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Abstract. The paper deals with the coexistence between the oscillatory dynamics and
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1 Introduction
In the paper we investigate the second order nonlinear differential equation

X"+ b(t)t 7 |x|Psgnx =0, te[1,00), (1.1)
where the function b € AC[1, ) is positive on [1,c0) and bounded away from zero, i.e.,

inf b(t) =by >0,
1‘61[1?,00) () 0

and the constants  and vy are positive and satisfy
1, =—.
P> T="

Equation (1.1) is the so-called generalized super-linear Emden—Fowler differential equa-
tion; it is widely studied in the literature, see, e.g., [16,20,26] and references therein. Equation
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(1.1) arises also in the study for searching spherically symmetric solutions of the nonlinear
elliptic equation
div (r(x) Vu) 4+ q(x) F(u) =0,

where r and g are smooth functions defined on R, d>2 ris positive, F € C(R). The search
for radially symmetric solutions outside of a ball of radius R leads to the equation

() + 1) F () =0,  t>R, (1.2)

where t = |x|. In the special case r(t) = 179, g(t) = b(t)t! =74 fort > 1and F(u) = |u|Psgn u,
we get (1.1).

By a solution of (1.1) we mean a function x, defined on some interval of positive measure
contained on [1,00), satisfying (1.1). Further, x is said to be proper if it is defined on some
interval [ty, o), t, > 1, and supte[mo)]x(t)\ > 0 for any T > t,. In other words, a proper
solution of (1.1) is a solution that is continuable to infinity and different from the trivial
solution in any neighborhood of infinity. Since 8 > 1, the initial value problem associated to
(1.1) has a unique local solution, that is a solution x such that x(f) = xo, x’(t) = x1, defined in
a suitable neighborhood of ¢ € [ty, c0) for arbitrary numbers xo, x1. Moreover, in view of the
assumptions on the function b, any nontrivial local solution of (1.1) is a proper solution, see,
e.g., [16, Theorem 17.1] or [26, Section 3]. Observe that, if b(t) > 0 but b ¢ AC[1,c0), then
equation (1.1) with uncontinuable to infinity solutions may exist, see, e.g., [10,15].

As usual, a proper solution x of (1.1) is said to be nonoscillatory if x is different from zero for
any large t and oscillatory otherwise. Clearly, in view of the positiveness of b, any eventually
positive solution x of (1.1) is increasing for any large t. Thus, nonoscillatory solutions x of (1.1)
can be a-priori divided into three classes. More precisely, x is called a subdominant solution if

lim x(t) = {4, 0<ty < oo,

t—o0

or intermediate solution if

. . . / _
gty =ce Xt =0

or dominant solution if

lim x(t) = oo, limx'(t) =, 0</{y < oo,
t—o0 t—o0

see, e.g., [11,18,24,25].

In the literature great attention has been devoted to the existence of unbounded solutions
which are dominant solutions, sometimes called asymptotically linear solutions. However,
unbounded nonoscillatory solutions, which are not asymptotically linear solutions, are very
difficult to treat. Indeed, as far we know, until now no general necessary and sufficient
conditions for existence of intermediate solutions of (1.1) are known; this fact mainly is due to
the lack of sharp upper and lower bounds for intermediate solutions, see, e.g., [1, page 241],
[13, page 3], [18, page 2].

For the special case of (1.1) with b(t) = 1/4, that is for the equation

1
X"+ 1t"’]x|’3 sgnx =0, t € [1,00), (1.3)

the above three types of nonoscillatory solutions cannot simultaneously coexist, as Moore and
Nehari proved in [21]. The problem of this triple coexistence has been solved in a negative
way for the more general equation

(a(t)|x'|*sgnx’)" + b(t)|x|Psgnx = 0,
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where 4 is a positive continuous function on [1,c0) and « is a positive constant, « # p, in
[14,22] and [5,7], according to @ > B or & < fB, respectively.

