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Abstract. This paper is dedicated to studying the following semilinear Schrodinger
system

—Au+ Vy(x)u = F,(x,u,v) in RN,

—Av + Va(x)v = Fy(x,u,0) in RV,

u, v € HY(RN),
where the potential V; are periodic in x, i = 1,2, the nonlinearity F is assumed to be
super-quadratic at some x € RN and asymptotically quadratic otherwise. Under a local
super-quadratic condition of F, an approximation argument and variational method are

used to prove the existence of Nehari-Pankov type ground state solutions and the least
energy solutions.
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1 Introduction

We consider the following system of semilinear Schrodinger equations:

—Au+ Vi(x)u = F,(x,u,v) inRN,
—Av+ Vo (x)v = Fy(x,u,v) inRY, (1.1)
u, v € H'(RN),

where V1, V) € C(]RN ,R), F: RN x R? -5 R satisfy the following assumptions:
(V) Vi, V, € C(RN,R) are 1-periodic in xj,j=1,2,...,N,and

sup[o(—A+ V)N (=0,0)] =: A; <0 < A; :=inf[c(—A + V;) N (0,0)];
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(F1) F € CY(RN x R?,[0,00)) and there exist constants p € (2,2*), C; > 0 such that
IF(x,2)| < Ci(1+z]P71), V(x,z) € RN x R?,
where F, := (F,,F,) = VF, 2*:=2N/(N —2) if N > 3 and 2* := 40 if N =1 or 2;
(F2) |F:(x,z)| = o(|z|) as |z| = 0 uniformly in x € RN.

From (V), (F1) and (F2), we can easily get that the critical points of functional ® are the
solutions of (1.1), here @ is defined as:

CD(Z):;/]RN (Va2 + V3 (2) [u2+ | Vo 2 + Va(2) o] dx—/RNP(x,z)dx, z=(u,0) €E, (12)

where E = H; X H» is defined in Section 2.
There is a scalar case of the Schrédinger system:

(1.3)

—Au+V(x)u=VF(x,u), xRV,
u € HY(RN),

we can easily obtain that case when V; = V, and u = v. That equation has been widely
studied in the literature, such as [2,9,15,16,30,32].
Solution of (1.1) was related to the following system:

it =AY - Vi(x)¥ + F(x,¥), x€RNt>0,
—i%® = AD — Vy(x)® + Fy(x,®), x €RN,t>0,

where i denotes the imaginary unit, V; and V, are the relevant potentials, ® and ¥ represent
the condensate wave functions. This type of Schrodinger systems arise in nonlinear optics,
and have extensively been applied in many areas, such as the investigation of pulse propaga-
tion, Bose-Einstein condensates, Hartree-Fock theory for a double condensate, gap solitons
in photonic crystals and so on, see as [6,10,13,14,22,31]. In recent years, many researchers
were interested in such type of systems, we refer the readers to [1,3-7,17-20,24,25].
Manassés and Jodo [29] investigated the existence of nontrivial solutions for the following
strongly coupled system in R?:
—Au+V(x)u =g(x,v), v>0inRR? (1.4)
—Av+V(x)v= f(x,u), u>0inR? .

where V : R> — R may change sign and vanish, f, ¢ are superlinear at infinity and satisfy
critical or subcritical growth of Trudinger-Moser type. By using the linking geometry and a
Trudinger-Moser type inequality, they obtained the boundedness of a Palais—-Smale sequence,
and proved there exists a subsequence that converges to a weak solution of (1.4). Finally,
applying a Galerkin approximation procedure, they proved the existence of solutions in the
subcritical case and critical case respectively.

Qin and Tang [23] established a nontrivial solution for the following elliptic system:

—Au+ Uy (x)u = F,(x,u,v) inRN,
—Av+ Up(x)v = Fy(x,u,v) inRN,
u,v € HY(RVN),
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where U;(x) € C(RN,R),i = 1,2, F € C}(RN x R?,R) and VF = (F,, F,). In that paper, the
authors distinguished two situations about U; and F: periodic and asymptotically periodic
case. For the periodic case, by using the diagonal method [32], the authors found a minimizing
Cerami sequence outside the Nehari-Pankov manifold, then they proved the existence of the
least energy solution and the ground state solution. For the latter case, by using a generalized
linking theorem, they obtained a nontrivial solution. In that paper, F satisfies the following
super-quadratic assumption:

(SQ) im0 % = oo uniformly in x.

