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Abstract. In this paper, we consider the following fractional equation with a gradient
term

(=A)u(x) = f(x,u(x), Vu(x)),

in a bounded domain and the upper half space. Firstly, we prove the monotonicity
and uniqueness of solutions to the fractional equation in a bounded domain by the
sliding method. In order to obtain maximum principle on unbounded domain, we
need to estimate the singular integrals define the fractional Laplacians along a sequence
of approximate maximum points by using a generalized average inequality. Then we
prove monotonicity and uniqueness of solutions to fractional equation in R’} by the
sliding method. In order to solve the difficulties caused by the gradient term, some new
techniques are developed. The paper may be considered as an extension of Berestycki
and Nirenberg [J. Geom. Phys. 5(1988), 237-275].
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1 Introduction

During the last decades, fractional Laplacian has attracted more and more attention due to its
various applications. The methods to study the fractional Laplacian are the extension method
[6], moving planes method in integral form [11], the method of moving sphere [26] and direct
methods of moving planes [9,22] etc. Recently, to study the monotonicity of the solution, Liu
[28], Wu and Chen [35,36] introduced a direct sliding method for fractional Laplacian and
fractional p-Laplacian. Berestycki and Nirenberg [3-5] first developed the sliding method,
which was used to establish qualitative properties of solutions for nonlinear elliptic equations
involving the regular Laplacian such as monotonicity, nonexistence and uniqueness etc. The
essential ingredients are different forms of maximum principles. The main idea lies in com-
paring values of the solution to the equation at two different points, between which one point
is obtained from the other by sliding the domain in a given direction, and then the domain
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is slide back to a critical position. While in the method of moving planes, one point is the
reflection of the other.

Inspired by the above article, in this article, we show the monotonicity, antisymmetry and
uniqueness of solutions for the following fractional equation with a gradient term

(=A)u(x) = f(x,u(x), Vu(x)), 1.1
where Vu denotes the gradient of u, the fractional Laplacian (—A)® with 0 < s < 1 is given
by

_ - u(x) —u(y)
(—A)Su(x) — Cn,s PV. R mdy
— Cyslim ux) —uly)
T en0 JRM\B(x) [x —y|"TH
Define

Los = {u u €L (R, o mdx < oo},
then it is easy to see that for u € Cllocl (R™) N Las, (—A)°u is well defined.

When s = 1, [3] derived the monotonicity, symmetry and uniqueness of (1.1) in a finite
cylinder and a bounded domain which is convex in the x; direction by the sliding method. In
the case s = 1, f(x,u, Vu) = f(u), Gidas, Ni, Nirenberg [21] obtained monotonicity and sym-
metry for positive solutions of (1.1), vanishing on the boundary, using the maximum principle
and the method of moving planes; in [2,5], Berestycki, Cafferelli and Nirenberg considered
the monotonicity and uniqueness of solution for (1.1) by the sliding method. Recently, in the
case 0 < s < 1, Chen, Li and Li [9] investigated the semilinear equation in the whole space
with f(x,u,Vu) = uP, 1 < p < 2 developed a direct method of moving planes for the
fractional Laplacian and showed that the nonnegative solution of (1.1) is radially symmetric
and monotone decreasing about some point in the critical case p = Zﬁ; and nonexistence
of positive solutions in the subcritical case 1 < p < ’::%2 ; Dipierro, Soave and Valdinoci [16]
proved symmetry, monotonicity and rigidity results to (1.1) in an unbounded domain with
the epigraph property.

The purpose of the present paper is to extend the results in [3] to the fractional equation.
On the one hand, we extent the case s = 1 in [3] to the fractional case 0 < s < 1, and extend
bounded domain to R’. On the other hand, the nonlinear term f(x,u, Vu) has a broader
form containing nonlinear term f(u) and f(x, u).

In order to solve the difficulty that the nonlinear term at the right side of (1.1) contain
the gradient term, in the bounded domain when deriving the contradiction for the minimum
point of the function w™(x) (see Section 2 below for definition), for the first time, we use
the technique of finding the minimum value of the function w™(x) for the variables T and x
at the same time. This is different from the previous sliding process which only finds the
minimum value of the variable x for the fixed 7. In the whole space, we estimate the singular
integrals defining the fractional Laplacian along a sequence of approximate maximum, and
the estimating is for T and the sequence of approximate maximum at the same time.

