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Abstract. We study the fourth order Kirchhoff equation ∆2u− (a + b
∫

Ω |∇u|2)γ∆u =
f (u) in Ω with −∆u > 0 and u > 0 in Ω, and ∆u = u = 0 on ∂Ω, where f (t) =
α 1

tθ + λtq + µt + g(t) for t ≥ 0, g has subcritical growth, α > 0, λ > 0, µ ≥ 0, 0 < θ < 1,
0 < q < 1, γ ≥ 0, a > 0, b ≥ 0. We use the Galerkin projection method to show the
existence of solution under some boundedness restriction on α, λ, µ. In some cases we
study the behavior of the norm of the solution u as λ→ 0 and as λ→ ∞. Similar issues
are addressed for the equation (a + b

∫
Ω |∇u|2)γ∆2u− $∆u = f (u), $ ≥ 0.

Keywords: existence of solution, Kirchhoff equation, singular nonlinearity, approxima-
tion scheme.
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1 Introduction

Let Ω ⊂ RN , N ≥ 1, be a bounded domain with smooth boundary ∂Ω. We solve the following
problems. 

∆2u−
(

a + b
∫

Ω
|∇u|2

)γ

∆u = f (u) in Ω

−∆u > 0, u > 0 in Ω

∆u = u = 0 on ∂Ω

(1.1)

and 
(

a + b
∫

Ω
|∇u|2

)γ

∆2u− $∆u = f (u) in Ω

−∆u > 0, u > 0 in Ω

∆u = u = 0 on ∂Ω.

(1.2)
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Equation (1.1) is related to the study of Woinowsky–Krieger [31] in the analysis of buckling
and vibrations dynamics of nonlinear beam models. The equation is given by

utt + τ uxxxx −
(

a + b
∫ L

0
|ux|2

)
uxx = f (x, u),

where τ, a, b are physical quantities detailed in the sequel: τ = EI/ρ, a = H/ρ and b =

EA/2ρL, where L is the length of the beam in the initial position, E is the modulus of elasticity
in tension, I is the cross-sectional moment of inertia, ρ is the mass density, H is the tension in
the initial position, A is the cross-sectional area. Here u(t, x) is the deflection of the point x
of the beam at time t subjected to a force f . More on wave equations in this field can be seen
in [6, 10, 14, 21, 32]. In this respect, McKenna–Walter [23, 24] studied oscillations of a hanged
bridge as it is conveyed by the equation

utt + uxxxx + κu+ = f (x, u),

where κ > 0 belongs to a specific range.
Equation (1.1) is also associated to Berger’s [5] plate model equation

utt + ∆2u +

(
a + b

∫
Ω
|∇u|2

)
∆u = f (x, u, ut)

that describes the vertical wave vibration of a thin plate. It takes into account horizontal forces
and material resistance represented by a and b. Vertical loads f forces the membrane up and
down, and may depend on the displacement u and speed ut. Consult also Chueshov–Lasiecka
[9] to appreciate the context of the continuum mechanics where such model is inserted.

Equation (1.2) is a fourth order generalization of the Kirchhoff’s [16] wave equation

utt −
(

a + b
∫

Ω
|∇u|2

)
∆u = f (x, u),

that describes changes in length u when a string is transversely fingered with force f , and
where a and b stand for horizontal tensions magnitudes. This can be viewed as an extension
of D’Alembert’s wave equation for free vibration strings that gives a more accurate description
of vibrations of an elastic string, see for instance [4]. Results dealing with variational methods
applied to the stationary equation can be viewed in [11, 18].

Recent works related to (1.1) and (1.2) dealing with variational methods are [2, 7, 8, 12, 17,
22, 25, 29, 33]. The list of papers in this subject is vast, we describe a fill of them below.