By using (SQ), one can prove the linking geometry, mountain pass geometry and verify the
boundedness of Cerami or Palais-Smale sequence. Moreover, it is standard to show that
N~ # @, where

N~ i={z€ E\E : (®/(z),2) = (¥ (2),{) =0, ¥{ € E"}, (1.5)

here E~ defined in (2.11). Introduced by Pankov [22], N~ is a natural constraint and contains
all nontrivial critical points of the energy functional ®, and every minimizer u of ® on the
manifold N~ is a solution which is called a ground state solution of Nehari-Pankov type.
Also, the set N~ plays a crucial role in proving the existence of the ground state solution.

Later, Tang et al. [33] investigated the existence of the ground state solutions about (1.3)
under the assumptions (V), (F1), (F2) and the following assumptions:

(F3) There exists a domain G C RN such that lim; e % =ooa.e x € G.

(F4) z Fz‘(z"z) is non-decreasing on |z| # 0.

(F5) F(x,z) := %Fz(x,z) -z —F(x,z) > 0, and there exist some constants C; > 0, Ry > 0 and
o € (0,1), such that

K
(Y < o, v o

holds with « = s 10— if N > 3, or withx € (1, ;) if N=1,2.

Since they relaxed condition (SQ) to the above local version (F3), it is difficult to demonstrate
N~ # @ and prove the boundedness of Cerami or Palais-Smale sequences for the energy
functional ®. They use some new techniques to conquer the above difficulties. For the first
one, by using linking geometry and verifying sup ®(z) < oo forz € E- @ R*e", they illustrate
that @ is weakly upper semi-continuous, hence, they can prove that N'~ # @. For the second,
they consider an approximation argument to find a minimizing sequence satisfying the PS
condition for the corresponding functional. Finally, by using the uniqueness of the continuous
spectrum about the operator A; = —A + V}, they make a contradiction to get the boundedness
of the above sequence.

Recently, Qin et al. [26] proved the existence of nontrivial solutions for (1.1) by using
generalized linking theorem and variational methods. More precisely, they found a Cerami
sequence for the corresponding energy functional, and then proved the boundedness of the
Cerami sequence. By applying linking geometry, they proved there exists a ground state
solution of (1.1) with assumptions (V), (F1)—(F3). Besides, they used the following assumption
to prove the boundedness of Cerami sequences:
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(F6’) F(x,z) > 0, and there exist some constants C; > 0, dp € (0, Ag) and o € (0,1), such that

E:(x,2)] o V2 |F:(x, 2)|
T Z 71— —— (

holds with ¥ = W if N >3, or withx € (1, %) if N = 1,2, where

> <CiF(x,z), V(xz)cRNxR?

T:=Ag—0do, Ag:=min{—Ay, A1, —Ay, Ar}. (1.6)

To the best of our knowledge, there is few result about the ground state solution of system
(1.1). Motivated by [26,33], we aim to prove the existence of ground state solutions about
system (1.1) by using approximation argument and variational method. We try to obtain the
ground state solutions of Nehari-Pankov type and least energy solutions under assumptions
(V), (F1)—~(F5) and the following conditions:

(F6) F(x,z) > 0,F(x,z) > 0, and there exist constants C3 > 0, §y € (0,Ag) and ¢ € (0,1),

such that
E E x
[E(x2)| Z(|ZZ)| > T = (| Z|(Zx‘;z)|> < G3F(x,z), V(x,z) € RN x R?
holds with ¥ = WZJI)(N*Z) if N >3, or with x € (1, 2;) if N = 1,2, note that 7 is the

same with (1.6).
Now, we state our results of this paper.

Theorem 1.1. Let (V), (F1)—~(F5) be satisfied. Then (1.1) has a Nehari—Pankov type ground state
solution.

Theorem 1.2. Let (V), (F1)—(F3) and (F6) be satisfied. Then (1.1) has a least energy solution z in K,
where K := {z € E\ {0} : ®'(z) = 0}.

There is an example to illustrate that the assumptions (F3)—-(F6) can be satisfied.
Let N > 3 and F(x,z) = cos?(27tx1)|z|? In(1 + |z|?), it is easy to verify that

k&
14 |z|?

F.(x,z) = 2z cos?(2mx1) |In(1 + |z|?) +

and
_cos(27xy) |z[*

F(x,z) = > 0.

