pr,¢)} = (Le,00).
Furthermore, A} («) > 0 for « € (0, p1,¢) where 0 < L < Le.

Proof. Lete € (0,¢0) be given. By Lemma 2.9 and similar argument in the proof of [7, Lemma
4.7], there exists L, € [0,00) such that A, = (L, 00). We divide the rest of the proof into the
next three steps.

Step 1. We prove that L > 0. Assume that L, = 0. By Lemma 2.9, we have

Ti(a) >0 for0<a< pBeand A > ¢. (2.53)
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Let L = Tg (1). It implies that L € Ay = (0,00). Then there exists a1 € (0,p1,) such that
Al (aq) < 0. It follows that Tfle (@) (a1) < 0 by Lemma 2.12(iii). By (2.45) and (2.53), we observe
thata; > 1and 0 < Ap(a;) < &e. By Lemmas 2.1(iii), 2.12(i) and (2.53), we further observe that

L= T/\L(M)(al) > ng((xl) > ng(l) =1L,

which is a contradiction. Thus L, > 0.

Step 2. We prove that A} («) > 0 for a € (0,p1,) where 0 < L < L. Let L € (0, L¢) be given.
Assume that there exists a; € (0,pr) such that A} (a2) = 0. So by Lemma 2.12(iii), we obtain
that T;\L(az)(az) = 0. Since

0<ar <prLe= min{L, 58} < min{LSf 55} = PLger

we see that Ty (,)(a2) = L < Le = Ty, (4,)(a2). So by Lemma 2.1(iii), we obtain that A1 (az) >
AL, (x2). Assume that ap > % Since T)/\L(az)@tz) = 0, and by Lemma 2.2(ii), T/\L(M)(lx) has a
local minimum at ay. By Lemma 2.13, we find that A7 () has a local minimum at a,, which is

a contradiction since L < L;. S0 0 < ap < % By Lemma 2.3, we see that

A/ )\LE (NZ)T;\LS(M) (062) <4/ /\L(“Z)TXL(M) (D(z) =0,

from which it follows that by Lemma 2.12(iii), A7 _(a2) < 0. It is a contradiction since A} («) >
0 for a € (0,pr,¢). Thus A} (a) > 0 for « € (0,01,) where 0 < L < L,.

Step 3. We prove the continuity of L.. Let € € (0,¢9) be given. For the sake of convenience,
we let Ty (a,¢e) = T)(a) and Ar(a,e) = Ap(a). We consider the following two cases and prove
they would not occur.

Case 1. Assume that liminf, ,; L < L;. Let L € (liminf,,; L¢, L¢) be given. Then there exists
{en}en C (0,€0) such that

lime, =& and L., <L <Lg forneN.

n—oo

So there exists {a,},cp C (0,01,) such that

d d
aAL(zx,é) >0 for0<a<pr. and a/\L(zxn,sn) <0 forneN. (2.54)
By Lemmas 2.2(i) and 2.12(iii), we have
d
a/\L(a,s) >0 forO0<a<land0 < e < ¢. (2.55)

By (2.54) and (2.55), we see that a, € (1,p1,,). We assume without loss of generality that
limy oty =& € [1,p1,]- f & < pLe,, by (2.54), we observe that

d .
0< a)\L(zx,s) = r}gr(}o a/\L(zxn,sn) <0,

which is a contradiction. If & = pr¢,, by (2.54) and Lemma 2.12(ii), we observe that

lim Ap(a,&) =00 and lim —Ap(a,8) <0,
a—pr, a—pp, ou
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which is a contradiction.

Case 2. Assume that limsup, ,.L. > L¢. Let L € (Lglimsup, ,. L) be given. Then there
exists {€,},cn C (0, €0) such that

lime, =& and L;<L <L, forneNN.

n—oo

So there exists & € (0, prz) such that

aaa/\L(Ec, £) <0 and ;{AL(a,en) >0 forO0<wa<pre andn € N. (2.56)

Since f(Be) = 0, and by implicit function theorem, B, is a strictly decreasing and continuous
function of € > 0. So we see that & < pr < Bz < B¢, for n € IN. It implies that 0 < & < pr,
for n € IN. By (2.56), we observe that

- B
0> 5 AL(@e) = lim == A1 (& en) 2 0,

which is a contradiction.