A similar equation to (1.1) was studied in [2], namely∆2u− λ0

(
a + b

∫
Ω
|∇u|2

)
∆u = f (x, u) in Ω

∆u = u = 0 on ∂Ω,
(1.3)

where λ0 > 0 is a parameter. Among other suitable hypotheses, f is o(|u|) at zero, has
subcritical growth and satisfies the so-called Ambrosetti–Rabinowitz condition. By means of
the mountain pass theorem, it was shown that there exists a λ̄ > 0 such that the problem has
a nontrivial solution for 0 < λ0 < λ̄.

The Schrödinger–Kirchhoff equation

∆2u−
(

a + b
∫

RN
|∇u|2

)
∆u + V(x)u = f (x, u) + h(x) in RN (1.4)
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was studied in [33]. When h ≥ 0, by the mountain pass theorem, there is a nontrivial solution.
For that matter the potential V satisfies some suitable hypotheses and f is o(|u|) at zero, has
subcritical growth and satisfies the so-called Ambrosetti–Rabinowitz condition. In case h = 0
and f has some symmetric properties, there are infinitely many high–energy solutions which
are obtained by the symmetric mountain pass theorem. Moreover, there are infinitely many
radial solutions.

The equation with critical growth

∆2u−M
(∫

RN
|∇u|2

)
∆u + u = λ0 f (u) + |u| 8

N−4 u in RN (1.5)

was studied in [7] for N ≥ 5, where M : [0, ∞) → [0, ∞) and f : R → R are continuous
functions with M(t) ≥ m0 > 0, f is o(|u|) at zero, has subcritical growth, f (t)/t is increasing
and satisfies the so-called Ambrosetti–Rabinowitz condition. Using minimax critical point
theorems, the authors show that there is a λ̄ > 0 such that for λ0 > λ̄ there is a nontrivial
solution.

The critical problem with indefinite potentials was considered in [12], namely∆2u−
(

a + b
∫

Ω
|∇u|2

)
∆u = λ0a0(x)|u|q0−2u + b0(x)|u|p0−2u in Ω

∆u = u = 0 on ∂Ω.
(1.6)

Under suitable assumptions on the potentials a0 and b0, there is λ̄ > 0 such that if 1 <

q0 < 2 < p0 ≤ 2N/(N − 4), N ≥ 5, then there exists a nontrivial nonnegative solution for
0 < λ0 < λ̄. A second solution exists for λ0 small if 1 < q0 < 2, 4 < p0 ≤ 2N/(N − 4) and
N = 5, 6, 7. The first solution is obtained as the limit of a minimizing sequence by making use
of Ekeland’s variational principle and the second solution is found by means of the mountain
pass theorem.

Using a similar strategy of the Galerkin method compared to the present paper, the fol-
lowing singular fourth order Kirchhoff equation with Hardy potential was studied in [3].
There Ω is a bounded domain with 0 ∈ Ω, h and k are positive continuous functions,
M : [0, ∞) → [0, ∞) a continuous function such that M(t) ≥ m0 > 0 and µ̄ = (N(N−4))2

16 is
the best constant of the Hardy inequality. The problem∆2u− λ0M

(∫
Ω
|∇u|2

)
∆u = µ0

1
|x|4 u +

h(x)
uθ

+ k(x)uq in Ω

∆u = u = 0 on ∂Ω
(1.7)

has a positive solution for λ0 > µ0/µ̄m0 and 0 < µ0 < µ̄.
In contrast to some of the above papers, we prescribe mild assumptions on f , since we do

not need the so-called Ambrosetti–Rabinowitz condition nor specific behavior of f near zero.
Instead, we adopt an approximation scheme inspired in [27, 28].