T+[z)2 =
It is clear that F satisfies (F1)—(F6) with G = (—%, %) x RN=1, but does not satisfy (SQ).

Remark 1.3. Assume that (F1), (F2), (F4) and (F5) hold. Then (F6) holds also. See as [33,
Lemma 3.8]. Moreover, (F6") implies (F6).

To prove the existence of ground state solutions about (1.1), at first, we show that N~ # @.
Inspired by Tang [33], we consider an approximation argument about the auxiliary function-
als Ic(z) = ®(z) — € [gn |z|Pdx, which makes the corresponding problem superlinear in RY,
Moreover, by demonstrating a key inequality (3.3) and using N~ # @, we prove that I, (ze,)
is bounded and Ién (ze,) = 0, here €, — 0 as n — oo. Finally, by using Sobolev embed-
ding theorem and Lion’s concentration compactness principle, we prove the sequence {z, } is
bounded, then we can get that {z, } is convergent to a solution of (1.1).

The reminder of this paper is organized as follows. In Section 2, some preliminaries are
presented. In Section 3, we give the proof of Theorem 1.1 and Theorem 1.2. For convenience,
let Cy, Co, C1,Cy, ... denote different constants in different places.
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2 Preliminaries

Let A; = —A + V;, here and in what follows i = 1,2. Then A; are self-adjoint in L?(RY) with
domain ®(A4;) = H2(RN) (see [12, Theorem 4.26]). Let {&;(A) : —co < A < 400} and |.A;| be
the spectral family and the absolute value of .A;, respectively, and |.4;|'/2 be the square root of
|A;|. Set U; = id — £(0) — &(0—). Then U; commutes with A;, | A;| and |.A;|"/?. Furthermore,
A; = U;| A;] is the polar decomposition of A; (see [11, Theorem IV 3.3]). Let

Hi =D(|A['?),  H =&(0-)H;,  H = [id—&(0)]H;
For any u; € H;, fixing i = 1 or i = 2, it is easy to see that u; = u;~ + u;* with
U, = Ei(O—)ui S H;, u;r = [id — 51‘(0)]141‘ S H;r (2.1)

and
Aiui_ = —|.Ai|1/li_, AZ‘M?— = |Ai‘u?_, Vou =u;i~ +Mi+ € HiND(A)). (2.2)

For fixed i taking 1 or 2, we define an inner product
<M,U>H]- = (’Ai’1/2u1 ’Ai‘1/20> 2’ u,v € H; (23)
and the corresponding norm

il = |14 20|, e B

2’

where (-,-);2 denotes the inner product of L?(RYN), || - ||+ stands for the usual L*(RY) norm,
1 <'s < oo. There are induced decompositions H; = H; @ H;" which are orthogonal with
respect to both (-,-);2 and (-, -)n,. Then

[y U 4+ Vi) dx = it I, =l I3y, ¥ o=y +uf € Hy, i=1,2.

Under condition (V), H;” @ H;" = H; = H'(R"N) with equivalent norms. Therefore, H; embeds
continuously in L(RN) for all 2 < s < 2*. Then, there exists a constant s > 0 such that

lzlls < 7sllzll, Vz € E,s € [2,27], (2.4)

where || - ||s stands for the usual L¥(RN,R?) norm.

Let
E=H; x H, (2.5)
equipped with the inner product
(2,8) = (wX)m + @), z=w0), {= ()€ E=H xH (2.6)
and the corresponding norm
1/2
Izl = [lullf, +llolf] ", 2= (wo) €E 2.7)

For any € > 0, (F1) and (F2) yield the existence of C¢ > 0 such that

|F.(x,2)| <elz| + Celz|P71, ¥V (x,z) € RN x R2 (2.8)
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Under (V), a standard argument (see [8,36]) shows that the solutions of problem (1.1) are
critical points of the functional

1
D(z) = E/]RN ([Vul? + Vi (x) |ul>+ | Vo> + Va(x)|v]?] dx—/]RNF(x,z)dx, z=(u,v) €E, (2.9)
® is of class C!'(E,R), and

(@'(z),¢) = /IRN (VuVyx + Vi(x)uy)dx + /IRN (VoVy + Va(x)vyp) dx
- /]RN (Fu(x,z)x + Fo(x,2)p)dx, Vz=(u,v), = (x¢)€E. (2.10)