A much more subtle question concerns the possible coexistence between oscillatory so-
lutions and nonoscillatory solutions. The particular equation (1.3), as it is shown in [21],
has both oscillatory solutions and nonoscillatory solutions. These nonoscillatory solutions
are either subdominant solutions or intermediate solutions and both types exist. Moreover,
intermediate solutions of (1.3) intersect the intermediate solution +/ infinitely many times.

Many efforts have been made to obtain the existence of at least one oscillatory solution for
more general equations than (1.3). A classical approach is due to Jasny [12] and Kurzweil [17],
see also [16, Theorem 18.4.], and is based on certain properties of an auxiliary energy-type
function. In particular, in [12,17] it is proved that, if the function b is nondecreasing for large
t, then any proper solution x of (1.1), with x(#;) = 0 and |x'(¢;)| sufficiently large, t; > 1, is os-
cillatory. The sharpness of this monotonicity condition follows from a Skhalyakho-Kiguradze
result, see e.g., [20, Theorem 14.3.], where it is shown that if the function t°b(t) is nonincreas-
ing for any large t and some ¢ > 0, then every proper solution of (1.1) is nonoscillatory.

Roughly speaking, in view of the above quoted results by Jasny, Kurzweil and Kiguradze,
equation (1.3) can be considered as the border equation between oscillation and nonoscillation.

Our aim here is to study how the quoted results in [21] for (1.3) can be extended to the
perturbed equation (1.1).

Since b € AC[1,00), there exists the derivative of b almost everywhere on [1,00). Thus,
under the additional assumption

/1°° b/ (£)] dt < oo, (1.4)

we will study the existence of at least one oscillatory solution to (1.1) and its coexistence with
intermediate solutions. Observe that in view of (1.4), the function b is of bounded variation
on [1,00), but b could not be monotone for large .

Our main results are the following.
Theorem 1.1. Assume (1.4) holds. Then (1.1) has infinitely many oscillatory solutions.

Theorem 1.2. Assume (1.4) holds. Equation (1.1) has infinitely many intermediate solutions x defined
on [1,00) such that
Cot'/? < x(t) < Cyt1/? for large t (1.5)

where Cy is a suitable positive constant which does not depends on the choice of x, and

1(p-1)
C, = (5 + 1) .
8by

Moreover, intermediate solutions intersect the function
1 1/(B-1) Vi
—_— t
(w)

Corollary 1.3. Assume (1.4) holds. Equation (1.1) admits simultaneously infinitely many oscillatory
solutions, subdominant solutions, and intermediate solutions.

infinitely many times.
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For equation (1.1), Theorem 1.2 extends analogues results in [6, Theorem 2.1] and [3, The-
orem 3.1], where b is required to be nonincreasing for ¢+ > 1. Recently, the existence of inter-
mediate solutions of (1.1) has been considered in [23,24]. More precisely, in these papers, the
existence problem is reduced, by means of an ingenious change of variables, to the solvability
of a system of two integral equations on the half-line [1, 00). Moreover, an asymptotic formula
for these solutions is presented, too. Observe that asymptotic forms of intermediate solutions
of (1.1) are given also in [13], where the existence problem is not studied. Hence, Theorem 1.2
extends also these quoted results in [13,23,24].

2 Preliminaries

We start by recalling the following asymptotic property of nonoscillatory solutions of (1.1).

Lemma 2.1. Any nonoscillatory solution x of (1.1) satisfies lim;_,o x'(t) = 0. Consequently, x is
either subdominant solution or intermediate solution.
Proof. Since
-3
:B - 7= ﬁT > —1,

and b is bounded away from zero, we obtain
/ tF=7b(t) dt = oo.
1

Hence, in view of [8, Theorem 1], equation (1.1) does not have nonoscillatory solutions x such
that lim;_, x'(t) # 0. O
The approach for proving our main results is based on the following lemma.
Lemma 2.2. The change of variable
x(t) = t1%u(s), s =logt, te[l,00), (2.1)
transforms equation (1.1) into equation
L'i—%—kb(es)]u(s)vgsgnu(s) =0, sel00), 2.2)

v

where “ - " denotes the derivative with respect to the variable s.