In order to apply the sliding method, we give the exterior condition on u. Let u(x) =
¢(x), x € QOF, and assume that

(C) for any three points x = (x/,x,), y = (¥/,y,) and z = (x/,z,) lying on a segment parallel
to the x, axis, y, < x, < z,, with y,z € QO°, we have

p(y) <u(x) < ¢(z), ifxeQ (1.2)
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and

p(y) < o(x) < @(z), ifxeQ (1.3)

Remark 1.1. The same monotonicity conditions (1.2) and (1.3) (with Q) replaced by 0Q2) were
assumed in [4,5,35].

The main result of this paper is

Theorem 1.2. Suppose that u € C}OS(Q) N C(Q) satisfies (C) and is a solution of equation
(=A)u(x) = f(x,u,Vu), xeQ, (1.4)
u(x) = o(x), x € QF, '

where () is a bounded domain which is convex in x, direction. Assume that f is continuous in all
variables, locally Lipschitz continuous in (u, Vu) and is nondecreasing in x,. Then u is strictly
monotone increasing with respect to x,, in C), i.e., for any T > 0,

u(x,xy + 1) > u(x,x,), forall (x',x,),(x',x, +7) € Q.
Furthermore, the solution of (1.4) is unique.

Remark 1.3. Theorem (1.2) includes the result of Theorem 2 in [35], and we also prove the
uniqueness of solutions in bounded domain. If Q) is the finite cylinder C = {x = (x/,x,) €
R" | |x,| < I, x¥' € w}, where | > 0 and w is a bounded domain in R"~! with smooth
boundary, the result of Theorem 1.2 still holds.

Remark 1.4. The conditions in Theorem 1.2 and Theorem 1 of [14] are different. Neither
implies the other. Cheng, Huang and Li [14] studied the positive solution u and obtained that
u is strictly increasing in the half of ) in x,-direction with x, < 0 by the method of moving
planes, but the solution we study can be negative and is strictly increasing with respect to x,
in the whole domain () by the sliding method.

We also have a new antisymmetry result for the equation (1.4) if the bounded domain (2
is symmetric about x, = 0.

Corollary 1.5 (Antisymmetry). Assume that the conditions of Theorem 1.2 are satisfied and in addi-
tion that ¢ is odd in x,, on Q°. If f(x,u, Vu) is odd in (x,,u, Vyu). Then u is odd, i.e. antisymmetric
in x,:

u(x', —x,) = —u(x’, x,), VxeQO.

This follows from the fact that 7 = —u(x’, —x,) is a solution satisfying the same conditions,
and so is u.
For the unbounded domain, we give the following result on R"}.

Theorem 1.6. Suppose that u € Cy' (R™) N Las(R") N C(R™) is a solution of

loc

(=A)’u(x) = f(u,Vu), x€R%,

0<u(x)<upy, x € R, (1.5)
u(x) =0, x ¢ R,
and
lim u(x',x,) =, uniformly forall x' € R""1, (1.6)

Xp—r+00
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Assume that f is bounded, continuous in all variables and nonincreasing in u € [y — 6, u| for some
0 > 0. Then u is strictly monotone increasing in x, direction, and moreover it depends on x, only.
Furthermore, the solution of (1.5) is unique.

Theorem 1.6 is closely related to the following well-known De Giorgi conjecture [19].

Conjecture (De Giorgi [19]). If u is a solution of

—Au=u—u’,

such that

lim u(x’,x,) =41, forallx’ € R"!,

Xp—>Foo
and 5
u
<1, R", — > 0.
lu(x)] < X € o,

Then there exists a vector 4 € R"~! and a function u; : R — R such that
u(x’',xy) = up(pux’ +x,) inR"

The other symmetry, uniqueness and monotonicity results on local and nonlocal equations,
we also refer readers to [1,18,24,25] for semilinear elliptic equations, [9,13,17,23,30, 31] for
fractional equations, [34,38] for weighted fractional equation, [14,37] for fractional equations
with a gradient term, [27] for integral system with negative exponents, [12] for weighted
Hardy-sobolev type system, [8,32,33] for fully nonlinear nonlocal equations with gradient
term, [7,15,29] for fractional p-Laplace equation, and references therein.