Let
E"=H xH, E =H] xH,, (2.11)
then for any z = (u,v) € E, (2.1) yields z = z* 4z~ with the corresponding summands

zt =t ot)eE", z =W ,v)€E". (2.12)

Moreover, E* and E~ are orthogonal with respect to the inner products (-, ) and (-, )2, where

(,+)2 is chosen by ((1,v), (x,¥)), = (4, x)12 + (0, 9)2 for any (u,0), (x,¥) € L*(RY,R?).
Hence

E=E*®E".
It follows from (2.2), (2.3), (2.6) and (2.12) that

/]RN [VuVyx + Vi(x)ux + VoV + Va(x)vyp] dx

= (A, x) 2 + (A0, 9) 12
= (', X )i + (0,93 ) = (uy, X0 )m = (03,9 )m,
= (z%,¢")—(z7,&7), Vz=(uv), I=(x¢) €E. (2.13)

and
/IRN [1Vul? + Vi (x)|ul*> + Vo] + Va(x)|v]?] dx = |27 = ||z ||, Vz=(u0)€E. (2.14)
Lemma 2.1. Assume that (V), (F1), (F2) and (F4) hold. Then there exists p > 0 such that
inf{®(z) :z € EY, ||z|]| = p} > 0. (2.15)

We omit the proof here since it is standard.

Suppose that G € RY is a bounded domain. We can choose ¢ := (&,,&,) € CF(RN,R") N
CS(G,R™) satisfying

g5 = e |1> = /RN [IVeu|* + Vi(x)|eu]® + [Veo|* + Va(x) ]2 |?] dx
_ /G [[Veu|? + Va(x)|eu]* + |Veo 2 + Va(x)|e.|?] dx > 1,

thenet = (¢}, er) # (0,0).
Owing to prove N~ # @, we also need the following lemma.
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Lemma 2.2. Assume that (V), (F1), (F2) and (F5) hold. Then sup ®(E~ @ R"e") < oo and there is
Rz > 0 such that
®(z) <0, forze E- @R e" with |z|| > R (2.16)

Proof. As the ideal of [34, Lemma 3.2 and Corollary 3.3], we can prove Lemma 2.2 by veri-
fying that there is r > p such that sup ®(0Q) < 0, where Q = {w+se™ : w € E7,s > 0,
|lw +set|| < r}. O

Lemma 2.3. Assume that (V), (F1), (F2) and (F5) hold. Then N~ # @.

Proof. From Lemma 2.1, ®(t¢") > 0 for small ¢+ > 0. Moreover, by Lemma 2.2, there exists
R; > O such that ®(z) < 0forz € (E- ®@R*e") \ Bg,(0). Since that, 0 < sup®(E- @ R*et) <
co. Hence, we can easily get that ® is weakly upper semi-continuous on E~ & R*é". Then,
there exists zgp € E~ @ R"é" such that ®(z9) = supP(E~ @ RTe"). It is obvious that zj is
a critical point of ®, that is (®’(z9),z0) = (P'(20),{) = 0 for all { € E~ ®@ R*e". Therefore,
zo e NTN(E- @R*teh). O

3 The existence of ground state solutions

To prove Theorem 1.1 and Theorem 1.2, we define I.(z) for any € > 0 as follows:

I(z) = ®(z) — e/]RN |z|Pdx. (3.1)

Let
N ={z€ E\E :{Il(2),z) = (I.(z),{) =0, VI €E }. (3.2)

Similar to Lemma 2.3, for € > 0, we have N # @. Then we define m, := inf N e

Lemma 3.1. Assume that (V), (F1), (F2) and (F4) hold. Then

_ {2
le(z) 2 L(tz+ ) + %HCHZ + 1Ttﬂé(z),z) —HI{(2),0), Vt>=0,z€E [€E. (33

Proof. From (2.9), (2.10) and (3.1), we have
Ie(z) - I€<t2+§)
TR S Ty 2_/ _ / p
= 2||z [ ZHZ I ]RNF(x,z)dx € o |z|Pdx

t2 1, _ _
= Sl S+ g —|—§)+/}RNP(x,tz—|—C)dx—e/]RN|tz—|—§|”dx

2
- %HgHZ + 1Tt<1é(2),2> - KLe(2),)

1—#
. Fz(x,z)-zdx—t/]RNFz(x,z) -Cdx—k/IRN F(x,tz+§)dx—/]RNF(x,z)dx

M

1—¢#2
Pdx — P Pdx — P2,
5 PG/RN |z|Pdx 6/1RN |z| dx+e/]RN|tz+§| dx tpe/]RN |z|P~“z - ¢dx. (3.4)

