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Abstract. We prove the existence and multiplicity of positive solutions to the singular
¢-Laplacian BVP

(0) =0, «/(1)+ H(u(1)) =0

for a certain range of the parameter A > 0, where « > 0, « € (0,1), ¢ is an odd,
increasing and convex homeomorphism on R, and f is ¢-superlinear at oo.

{ (r(Hp(u)) = Ag(t) (f(u) — %), te(0,1),
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1 Introduction

Consider the one-dimensional ¢-Laplacian problem

{—<r<t>¢<u'>>' = Ag(t) () — ), t€ O.1) -
u(0) =0, u'(1)+ H(u(1)) =0,

where a > 0, « € (0,1), A is a positive parameter, and the following conditions are assumed:
A1) r:[0,1] — (0,00) is continuous and nondecreasing.
A2 : [0,00) — [0, ) is continuous and nondecreasing with H(0) = 0.

(A1)
(A2) H
(A3) g:(0,1) — (0, 00) is continuous with ¢/p* € L'(0,1), where p(t) = min(t, 1 —¢).
(A4)

A4) ¢ : R — R is an odd, increasing homeomorphism such that ¢ is convex on [0, c0) and

lim sup ¢(ox) < oo

x—00 47(x)
forall ¢ > 0.
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(A5) f:]0,00) — [0, 00) is continuous, nondecreasing, and

f(x)

lim = 00

= ()

(A6) There exist constants m > 0 and B € (0,1) such that

X

@ = (2 pm)

m
for x € [0, m].
By a positive solution of (1.1), we mean a function u € C'[0,1] with u > 0 on (0,1] and

r(t)¢(u') absolutely continuous on [0, 1] that satisfies (1.1).
Our main result is

Theorem 1.1.

(i) Let (A1)—(A6) hold. Then there exist a positive number K and an interval I C (0, c0) such that if
f(m) > K then problem (1.1) has at least two positive solutions for A € I.

(ii) Let (A1)—(Ab) hold. Then there exists a positive number Ao > 0 such that for A < Ay, problem
(1.1) has a positive solution u, with u,(t) — oo as A — 01 uniformly on compact subsets of
(0,1].

Example 1.2. Let r satisfy (A1), 4,a,7,8 > 0witha+ < 1, and ¢(x) = I ; a;|x|Pi~2x, where
a; >0,p; >2fori=1,...,n,and H(z) = z°. Consider the BVP

{%WWWWZQUW%ﬁ%fHQm 12)
u(0) =0, u'(1) + (u(1))° = 0. '
Let g > maxj<j<,(p; — 1)Then

(i) By Theorem 1.1 (i) with m = 1, problem (1.2) with

KuP,0<u<1,
fu) =
Kul, u >1,

where 0 < § < 1, has two positive solutions for A in a certain range of (0, ), provided
that K is large enough.

(ii) By Theorem 1.1 (ii), problem (1.2) with f(u) = quﬂ%, where b > 0, has a large positive
solution for A > 0 small.

A problem of the form (1.1) occurs in the study of positive radial solutions to the p-
Laplacian problems in an exterior domain

—Apu = AK(|x])f(u) in Q= {x e RN : |x| > o > 0},
%+ &(u)u=0on |x| =7,

u(x) — 0as |x| — oo,
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where Apu = div(|VulP~2Vu), p > 1, N > p, ¢ : [0,00) — [0,00), n denotes the outer
unit normal vector on 9(), as it reduced (see [10]) via the Kevin transformation r = |x|,

-N
t=(r/ ro)li’f1 to the ODE problem

—(p(u))" = Ah(t)f(u), t € (0,1),
u(0) =0, u'(1) +c(u(1))u(l) =0,

-1

(N=1)
where ¢(z) = |z|P 2z, h(t) = (I’\g];;jr())pifpl’*N K(rot?~
in the study of radial solutions for the (p, q)-Laplacian problem in an annulus i.e.