The paper is organized as follows. In Section 2 we prove Theorem 1.2 via the sliding
method. In Section 3, we first establish a maximum principle in the unbounded domain,
then uniqueness and monotonicity for the fractional equation with a gradient term on R’} are
obtained.

2 The proof of Theorem 1.2

For convenience, we list some notations used frequently. For T € R, denote x = (x/,x,),
x'=(x1,--,x,-1) € R"L Set

ut(x) = u(x', xy + 1), w'(x) =u"(x) —u(x).

Proof of Theorem 1.2. For T > 0, it is defined on the set )" = O — Te, which is obtained
from Q) by sliding it downward a distance T parallel to the x, axis, where ¢, = (0,...,0,1).
Set
D":=Q"'NnQ, T=sup{t|7>0,D" #Q}
and
w'(x) =u"(x) —u(x), x € D".

We mainly divide the following two steps to prove that u is strictly increased in the x,, direc-
tion, i.e.
w'(x) >0, x e DY, forany0<7<T. (2.1)
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Step 1. For T sufficiently close to T i.e., DT is narrow, we claim that there exists 6 > 0 small enough
such that

w*(x) >0, VxeD', Vte (t—6,1). (2.2)
Otherwise, we set
Ap= min w"(x) <O0.
xeDT
T—0<T<T

From condition (C), Ag can be obtained for some (t°,x%) € {(7,x) | (t,x) € (£ —6,%) x D'}
Noticing that w® (x) > 0,x € D™, we arrive at x° € D™’ So w” (x°) = Ay. Since (7°,x°) is
a minimizing point, we have V™ (x0) = 0, i.e., Vu™ (x°) = Vu(x?). Since u™ satisfies the
same equation (1.4) in O™ as u does in (), and f is nondecreasing in x,, so we have

0

(=AY (2%) = F((2°), 29+ % u™ (x%), Vu™ (x°)) — f(x%, u(x°), Vu(x?))
> f(x0,u™ (x0), V™ (x°)) — f(x°, u(x°), Vu(x))
F0,u™ (2°), Vu(x°)) — £(2°, u(x%), Vu(x))

() (),

(2.3)

where —c™' (x0) = FOOu™ (x0), Vuu(x0)) — £ (0 u(x0), V()

2 (0)—u(x0) is a L™ function satisfying

(%) <c, valeD”.
Hence
(=AY w™ (x%) + ™ (x%)w™ (x°) > 0.
On the other hand, we obtain
(=AY w™ (x°) + ¢ ()w™ (x°)
w” (x%) — w” (y)
R |x0 — y[nt2s

1
< 'L’O 0 /
= Cl’l,Sw (x ) (DTO)C ‘xo _ y|n+25

0 C
<w" (x°) (dzls - C)
n

<0,

= C,sP.V. dy + ™ (xO)wTO (x)

dy + ingcT0 (x)w™ (x0) (2.4)
DT

where d,, denotes the width of D™ in the X, direction and D™ is narrow. This is a contradic-
tion.
Therefore we derive (2.2) is true for T sufficiently close to 7.

Step 2. The inequality (2.2) provides a starting point, from which we can carry out the sliding. Now
we decrease T as long as (2.2) holds to its limiting position. Define

T =inf{t |w"(x) >0, x € D, 0 < T < T}.

We will prove
Ty = 0.
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Otherwise, assume 1) > 0, we show that the domain () can be slided upward a little bit
more and we still have

w'(x) >0, x € DY, foranyp—¢e<7T<T1, (2.5)

which contradicts the definition of 1.
Since w™(x) > 0, x € QN 9ID™ by condition (C) and w™(x) > 0, x € D™, then

w®(x) #0, x € D™,

If there exists a point X € D™ such that w™ (%) = 0, then ¥ is the minimum point. So we have
Vw™ (%) =0 and

w™ (%) — w"(y)
R” ’ ¥ — y’n+25

(—A) W™ (%) = CpP.V. dy <0,

which contradicts to

(~A)w™ (%) =

Hence,
w™(x) >0, x € D, (2.6)

Next we will prove (2.5). Suppose (2.5) is not true, one has

A= min w"(x) <O0.
xeDT
To—e<T<T

The minimum A; can be obtained for some y € (19 —¢,1), % € D* where w!(x) = A; by
condition (C). We carve out of D™ a closed set K C D™ such that D™ \ K is narrow. According
to (2.6),

w®(x) > Cy >0, x € K.