_|_

From [35, Lemma 4.3], one has

1— 2
2

F.(x,z)z —tF,(x,z){ + F(x,tz+ ) — F(x,z) >0, Vz€E (€E,t>0. (3.5)
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As in [28, Remark 6], we can get that

1—
2
Then, from (3.4), (3.5) and (3.6), we have

t2

e(2) = Ltz + ) > 61 + 15 (14(2), ) — H(14(2),0).
The proof is completed.
From the above lemma, we can get the following two corollaries.
Corollary 3.2. Assume that (V), (F1), (F2) and (F4) hold. Then for z € N,
Ie(z) > I(tz+Q), Vt>0,{€E".
Corollary 3.3. Assume that (V), (F1), (F2) and (F4) hold. Then

1— 2
2

() > Szl = [ [Pt 4 eliztP) d o = (1), 2) + (1), ),

Lemma 3.4. Assume that (V), (F1), (F2) and (F4) hold. Then, for € € [0,1],

(i) there exists & > 0 which does not depend on € € [0,1] such that

I(z) > me >k, VzeN;

(ii) ||zT|| > max{||z" ||, v2me} forall z € N .
Proof. (i) By (F1) and (F2), there exists a constant C4 > 0 such that

1
F(x,z) +€lz|f < 4—/y2|z|2 + Cyqlz|P, Vx e RN,z € R% e € [0,1].
2

In virtue of (2.4), (3.1), (3.7) and (3.10), one has
2
(2) 2 Le(tz") = 12" P = [ [Pl tz) +eliz' 7] d
R

tZ
> Bt - ey

tZ
> S = #CaflltIlr, Yz e N, e€o1], £ >0,

Choose t = t, :== ——L—— then it follows from above inequality that

[2C4vhp] P72 |2+ ||

t2
Ie(z) > ZZHZWZ — L Cyyp 2|

2
- PTS k>0, Vee[01],z€N,.
4p [2C4yhp] 72

Hence, (3.9) holds.

12
plz|P — |z|F + |tz + TP —tp|z|P7?2-0 >0, Vz€E, {€E,t>0. (3.6)

(3.7)

Vt>0,z¢€E.
(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(ii) (F4) shows that F(x,z) > 0. Then, it follows from (3.1), (3.2) and (3.9) that (ii) holds. O
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Lemma 3.5. Assume that (V), (F1), (F2) and (F4) hold. Then for any € € (0, 1], there exists z. € N
such that
Ie(ze) = me, I.(z¢) =0. (3.13)

Proof. By virtue of [26, Lemma 4.2 and Lemma 4.3], we can get that there exists a bounded
sequence {z, } € E such that

le(ze,) = ¢, [ I(ze) (14 llze, 1) =0, 1 — oo, (3.14)

where ¢ € [k, m.]. Hence, there exists a constant C; > 0 such that ||z, |2 < C. If

= limsup sup |ze, [*dx = 0,
n—co yeRN /Bi(y)

applying Lion’s concentration compactness principle [36, Lemma 1.21], z, — 0 in L§(RY) for
2 <5< 2" By (F1) and (F2), for e = ;&5 > 0, there exists Ce > 0 such that
2

|E:(x,2)| < elz] + CelzP 7,
|F(x,z)| < e|z]* + Celz|?, V(x,z) € RN x R

Thus,
, —2 3 o0 (34 ). 3
limsup /| [f (x,2¢,) + en\zen\p] dr < JeC3 + <2Ce +C3> lim lze, [l = e (3.15)

From (3.1), (3.14) and (3.15), one has

That is a contradiction, so we have § > 0.
Going if necessary to a subsequence, we may assume there exists k, € ZN such that

/ |2, ?dx > é
Byyyn(kn) 2

Define w, (x) := z,(x + k,) such that

)
/ |w, [*dx > ~. (3.16)
By, v (0) 2
In view of V;(x) and F,(x, z) are periodic on x, i = 1,2, we have ||w,|| = ||z,|| and
Le,(wn) = ¢, || I, (wn) |(1+ [Jwall) = 0. (3.17)