<

), and c(s) = %rof(s). It also arises

Z|

—Apu — Aqu = f(|x|,u), a<|x|<b,
u=0 on|x|=a,
S—Z—H(u) =0on |x| =b,

where p > g > 1, which stems from a variety of applied areas (see e.g. [2,3]). We are motivated
by related results on the existence and multiplicity of positive radial solutions for the system

—Au; = AKi(|x|) fi(u;) in Q = {x e RN : ry < [x| <11},
di% + éi(ul-)ui =0 on |x] =T,

u;=0on |x| =r,

in [6,7], where d; =0, ¢; = 1,11 < coin [6] and d; > 0,¢; > 0,11 = oo in [7], as well as its
extension to p-Laplacian systems in [12]. The results in [6,7,12] have been obtained under the
assumptions that the reaction terms satisfy a combined superlinear at co and are allowed to
have semipositone structures at 0 i.e. f;(07) € [—o0,0). Searching for positive solutions in the
semipositone case is known to be challenging due to the lack of the maximum principle. Our
main result here on the one hand allows the p-Laplacian operator to be replaced by a general
homeomorphism on R, and on the other hand permits nonlinear boundary conditions that
can not be linearized e.g. u/(1) + </u(1) = 0, which are not allowed in [6,7,12] . We obtain the
existence of a large positive solution to (1.1) for A > 0 small when f is merely ¢-superlinear at
oo, and the existence of two positive solutions for A in a certain interval in (0, o) if in addition
f satisfies a concavity condition on [0, m] for some m > 0 and f(m) is large enough. It is worth
a

noting that problem (1.1) is of infinite semipositone nature as lim,,_,+ (f (1) — %) = —oo. Our

approach is based on a Krasnoselskii’s fixed point theorem in a Banach space.

We refer to [4,5,8,9,11] for results in the PDE case related to (1.1), where [9,11] are of
particular relevance to this study. In [9], an overview of recent developments on elliptic vari-
ational problems with functional satisfying nonstandard growth of (p,q)-type is provided.
Related existence results for positive solutions of the Brézis-Nirenberg type critical semiposi-
tone problem

—Apu = Aup=t gy 1 — p in Q),
u = 0 on (),
can be found in [11], where Q is a bounded domain in RV, p* = =, and A, u are positive

* Np
N=p
parameters.
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2 Preliminary results

For the rest of the paper, we define ro = min;cjoq7(t), 11 = max,c(o1)7(f), and H(z) = H(0)
for z < 0. The norm in L”(0,1) will be denoted by || - ||, .

We first recall the following fixed point result of Krasnoselskii type in a Banach space (see
e.g. [1, Theorem 12.3]).

Lemma A. Let E be a Banach space and T : E — E be a completely continuous operator. Suppose
there exist h € E, h # 0 and positive constants r, R with r # R such that

(a) If y € E satisfiesy = 0Ty, 0 € (0,1] then ||y| # r,
(b) If y € E satisfies y = Ty + ¢h, ¢ > 0 then ||ly|| # R.
Then T has a fixed point y € E with min(r, R) < |ly|| < max(r, R).
Lemma 2.1.
(i) 1p71(x) — ¢ ()] < 207 (1 — y]) for all x,y € R.
(i) "1 (x —y) > ¢ 1(x) —2¢ " (y) forall x,y € Rwithy > 0.
Proof. (i) Without loss of generality, we need only to consider two cases.

Casel. x >y > 0.
Since ¢! is concave on [0, ),

¢ (x—y)+o T (y) = ¢ (v),
which implies
¢ (x) —¢7 () S ¢ (x—y) <297 (x —y)
i.e. (i) holds.

Case2. x>0 >y.
Then ¢~ 1(x) < ¢ 1 (x —y) and —¢p(y) = ¢ 1 (—y) < ¢~ (x — y), from which (i) follows.

(ii) Since y > 0, it follows from (i) that

¢ (x—y) =97 () = =207 (ly]) = 297 (v)
i.e. (ii) holds. O
Lemma 2.2. Let h € L'(0,1) and u € C'[0,1] satisfy

{(V(t)fP(u’))’ <h on(0,1)

u(0) >0, u'(1) + H(u(1)) > 0. 2.1)

Suppose ||u)|cc > ¢ L(||k||1/70). Then u(1) > 0.

Proof. Suppose on the contrary that u(1) < 0. Then the boundary condition at 1 implies that
u'(1) > 0. Let T € [0,1] be such that ||u||cc = |u(T)]|. Integrating the inequality in (2.1) on [t, 1]
we get

r()¢@'(t) = r(1)g(u' (1)) —/ (r(s)¢(u'))'ds = —|[Rllx,

t
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0> g (U 5 gt (L)

for t € [0,1]. Next, integrating (2.2) on [0, 7] and [z, 1] give

u(t) > u(0) — ¢! (”h“1> s (||h||1>

7o ro

whence

and

—u(t) > u(l) —u(t) > —¢~ <|Ih||1>

o
respectively. Combining (2.3) and (2.4), we deduce that

fullo < g7 (1)

Lemma 2.3. Let h € L'(0,1) with h > 0 and u € C'[0, 1] satisfy

(r(Hp(w)) <h on(0,1),
u(0) >0, u(l) >0.

a contradiction. Thus u(1) > 0.