From the continuity of w® in 7, we have for small € > 0,
wh(x) >0, x € K. (2.7)

From (C), it follows
wh(x) >0, x € (D¥)".

So ¥ € D'\ K and Vw!(x) = 0. Since D™ C D! and small ¢, we obtain that D* \ K is a narrow
domain. Similar to (2.3), we have

(=A)wh (%) + c(x)wh (x) > 0.
Similar to (2.4) and narrow domain D* \ K , we have

(—A)*wH (%) + c(F)w" (%) < 0.

This is a contradiction. Hence we derive (2.5), which contradicts to the definition of 5. So
70 = 0. Therefore, we have shown that

w'(x) >0, xe€ DY, forany0<71<T. (2.8)
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Next we prove (2.1). Since
w'(x) #0, xe D', forany0<T<T,

if there exists a point x° for some 71 € (0,%) such that w™ (x°) = 0, then x° is the minimum
point and
w (x%) — w (y)

0y
(—A)Swﬁ (x ) = Cn,sP-V. - ‘xo _y|n+25

dy < 0.

This contradicts to
(=) w™(x%) = F((x°), x) + 1, u™ (%), Vi (%)) — £(x%,u(x°), Vu(x")) > 0.

Therefore, we arrive at (2.1).

Now we prove uniqueness. If u is another solution satisfying the same conditions, the
same argument as before but replace w* = u® — u with w® = u® — u. Similarly to (2.8), we
have u™(x) > u in DT for any 0 < T < 7. Hence, u > u. Interchanging the roles of u and u,
we find the opposite inequality. Therefore, u = u.

This completes the proof of Theorem 1.2. O

3 The uniqueness and monotonicity of solution on R,

In the section, we will prove Theorem 1.6. We first establish a maximum principle in the
unbounded domain for the fractional equation with a gradient term.

Lemma 3.1 (Maximum principle). Let D be an open set in R", possibly unbounded and disconnected,
suppose that
oo 1050 (B (9) \ By ()|
koo |(Bara (9) \ Bax(9))]

where q is any point in D. Let w € Cllocl(D) N Los be bounded from above and satisfy

>0,

(—=A)w(x) + c(x)w(x) +;bj(x)wj(x) <0, xeD, -

w(x) <0, x € R"\ D,
for some nonnegation function c(x). Then
w(x) <0, x € D.

Furthermore, we have

either w(x) < 0in D or w(x) = 0in R". (3.2)
Remark 3.2. The proof of Lemma 3.1 is different from Theorem 3 in [35]. Here we mainly use
the following generalized average inequality.

Lemma 3.3 ([35] A generalized average inequality). Suppose that w & Cllocl (R™) N Los and % is a
maximum point of w in R"™. Then for any r > 0, we have

Co 2s s = / r -
— 12 (—=A)°’w(x) +C ———w(y)dy > w(x),
oA @) +Co [ )y > (@)
where Cy satisfies
1,25
Co dy = 1.
byt [£ =y
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Proof of Lemma 3.1. Suppose on the contrary, there is some point x such that w(x) > 0in D,
then
0< A:=supw(x) < oo. (3.3)

xelR”

There exists a sequence {x*} C D such that

w(x*) - A>0, ask— co. (34)
Let
1
celP1, x| <1
(x) = ’ ' (35)
! 0o, =1

where ¢ > 0 is a constant, taking ¢ = e such that #(0) = maxg» 77(x) = 1.
Set

Pr(x) =n(x — xk). (3.6)

From (3.4), there exists a sequence {¢x} with ¢, > 0 such that
w(x*) + expe(xF) > A.

