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Abstract. We consider a nonlinear Dirichlet problem driven by the variable exponent
(anisotropic) p-Laplacian and a reaction that has the competing effects of a singular
term and of a superlinear perturbation. There is no parameter in the equation (non-
parametric problem). Using variational tools together with truncation and comparison
techniques, we show that the problem has at least two positive smooth solutions.
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1 Introduction

Let O C RN be a bounded domain with a C2-boundary 9Q). In this paper we study the
following anisotropic singular Dirichlet problem

— Ayyu(z) = u(z) "9 + f(z,u(z)) InQ, ulpn=0, u>0. (1.1)

In this problem the exponent p : Q — R in the differential operator, is Lipschitz continuous
(that is p € C*!(Q2)) and 1 < p_ = mingp. By A,) we denote the anisotropic p-Laplace
operator defined by

Ayt = div(|DulP@2Du)  vu e Wy (Q).

p

In problem (1.1) we have the competing effects of a singular term x () with 7 € C(Q),0 <
7(z) < 1 for all z € Q) and a Carathéodory perturbation f(z,x) (that is, for all x € R,z —
f(z,x) is measurable and for a.a. z € Q,x — f(z,x) is continuous), which is (py — 1)-
superlinear as x — +oo (here p; = maxg p), but need not satisfy the usual for superlinear
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problems Ambrosetti-Rabinowitz condition (the AR-condition for short). We are looking for
positive solutions. Using a combination of variational tools based on the critical point theory,
together with truncation and comparison techniques, we show that the problem has at least
two positive smooth solutions.

While anisotropic boundary value problems have been studied extensively in the last few
years (see the books of Diening-Harjulehto-Hasto—RazZicka [2] and of Radulescu—Repovs [12]
and the references therein), the study of singular anisotropic problems is lagging behind.
Only a very limited number of works exist on this subject and they all concern parametric
problems (see the works of Byun-Ko [1] and Saoudi-Ghanmi [13]). The presence of parameter
in the equation is very helpful, since by varying the parameter, we achieve certain desirable
geometric configurations which in turn permit the use of the minimax theorems of critical
point theory. In problem (1.1) there is no parameter to facilitate the analysis.

2 Mathematical background - hypotheses

The study of problem (1.1) requires the use of Lebesgue and Sobolev spaces with variable ex-
ponents. A comprehensive presentation of these spaces can be found in the book of Diening-
Harjulehto-Hasto-Rzicka [2].

For every r € C(Q)) we set
r— = minr and . = maxt.
o) Q

Let By = {r € C(Q) : 1 < r_} and M(Q) = {u : QO — R measurable}. As usual, we
identify two such functions which differ only on a Lebesgue-null set. For r € E;, the variable
exponent Lebesgue space L'(?)(Q) is defined by

L'E(Q) = {u e M(Q) : /Q u|"@dz < oo}.

We equip this space with the so-called “Luxemburg norm” defined by

r(z)
S I
Q A

With this norm the space L'(?)(Q)) is a Banach space which is separable and reflexive
(in fact uniformly convexi). Let ' € E; be defined by #'(z) = r(yz()zzl for all z € Q (that is,
i) + % =1 for all z € (). Then we have

r(z r

[ull;(z) = inf , ue L'EQ).

and the following version of Holder’s inequality is true

1 1 . y
/Q luv|dz < [r + r,] il 0l Yu € L'E&(Q), Vo € L"E(Q).