Going if necessary to a subsequence, we have w, — @ in E, w, — @ in Lj, C(IRN ),2<s<2*
and w, — @ a.e. on RYN. Obviously, (3.16) implies that @ # 0. By a standard argument, we
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have I, (@) = 0. Then @ € N~ and I, (w,) > me. Moreover, from (3.17), (F4) and Fatou’s
Lemma, one has

Me 2 C = nlgrolo Le, (wn) — 2<Ién(wn)rwn>}
= lim F(x,wy) + P en\wn|”] dx
n—oo JRN L
> / lim |F(x,w,) + - Gn\wn|p] dx
RN n—o0 L
= []—"(x,w) +2= en|w|”] dx
RN
1
= le, (@) = S, (@), @) = I, (@).
This shows that I, (@) < me and then I (@) = me. O

Lemma 3.6. Assume that (V), (F1), (F2) and (F4) hold. Then for any € € (0,1] and z € E\ E~, there
exist te(z) > 0and {¢(z) € E~ such that te(z)z + {e(z) € NS .

We can easily prove this lemma in a similar way as Lemma 2.3, so we omit it.

Proof of Theorem 1.1. Consider the case N > 3. By Lemma 3.5, there exists z. € N such that
(3.13) holds, where € € (0,1].

By Lemma 2.3, N~ # @. Then, forzg € N~ and { € E~, ®(z9) := ¢ > 0 and (®'(z), z0) =
(®'(20),0) = 0 hold. In virtue of Lemma 3.6, there exist tc > 0 and {. € E~ such that
tezo + (e € N . By Corollary 3.2 and Lemma 3.4, one has

¢ = ®(z0) = Io(z0) > Io(tezo + Ce)
Z Ie(tezo —‘I— ge) Z me > 1%, VG E (O, 1). (3.18)

Choose a sequence {e,} C (0,1] satisfy €, — 0 as n — oo, and
Zen € NE‘:’ Ien (Zen) - men —m & [k, C_], Ié" (Zen) - O. (3.19)

There are three steps to prove Theorem 1.1.

Step 1: We prove that {z, } is bounded in E.
Arguing by contradiction, suppose that ||z, || — o. Set w, = ”z—”u, then ||wy| = 1. By the
Sobolev embedding theorem, going if necessary to a subsequence, we have

w, — w, inE;
(RN), Vs € [2,2%);

w, — w, a.e.onRV.

H S
wy, — w, inLj

From (3.19), we have

1
£ I, (2) — 5 (1L (26 70) = | enlze 7| dx. (3:20)

|:]:(x/ Zen) + p
RN

In view of Sobolev embedding theorem, there exists a constant C4 > 0 such that ||w,|] < C;.
If
= limsup sup lw [*dx = 0, (3.21)

n—00  yecRN B ()
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by Lion’s concentration compactness principle, w;” — 0 in L5(RN) for 2 < s < 2*. Let

R>1[2(1+ c‘)]%. From (F1) and (F2), choose ¢ = m > 0, there exists Cs > 0 such that

lim sup [F(x, Rw}) + ex|Rw; [P] dx < limsup [eR?||w]! |3 + CsR?[|w;! ||5]

n—oo JRN n—oo
~ 1
< e(RCy)? = 1 (3.22)
Lett, = HZI:W From (3.19), (3.22) and Corollary 3.3, one has
c Z men = Ien (Zen)
tZ
> Dz P~ [ [FCttizd) + ealtazt, ) de
R? + +
= — - / [F(x, Rw,;) + eu|Rw;r |P] dx
2 RN
R> 1
>0 -
Z 571 +0(1)
3
>c+ —+o(1),

4

which is a contradiction, then § > 0.
Passing to a subsequence, we may assume there exists k, € Z" such that

/ jw,|2dx > o
Bl+\/ﬁ(kn) 2

Let @, = wy(x + k). Since Vi(x) and V,(x) are 1-periodic in each of xq,xp,...,xy, then

A; = —A+V, E* and E~ are ZN-translation invariance. Thereby, ||@,| = ||w,| = 1, and
6
/ |, |2dx > ~. (3.23)
Bitya(0) 2

Going if necessary to a subsequence , we have

W, — W, InE;
Wy — W, in L (RN), Vs € [2,2%);
W, — W, a.e. onRV.