Since w(x) < 0, x € R"\ D, it follows from (3.4) that x* is away from dD. Without loss
of generality, we may assume that dist(x¥,0D) = 2. So B;(x*) C D. Since for any x €
D\ By (xF), w(x) < A and ¢ (x) = 0, hence

w(xX) 4 exp (¥F) > w(x) + exr(x), for any x € R™\ By (xF).
It follows that there exists a point X € By (x¥) such that
w(x*) + e () = max(w(x) + extpr(x)) > A. 3.7)
So (w(x*) + exyp(7F)); = 0 and
wj(fk) — 0, ask — oo. (3.8)

For w + g1k, using Lemma 3.3, we obtain

(0 o)) < G e ()G [ (IR

Let ¢y — 0, by the first inequality of (3.1), it implies that

. s B w
w(T) < G-APw() +C [ ’fk_(yy‘)n-ﬁ—sty
v P2
) 3.9
< —c(@)w(F) — Y bi(x)w;(F) + G -kLy)n-i-sty' >
=1 B (2t) |XF — |

Letting k — oo, combining (3.4), (3.8), (3.9) and nonnegative function c(x), we arrive at

0< DA « (c(#) + Dw(e) < C e,
() + DA () + D) <G [ Py

this is impossible because of (3.3) and the second inequality of (3.1).
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Based on above result, if w = 0 at some point xg € D, then xp is a maximum point of w in
D. And we still have w; = 0 in the maximum point. If w % 0 in R", then we have

(=A)°w(xg) + c(xp)w(xp) + i bj(xo)wj(x0) = CysP.V. L(y)dy > 0.

= R” ‘xO _ y‘n+25

This is a contradiction with (3.1). So we have either w < 0in D or w = 0 in R™.
This completes the proof Lemma 3.1. O

We also need the following lemma.

Lemma 3.4 ([9], Maximum principle). Let I' be a bounded domain in R". Assume that u €

Clloc1 (T) N Los and u be lower semi-continuous on T, and satisfy

(=A)u(x) >0, xeT,
u(x) >0, x € R"\T.

Then
u(x) >0, x eT.

If u(x) = 0 at some point x € T, then
u(x) =0 almost everywhere in R".
Proof of Theorem 1.6. Define R". = {x = (x1,...,x,) | x, > 0}. Let
u(x) =u(x',x,+ 1) and U"(x) =u(x)—u"(x).

Outline of the proof: We will use the sliding method to prove the monotonicity and unique-
ness of u and divide the proof into three steps.

In Step 1, we will show that for 7 sufficiently large, we have U"(x) < 0, x € R". Especially,
since u — p uniformly as x, — 400, for 6 > 0, there exists a My > 0 such that for x, > My,
u € [p—6,u] and f is nondecreasing in u € [p — &, it]. Hence we will show that

UT(x) <0, x€R",YT>M, (3.10)

This provides the starting point for the sliding method. Then in Step 2, we decrease T contin-
uously as long as (3.10) holds to its limiting position. Define

T :=inf{t | U"(x) <0, x e R", 0 < T < Mp}. (3.11)

We first will show that 1) = 0. Then we deduce that the solution u must be strictly monotone
increasing in x,. In Step 3, we obtain that the solution u# depends on x,. Finally we will prove
the uniqueness.

Now we show the details in the three steps.

Step 1. Since u(x) = 0,x € R" \ R",, it yields that
Ut(x) <0, VxeR"\RL.
For T > My, suppose (3.10) is violated, there exists a constant A > 0 such that

sup U"(x) = A, (3.12)

x€RY
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hence for some 71 > M) there exists a sequence {x*} C R". such that

Ua(x*) - A, ask — oo. (3.13)
We will apply Lemma 3.1 to function U™ (x) — 4.

Since 71 > My, we have u™(x) € [y — 6, ). Let

A
D:{xEIR”|UT1(x)—2>O}.

For x € D, we have u(x) > u™ > u — ¢é. From equation (1.5), U™ (x) satisfied
(=AU (x) = f(u, Vu) — f(u™, Vu™)
= = bi(x)(U™)j(x) —c(x)U™ (x),
f(u,Vu)—f(u™,Vu)

u—u'l
Hence U™ (x) — 4 satisfies

where ¢(x) = — < 0 by the monotonicity of f.

(=A)UT (x) 4 bj(x)(U™)(x) + c(x) (U (x) = 4) =0, x€D,
un(x)—4 <o, x € R"\ D.

By Lemma 3.1, we derive

A
UTl(x)—E <0, xeR",

which contradicts (3.13). Hence we obtain (3.10) and finish the proof of Step 1.