So by Cases 1 and 2, we see that limsup, ., Le < Lg < liminf. ;¢ L. It follows that L; =
lim,_,z Le. Thus L, is a continuous function on (0, &p).

The proof is complete. O

Lemma 2.15. Consider (1.1) with 0 < & < . Then there exists Le > L such that Ay («) has exactly
one local maximum and exactly one local minimum on (0, 0¢) for L > L.

Proof. Let A, € (0,x,) be given. By Lemma 2.10, then

>0 fora € (0,ap(A)) U (am(A),Be),
Ti(x) § =0 fora =ap(A)ora=ay(A), if 0 <A <A (2.57)
<0 forae (ap(A),am(r)),

Let L = Ty (ap(A*)). We divide this proof into the next three steps.
Step 1. We prove that L, > L.. Let L > L, and

ny € (lXM()\ ), min {zxm(/\ ),128}> . (2.58)
By (2.57) and (2.58), we see that

lim T)\(IX) =o0o>L> TA*(IXM(/\*)) > Ty« (041).

A—=0F
So by Lemma 2.1(iii) and continuity of T)(«) with respect to A, there exists A, € (0,A*) such
that L = T, («1). Clearly, A, = Ap(a1) by Lemma 2.12(i). Then by (2.57), (2.58) and Lemma 2.3,
we observe that

So by Lemma 2.12(iii), we obtain that A} (#7) < 0. It implies that L > L, by Lemma 2.14. Thus
Le > Le.

Step 2. We prove that A;(a) has exactly one local maximum in (0,p0..) for L > L. Let
L > L, be given. By Lemmas 2.2(i) and 2.12(iii), we see that A} (x) > 0 for 0 < & < 1. Since
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L > L., and by Lemma 2.14, A;(«) has at least one local maximum in (0, pr ). Assume that
Ar(a) has two local maximums at a}, and a4, (> a},). Then Ar(a) has a local minimum at
am € (ak;, a3). Without loss of generality, we assume that Ar(a};) > Ap(ay). For the sake of
convenience, we let

A= Ap(ady), Ay =Ar(a3) and Az = Ap(an).

So by Lemma 2.13, we see that Ty, (a},) and Ty,(a3,) are local maximum values and T, (&)
is a local minimum value. In addition, we note that

T, (ay) = Ty, (a1 (#3g) = L > Le = Ty (am(A7))- (2.59)

Assume that A; > A*. By Lemma 2.1(iii) and (2.59), we observe that Ty-(a},) > Ty, (a},) >
T (apr(A*)). It implies that

am(A*) <ad; and T (ad,) > 0. (2.60)
By Lemma 2.2(ii), we have a}, < a3, < % So by Lemma 2.3 and (2.60), we observe hat
0 < VA*Ty. (ayy) < VAT () =0,

which is a contradiction. So A; < A*. Similarly, we obtain that A, < A*. So by (2.57) and
Lemma 2.10, we see that

ap(A) = ady < am = am(A3) < a3y = am(Aa),

which is a contradiction by Lemma 2.11. Thus Ar(a) has exactly one local maximum in
(0/ pL,S)-

Step 3. We prove Lemma 2.15. Since A} (a) > 0 for 0 < & < 1, and by Lemma 2.12(ii) and
Step 2, we see that A («) has exactly one local maximum and one local minimum on (0, pr )
for L > L,.

The proof is complete. O

3 Proof of the main result

Proof of Theorem 1.3. (I) The statement (i) follows immediately by Lemma 2.12(i)(ii).
(II) Assume that ¢ > . By Theorem 1.2 and (2.4), we obtain that T'(«) > 0 for 0 < a < ..
So by Lemmas 2.1(ii) and 2.3, we see that

_ 5
0< T'(a) = lim VAT, (6) < VAT, (a) for0 < a < Tz and A > 0. (3.1)

Since T} (3:) > 0 for A > 0, and by Lemma 2.2(ii), we further see that

5
Ti(a) >0 for Toe <4< Be and A > 0. (3.2)

So by (3.1), (3.2) and Lemma 2.12(iii), we obtain that

A(a) >0 for0<a<ppeand A > 0.
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Then the statement (ii) holds.
(IIT) Assume that 0 < € < gp. By Lemma 2.14, there exists a continuous function L, € (0, 0)
of & such that

Ae={L>0:A(a) <0 forsomewa € (0,pr¢)} = (L¢, 00).