Define
f (t) = α

1
tθ

+ λtq + µt + g(t) for t ≥ 0 (1.8)

where
α > 0, λ > 0, µ ≥ 0, 0 < θ < 1, 0 < q < 1. (1.9)

The constants in the differential operators respect the following rules:

γ ≥ 0, a > 0, b ≥ 0, $ ≥ 0. (1.10)
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The function

g : R→ R is continuous (1.11)

and satisfies

|g(t)| ≤ c1|t|p for t ∈ R and 1 ≤ p < 2N/(N − 4) (or 1 ≤ p < ∞ if N = 1, 2, 3, 4), (1.12)

where c1 is a constant.
By a solution of (1.1) and (1.2) we mean a function u ∈ H2(Ω) ∩ H1

0(Ω) such that

∫
Ω

∆u∆φ +

(
a + b

∫
Ω
|∇u|2

)γ

∇u∇φ− f (u)φ = 0, ∀φ ∈ H2(Ω) ∩ H1
0(Ω)

or (
a + b

∫
Ω
|∇u|2

)γ

∆u∆φ + $∇u∇φ− f (u)φ = 0, ∀φ ∈ H2(Ω) ∩ H1
0(Ω).

The underlying idea in the proof of the existence of solution, is to consider the function
fε(t) = α 1

(t+ε)θ + λtq + µt with 0 < ε < 1, which is an approximation of f (t) = α 1
tθ + λtq + µt

that avoids the singular term at zero. We use the the spectral Galerkin projection method
and transform the original equation into a family of finite dimensional nonlinear equations.
In each of them we use Brouwer’s theorem to get a solution. Due to the structure of the
equations, we are able to obtain uniform estimates and to pass to the limit in the projected
finite dimensional equations. We thus obtain a solution uε. And some extra reasoning is used
to show that uε converges to a nontrivial solution of the original equation as ε → 0. Since
we use the classical strong maximum principle, some arguments do not work if the boundary
condition is u = ∂u

∂ν = 0. A more general boundary condition related to the Kirchhoff–Love
model for the vertical vibration of a thin elastic plate is presented in [13, pp. 5–7], motivated
to earlier works [15, 20], see also [26].

We state the main results.

Theorem 1.1. Assume (1.8)–(1.10) and g ≡ 0. There is µ∗ > 0 such that for 0 ≤ µ < µ∗ and for
every α, λ > 0, equation (1.1) has a solution.

Theorem 1.2. Assume (1.8)–(1.10) and g ≡ 0. There is µ∗ > 0 such that for 0 ≤ µ < µ∗ and for
every α, λ > 0, equation (1.2) has a solution.

Theorem 1.3. Assume (1.8)–(1.12). Then there exist α∗, λ∗, µ∗ > 0 such that for every 0 < α < α∗,
0 < λ < λ∗ and 0 ≤ µ < µ∗ equation (1.1) has a solution.

Theorem 1.4. Assume (1.8)–(1.12). Then there exist α∗, λ∗, µ∗ > 0 such that for every 0 < α < α∗,
0 < λ < λ∗ and 0 ≤ µ < µ∗ equation (1.2) has a solution.

Theorem 1.5. Let f be such that α = µ = 0 and g(t) = tp for t ≥ 0 with 1 < p < 2N/(N − 4).
And let uλ > 0 be the solution obtained in each Theorem 1.3 or 1.4. Then ‖uλ‖H2∩H1

0
→ 0 as λ→ 0.

Theorem 1.6. Let f (t) = λ
( 1

tθ + tq + t
)
+ tp for t ≥ 0 with 1 < p < 2N/(N − 4). And let uλ > 0

be the solution obtained in each Theorem 1.3 or 1.4. If uλ exists for every λ large, then ‖uλ‖H2∩H1
0
→ ∞

as λ→ ∞.
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2 Preliminaries

The space H2(Ω) ∩ H1
0(Ω) is Hilbert with

inner product (u, v) =
∫

Ω
∆u∆v and norm ‖u‖H2∩H1

0
=

(∫
Ω
|∆u|2

)1/2

.