Note that if 71,7, € E; and r1(z) < r2(z) for all z € Q, then we have

L2E(Q) < L"3)(Q)  continuously.
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Using the variable exponent Lebesgue spaces, we can introduce variable exponent Sobolev
spaces. Given r € Ej, the anisotropic Sobolev space W'"(*)(QQ) is defined by

WY E(Q) = {u e L'D(Q) : |Du| e L'®(Q)},
where Du denotes the gradient of u in the weak sense. This space is equipped with the norm
ill150y = lutlly oy + [ Dutllyey, € WE(Q)  (here [|Dull,zy = [|[Dulll,z))-
If r € E;NC%(Q), then we define
W&,r(z) Q) = WH'HM@'

The spaces W'"(3)(Q)) and W&’r(z)(ﬂ) are separable, reflexive (in fact uniformly convex).
For the space Wg’r(z) (Q)) the Poincaré inequality holds, that is, there exists ¢ > 0 such that

1,
lulliy < ElDullyey  forall u e W ().
This implies that on Wg’r(z) (Q)) we can use the equivalent norm
1,
[whae) = IDull, 2 € Wo" @ ().

For r € E1, we set

ifr(z) <N _
Vz € Q.

+o00, if N <r(z)

Let r,q € E; N C%(Q) and suppose that g(z) < r*(z) (resp. q(z) < r*(z)) for all z € Q.
Then we have the anisotropic Sobolev embedding theorem

Wé’r(z)(()) — L13)(Q)  continuously

(resp. W&’r(z)(Q) — L13)(Q)  compactly).

In the study of these spaces, central role plays the following modular function

pr(u) = / lu|"@dz  forall u e L'®) ().
0
Ifue W&’r(z)(ﬂ) or u € W@ (Q), then p,(Du) = p,(|Dul).
This modular function is closely related to the Luxemburg norm.
Proposition 2.1. If r € Ey and {u,, u},en C L' (Q), then we have
(a) Forall A >0,
[ullyy =A =0 (3) =1

(b) Nl <1 [ulf, < prlu) < [l

ey > 1 & Nulllg, < pr(u) < [lull}y,);
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() Nunllyzy = 0 pr(un) = 0;

(@) [lunllsz) = o0 < pr(un) = +eo.
Also for r € E; N CY(Q), we have
w,"® Q) = w B (q).
Consider the operator A, : Wg’r(z)(()) — W@ (Q) defined by
(Aye) (1), 1) = /Q IDul'®=2(Du, Dh)gndz, ~ for all u,h € W@ (Q).

This operator has the following properties (see Gasinski-Papageorgiou [5], Proposition 2.5
and Radulescu-Repovs [12], p.40).

Proposition 2.2. If r € E; N C%1(Q)) and A, : W&’r(‘z)(ﬂ) — WY'E(Q) is defined as above, then
A, () is bounded (maps bounded sets to bounded sets), continuous, strictly monotone (hence maximal
monotone too) and is of type (S), that is, it has the following property:

“if uy 5w in Wy (Q) and lim sup(A, ;) (un), un — u) <0, then u, — u in Wr® ().

n—oo
For every u € Wg’r(z)(ﬂ), we define u* = max{#u,0}. Then
ut e WH(Q), u=ut—u, Jul=uttu.

Suppose #,v : ) — R are measurable functions such that u(z) < v(z) for a.a z € Q). We
define

[, 0] = {h e WD(Q) 1 u(z) <h(z) <v(z) foraa. ze Q}
1) = {h e W(Q) 1 u(z) <h(z) foraa. ze Q}
Another space that we will need is C}(Q) = {u € C}(Q) : ulyq = 0}. This is an ordered

Banach space with positive (order) cone C; = {u € Cé (Q) : u(z) >0 forallz € Q}. This
cone has a nonempty interior given by
< o} .
00

intC, = {u €Ci:u(z) >0 forallze Q,gz

with 7(-) being the outward unit normal on 9().
Let X be a Banach space and ¢ € C!(X). We introduce the set

Ky ={ueX:¢'(u) =0} (the critical set of ¢).
We say that ¢(-) satisfies the “C-condition”, if it has the following property:

“Every sequence {uy }nen C X such that {¢ () }nen € R is bounded

and (1 + ||un||x) ¢ (1y) — 0in X* as n — oo,admits a strongly convergent subsequence.”