Proof. We have

x(t) = —23/2 <”(25) +u(s)> + tl% <”(25) +u‘(s)> %

Substituting into (1.1) we get (2.2). O

Lemma 2.3. All the solutions of (2.2) are defined on [0, 00). Moreover, any solution u of (2.2) such
that u(S) =0, u(S) = 0 at some S > 0, satisfies u(s) = 0 for s > 0.
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Proof. The continuability at infinity follows from the same property for (1.1), see, e.g., [16,
Theorem 17.1]. Another approach employs an idea of Conti [4] and uses two Lyapunov
functions, see [9, Theorem 3.1.] and [27, Appendix A]. The second statement follows, e.g.,

from [19, Lemma 1.1.] and Lemma 2.2. O
Set, for u > 0,
Qu) = —u*+ ,;—l:)l ub*1 (2.3)
and ) )
o () ()"

Since B > 1, we have Ay < A. The following holds.

Lemma 2.4. The function Q satisfies

Q(0) = QUA) =0, QA = ~AF .

Moreover, Q is decreasing on [0, Ag) and increasing on (Ao, A).
Proof. Since 8byAP™1/(B+1) = A%, we obtain

8bo

AP =,
B+1

Q(A) = —4*+

From dQ/du = 2u(—1 + 4bouP~') we get dQ/du = 0 for u = Ay, dQ/du < 0 for u € (0, Ag),
and dQ/du > 0 for u € (Ao, A). This gives the assertion. O

Lemma 2.5. Let u be a solution of (2.2). For fixed 5 € [0,00), the solution u satisfies for s € [0,00)

42(s) + QUlu(s)]) = 47(5) + Qu(s)]) + ﬁj_l@o - b(es>)|u<s>\ﬁ“

Proof. Multiplying equation (2.2) by 81, we get
8iitt — 21 + 8bo|u|Piisgnu = 8(b0 - b(es)> lulPiisgnu.
Integrating this equality on |3, s| we obtain

402(5) + Q(Ju(s)]) = 432(5) + Qu(E))) +8 [ (b0 — b(e) ) ju(@) P (e sgnu(e) do.
Hence (2.5) follows by integrating by parts. O

Lemma 2.6. Let 0 < by < bg and T > 1 be such that b(t) > by on [T, o0). Let x be a nonoscillatory
solution of (1.1) such that x(t) # 0 on [T, o0) and u be given by (2.1) with sy = log T. Then we have
fort>T

1
Ix(t)| < Kt'? with K = (ﬁ;b:l) o (2.6)
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and
lu(s)| < K fors > sp. (2.7)

Moreover, set by = sup,.1 b(t). Then we have for t > T
|x'(8)] < Kqt~Y2,  with Ky = 2KPb, (2.8)

and
lii(s)| < Ky +K/2 fors > s. (2.9)

Proof. Let x be nonoscillatory solution of (1.1) such that
x(t) >0, x'(t) >0 fort>T.

Using Lemma 2.1, we have lim;_, x'(#) = 0. Integrating (1.1) on [t,00), t > T, we get

x'(t) = /OO b(T)T TxP(T)dT > b1xP(t) /oo o do = Ct_ﬁzixﬁ(t)

t t

with C = ﬁzﬁbl. Hence,

or

Thus, we have for t > T

Since b(t) < by < co on [T, ), integrating (1.1) and using (2.6) we obtain for t > T
X' (t) = / b(T)T 7xP (T)dT < szﬁ/ 773247 = 2KPhyt /% = Kyt V2.
t t
Thus, (2.8) holds and using the transformation (2.1), the estimations for u and # follow. O

Lemma 2.7. Equation (2.2) has two types of nonoscillatory solutions. Namely:
Type (a): solution u satisfies for large s

0 < |u(s)| < De /2 (2.10)

where |u| is decreasing and D > 0 is a suitable constant.
Type (b): solution u intersects the function

Z(s) = < 4bges)>ﬁll, 2.11)

infinitely many times, i.e., there exists a sequence {s,},_,, lim, s, = oo, such that |u(s,)| = Z(sp).
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Proof. First, observe that the function Z in (2.11) satisfies

lim Z(s) — <420> A (2.12)

500
Let u be a nonoscillatory solution of (2.2) and, for sake of simplicity, assume
u(s) >0 fors>S>0, (2.13)
where S is chosen such that for any s > S
b(e®) > by/2.