We also give an alternative proof which is an application of the general average inequality
(Lemma 3.3), and this idea can be applied to other problems.

For T > My, if (3.10) is violated, we have (3.13). Obviously, U™ (x) < 0,x € dR".. So by
(3.13) we have xf is away from 9", without loss of generality, assume dist(x¥,9R") > 2.
Thus there exists 0 < g — 0, X € By(x¥) such that

U™ (2°) + expe(2°) = H]}{%X(Uﬁ(x) +epr(x)) = A,

where . (¥¥) is as stated in (3.6). So V(U™ (*) + exy(F)) = 0 and
vu©(z5) -0, ask — oo. (3.14)
Since
(U™ + expi] (7°) 2 [U™ + expi] ()

and ¥ (x5) < i (xF), we obtain
us (%) > um («). (3.15)

Hence for 11 > M,,
u(Z) > u (7)) > u—o.

Flu(x), Vu(e) = fu(2), Vi (29))
= flu, Vu(x)) — f(u, Vutt (#5)) + f (u, Vu (£5) = f(u™, VuT () (3.16)
< flu(x), Vu(x)) = fu(x), Vut ()
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Using Lemma 3.3 to the function U™ + g, at 7%, we obtain

(U + e (#) < G -aP U0 +ap(@) - [ LWy,

Let &y — 0, by the equation (1.5), it implies that

T
un (7% < Ci(—A)y'u™(z5) + Cz/ %dy
By(wk) | Xk —y|t2s (3.17)

= Glf(, Vu(#) — f v (@) 46 [ W

gy,
By 5 — g

From (3.13) and (3.15), we have
un(z¥) - A>0, ask— co. (3.18)

Letting k — oo, combining (3.14), (3.17) and (3.18), we arrive at

T
0< A« U< :17@2 Y,
B () | X — y["t®
this is impossible because of (3.12) and U™ (y) < 0,y € R" \ R"..
Hence (3.10) is correct and we have finished the proof of Step 1.

Step 2. Firstly, we will check that
T =0, (3.19)

where 1y as defined in (3.11). In fact, suppose on the contrary 79 > 0, then 1) can be decreased
a little bit. To be more rigorously, there exists a € > 0 such that for any T € (10 — €, 0], one
has

Ut(x) <0, foranyx e R’. (3.20)

This is a contradiction with the definition of 7. Hence (3.19) is correct. In the sequel, we will
prove (3.20).
To do so, we just need to prove

sup Ut(x) <0, V1e(rn—emn) (3.21)
R*1x(0,Mp+1]

and

sup Ut(x) <0, Ve (n—e - (3.22)
IR"71><(M(]+1,+OO)

In order to prove (3.21) we need to show that

sup U"(x) <0. (3.23)
R (0,Mo+1]

If not, then
sup  U"(x)=0.
R 1x(0,Mp+1]

So there exists a sequence {x*} € R"~! x (0, My + 1] such that

uo(xk) -0, ask — oo. (3.24)
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We first show that x* is away from the boundary 9R". Suppose that z be a point on 9R".
Denote r, := dist(z + ten, 0R",), e, = (0,...,0,1). For each fixed 19 > 0, we have

inf dist(z 4+ e, OR™) := 1y > 0.
x€IR'L (2 + Toen, IR ) =10

For every point z on dR",, there exists a ball B, (z + 1e,) C R’ with radius of r, centered at
z + Tpe,. For simplicity of notation, we use B instead of B, (z + te,).
Let
E = {x € R | dist(x,0R") > 2}.

We construct a subsolution
i(x) = ug(x) +ed(x), X € B,

where ®(x) = (1 — |x|?)%, ug := u - xg and xf is define as

(x) 1, x € E,
X fry
AE 0, x € R"\ E.

By (—A)*®(x) = C [20], for x € B it yields

(=A)a(x) = (=A) (ue + e®)(x)
=e(—A)°P(x) + (—A)°ug(x)

1
< eC —e1Cys /E Wdy
S (C,C - ElCCnrs.

We can choose ¢ < £1C,sCC~! := gg such that (—A)u(x) < 0, x € B. Then fixing ¢ = 9,
combining u(x) > u(x), x € B¢ and Lemma 3.4, we derive

u™(z) =u(z+ we,) > u(z+ we,) > %Odb(z + T0en) > Cq >0, Vz € dR’.