Now we are ready to introduce our hypotheses on the data of problem (1.1).
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Hp: p € C¥(Q),1 < p- =mingp,n € C(Q),0<7(z) <1lforallze Q.

Hi: f:Q xR — Ris a Carathéodory function such that f(z,0) =0 for a.a. z € Q and

() |f(zx)] < a(z)[14+x@1] for aa. z € Q, all x > 0, with r € C(Q) and p(z) <
r(z) < p*(z) forallz € O;

(i) if F(z,x) = [ f(z,5)ds, then limy_, ;o M = 400 uniformly for a.a. z € () and
0 xP+ y

there exists T € C(Q) such that

0<7p< liming £ 20X ~ P+ F(z,%)

X—4-00 xT(Z)

T(z) € <(”+ — p—)max {;\],1} ,p*(z)> forallz € Q,

uniformly for a.a. z € ();

(iii) there exists 8 > 0 such that
07" 4 f(2,0) < —¢ < Oforaa. z € ()
(iv) there exist 6 > 0 and g € E; such that g4 < p_ such that
cx10)-1 < f(z,x) foraa.zeQ, all0<x <4, withc; >0;
(v) there exists é\g > 0 such that for a.a.z € (), the function
x — f(z,x) + oxP*) 71 is nondecreasing on [0, 6].

Remark 2.3. Since we look for positive solutions and all the above hypotheses concern the
positive semiaxis Ry = [0,00), we can always assume without any loss of generality that
f(z,x) =0 for aa.z € O, all x < 0. Hypotheses H;(ii) implies that for a.a. z € Q f(z,-) is
(p+ — 1)-superlinear. However, it need not satisfy the AR-condition which is common in the
literature when dealing with superlinear problems (see, for example, Saoudi-Ghanmi [13],
hypothesis (H4) and Byun—Ko [1, p. 76]). Condition Hj (i) is less restrictive and incorporates
in our framework also superlinear nonlinearities with “slower” growth as x — +co, which fail
to satisfy the AR-condition. For example, the following function f(z, x) satisfies hypotheses
Hj but fails to satisfy the AR-condition:

+)q(z)-1 _ +)k(z)-1 ;

f(ex) = {(’; S o=t

xP+7Inx — xP ifl <ux,
with g € E; as in hypothesis H;(iv), k € C(Q), t(z) < k(z) for a z € Q. Evidently for this
f(z,x) we can choose 6 = 1. Hypotheses Hj (iii), (iv) dictate an oscillatory behavior for f(z, -)
near 0" since it starts positive near zero (see hypothesis H;(v)) and drops to negative values
as we approach 6 > 0 (see hypothesis H; (iii)). Also, hypothesis H; (v) implies the presence of
a concave term near zero.

3 An auxiliary problem

When dealing with singular problems, a major difficulty that we encounter, is that the pres-
ence of the singularity leads to an energy functional which is not C!. This fact prevents us
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from using the results of critical point theory. So, we need to find a way to bypass the singu-
larity and deal with C!-functions in order to use the minimax theorems of critical point theory.
This is done by using the solution of an auxiliary problem which we introduce and solve in
this section. The auxiliary problem is suggested by a unilateral growth condition satisfied by
f(z,-). More precisely note that on account of hypotheses H; (i), (iv), we can find ¢, > 0 such
that

f(z,x) > clx‘i(z)’1 — @1 foraaze, allx > 0. (3.1)

Motivated by this unilateral growth condition on f(z, -) and using hypothesis H; (iii), we
introduce the Carathéodory function g : (3 x R — R defined by

+)q(z)-1 _ +\r(z)—1 <O
8(z,x) = ) ! i) Lo (3.2)
1091 _ cy0r(x) -1 $0 < x
Then we consider the following Dirichlet problem
— Apy(z) = g(z,u(z))  inQ, ulan =0,u>0. (3.3)

Proposition 3.1. If hypotheses Hy hold, then problem (3.3) has a unique positive solution u € int C4
and 0 <1(z) <0 forall z € Q.