So by Lemma 2.12(i), the bifurcation curve S is monotone increasing if 0 < L < L, and is
S-like shaped if L > L,. In addition, by Lemma 2.15, there exists Le > L, such that Ar(a) has
one local maximum and one local minimum on (0, o) for L > L,. So by Lemma 2.12(i), the
bifurcation curve S; is S-shaped if L > L.. Next, we divide into the next two steps to prove
that lim, o+ L € (0,00) and lim,_, - L = co.

Step 1. We prove that lim, Seg Le = co. Assume that lim, e Le < oo. Let L > lim, g L¢. For

the sake of convenience, we let
AL(a,e) = Ap(a), Ta(a,€) = Ta(a) and T(a,e) = T(a).

Since L > limgﬁea L, there exists § > 0 such that L > L, for ¢ € (e9 — d,€9). So for ¢ €

(0 — 0,€0), by Lemmas 2.2(ii) and 2.14, there exists a, € [1, %] such that %/\L(ucg,s) < 0.

Without loss of generality, we assume that lim, et Me = & € [1, %} By Theorem 1.2 and
(2.4), we see that T'(ag, €9) > 0. So by Lemma 2.3, we further see that

0 < T (ao,80) = Alirg& VAT, (a0, €0) < VAT, (0,0) for A > 0.
*>
Then by Lemma 2.12(iii), we obtain that %)\ L(ap,€0) > 0. It follows that
0> limi/\ (a e)—i/\ (xo,€0) >0
_g—>gar x L\%e, _aUC L{*0,<0 ’
which is a contradiction. So lim, s Ly = oo.

Step 2. We prove that lim, o+ L, € (0,00). Notice that as ¢ — 0T, the cubic polynomial f(u)
reduces to the quadratic polynomial 1%+ u + 1. So we consider the equation

/
/
u(x) :A(u2+u+l), —L<x<L, 33
1 (w(x))’ e
u(—L)=u(L) =0.
Since u? + u + 1 satisfies all hypotheses of [7, Theorem 3.2], there exists Ly > 0 such that the
bifurcation curve Sy, of (3.3) is S-like shaped for L > L, monotone increasing for 0 < L < L,
and has no vertical tangent lines for 0 < L < Lyg. Thus we have the following assertions
(1)—(iii):
(i) if L > Lo, then A (a,0) < 0 for some a > 0.
(ii) if L = Lo, then A} (a,0) > 0 for a > 0.
(iii) if 0 < L < Ly, then A} («,0) > 0 for & > 0.

By a similar argument as in the proof of Lemma 2.14, we can prove that L, is a continuous
function of € € [0,¢p). Thus lim, ,p+ L = Lo € (0, 0).
The proof is complete. O
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4 Appendix
In this section, we prove assertion (2.31). Let & = y/ 2 1000 (~ 0.176). By Lemma 2.5(iii), we have
g < & To prove (2.31), it is sufficient to prove that

1
Ny (a,u) <0 for 0<u<u, 17<a§§ and 0.07 <e <& (~0.176). (4.1)

Let a € [1.7, 1] be given and N> (1) = Na(a, u). It is easy to compute that

1 49 21 2 125 25 1 7
M) = g+ g+ (a3 ) (e B )t (g8t -G
7 . 25 20\ 4 7 . 2. 5, 3\
T 3)”+< gent 50+ a? 5t
+ <_4€“4+2“3_2a+4>u_858“4+§063—4062—40(,

7 4.9 10 10 12 2 7
Ny (u) = 282u6 + e u’ + (458— 3> ut + (25 - 35> ud + (;szoﬂ 28“3

21 , 75 > 7 4,43 ,5, 3
2szx 2szx ZO)u +< 4£oc +30c +2zx +1Ozx+2 u
7 5 1
—18064"_80(3—50(‘}‘4,
4 7
Ny (u) = —216%u° + 5£u + <105£—£) ud + <35 —25) at — 7ea®
7 4 . 5, 3
— 21ea’® — 75ex — 4 1 5
e Senx — 40)u 4soc +3oc +20c + Ooc+2

N (1) = — 10562u + 245613 + (315¢ — 40) 12 + (375¢ — 50) u + 3e2a* — Tea®
— 21ea® — 75ex — 40,
NI (1) = —4206%3 + 735612 + (630¢ — 80) u + 375¢ — 50,
N (1) = —126062u2 + 1470eu + 630e — 80
2 - .