The embedding H2(Ω)∩ H1
0(Ω) ↪→ Lσ(Ω) is continuous if 1 ≤ σ ≤ 2N/(N− 4) and compact

if 1 ≤ σ < 2N/(N − 4). The embedding is continuous if N = 1, 2, 3, 4 and 1 ≤ σ < ∞. Also,
the embedding H2(Ω)∩H1

0(Ω) ↪→ H1
0(Ω) is continuous and compact, see [1,12,30]. Moreover

‖u‖2
H1

0
≤ ‖u‖L2‖u‖H2∩H1

0
, since

∫
Ω |∇u|2 =

∫
Ω u(−∆u). The Sobolev embedding constant Cσ

related to ‖u‖Lσ ≤ Cσ‖u‖H2∩H1
0

will appear in some computations. The spectrum of −∆ in
H1

0(Ω) is given by the numbers λi, i ∈N, where 0 < λ1 < λ2 ≤ λ3 ≤ λ4.... The corresponding
eigenfunctions are wi ∈ H1

0(Ω), i ∈ N. The first eigenfunction corresponding to λ1 is w1 > 0.
For every i ∈N one has {

−∆wi = λiwi in Ω

wi = 0 on ∂Ω.
(2.1)

By elliptic regularity wi ∈ C∞(Ω), i ∈ N. With respect to the biharmonic operator, for every
i ∈N, {

∆2wi = λ2
i wi in Ω

∆wi = wi = 0 on ∂Ω.
(2.2)

In other words, the spectrum of ∆2 in H2(Ω) ∩ H1
0(Ω) is given by the numbers λ2

i , i ∈ N,
where 0 < λ2

1 < λ2
2 ≤ λ2

3 ≤ λ2
4 . . . And the corresponding eigenfunctions are also wi ∈

H2(Ω) ∩ H1
0(Ω), i ∈N. The following orthogonality relations take place∫

Ω
∇wi∇wj =

∫
Ω

wi(−∆wj) = λj

∫
Ω

wiwj = 0 if i 6= j (2.3)

and ∫
Ω

∆wi∆wj =
∫

Ω
wi(∆2wj) = λ2

j

∫
Ω

wiwj = 0 if i 6= j. (2.4)

The set of eigenfunctions can be normalized either as ‖wi‖H1
0
= 1 or ‖wi‖H2∩H1

0
= 1, i ∈ N.

Hence B = {w1, w2, . . . , wm, . . . } is an orthonormal basis of H1
0(Ω) and of H2(Ω) ∩ H1

0(Ω),
according the inner product of each space.

An aside result that will be useful in the proofs is Brouwer’s Theorem [19] that says: Let
F : Rm → Rm be a continuous function such that (F(η), η) ≥ 0 for every η ∈ Rm with |η| = r
for some r > 0. Then, there exists z0 ∈ Rm with |z0| ≤ r such that F(z0) = 0.

3 Proof of the theorems

We begin proving Theorem 1.1.

Proof. Define fε(t) = α 1
(t+ε)θ + λtq + µt with 0 < ε < 1 and let B = {w1, w2, . . . , wm, . . . } be an

orthonormal basis of H2(Ω) ∩ H1
0(Ω), see (2.3) and (2.4). (Here wi, i = 1, 2, 3, . . . need not to

be eigenfuncitons, but we choose a such basis for convenience). Define

Wm = [w1, w2, . . . , wm],
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to be the space generated by {w1, w2, . . . , wm}. Define the function F : Rm → Rm such that

F(η) = (F1(η), F2(η), . . . , Fm(η))

where η = (η1, η2, . . . , ηm) ∈ Rm,

Fj(η) =
∫

Ω
∆u∆wj +

(
a + b

∫
Ω
|∇u|2

)γ ∫
Ω
∇u∇wj −

∫
Ω

fε(|u|)wj, j = 1, 2, . . . , m

and

u =
m

∑
i=1

ηiwi ∈Wm.