Then
(i) u(t) > (u(1) =297 (L))t for t € [0,1).

(i) u(t) > (||uleo —4¢_1(M))p(t)for t € 10,1]. In particular,

o

u(t) > llullop(t)
Uiy

for t € [0,1], provided that ||u|le > 5¢ 1 (

Proof. Define

al)) = ¢ (o) + o5 1) =), 2= [0

for t € [0,1]. Then w,z > 0 on [0,1] and in view of Lemma 2.1 (i),

z(t) <297 (W) ;

which implies

for t € [0,1]. Since

(r(p(' +21))" = (r()p(u' +w))" = (r(t)p(')) =h <0 on (0,1),

(2.2)

r(t)¢(u’ + z') is nonincreasing on [0, 1]. This, together with (A1), gives the concavity of u + z

on [0,1]. Since (1 + z)(0) > 0, we obtain
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(u+2z)(t) > tHu+z)(1) > tu(l),

whence u(t) > tu(l) — 2(t) > ¢ (u(l) —297" (HhHl>>

7o
i.e. (i) holds. Since (# +z)(1) > 0, we deduce from the concavity of u + z on [0, 1] that
u(t) +2(t) = [lu+z[[ep ()

for t € [0,1]. Consequently,

=

(£) = ([[ulleo = llzlle0) p(£) — 2()

) = (Il — 97 (1)) @5

for t € [0,1], which implies

for t € [0,1], and using wop,zp < 0on [0,1],

20(t)] <2971 (”’1”) (1-1)

1o
for t € [0, 1], together with
(r(t)p(u’ —z;)) = (r(t)p(u’ +wo)) = (r(t)p(u'))’ —h < 0on (0,1),
(u—20)(0) 20, (u—z)(1) =0,

we obtain as above that

) = (e =97 (B0 ) ) - 26)

ro

for t € [1/2,1]. Combining (2.5) and (2.6), we obtain

()= (Julle =297 (1510) ) o

for t € [0,1]. In particular, u(t) > |jufewp(t) if ||ull > 5¢ =1 (||1]|1/70), which completes the

proof. O

3 Proof of the main result

Let E = C|0, 1] be equipped with || - ||co-
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Proof of Theorem 1.1. (i) Since ¢ is convex on [0, c0) and ¢(0) = 0, it follows that

lim ¢(x) =0.
x—0t+ xﬁ

Hence there exists y € (0,m) such that

¢(87) rogo¢(m) T\ !
(7/5)F 64(L)r10(4m)ﬁ </0 ) ’ (3.1)

where go = inf[; /43,4 §- Suppose f(m) > K, where
a ap(m) 16ary (4m)P ( e > }
K = 4 ’ - .
max{ sy 7975 a9 U

_ (16r1¢(87) rog(m) < /1 I )‘1
of(v/20)" 4f(m) \Jo p" '
Then [ # @. Indeed, it follows from (A6) that
gt 7\ _ (1P f(m)
7(55) = (Gow) £ = (3) G
which, together with (3.1), implies

16r19(8y) _ 16r1(4m)P [ ¢(87) rop(m) (1 g\
gof(’y/ZO)S gof (m) <(v/5)ﬁ>< Af(m) </ > '

0 p~
We shall verify that (1.1) has at least two positive solutions for A € I. For A € I and v € E,
define T)v = u, where u is the solution of

{—<r<t>¢<u'>> = Ag(t) (f(3) - g%) 0<t<l,
u(0) =0, /(1) + H(u(1)) =

where 9(t) = max (v(t), yp(t)/5). Note that u is given by

uy = [[¢ (c - Af5g<zr> (f(o— %) dz) i 52)

Let

(s)

for t € (0,1), where C is the unique number such that u'(1) + H(u(1)) = 0 i.e.