Then we divide the proof into the next four steps.

Step 1. We prove that, for 0.07 < e <§g,

7 5 1
1" _ .4 v 3 -
N, (0) = i +6oc 2uc—|—4>0. (4.2)
It is easy to see that
1 1 100
17<a < =< =— f 7<e< 4.
SHS 3 S3007) 21 r0VsesE (4.3)
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Since ¢ < i, and by (4.3), we observe that

7 (1 5 1 1
Ny (0) > —< >a4+a3—a+4:(0¢3—2a+16)

4 \3a 6 2 4
1 3 100 239173
> [(1.7) —2 (21) +16} = %1000 > °

Step 2. We prove that, for 0.07 < ¢ <,

Ny (x) = —2a%* + & (7a® + 14a + 25) € — 2a* — 5a° — 10a® + & + 4 < 0.

Clearly,
1
{(uc,e) 117 <a < % and 0.07 < e < é} =0UQy,

where

see Figure 4.1. So we consider the following two cases.

ok
1/0.21

1/38)

1.7

0.07

™y

Figure 4.1: The sets (31 and (2,.0

Case 1. Assume that (&, ¢) € ;. It implies that

1

1.7<a <
_06_3

(~1.893) < 1.9.

mi

So we observe that

aag V(0) = —4ea® + 7a° 4 14a* 4 250° > —48a® 4 7a° + 14a* + 254°
> —48(1.9)° +7(1.7)° + 14 (1.7)* + 25 (1.7)°
33914439 47045881

5 35 qos V310 (=306.01) > 0.

(4.4)

(4.5)

(4.6)

4.7)
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Then by (4.7),
Ny (a) < Ny ()],
31 . 7 31 (7 [31 . (5 3 X
- 2 A LY ey S e
500 T10V10* T (5 10 ) o <2 10 5) “

— 100> +a +4
<0,

see Figure 4.2(i).
Case 2. Assume that («, &) € (). It implies that

(w,€) € Oy = {(zx,s) : % <a<

Then we observe that

0 1
% Y (a) = —4a’ +a® (7a® + 14a + 25) > —4a® <3(x> + o7 (7a® 4 14a + 25)
1
=3 (17a® 4 75 + 42a) &® > 0. (4.8)
Since , .
. 89~ —<a< — .
1.8 < (1.89 )35—“—021<5’ 4.9)
and by (4.8), we observe that
L 2
Ny (a) < Ny ("‘)‘gzi =5 (* —3) (* —3a —12) <0,
see Figure 4.2(ii).
Thus (4.4) holds by Cases 1-2.
1.7 1.9 1.8 5
o o
-2 -25-
=50+
-4
754
-6~ -100-

(i) (ii)
Figure 4.2: (i) The graph of — 25 + %\/%af’ + (% L 2) at + (% A 5) o®
—10a? + a4+ 4 on [1.7,9]. (ii) The graph of (a? —3) (a* — 3a — 12) on [1.8,5].

Step 3. We prove that, for 0.07 < e <§g,

Ny (u) is strictly increasing, or strictly increasing-decreasing,

or strictly increasing-decreasing-increasing on (0, «) . (4.10)
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Clearly, N2(6) (u) is a quadratic polynomial of u with negative leading coefficient. Since, for
e>0,

<0 if007<e< g,
>0 if F<e<g

and N <1> =90 (7e +3) > 0,

6) () — £330 —
Ni® (0) = 630e 80{ %

we see that

N2(5) (u) is strictly decreasing-increasing on (0,a) if 0.07 < e < &,

(4.11)
NZ(S) (u) is strictly increasing on (0,a) if (0.126 &) & <e<e.