Then, we infer that
U®(z) =u®(z) > Cq, >0, Vz e dRL. (3.25)

By (3.24) and (3.25), we obtain that x* is away from the boundary dR".. Without loss of
generality, we may assume B;(x*) C R. Similar to the argument as Lemma 3.1, let (x) =
11(x — x¥), where 7 is as stated in (3.5), x* satisfies dist(x¥,9R" ) > 2 and B;(x¥) C R". Then
there exists a sequence g — 0 such that
U™ (x*) + e (xF) > 0.
Since for x € R \ By (x*), noting that U™ (x) < 0 and ¢(x) = 0, we have
U™ (xF) + gp(xF) > U™(x) + exp(x), for any x € R™\ By (x).

Then there exists ¥ € By (x*) such that

U™ (z5) + gpp(2F) = max(U™ (x) + exp(x)) > 0. (3.26)
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It can be seen from
UTO(J?k) + skgb(xk) > UTO(xk) + ektp(xk),

and () < ¢(xF) that
0> U™(xF) > U™(xF) + ep(xF) — exp(°) > U™ (x*) =0, ask — 0.

Hence
uo(z¥) -0, ask— co.

Since f is continuous, we have
f(u(fk),Vu(fk)) - f(uTO(JZk),VuTO(J?k)) — 0, ask— co. (3.27)
On one hand, we have

(=8 (U™ +exp) (2°) = (=A) U™ (T) + (—A)° (exp) ()

_ _ o o L (3.28)
= f(u(&), Vu(x) = f(u (), Vu®(2)) + ex(—8) ().
On the other hand,
(1T = U™ (%) + epp(x5) — U™ (y) — ¢
(AP U+ ep) () = Cpopy. [ LT "‘,”ék_)yw(y) W),
u~(y)|

zC /Bs(xk) TxF— e (3.29)

=C Mdz
Bs(0)  z["t '

Denote
we(x) = u(x+xF) and UL (x) = U™ (x + xF).

Since f is bounded, one can derive (see [10]) that u(x) is at least uniformly Holder contin-
uous, so u(x) is uniformly continuous, by the Arzela—Ascoli theorem, up to extraction of a
subsequence, one has

Up(x) = Uoo(x), x€R%, ask— oo

Combining (3.27), (3.28) and (3.29), letting k — co, we obtain

U (x) = 0, x € B§(0), wuniformly, ask — oo.
Therefore,
U (x) = teo(x) —ul(x) =0, x € B5(0). (3.30)

Recall that # > 0 in R? while u(x) = 0, x € R" \ R%. Since x* € R"~! x (0, My], there
exists x¥ such that 1 (x") = 0, then by (3.30),

(3.31)
We obtain from (1.6) that

xnli)rrloouoo(x) =u >0, uniformlyinx’ = (x1,...,%,.1),
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that is
oo (X)), X0 + ko) — 1, ask — oo,

This is a contradiction with (3.31). Hence (3.23) is correct. Now (3.23) implies immediately
that (3.21) holds by the continuity of U™ (x) with respect to 7.
Next we prove (3.22). Otherwise, there exists a constant A > 0 such that

sup Ut(x) =A>0, Vte(rn—e .
xR 1x (Mp+1,+00)

Then for some T, € (Mg + 1, +00) there exists a sequence {x*} C R*~! x (Mg + 1, +0c0) such
that
U=(x) - A, ask — oo. (3.32)

Since u = 0 in R" \ R", it follows that
U=(x) <0, foranyx e R"\R".

Denote x* = (x,...,xk). Since U™ (x*) = u(x*) — u™(xF) — 0 as x¥ — +oo, then there exists
My > 0 such that
|x’,ﬂ < MO-

Set ¥ (x) = n(x — x¥), where 7 is as stated in (3.5). From (3.32), there exists a sequence
{ex}, with ¢y — 0 such that
U™ (") + e () > A

Since for any x € R \ By(xF), U%(x) < A and g (x) = 0, hence
U™ (xF) + e (xF) > U™ (x) + exype(x), for any x € R\ By (x¥).
It follows that there exists a point # € By (x¥) i.e. £ € R"~! x (M, +o0) such that