According to (2.7), we get fors > S
0<u(s) <K, (2.14)

where K is given by (2.6) with by = by /2.
Then, from (2.2), we get the following:
ii(s) >0  ifand only if  u(s)
ii(s) <0 ifand only if  u(s) (s) (2.15)
ii(s) =0 ifand onlyif  u(s) = Z(s).

VoA

Since Ap < K, from (2.14) and (2.15), a-priori, only one of the following possibilities holds:

(i) Ao < limu(s) <K, ii(s) <0 for large s;

§—00

(i) 0 < lim u(s) < Ay, ti(s) > 0 for large s;

§—00

(iif) u intersects infinitely many times the function Z.

Observe that in case (iii), the solution u is of Type (b) and the corresponding solution x of
(1.1) satisfies lim¢_,e0 x(t) = 00, limy_,0o ¥’ () = 0. Thus, x is an intermediate solution of (1.1).
To prove the lemma, it is sufficient to prove that in cases (i) and (ii), the solution u is of

Type (a).
Case (i). Since lim;_,« 1(s) = B > Ay, we get from (2.2)

im ii(s) = lim |G _peyub(s)| = B _ pp
Slgglou(s)—slgg 4 b(e®)uP(s) =1 BPby
B B

=40~ 4hoBP1) < 20 4by APy = 0.

Hence, lim,_, 11(s) = lims—y0 #(s) = —oo, which is a contradiction with the positiveness of
the constant B. Thus, the case (i) cannot occur.

Case (ii). If 0 < B = lims_,0o u(s) < 1, reasoning in a similar way as in case (i), we get a
contradiction. Now suppose lims_, #(s) = 0. According to (2.12), there exists S; > S such
that for s > S,

1(6-1)
us) < Z(s),  0<u(s)< (éﬁ;) e < gbo. (2.16)
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From this and (2.15) we obtain ii(s) > 0. Thus, we have for s € [S1, %)
u(s) <0 and limu(s) =0.

S—r00

Let S <'s < 5. Multiplying (2.2) by 84 and integrating on [s, 5| we get
402(5) — u?(5) = 4u?(s) — u?(s) — 8/ b(e”)uP (o) u(o) do.
From this, (2.16) and (2.17), as 5 tends to infinity, we have

42(s) — u2(s) — 8 /S°° b(e?)uP (o) (o) do = 0,

and
442 (s 8 12by [
i <<s)> =1t s [T o) i) do 2 1+ B [0y i) do
=1- [iboluﬁl(s) >0

Since 1(s) < 0, we obtain

i(s) 1 1200 1 12by 4

or
u(s) < u(Sy)els+50/4,

Applying this estimation to the inequality (2.18), we have for s > S;

u(s) < 1 n 6bo uP1(Sy)e (B-1)(s=51)/4

u(s) 2 B+1
o (s) 1 24b
uis e 0 g1 (B—1)S1/4,—(p—1)s/4 — _ S
< <
logu<51) < 2(5 S1)+ﬁ2_1u (S1)e e < 2+C,
where p-1 (B—1)51/4
1 24bouP =1 (Sy)e\P~ 1)1
C= 551 + 1 .

Therefore, setting Ko = u(S;)eC, we obtain
u(s) < Kpe™*'?,

and in view of (2.17), u is of Type (a).