Therefore

(F(η), η) =
∫

Ω
|∆u|2 +

(
a + b

∫
Ω
|∇u|2

)γ ∫
Ω
|∇u|2 −

∫
Ω

fε(|u|)u

≥ ‖u‖2
H2∩H1

0
− α|Ω|θC1−θ

1 ‖u‖1−θ
H2∩H1

0
− λCq+1

q+1‖u‖
q+1
H2∩H1

0
− µC2

2‖u‖2
H2∩H1

0
. (3.1)

The function F is continuous because each Fj is continuous by Sobolev embedding and domi-
nated convergence theorem. Here C1, Cq+1 and C2 are Sobolev embedding constants appear-
ing in ‖u‖Lσ ≤ Cσ‖u‖H2∩H1

0
, which are independent on m and ε. Hence for µ < C−2

2 , there is
R > 0 such that

(F(η), η) > 0 for ‖u‖H2∩H1
0
= |η| = R. (3.2)

Brouwer’s Theorem asserts that there exists um,ε ∈ H2 ∩ H1
0 with ‖um,ε‖H2∩H1

0
≤ R satisfying

∫
Ω

∆um,ε∆wj +

(
a + b

∫
Ω
|∇um,ε|2

)γ ∫
Ω
∇um,ε∇wj −

∫
Ω

fε(|um,ε|)wj = 0, j = 1, 2, . . . , m.

(3.3)
Hence∫

Ω
∆um,ε∆ζm +

(
a + b

∫
Ω
|∇um,ε|2

)γ ∫
Ω
∇um,ε∇ζm −

∫
Ω

fε(|um,ε|)ζm = 0, ∀ζm ∈Wm.

Let k ∈N, then for every m ≥ k we obtain

∫
Ω

∆um,ε∆ζk +

(
a + b

∫
Ω
|∇um,ε|2

)γ ∫
Ω
∇um,ε∇ζk −

∫
Ω

fε(|um,ε|)ζk = 0, ∀ζk ∈Wk. (3.4)

Since ‖um,ε‖H2∩H1
0
≤ R and H2 ∩ H1

0 is reflexive, there exists uε ∈ H2 ∩ H1
0 such that

(i1) um,ε ⇀ uε weakly in H2 ∩ H1
0 as m→ ∞

(i2) um,ε → uε in H1
0 as m→ ∞

(i3) um,ε → uε in Lσ for 1 ≤ σ < 2N/(N − 4) (or 1 ≤ σ < ∞ if N = 1, 2, 3, 4) as m→ ∞

Letting m→ ∞, in the expression (3.4) we get

∫
Ω

∆uε∆ζk +

(
a + b

∫
Ω
|∇uε|2

)γ ∫
Ω
∇uε∇ζk −

∫
Ω

fε(|uε|)ζk = 0, ∀ζk ∈Wk.
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Since the space of all subsapces [Wm]k∈N is dense in H2 ∩ H1
0 , then∫

Ω
∆uε∆ζ +

(
a + b

∫
Ω
|∇uε|2

)γ ∫
Ω
∇uε∇ζ −

∫
Ω

fε(|uε|)ζ = 0, ∀ζ ∈ H2 ∩ H1
0 . (3.5)

Hence uε is a nontrivial weak solution of∆2uε −
(

a + b
∫

Ω
|∇uε|2

)γ

∆uε = fε(|uε|) in Ω

∆uε = uε = 0 on ∂Ω.

Notice that −∆uε satisfy the equation with fε(|uε|) > 0, hence the maximum principle applies.
Consequently, −∆uε > 0 and moreover uε > 0 in Ω. Thus uε satisfies

∆2uε −
(

a + b
∫

Ω
|∇uε|2

)γ

∆uε = fε(uε) in Ω

−∆uε > 0, uε > 0 in Ω

∆uε = uε = 0 on ∂Ω.