U™ (2) + e (2°) = max (U™ (x) +expe(x)) > A. (3.33)

On one hand, by the monotonicity of f, we obtain

(=AY (U™ + i) (2°) = f(u("), Vu(e)) = f(u™(55), V™ (25)) + (=) e (39)
& & L ) . (3.34)
< flu(e), V() — f(u(x), Va2 (25)) + ec(—D) e (£9).
On the other hand,
(=D)* (U™ + ex) (2°) = CusP.V. N e () + gklpk‘( )_y’(ngz(w + gklpk(y»dy
>C i
= oy, 7=y (3.35)
ca L,
- 2 Du |fk_y|n+25 Yy
1

A
[dist(xk, Dpy)]%

where M > My and Dy = {|x,| > M}, in which U (y) + exyi(y) < 4.



Uniqueness and monotonicity of solutions 15

Therefore we obtain

1
[dist(Z¥, D)2 (3.36)
< fu(2), Vu(x5)) — f(u(2), Vu™(29) + e (—A) i (29),

from (3.33), so V(U™ (%5) + exu () = 0, ie. VU2(%F) — 0as k — co. Let k — oo, then the
right-hand side of (3.36) is less than or equal to 0, this is impossible. So (3.22) is true, which
contradicts to the definition of 1y. Therefore, Tp = 0, we arrive at (3.20).

Secondly, we will show that u is strictly increasing with respect to x, and u(x) depends
on x, only. We already have

0<c<CA

U'(x) <0, xeR}, V1T>0. (3.37)

Now we claim that
U'(x) <0, xeRY, V7>0. (3.38)

Otherwise, from (3.37) for some 7y > 0 there exists xX € R" such that U (x?) = 0, then x° is
the maximum point of U™ in R".. On one hand, since VU™ (x’) = 0 we have

(=AU (%) = f(u(x?), Vu(x®)) = f(u™ (x"), V' (x%)) < 0.

On the other hand,

—yJn
(_A)SuTl <x0) = Cn,sP-V- R |x0—y’(7:/ly'225dy > 0;

where the last inequality holds due to U™ (y) # 0 in R".
This is a contradiction. Hence (3.38) must be true.

Step 3. We will claim that u(x) depends on x, only and uniqueness. In fact, it can be seen
from the above process that the argument still holds if we replace u™(x) by u(x + tv), where
v = (v1,...,vy) with v, > 0 being an arbitrary vector pointing upward. Applying the similar
arguments as in Steps 1 and 2, we can derive that, for each of such v,

u(x +tv) > u(x), VT>0 xeRL.
Letting v, — O, from the continuity of u, we deduce that for arbitrary v with v, =0,
u(x +tv) > u(x).
By replacing v by —v, we obtain that
u(x +tv) = u(x)

for arbitrary v with v = 0. It implies that u is independent of x’, hence u(x) = u(x,).
Finally we prove the uniqueness. Assume that u and v are two bounded solutions of (1.5).
For T > 0, denote
U™ (x) = o(x) —u"(x).

We first show that for T sufficiently large,

Ut(x) <0, x € RY. (3.39)
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The proof of (3.39) is completely similar to the proof of (3.10), so we omit the details. Note
that (3.39) provides a starting point from which we can decrease T continuously as long as
(3.39) holds.
We show that
Ur(x) <0, Vt>0 VxeRL. (3.40)

Define
T :=inf{t > 0| U"(x) <0, VxeR}, 0<7< M}

Let us prove that
T = 0. (3.41)

Suppose on the contrary 79 > 0. Similarly to the argument of monotonicity in Step 2, one can
deduce that
Vo (X) = ul(x), vV x € R"\ By(0), (3.42)
and
u®(z) > Cq >0, VzedR]L. (3.43)

Obviously, this property is preserved under translation. Let
R, ={x|x+x*€RL} and R, = ;}L%Rﬁk
Taking a point x° € 9R".,, we deduce from (3.43) that
ul(x%) >0, but ve(x)=0.

This contradicts (3.42). Hence we have 1y = 0. This verifies that (3.40) is correct, and implies
that v(x) < u(x). Interchanging u and v, we obtain u(x) < v(x). Therefore, we have u = v.
This yields the uniqueness.

The proof of Theorem 1.6 is completed. ]
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