(2.17)

(2.18)

O

Remark 2.8. Solutions u of Type (a) in Lemma 2.7 correspond, via the transformation (2.1), to

subdominant solutions of equation (1.1) because
x(t) = 12u(s) < 12Kpe™%? = Ky,

while solutions u of Type (b) correspond to intermediate solutions of (1.1).
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3 Proof of Theorem 1.1

Proof of Theorem 1.1. Consider equation (2.2) and the function Q given by (2.3). In view of
(1.4), there exists sp > 0 such that for s > sg

[ W<, @) < @)
S0 8 8
Let u be a solution of (2.2) such that
u(sg) =0, u(sp) =d >0, (3.2)
where 9 X
d > \/§K3, K3 = <4b0Kﬁ + 2> , (3.3)

and K is given by (2.6) with by = 7by/8, i.e.,

Let us prove that u is oscillatory. By contradiction, suppose that there exists s, > sp such that
u(s2) =0, u(s) #0 fors > sp. (34)
Applying Lemma 2.6 with by = 7by/8, bo = 9by/8, we have for s > sy
u(s)| < K.
Using (2.9), we obtain for s > s,

9

K
i(s)| <2KPby + = = =
u(s)| < 2KPhy + 5 =

K
boKP + 5= Ks. (3.5)

If s = 50, inequality (3.5) contradicts (3.2) and (3.3). Thus, suppose that sy < s;. From
(3.2) and (3.4), there exists s, sp < s1 < sy, such that

[u(s1)| = maxg,<s<s, [u(s)].

Obviously, #(s1) = 0. Put
B = (p+1)/(4bo)

and consider two cases:
(i) [u(s1)| < BY®D,  (ii) [u(sy)| > BYED,

Assume case (i) holds. Applying Lemma 2.5 with § = sp, s = s, using (3.1), (3.2), and (3.4),
we get

S
412 (sy) = 4d® + ,Bil 502 V' (e”)e lu(o) |PHdo
2 p4l o 1 2
> 2~ B—1 / /(0 o > 2 — B—1
> 4d BboB g |b'(e”)|e"do > 4d 4B
2 2
> 4 — (I;) > 482 — (K3) > 4d? — d3 _ %dz.
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11 33
1 > —d > —
()] > 1/ 13 > |/ ok
which contradicts (3.5).

Assume case (ii) holds. We have

Therefore,

WP g
Thus, )
A — St =5 = St 6)

From here, applying Lemma 2.5 with 5 = s, s = s, using (3.1) and 1(s1) = 0, we get

QUu(s1)]) = 4 + > (b — b(e) ) [u(s1) [ + —— [ (e)e|u(e) P 1do
Bt1 B+1Js,
> 442 — [32_117_(31’“(51)|ﬁ+1 > 4d% — %W(Sl”ﬁ—H > 4d% — Q(’L‘Z(Slm
Thus, 8
Qllu(s1)) = 3d* (37)

Applying Lemma 2.5 with § = 51, s = s, using (3.1), (3.6) and (3.7), we have

4] = QUlutei) = ,3i1 <b0 B b(851)) (1)l + ,Bil : V' (e")e" lu(o)|Pde
> Qu(sn)) - 7 )l
zgwwm%gbwwm”zqhﬁmziﬂ

From this and (3.3), we obtain

which contradicts (3.5).

Thus, the solution u satisfying the initial condition (3.2) is defined on [sg, o) and is oscil-
latory. According to Lemma 2.3, the solution u can be extended to [0, 00). Moreover, since s
does not depend on the value d, equation (2.2) has infinitely many oscillatory solutions and,
in virtue of the transformation (2.1), the same occurs for equation (1.1). O

4 Proof of Theorem 1.2

Proof of Theorem 1.2. Let é be a constant such that

1/1\r1 [ -1
o<z (@) \aren

1 2 (B+1)/(p-1)
ﬁzm%@‘”(ﬁ+J

and put
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Let T > 1 be such that
/ b/ ()] dt < e, lbp—b(t)| <e fort>T.
T

For sp = log T, we have

50

Now, consider the solution u of (2.2) with
M(So) ZA(), H(So) :(S,

where Ay is given by (2.4). By Lemma 2.4 we get

Q(u(sg)) = _lg;i <420>ﬁ21

and there exists 1, 0 < ug < Ay, such that

Qu(s0)) _ -1 (1>ﬂ
4 4(B+1) \ 4bo '

Q(uo) = —
We want to prove that the solution u of (2.2) with (4.3) satisfies for s > sg
0<uy<u(s) <A,
where A is given in (2.4). Note that (4.6) is satisfied for s = sp and
up < u(sg) = Ag < A.
Step 1. We claim that if there exists s; > sp such that
u(s1) = uop, u(s) >ug fors € [sg,s1),

then
u(s) <A on s, s1].