(3.6)

As we shall see uε ≥ δ0w1 in Ω for some δ0 > 0, see (2.1) and (2.2). For that matter denote
−∆uε = v and rewrite the equation (3.6) in the form

− ∆v +

(
a + b

∫
Ω
|∇uε|2

)γ

v = fε(uε) ≥ ϑ, (3.7)

where ϑ > 0 is a constant which does not depend on ε such that

fε(t) = α
1

(t + ε)θ
+ λtq + µt ≥ α

1
(t + 1)θ

+ λtq ≥ ϑ for t ≥ 0.

Let V = δw1 with δ > 0 and notice that ‖uε‖H2∩H1
0
≤ lim infm→∞ ‖um,ε‖H2∩H1

0
≤ R, then

−∆V +

(
a + b

∫
Ω
|∇uε|2

)γ

V = δw1

[
λ1 +

(
a + b

∫
Ω
|∇uε|2

)γ]
≤ δw1

[
λ1 +

(
a + b

1
λ1
‖uε‖2

H2∩H1
0

)γ]
≤ δw1

[
λ1 +

(
a + b

R2

λ1

)γ
]
≤ ϑ,

where the last inequality is valid by taking δ small enough, and it is independent on ε. Owing
to (3.7) and remembering that v = V = 0 on ∂Ω, we obtain −∆uε = v ≥ δw1 in Ω. By the
maximum principle there is δ0 > 0 such that uε ≥ δ0w1 in Ω.

Since ‖uε‖H2∩H1
0
≤ R. By Sobolev embedding and continuing to denote a subsequence

ε = εn → 0, then

(j1) uε ⇀ u0 weakly in H2 ∩ H1
0 as ε→ 0,

(j2) uε → u0 in H1
0 as ε→ 0,

(j3) uε → u0 in Lσ for 1 ≤ σ < 2N/(N − 4) (or 1 ≤ σ < ∞ if N = 1, 2, 3, 4) as ε→ 0,

(j4) uε → u0 a.e. in Ω as ε→ 0,
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(j5) |uε| ≤ h(x) a.e. in Ω, for some h in Lσ, 1 ≤ σ < 2N/(N − 4) (or 1 ≤ σ < ∞ if
N = 1, 2, 3, 4).

We conclude that u0 ≥ δ0w1 in Ω. We rewrite (3.5) below

∫
Ω

∆uε∆ζ +

(
a + b

∫
Ω
|∇uε|2

)γ ∫
Ω
∇uε∇ζ

−
∫

Ω

(
α

1
(uε + ε)θ

+ λuq
ε + µuε

)
ζ = 0, ∀ζ ∈ H2 ∩ H1

0 . (3.8)

Using (j1)–(j5) and letting ε→ 0 in (3.8) we arrive at

∫
Ω

∆u0∆ζ +

(
a + b

∫
Ω
|∇u0|2

)γ ∫
Ω
∇u0∇ζ

−
∫

Ω

(
α

1
uθ

0
ζ + λuq

0 + µu0

)
ζ = 0, ∀ζ ∈ H2 ∩ H1

0 . (3.9)

The first two integrals of (3.9) are consequences of (j1) and (j2). The integral involving uq
0

follows from (j4), (j5) and dominated convergence theorem. The integral with µ follows by
(j3). It is useful to detail that∫

Ω

1
(uε + ε)θ

ζ →
∫

Ω

1
uθ

0
ζ, ∀ζ ∈ H2 ∩ H1

0 . (3.10)

First notice that
∫

Ω
1
uθ

0
≤ 1

δθ
0

∫
Ω

1
wθ

1
< ∞. By dominated convergence theorem we can write

(3.10) with ζ ∈ C∞
0 (Ω), and by density we can take ζ ∈ H1

0 , and finally (3.10) holds for every
ζ ∈ H2 ∩ H1

0 .

We now prove Theorem 1.2.

Proof. We borrow B, Wm and F defined in the proof of Theorem 1.1. Define

Fj(η) =

(
a + b

∫
Ω
|∇u|2

)γ ∫
Ω

∆u∆wj + $
∫

Ω
∇u∇wj −

∫
Ω

fε(|u|)wj, j = 1, 2, . . . , m.