Proof. First we show the existence of a positive solution for problem 3. 3) To this end, let
Yo : Wg )(Q) — R be the C!'-functional defined by (u fQ \Du!p Jdz — [, G(z,u)dz

forall u € WS s )(Q) where G(z,x) = [; §(z,5)ds. From (3 2), we see that

Po(u) > ;pp(Du) —c¢3 for some ¢z >0,

= 1po(-) is coercive (see Proposition 2.1).

Also, from the anisotropic Sobolev embedding theorem, we see that ¢(-) is sequentially
weakly lower semicontinuous.

So, by the Weierstrass—Tonelli theorem, we can find u € W&’p(z) (Q)) such that
o (i) = min[po(u) : u € WP (Q)). (3.4)

Let u € intC; and choose t € (0,1) small so that 0 < tu(z) < 6 for all z € Q). Then using
(3.2), we have

tP- - t9+
po(tu) < —pp(Du) + —p< (1) — —pq(u)
p- r— g+
< ¢4t~ — o5t for some ¢y, c5 > 0. (3.5)

(sincel < gy <p-<r_andte(0,1)).
From (3.5) we see that by taking t € (0,1) even smaller if necessary, we have

I,U()(tu) <0,
= Po(u) < 0=1p(0) (see(3.4)),
=u #0.
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From (3.4) we have that
Yo() =0,
= (A (@), 1) = / gz, M)hdz, forall h € WP (Q). (3.6)
0

In (3.6) first we choose h = —1i~ € W&’p 2) (Q) and obtain

pp(Di") =0 (see (3.2)),

=u>0,u#0.
Next in (3.6) first we choose h = [ — 0] € Wg’p @) (Q)). We obtain
(A (), (U —0)") = / (0107371 — 000" (T — 0)Tdz  (see (3.2))
o

gLJ@Q@—@WZ@%GM)
< 0= (Ay)(6), (- 0)")  (see Hy(ii)),

=u<6.

So, we have proved that
uel0,0], u #£0. (3.7)

From (3.7),(3.2) and (3.6), we infer that u # 0 is a positive solution of problem (3.3). From
Fan [3] (Theorem 1.3), we have that # € C,\{0}. Moreover, we have

Apzy(u) < 020" PEE(2)PE1 < ¢4i1(2)PP 71 in Q) for some cg > 0.
Then the anisotropic maximum principle of Zhang [15, Theorem 1.2] implies that
u € intCy. (3.8)

Next we show that this positive solution of (3.3) is in fact unique. Let v € Wé’p (Z)(Q) be
another positive solution of (3.3). Again we have

7€ intCs. (3.9)

From (3.8) and (3.9) and using Proposition 4.1.22, p. 274, of Papageorgiou-Radulescu-
Repovs [9], we have that
v
u

Q| =

€L¥(Q) and - € L®(Q). (3.10)

Let j: L'(Q)) — R = RU {+oo} be the integral functional defined by

j(u) = {fQ ﬁ|Dul/P—‘P(2)dz ifu>0,ul/r- e Wé,p(z)(n),

+o0o otherwise.

Let domj = {u € LY(Q) : j(u) < oo} (the effective domain of j(-)). From Theorem 2.2
of Takat-Giacomoni [14], we know that j(-) is convex. Let h = uP- — o/~ € Wé’p (Z)(Q). On
account of (3.10), for |t| < 1 small, we have

uP- +th € domj and 9P~ + th € dom]j.
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Then the convexity of j(-) implies the Gateaux differentiability of j(-) at u”~ and at 7"~ in
the direction h. Moreover, using Green’s theorem, we obtain

1 —A, U 1 c
i 7;77 = — p(Z) = 7/ 71 —_ 7”(2)7;7*
j'(uP-)(h) / — 1 hdz v o [upq(z) cou } hdz,

p-Ja uf-
1 —A, )0 1 c
il (7P- - r(z) — / 1 _ =tr(z)—p-
j (@) (h) . /Q 1 hdz o [Up—q(Z) o0 }hdz.