/ |b' (e”)|e"do = /T |b'(t)|dt <e, |lbp — b(e®)| < e fors > sp.

11

(4.1)

(4.3)

(4.4)

(4.8)

(4.9)

Since u(s1) = uo, from (4.7) we get u(s1) < A. By contradiction, suppose that there exists

$7,580 < S» < 81, such that
u(sy) = A, u(s) <A fors € [sg,s2).

Using Lemma 2.4, we have

Q(u(s2)) = 0.

(4.10)

(4.11)

According to (4.3) and (4.8), we can use Lemma 2.5 for 5§ = sy, s = s, and this together with

(2.5), (4.4) and (4.11) imply

412 (sp) = 41 (s2) + Q(u(s2))

= 41%(s5) + Q(u(s0)) + ﬁ+ - (bo ~b(e )uﬁﬂ
_ 58_'_1<b0 —b(e 50)) PHL(s / N lu(o) [P do,
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Thus, we get

41 (Sz)<4§2—§11<2>ﬁ ,B—I—l‘bo_b e)|uf 1 (s7)

+—‘b0— e)

8
APt b A / 1 (e7) ¢ do.
0

From this, (2.4), (4.2), and (4.7), we have

411%(sy) < 46% — g: <41bO)ﬁzl - ﬁ2+41 eAPHL, (4.12)
Since ,
46% < 2(5[3111) <41bO> . (4.13)
and N
ﬁzflsAﬁH _ 4(%;11) (420) o (4.14)

the inequality (4.12) implies
2
72 < _'87 il
W) < g5 () <
and this contradiction proves Step 1.

Step 2. Now, we prove that
u(s) >up >0 fors > s. (4.15)

As claimed, (4.15) holds for s = sp. By contradiction, assume that (4.8) is valid and s; > sg
exists such that u(s1) = up and u(s) > up on [sg,s1). Hence, in view of (4.8) and (4.9) we
obtain

0<ug<u(s) <A fors € [sg,s1]. (4.16)

Using this inequality and Lemma 2.5 with § = 5p and s = s;, we have

412(s1) + Q(u(s1)) = 4u?(so) + Q(u(sg)) + ,Bil (bo b(e* ))uﬁ+l(sl)
_,B-|-1<b0 b(e? ))M’BH( )+[3-E|;-1 " b/(eg)e”uﬁﬂ(a)da
< 42 (s0) + Q(u(s0)) + /si1‘b° ~p(e) 4P

8
71\% — b(e™)

8APHL s
B+1 10N 0
APTH 4 51 /50 |b'(e”)|e” do .

From this, (4.2), (4.4) and (4.5) we have

2 2
py Bl (INFT_ L, Bl 1N\PT 24
(1) ~ 341 <4b0> s -pmal\aw)  TER

Hence, in view of (4.13) and (4.14), we get

41%(s1) <0,
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which is a contradiction. This proves the validity of (4.15).

From here, using the transformation (2.1) and Remark 2.8, we obtain that the correspond-
ing solution x of (1.1) is an intermediate solution.

In a similar way, we prove that the second inequality of (4.6) is valid for s > s; the details
are left to the reader.

Thus, from the inequality (4.15) and Lemma 2.7, the solution u intersects the function Z(s),
given by (2.11), infinitely many times. Using the transformation (2.1), the final statement of
Theorem 1.2 follows. O

Proof of Corollary 1.3. By using a similar argument to the one presented in [11, Theorem 4.3.],
equation (1.1) has infinitely many subdominant solutions. Thus, the assertion follows from
Theorems 1.1 and 1.2. O

5 Case b nondecreasing

The assumption (1.4) is fulfilled if, in addition, the function b is either nondecreasing and
bounded or nonincreasing and bounded away from zero.

If b is nondecreasing, then intermediate solutions x are globally positive, that is x(t) # 0
on the whole interval [1, o0). Moreover, any solution with a zero is oscillatory. These properties
follow from the following.