Then

(F(η), η) =

(
a + b

∫
Ω
|∇u|2

)γ ∫
Ω
|∆u|2 + $

∫
Ω
|∇u|2 −

∫
Ω

fε(|u|)u

≥ aγ‖u‖2
H2∩H1

0
− α|Ω|θC1−θ

1 ‖u‖1−θ
H2∩H1

0
− λCq+1

q+1‖u‖
q+1
H2∩H1

0
− µC2

2‖u‖2
H2∩H1

0
. (3.11)

For µ < aγC−2
2 , there is R > 0 verifying (3.2) and um,ε ∈ H2 ∩ H1

0 with ‖um,ε‖H2∩H1
0
≤ R and

satisfying(
a + b

∫
Ω
|∇um,ε|2

)γ ∫
Ω

∆um,ε∆wj + $
∫

Ω
∇um,ε∇wj −

∫
Ω

fε(|um,ε|)wj = 0, j = 1, 2, . . . , m.

After the same steps of the previous proof and using (i1)–(i3) we reach(
a + b

∫
Ω
|∇uε|2

)γ ∫
Ω

∆uε∆ζ + $
∫

Ω
∇uε∇ζ −

∫
Ω

fε(|uε|)ζ = 0, ∀ζ ∈ H2 ∩ H1
0 . (3.12)
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We thus get a nontrivial weak solution uε of
(

a + b
∫

Ω
|∇uε|2

)γ

∆2uε − $∆uε = fε(|uε|) in Ω

∆uε = uε = 0 on ∂Ω.

We are in position to apply the maximum principle to the function −∆uε. Then −∆uε > 0,
thus uε > 0 in Ω and

(
a + b

∫
Ω
|∇uε|2

)γ

∆2uε − $∆uε = fε(uε) in Ω

−∆uε > 0, uε > 0 in Ω

∆uε = uε = 0 on ∂Ω.

(3.13)

For V = δw1 with δ > 0 and using ‖uε‖H2∩H1
0
≤ R, then for δ small enough

−
(

a + b
∫

Ω
|∇uε|2

)γ

∆V + $V ≤ δw1

[(
a + b

R2

λ1

)γ

λ1 + $

]
≤ ϑ ≤ fε(uε).

Comparing with (3.13) we obtain −∆uε ≥ δw1 and uε ≥ δ0w1 in Ω for δ0 > 0 small enough.
The remaining steps are analogue to the proof of Theorem 1.1.

Next we describe the main steps of the proof of Theorem 1.3.

Proof. Define fε(t) = α 1
(t+ε)θ + λtq + µt + g(t) with 0 < ε < 1. As in the beginning of the proof

of Theorem 1.1 we consider B, Wm and F. Estimate (3.1) in this context turns out to be

(F(η), η) =
∫

Ω
|∆u|2 +

(
a + b

∫
Ω
|∇u|2

)γ ∫
Ω
|∇u|2 −

∫
Ω

fε(|u|)u

≥ ‖u‖2
H2∩H1

0
− α|Ω|θC1−θ

1 ‖u‖1−θ
H2∩H1

0
− λCq+1

q+1‖u‖
q+1
H2∩H1

0

− c1Cp+1
p+1‖u‖

p+1
H2∩H1

0
− µC2

2‖u‖2
H2∩H1

0
. (3.14)

Hence, there is a constant K > 0 such that

(F(η), η) ≥ ‖u‖2
H2∩H1

0
− K

(
α‖u‖1−θ

H2∩H1
0
+ λ‖u‖q+1

H2∩H1
0
+ ‖u‖p+1

H2∩H1
0
+ µ‖u‖2

H2∩H1
0

)
. (3.15)

Next we will make the choice of R, α∗, µ∗ and λ∗. We need ‖u‖H2∩H1
0
= R < (2/3K)1/(p−1).