In addition, we compute and find that

) <0 for0.07 <e< & (~0133),
N,” (0) = 375¢ — 50 (4.12)
2
>0 for 12—5 <e<g§E,

103173 24 71403
50 20

Since0<u<waand 1.7 <a < %, and by (4.11)—(4.13), we obtain that

NP (17) = - £—186 >0 for0.07 <e<E (4.13)
N2(4) (u) is either strictly decreasing-increasing, or strictly increasing on (0,«). (4.14)
Since 1.7 < a < % and 0.07 < e < g we compute and find that
NIV (0) = 3e%a* — 7ea® — 21ea® — 75¢a — 40

4
< 3¢? <;€> —7¢(1.7)° — 21 (1.7)* — 75¢ (1.7) — 40

= 5700082 (—6009687¢> — 1080000¢ + 1000)
< 37500 [—6009687 (0.07)> — 1080000 (0.07)? + 1000]
_ _sosmen_ w19
So by (4.14) and (4.15), we obtain that
Ny (u) is either strictly decreasing, or strictly decreasing-increasing on (0, «). (4.16)

Since 0.07 < & < g, and by (4.3), we see that

7 4 5 3 7 4 5 3
" 4 3 2 anA 3 2

= —— + —a’+ —a"+1 + = > —— + -+ —a°+1 + =
N2 (O) Ex 30\6 0 Ow Ex 30é 20( On

1 21 /31 4 3 ’
= 12( 10 10“ + 16a” 4 30« +1200c+18> >0, (4.17)

see Figure 4.3. Then by (4.16) and (4.17), we obtain (4.10).
Step 4. We prove (4.1). By Steps 1-2 and (4.10), we obtain that

Nj (u) is strictly increasing-decreasing on (0, «). (4.18)
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1000+

7504

500+

1.7 5 O

Figure 4.3: The graph of —3%,/3la* + 164> + 302 + 120a + 18 on [1.7,5].

Since N} («) = 0 for 1.7 < a < 4, and by (4.18), we obtain that
N, (u) is either strictly increasing, or strictly decreasing-increasing on (0, ). (4.19)
We assert that

1 7 7 25 1 5 5 1
N> (0) = —Eezocg + ﬂso/ + gszxé + §8a5 - §¢x6 - ﬁuf - §a4 + 1“3 +2a2 <0, (4.20)
Since N, (¢) = 0, and by (4.19) and (4.20), we see that (4.1) holds. Next, we prove assertion
(4.20). Since 1.7 < a < % and 0.07 < e < g, we compute and find that
0 7 25

_(_ 1 s 7 > 5
aEN2(O)-< g +240c +80c+8)oc

DCS

1 /1\° 7 , 7 25
> | —Ze — (1. Zan+=
_[ 88<38> +24<17) +8(17)+ 2
1178372 — 100 5 _ 117837 (0.07)% — 100 5

216002  © ~ 21600¢2
4774013 -

= 216 x 1062

Recall the sets (; and (), defined by (4.5) and (4.6) respectively, see Figure 4.1. Then we
consider the following two cases.

Case 1. Assume that («, &) € ()9. By (4.7) and (4.21), we see that

> 0. (4.21)

N2 (0) < N2 (0)],_; = Q1 (&) <0 for0.07 <e<g

=€

where
3 . 7 B, (7 31 1),
Q%) = ~ 16000% T220V 0% T (80 10 9) &

5 /31 5 5 54 134 2
+<16 10 12>uc goc +1tx + 2a7,

see Figure 4.4(i).
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Case 2. Assume that («, &) € (3. By (4.9) and (4.21), we see that

1 1
< = ol < —
Nz(O)_Nz(O)‘sZ% Qz((x)<0 for 35_06_0.21,
where . ) 5
-~ .6 -5 v 4 3 2
Q> (w) T LT + 242,
see Figure 4.4(ii).
1.7 1,9 1.4 5
o a
~2.237 -250-
-2.50- S50
-2.75-
=750
-3-
-1n00-
(i) (ii)

Figure 4.4: (i) The graph of Q; («) on [1.7,1.9]. (ii) The graph of Q> («) on [1.8,5].

Thus, by Cases 1 and 2, assertion (4.20) holds. The proof is complete.
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