The convexity of j(-) implies the monotonicity of j/(-). So, we have

1 1
< _ — oo (7@ P- _ 5@ —p-\| (P — TP~ <
0< /Q [cl (up—q(Z) vp—q(2)> co(u v )| (w oP-)dz <0
(since g+ < p— <r_)
= U=70.
This proves the uniqueness of the positive solution u € int C... ]

~

In what follows, let d(-) = d(-,0Q)) and i1 is the positive, LP*-normalized (thatis, ||if;||,, =

1) eigenfunction corresponding to the principal eigenvalue of (—A,,, W'P+(Q))). We know

that iy € intC, (see, for example, Gasiniski-Papageorgiou [4, p. 739]).
Proposition 3.2. If Hypotheses Hy hold and u € int C. is the unique solution of problem (3.3), then
u(-) 1) € LY(Q) and for every h € W&’p(z)(ﬂ),ﬁ(-)*”(')h(-) e LI(O).

Proof. From Lemma 14.16, p. 355 of Gilbarg-Trudinger [6], we can find &y > 0 such that,
if Q5 = {z € O: d(z) < &}, then d € C2(Qy,). If follows that d € intC; and so by
Proposition 4.1.22, p. 274, of Papageorgiou-Radulescu-Repovs [9], we can find c; > 0 such
that

il <d and cyd <7 (recall € intCy). (3.11)

From (3.11) we infer that
710 < csﬁl_”(') for some cg > 0.

Then the Lemma (in fact its proof to be precise) of Lazer-McKenna [8], implies that i/, 1) ¢

L'(Q). Therefore we have
a0 e LY(Q).

On the other hand, for every h € Wé’p (2) (Q), we have

/]ﬁ’”(z)h]dz: /ulﬂ(z)wdz
o o

i
||

<c¢9 | =—dz forsomecg >0
Qlu

(recall that 7 € int C; and see hypotheses Hy)

< Clo/ |ZA|dz for some c1p > 0 (see (3.11))
O

h
< Cll“;”p(z) for some c17 > 0

< c12||Dhl| -y for some c13 > 0.
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This last inequality is a consequence of the anisotropic Hardy inequality due to Harjulehto—
Hasto—Koskenoja [7]. So, finally we have

u(-)"Ok(-) e LNQ)  forall k € WP (). 0

4 Multiple positive solutions

In this section using u € int C, the unique positive solution of (3.3), we are able to bypass the
singularity and have C!-functionals. Working with them, we show that problem (1.1) has at
least two positive smooth solutions.

Theorem 4.1. If hypotheses Hy, Hy hold, then problem (1.1) has at least two positive solutions uy, it €
intCy,ug # i, ug(z) < 6 forall z € Q.

Proof. Let i € intC* be the unique positive solution of problem (3.3) produced in Proposi-
tion 3.1. We introduce the Carathéodory function g : (3 x R — R defined by

B 713 4 f(z,7(z)) if x <7(z)
8z x) = {x‘” D+ f(z,x) if u(z) < x. @1

From Proposition 3.1 we know that 0 < 7(z) < 6 for all z € Q. Hence we can consider the
truncation of g(z,-) at 0, that is, the Carathéodory function g : 3 x R — R defined by

R B 2(z,x) ifx <8
8(z,x) = {g(z,G) if 0 < x. (4.2)

We set G(z,x) = [; g(z,5)ds and G(z,x) = [, §(z,5)ds and consider the functions ¢, ¢ :
Wg s )(Q) — R defined by

u Du dz—/ G(z,u)dz,
pw) = [Pz~ [ GGz )
m 1 A Lp(z)
Du|P®dz — / Ju)dz, for all 76 ().

Bu) = /Qp(z)\ uf'@dz— [ Clzudz, forallu e Wy"P ()

On account of Proposition 3.2, these functionals are well-defined and in fact Proposition 3.1
of Papageorgiou-Smyrlis [11] implies that ¢, ¢ € Cl(Wé’p @) (Q)).