L (C=A Sy 8() (F(9) — &) dz L (C=ASs3() (f(B) — &) dz
g (CABIUO L (g (A M0 E) )

Note that

from which (3.2) gives

’u‘cl S(Pfl ( AfO ‘f 5 2;17
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where |u|c1 = max(||u]|«, [|[#||e). From this and standard arguments, it follows that T) : E —
E is a completely continuous operator. Next, we verify the two conditions of Lemma A.

(a) Let u € E satisfy u = 0Tu for some 6 € (0,1]. Then ||ul| # m.

Suppose on the contrary that ||u#||«o = m. Then ||ii||cc < m. Since u/6 = T u, we deduce
from (3.3) and the assumption f(m) > /57 that
<¢

oL <61 (2 20 (1 +

20
<o (2 [ s (rom+ 2 ) )

oo (M )

which implies A > rO‘P ( f ) ! a contradiction with A € I. Thus ||ue # m.
(b) Let u € E satzsfy u = Tyu+ ¢ for some & > 0. Then ||u||e & {7, R} for R >> 1.
Since u — ¢ = T)u, u satisfies

—(r()p(u)) = Ag(t) (f(1) — ), 0 <t <1,
u(0) =& =0, (1) + H(u(1)) = H(u(1)) — H(u(1) = ) = 0.

M)

Hence

Note that rag(®
_a ag o
Ag(t) (f(” - ﬁ) > /5 (D) ha(t),
where h) (t) = (’Y%)“ (}fatt))). Since f(m) > WM and A € I, we get
rop(m) < ‘g ) ro(v/5)"¢(v/5) ( ‘g >
A<4f<m> hw) < hw)
This implies ¢(7/5) > (fo )1

_ Aa "8V s (Ials
v>5¢1(W(/0 w)) =3 (50) .

Suppose ||u|le € {7, R} with R > . Since ||ut]|ec > 7 > 5¢~ (
from Lemma 2.3 (ii) that

) in view of (3.4), it follows

u(t) = zllulleop(t) for te[0,1]. (3.5)

In particular, u(t) > (v/5)p(t) i.e. 4 = u, and u(t) > ||ul|e/20 for t € [1/4,3/4]. Conse-
quently, u satisfies

(M) = Ag(t) (f
u(1/4) >0, u(3/4) >

By the comparison principle, u > v on [1/4,3/4], where v is the solution of

{<r<t>¢<v'>>' =23() (f (45) - G7am ) - 1<t <%

v(1/4) =0, v(3/4) = 0.
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Let to € (1/4,3/4) be such that v'(¢y) = 0. Then upon integrating, we obtain

=0 (] U () mmew)t) e

for t € [1/4,3/4]. We shall distinguish two cases.

Case 1. typ > 1/2.
Integrating (3.6) on [1 /4,3/8] gives

B = N < (A) /ttog(s) (f <Hzgm> - (W/S)LZ‘P"‘(S) ds) &
3/8 1/2 u a 1
foo o™ G (e o (™) = s ) o))
u a 1
R )

16ar; (4m)P </1 g>
m)>————= — |,
o) goro(v/5)*F \Jo p*
it follows from (A6) that

1| oo a 1
S (567) 2 80 (36) 2 () 1 2 G e 5

Hence (3.7) gives
Loy (Ago [ [lulle
> 60
v(3/8) = g (16r1f< 20

o1 1 (A8, ([l
lull- = 5 (16r1f< 20 )) 35)
Case 2. typ < 1/2.

Integrating (3.6) on [5 /8,3/4] gives

llulloo)_ a ) )
/9= [ o7 (i fo5 (7 5 ) ©)
3/4 A 5/8 14]] oo o 1g> >
L <r<t> ( e 8697 (156 >ds b )
1 [[4]]oo 8
=50 (A (52 ('%°) - 7 w))
> 1 </\80f<HM||oo>> ,
8 1611 20
i.e. (3.8) holds. Thus (3.8) holds in either case. If ||u||« = 7 then (3.8) gives

i (20(3)

< 16r1¢(87)
= gof(v/20)’

v

V

Since

~

which implies

t

v

which implies
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a contradiction with A € I. Thus [|u|le # 7.

Since
f (%) _ len
P(8llulle) ~— Ago

in view of (3.8) and lim,_, f((;(%g)) = oo in view of (A4) and (A#6), it follows that ||u||c # R for
R >>1.