Then (3.23) shows that @ # 0.
Define z, = (i, 0,) = z¢,(x + ky), note that z¢, = (u,,ve,). Hence, HZ [ = Wn = W ae

on RN and @ # 0, here @, = (fjy,0,). For any ¢ = (u,v) € C(RN), let ¢y = (pn,vu) =
¢(x —ky). From (3.1) and (3.19), we have

0= (1, (ze,) l1ze, )
= lzeu |l [, (Ve Vit + Vi)t - o+ Vo, - Vi + Valx)oe, - vy) dx

HzenH/ (x,ze,) + penlze, |V~ en] Pndx
= 1z, /RN (Vily - Vit + Vi(x)iiy - -+ V5, - Vo + Va(x)5y - v) dx

— ||z, |l /]RN [Fz(x,Zn) +pen\zn|P—22n] pdx
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= ||ze, |12 /IRN (Vi - V4 Vi(x) i - p 4+ V0, - Vv + Va(x)0, - v) dx
— |Ize, |l /IRN [Fz(xrfn) + p€n|zn|p_22n] @dx, (3.24)
which implies

/]RN (Vi V4 Vi(xX) i - p+ V0, - Vv + Va(x)6, - v) dx
1

= T T [E(x,2n) + pen|2n|’°’22n] @dx. (3.25)

By virtue of (F1), (F2), (F6), (3.20) and the Holder inequality, one can get that

1 - ~ —2~
m RN ‘ [Pz(x’Z”) + pen|Zul? zzn] (Pl dx
€n
1 |E= (%, Z0)| A
< Me -0 = - p (% o d
B ||Ze,1H17(7 /2,1#0( ’Zﬂg +p€”|z7’l| ‘wn’ !q)\ X

1 |Ez(x,2,)| .
= T U on, (i penlzlr ) 2ol

1 F(x,z ~ p—1— N
T s M + penlZn|? 1o |@n|7| | dx
1zeu 117 JizuzRo \ |2n]

0%
|5 : E.(x,z2 A L
< 2’1—02 !/Z >R <‘ Z‘(Z ,‘0’”)‘ +p€n|2n’p ! a> dx]
n|Z1NQ n
1ze, =7

- ”Zé‘n

Cs N P—2 . p B
< G loll 2 + ¢l / - (F(x,2n) + €n|Zn|")dx

n Zn|ZKK0

2*—1-¢
Ce : - -2 z
<Zu{q) ol | [ (Fez+ P el }

Co
< -
N ||Z€11H170- |:Hq0’ 2

2*—1-¢
2*

~, (o4
Csll@ullZll Il 2

2*} = o(1). (3.26)
It follows from (3.25) and (3.26) that
/RN (Vi - Vi + V()i - i+ V- Vv + V()8 - v) dx = 0(1), ¥ (4,v) € CQ(RY). (3.27)
In view of @, — @, one has
/RN (Vi - Vu+Vi(x)ij - u+V0-Vv+Vo(x)0-v)dx =0, V (p,v) € CFRN).  (3.28)
This implies that A;@ = —A®@ + Vj(x)®@ = 0. Then @ is an eigenfunction of the operator A;,

where i = 1,2. Note that A; has only a continuous spectrum. That is a contradiction. Hence,
{l|ze, ||} is bounded.

Step 2: We prove that there exists z € E such that ®'(z) = 0 and ®(z) > mp := inf Ny lo =
infy— ®
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Applying Lion’s concentration principle like in Step 1, we can deduce that there exist a
constant &; > 0, a sequence y, € ZN and a subsequence of {z, }, which is still denoted by
{ze, }, such that

/ Ize |2dx > 4. (3.29)
B1(yn)
Define 2, = z¢,(x +y). By E* and E~ are ZN-translation invariance, we have ||2,]| = ||z, ||
and

8, END, Ioy(2n) =me, »me [, I (2,) =0. (3.30)

Hence, there exists z € H!(RN) \ {0} such that, going if necessary to a subsequence ,

2, — %, in H(RN);
2, =z, in L3 (RN), Vs € [1,2%); (3.31)
2, — Z, a.e.on RN,

Noting that 2, = (i, 9,), ¢ = (i, v). By virtue of (2.10), (3.1) and (3.31), we have

(@' (2), 9) /R (Vg V4 Vi(x) g+ Vo,V + Va(x)5,v) dx - /IR E(x,2)pdx

= lim {/ N (Vit,Vu+ Vi(x)ldup + V0,Vv + Vo(x)d,v) dx
R

n—oo

_/IRN [E(x,24) + €np|2alP 224] godx}
= lim (I (24), ) =0, Vo € CT(Q).