For every u € Wg’p(z) (Q), we have

~ 1
P(u) > P—erp(Du) — 13 for some c13 > 0,

(see (4.1),(4.2) and Proposition 3.2)
= 1(-) is coercive.
(see Proposition 2.1 and use Poincaré’s inequality).
The anisotropic Sobolev embedding theorem implies that §(-) is sequentially weakly lower

semicontinuous.
So, by the Weierstrass—Tonelli theorem, we can find ug € W& P (Q)) such that

P(uo) = min[(u) : u € WP ()], (4.3)
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From (4.3) we have

(¢ (u),h) =0 forall h € Wy"'?(q),
= (A (o), ) = /Q g(z,uo)hdz  for all h € WP (). (4.4)

In (4.4) first we choose h = [if — ug]* € Wa”®)(€2). We have

(Ap(z) (o), (1 —ug) ™) = /Q [ 1) 4 f(z,)] (1 —up) Tz (see (4.1),(4.2))
> /Qf(z,ﬂ)(ﬁ—uo)erz (since # € intCy)

= (A (@), (@ —up)") (see Proposition 3.1),
= u < uy (see Proposition 2.2).

Next in (4.4) we choose h = [ug — 0]* € Wé’p(z) (Q2). We have

(Ap(z) (o), (o — 6)") = /0[9”7 + f(z,0)](uo — 0)Tdz (see (4.1),(4.2))
< 0= (Ay)(0), (uo — 0)") (see hypothesis H(iii)),
= uy < 6.
So, we have proved that
up € [u,0]. (4.5)

From (4.5), (4.1), (4.2) and (4.4), we have that ug is a positive solution of (1.1). Invoking
Theorem 13.1 of Saaudi—-Ghanmi [13] (see also Theorem 3.2 of Byun-Ko [1]), we have that
ug € intCy (recall u € intC..).

Now let & > 0 be as postulated by hypothesis Hj(v). We have

_ Ap(z)uo + é’\eug(z)_l _ uo_”(z)

= f(z,u0) + Gouy !

< f(z,0) + &P~ (see (4.5) and hypothesis H; (v))

< = Apf+ E0P) =1 _ 971G (see hypothesis Hj (iii)),

= ug(z) <0 forallze Q (4.6)
(from Proposition A4 of Papageorgiou—Radulescu—Zhang [10]).

It is clear from (4.1) and (4.2) that
Ylioe = Pliog-
Since ug € int C,, we infer that

Up is a local C}(QY) minimizer of ¥(-) (see (4.6)),

= 1 is a local W&’p(z)(ﬂ) minimizer of ¢(-) (see [10,13]). 4.7)

Using (4.1) and the anisotropic regularity theory, we can see that Ky C [u) NintC,. So,
we may assume that Ky, is finite or otherwise on account of (4.1) we see that we already have
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a whole sequence of distinct positive smooth solutions and so we are done. Then from (4.7)
and Theorem 5.7.6, p. 449, of Papageorgiou-Radulescu—Repovs [9], we know that we can find
p € (0,1) small such that

P(uo) < infly(u) : [[u —uol| = o] = mp. (4.8)
Moreover, hypothesis Hj (ii) implies that if u € intC, then
P(tu) — —oo as t — +oo. (4.9)

Finally from Proposition 4.1 of Gasitiski-Papageorgiou [5] (see hypothesis H; (ii)), we have
that
P(-) satisfies the C-condition. (4.10)

Then (4.8), (4.9) and (4.10) permit the use of the mountain pass theorem. Therefore we can
find o € Wé’p(z)(ﬂ) such that

e Ky Clu)NnintCy,m, < (i), (4.11)
= il € intC, is a positive solution of (1.1) (see (4.1)),
i #uy (see(4.8)and (4.11)),up(z) < 0 forall z € Q. O
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