Theorem 5.1. Let b'(t) > 0 for t € [1,00) and lim;_, b(t) = by, by > 0. Then
(i) Equation (1.1) has infinitely many intermediate solutions.
(ii) Any eventually positive solution x is globally positive on [1,00) and satisfies (2.6) and (2.8).
(iii) For any a > 1 every solution of (1.1) with the initial condition
x(a)=0 or |x(a)|>Kva or |x'(a)|>Kia 12

where

L1\ VD
K= (fb(a)> , Ky = 2boKP,

is oscillatory.

Proof. Claim (i) follows from Theorem 1.2.

Claim (ii). Let u be the solution of (2.2), which is obtained from x by the change of variable
(2.1). For proving that x is globally positive, it is sufficient to show that u(s) > 0 on [0, o). By
contradiction, suppose that there exists sp such that

u(sp) =0, u(s) >0 on (sp,00). (5.1)

According to Lemma 2.7, we obtain liminf;_, u(s) = i1, where i € [0, Ag]. Moreover, either
lim;_, 1(s) = 0, or u is an intermediate solution of (2.2).
For these solutions, let {s, } be a sequence such that lim, s, = 00, 51 > s,

limu(s,) =i, limu(s,) =0, (5.2)
n n
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and
0 < u(sn) < %(A +A), neN, (53)

where A > Ap is given by (2.4). The sequence {s,} may be defined in the following way,
according to whether u is either of Type (a) or of Type (b).

Let u be of Type (a). Then lim;_, u(s) = 0 and by Lemma 2.7, we obtain #(s) < 0 for large
s. Then any sequence {s, } tending to infinity satisfies (5.2) and (5.3).

Let u be of Type (b). Then by Lemma 2.7, the solution u intersects the function Z, for which
lims_,e0 Z(s) = Ay, Z is decreasing and lims_« Z(s) = 0. Thus, @ € [0, Ag]. Now, consider two
cases:

(i) @ € [0, Ap),
(il) @ = Ao.
In the first case the sequence {s,} can be choosen as points at which u has a local mini-

mum. In the second case, if u has a local minimum, then {s,} can be defined as in the first
case; if u does not have local minima, i.e., u is nonincreasing to Ao, we choose {s,} as

u(sy) = Z(sn),

54
u(s) < Z(s) in a left neighborhood of s,. 64

Indeed, the first relation in (5.2) follows from lims_,« Z(s) = Ag. Since limg_,0o Z(s) = 0, 0
i(sy) > Z(sy) and lim, Z(s,) = 0, the second relation in (5.2) follows. Thus, lim,_,« 1(s) =
From here and Lemma 2.4, we obtain

Q(sy) <0, n € IN. (5.5)

By Lemma 2.3 and (5.1) we have
Ll(So) > 0. (5.6)

Thus, applying Lemma 2.5 for 5 = sy and s = s,;, from (5.1) we obtain

402 (5,) + Q(u(50)) = 4 (s0) + pei ) ey
+ 511, b’(e")e"uﬁ“(cr) do > 412 (sp).
Therefore, from (5.2) and (5.6) we get

liminf Q(s,) > 4lim inf 12(sy) 4 41 (s9) = 41%(s) > 0,

which contradicts (5.5). Hence, u is positive for any s > 0.
The estimations (2.6), (2.8) follow from Lemma 2.6 and Claim (ii) is proved.

It remains to prove Claim (iii). If x(a) = 0, the assertion follows from (ii). Otherwise,
using Lemma 2.6 with T = a4, every nonoscillatory solution of (1.1) satisfies (2.6), (2.8) for t > a.
Therefore, every solution x of (1.1) with the initial condition |x(a)| > K+/a or |x/(a)| > Kya~'/2
must be oscillatory, and the proof is now complete. O

If b is nondecreasing, it would be interesting to give conditions for the existence of inter-
mediate solutions of (1.1) in case b is unbounded. For example, the equation

X"+ 2751 t‘11/4x3 =0

has an intermediate solution x(t) = t>/8, whereby v = 3 and b(t) = t1/4.
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