n—oo
This implies that ®'(z) = 0. Then, z € N'—, ®(z) > my.
Step 3: We prove that ®(z) = my.
In view of (2.9), (2.10), (3.1), (3.30), (3.31) and Fatou’s Lemma, we have

m = lim mg,
n—oo

~ lim [1 () — I, (zn),zn>]

n—oo
= fim, [ [P+ el
> /N F(x,z2)dx = ®(2) — %(cb’(z),z) > my. (3.32)
R

Let ¢ > 0. Then there exists w, € N~ such that ®(w;) < mp + ¢. By Lemma 3.6, there exist
t, > 0and ¢, € E~ such that t,w, + {,, € /\/’e;. From (3.1) and Corollary 3.2, one has

my+¢e > ®(we) = Ip(we) < Ip(tywe + Cn) > Le, (bnwe + (n) > me,. (3.33)
Thus,
m= lim m,, < my+e. (3.34)
n—oo

Since & can be any positive number, we have m < myg. In view of (3.32), we can get that
m=mgy = (I)(Z_)
Since the case N = 1,2 can be dealt with similarly, we omit it. The proof is completed. [I



14 J. Chenand Y. Q. Li

Lemma 3.7. Assume that (V), (F1)—(F3) and (F6) hold. Then
(i) 0 :=inf{||z]| : z € K} > 0;
(ii) 0 :=inf{®(z) :z € K} > 0.

Proof. We only consider the case where N > 3, since N = 1,2 can be dealt with similarity.
(i) Similar to [26, Theorem 1.1], we have K # @. Let {z,} C K such that ||z,|| — &. From
(2.10), we have

lzal = [ Eulrza)(z - z)dx. (3.35)

In view of F(x,z) > 0 and F(x,z) > 0, then F,(x,z)z > 0. From (F1), (F2), (2.4) and (3.35), one
has

F.(x,zy) _
2a]|* = =2 (|0~ |z ) dx
2,70 Zn

1 -2
Iz 115+ Crllzally Nzt 15

<7
7

1
< 5 llzal + Collzall?,

then,

1

9+ 0(1) = ||zu]| > (2C5) 77 > 0. (3.36)

This implies that (i) holds.
(i) Let {z,} C K such that ®(z,) — ¢. Then (®'(z,),z) = 0 for any z € E. From (2.9) and
(2.10), we have

o0+o(l) =P(zy) — %(CD,(ZH),Z”) = /]RN F(x,z,)dx. (3.37)
Let w, = IIZH' Then ||z, > = 1. Set
Q, = {x c RN : ‘F(”‘Z‘Z)' < T}. (3.38)

Since Ag||lw;; |13 < [|w,||?, we have

F(x,z _
[ BT ) (o + g ) e
O, Zn

1

2

< elwalla | f, (i |+ g )2
RN

2y s do
< tllwallz (Il 13+ llwy [3)* <1~ Ao’ (3.39)

From (F6), (3.36), (3.37) and the Holder inequality, we have

1 F.
A EEER e s
[kl RN\Q,

2*-1-¢
*

2% 2
< 1 / |Fz(X/ZVl)’ -l d.x Hw
T lzall' 0 R, N Jzal !

|w, —w,

(%
2" 2
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2% 1—¢
2% 2 —1-¢

[ / F(x, zn)dx} < Crolo +o(1)]FF. (3.40)
RN\Q),

Co

= a7

By virtue of (3.39), (3.40) and (2.10), one has

1 = Nzl = (@' (z0) 7 —23)
122

1 _
= /RN E(x,20) (5 — 2y )dx

Fz(xzzn) +32 —\2 1 Fz(x,zn) T (et -
= o, o e s [ S el )

F(x,2n) , 4o 1 F(x,zn) -
< — (W dx—i—i/ 2w, |7 (w — w; ) dx
o, T @ Pt e [ S el (o —wy)

2% —1-¢

1)
<1- -2+ Cilo+o(1)] 7
Ao

Then we can get that o > 0. O

Proof of Theorem 1.2. Let z, € K such that ®(z,) — 0. As [26, Lemma 4.3], we can easily prove
the boundedness of {z,} in E, so we omit it. Then, similar to the proof of Theorem 1.1, we
can get that there exists z € E \ {0} such that ®'(z) = 0 and ®(z) = ¢ > 0. O
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