By Lemma A, T) has two fixed points u;,,i = 1,2, such that v < |Juj |l < m, m <
uzalle < R. Since [[ujp]lec > 7, it follows from (3.5) with § = 0 that u;(t) > Lp(t) for
t € [0,1] i.e. il = u; on [0,1] fori =1,2. Hence u;,, i = 1,2, are positive solutions of (1.1).

(ii) We shall modify the above proof. Let A > 0 satisfy

¢! (zr;\ /Olg(t) <f(5) +paa(t)> dt) <5,

For v € E, define Syv = u, where u is the solution of
~(r(Dg()) = Ag(t) (F(2) — &), 0 <t <1,
u(0) =0, (1) + H(u(1)) =0,

where 9(t) = max (v(t), p(t)). (Sy is Ty in part (i) with v = 5.) Then S, : E — E is completely
continuous. We verify that

(c) Let u € E satisfy u = 0T u for some 0 € (0,1]. Then ||u|« # 5.

Suppose |||l = 5. Then, as in part (a) above, we get

5=l <o (2 [ o0 (59 + 5 ) ) <5

a contradiction with the choice of A. Thus ||u||e 7# 5.
(d) Let u € E satisfy u = Tyu + & for some § > 0. Then ||u]|« # R for R >> 1.

Suppose ||u]| = R. Using the same arguments as in part (b) above with ¥ = 5 and note

that for R large
h
R = [|ulles > 57 <H AHl) :
1o

where h) (t) = Aa( pga((?)). Hence

u(t) > HMSHOOp(t) > p(t) forte[0,1], (3.10)

i.e. i =uon [0,1]. As in (3.7) and (3.9) above, we obtain
1. 80 (llullo) _ a /1 8
023 Ml =
lulle > gt (A (&r (Vg2 ) -2 [ £

80 llulle a 18
8r1f< 20 1o fo pe

¢(8]|ull)

i.e.

<

1
T (3.11)
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Since the left side of (3.11) tends to oo as |||/« goes to co, we deduce that ||u|» < R for
R >> 1, which proves (d). By Lemma A, S, has a fixed point u) with |[u)|l~ > 5, which
together with (3.10) with ¢ = 0 imply that iy = u, on [0,1], i.e. u, is a positive solution of
(1.1). We show next that [|uy]|e — 00 as A — 0T. Since H(u, (1)) > H(0) = 0, it follows from
the boundary condition of u, at 1 that #/ (1) < 0. Hence u, satisfies

{—(V(t)sb(u}))’ <Ag(B)f(lurlle), 0 <t<T,
u)(0) =0, u)(1) <0.

By the comparison principle, 1) < v, on [0,1], where v, is the solution of
(3.12)

Note that

oA(t) = th,l <U(H”AH«>) /Slg) ds < ¢! <Allg!|1f(\!m!|oo)>

o

for t € [0,1]. Hence

) il
lurlleo < @ 1( Hglhfr(ll Al )),
0
i.e.
Flualls) o 10
¢([ualle) = Alglh
Consequently,

f(lualle)

Iim =————~% =0
A0t o ([[ual[eo)
and since ||u) || > 5, it follows from (A5) that lim g+ ||u) ||ec = 00.

Next, we show that 1, (1) — o0 as A — 07. Since u} (1) < 0, it follows upon integrating
the equation in (1.1) and using Lemma 2.1 (ii) that

A ' 5 uy) — %) ds—r(1 u' (1
uA(l)/olcpl( Ji'8(s) (£m) ?(% (1) A<>>)dt
1 (SO () — i) Lo (re(ua ()]
>/0¢1< r(t) )dtZ/O‘P1<r(t))‘>dt.
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Since
A 2\ dg 1 3/4 1
1180 (fu) - ) s [ (A0 20 g,
) 0 1 ro Jo p*
>/ . 3/48(S)f(“A)dS_M/1g 4,—1( /1g>
] ro Jo p* 2 ro Jo p*
3/4 1 oo
g 1
Zl(Pl (f/z ) ( >_M/g ,4; <M/g>—>oo as A — oo,
2 1 ro Jo p~ ro Jo p*

we deduce from (3.13) that u, (1) — oo as A — 0. Since u, satisfies

(r()g(un)) < hy on (0,1),
where h, (t) = Aa(g(t)/p*(t)), Lemma 2.3 (i) gives

) > (a0 -2 (11 ),

for t € [0,1]. Consequently, u,(t) — o0 as A — 0 uniformly on compact subsets of (0,1],
which completes the proof of Theorem 1.1. O
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