Thus, let
R = min{1, [(2/3K)1/(p−1)]/2}.

We require α < (1/2)1+θ(2/3K)1+θ/(p−1)(2/3K), then we select α∗ with

α∗ = [(1/2)1+θ(2/3K)1+θ/(p−1)(2/3K)]/2.

We need µ < 2/3K, thus we take µ∗ = 1/3K.
Once R has been chosen, we want λ∗ such that R2 − KλRq+1 > 0, i.e., λ < R1−q/K for

λ < λ∗. Hence we take

λ∗ = (1/K)min{1, (1/2)2−q(2/3K)(1−q)/(p−1)}.
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With these these choices of α∗, λ∗, µ∗ announced in the statement of the theorem, we have the
intervals where α, λ, µ belong to, namely 0 < α < α∗, 0 < λ < λ∗ and 0 ≤ µ < µ∗.

Thus, let Υ = R2 − Kλ∗Rq+1 > 0. Therefore,

(F(η), η) > Υ for ‖u‖H2∩H1
0
= |η| = R. (3.16)

Brouwer’s Theorem asserts that there exists um,ε ∈ H2 ∩ H1
0 with ‖um,ε‖H2∩H1

0
≤ R satisfying

(3.3). Notice that there is a constant ϑ > 0, which does not depend on ε such that

fε(t) = α
1

(t + ε)θ
+ λtq + µt + g(t) ≥ α

1
(t + 1)θ

+ λtq ≥ ϑ for t ≥ 0.

The remaining parts of the proof run in the same manner as before, see all steps from (3.3) to
(3.10).

The proof of Theorem 1.4 is similar.

Proof. The above proofs are well documented. It is a repetition of the arguments.

Next we prove Theorem 1.5.

Proof. The solution u = uλ satisfies

‖u‖2
H2∩H1

0
≤
∫

Ω
|∆u|2 +

(
a + b

∫
Ω
|∇u|2

)γ ∫
Ω
|∇u|2 =

∫
Ω

f (u)u

=
∫

Ω
λuq+1 + up+1 ≤ λCq+1

q+1‖u‖
q+1
H2∩H1

0
+ Cp+1

p+1‖u‖
p+1
H2∩H1

0
.

Then

‖u‖1−q
H2∩H1

0
≤

λCq+1
q+1

1− Cp+1
p+1‖u‖

p−1
H2∩H1

0

.

By the choice of R we get
1− Cp+1

p+1‖u‖
p−1
H2∩H1

0
≥ 1/2.

Hence
‖u‖H2∩H1

0
≤
(
2λCq+1

q+1

)1/(1−q) → 0 as λ→ 0.

The proof for (1.2) is similar.

We conclude the paper proving Theorem 1.6.

Proof. We denote the existing solution of Theorem 1.3 by u = uλ and assume that ‖u‖H2∩H1
0
≤

R. Since ‖u‖2
H1

0
≤ ‖u‖L2‖u‖H2∩H1

0
, the term a+ b‖u‖2

H1
0

is bounded. Multiply the equation (1.1)
by w1, integrate and use (2.1) and (2.2), hence∫

Ω
f (u)w1 = λ1

∫
Ω

uw1(1 + (a + b‖u‖2
H1

0
)γ) ≤ λ1M

∫
Ω

uw1, (3.17)

for a constant M > 0 independent on λ. Notice that f (t) = λ
( 1

tθ + tq + t
)
+ tp ≥ λtq + tp for

t ≥ 0. Then f (t) ≥ λ(p−1)(p−q)Cp,qt for t ≥ 0, where Cp,q > 0 is a constant depending only on
p and q. Hence (3.17) gives

λ(p−1)(p−q)Cp,q

∫
Ω

uw1 ≤ λ1M
∫

Ω
uw1,

which makes λ bounded, a contradiction. Again the reasoning for (1.2) is similar.
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