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Abstract. We study the fourth order Kirchhoff equation A%u — (a + b [ [Vu[?)7Au =
f(u) in Q with —Au > 0and u > 0in O, and Au = u = 0 on (), where f(t) =
(xt% + At + ut + g(t) for t > 0, g has subcritical growth, « >0,A >0, 4 >0,0<60 <1,
0<g<1l9>0a>0b2>0. Weusethe Galerkin projection method to show the
existence of solution under some boundedness restriction on &, A, 4. In some cases we
study the behavior of the norm of the solution # as A — 0 and as A — oo. Similar issues
are addressed for the equation (a+ b [, |Vu|?)7A%u — oAu = f(u), ¢ > 0.
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1 Introduction

Let O ¢ RN, N > 1, be a bounded domain with smooth boundary 0Q). We solve the following

problems.
¥
A*u — <a+b/ |Vu|2> Au= f(u) inQ
Q
—Au>0,u>0 in Q) (L.1)
AM=u=0 on dQ)
and N
(a—l—b/ ]Vu]2> ANu—oAu = f(u) inQ
Q
—Au>0,u>0 in O (1.2)
Au=u=0 on 0Q).
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2 M. Montenegro

Equation (1.1) is related to the study of Woinowsky—Krieger [31] in the analysis of buckling
and vibrations dynamics of nonlinear beam models. The equation is given by

L
utt+Tuxxxx_ <ﬂ+b/0 ux’2> uxx :f(x,u),

where T,a,b are physical quantities detailed in the sequel: T = EI/p, a = H/p and b =
EA/2pL, where L is the length of the beam in the initial position, E is the modulus of elasticity
in tension, I is the cross-sectional moment of inertia, p is the mass density, H is the tension in
the initial position, A is the cross-sectional area. Here u(t,x) is the deflection of the point x
of the beam at time t subjected to a force f. More on wave equations in this field can be seen
in [6,10,14,21,32]. In this respect, McKenna-Walter [23,24] studied oscillations of a hanged
bridge as it is conveyed by the equation

Up + Uypxx + KU = f(x,u),

where x > 0 belongs to a specific range.
Equation (1.1) is also associated to Berger’s [5] plate model equation

s + Au+ <a+b/ ]Vu|2) Au = f(x,u,u)
0

that describes the vertical wave vibration of a thin plate. It takes into account horizontal forces
and material resistance represented by a and b. Vertical loads f forces the membrane up and
down, and may depend on the displacement u and speed u;. Consult also Chueshov-Lasiecka
[9] to appreciate the context of the continuum mechanics where such model is inserted.
Equation (1.2) is a fourth order generalization of the Kirchhoft’s [16] wave equation

g — (a—i—b/Q\VuF) Au = f(x,u),

that describes changes in length u when a string is transversely fingered with force f, and
where a and b stand for horizontal tensions magnitudes. This can be viewed as an extension
of D’Alembert’s wave equation for free vibration strings that gives a more accurate description
of vibrations of an elastic string, see for instance [4]. Results dealing with variational methods
applied to the stationary equation can be viewed in [11,18].

Recent works related to (1.1) and (1.2) dealing with variational methods are [2,7,8,12,17,
22,25,29,33]. The list of papers in this subject is vast, we describe a fill of them below.

A similar equation to (1.1) was studied in [2], namely

Nu— Mg <a+b/ \Vu|2) Au= f(x,u) inQ
0

Au=u=20 on dQ),

(1.3)

where Ap > 0 is a parameter. Among other suitable hypotheses, f is o(|u|) at zero, has
subcritical growth and satisfies the so-called Ambrosetti-Rabinowitz condition. By means of
the mountain pass theorem, it was shown that there exists a A > 0 such that the problem has
a nontrivial solution for 0 < Ag < A.

The Schrodinger—Kirchhoff equation

A*u — <a + b/}RN |Vu|2> Au+V(x)u = f(x,u) +h(x) in R¥ (1.4)
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was studied in [33]. When h > 0, by the mountain pass theorem, there is a nontrivial solution.
For that matter the potential V satisfies some suitable hypotheses and f is o(|u|) at zero, has
subcritical growth and satisfies the so-called Ambrosetti-Rabinowitz condition. In case 1 = 0
and f has some symmetric properties, there are infinitely many high—energy solutions which
are obtained by the symmetric mountain pass theorem. Moreover, there are infinitely many
radial solutions.

The equation with critical growth

Azu—M</N|Vu|2> Au+u=Agf(u) + |u[¥5u in RN (1.5)
R

was studied in [7] for N > 5, where M : [0,c0) — [0,00) and f : R — R are continuous
functions with M(t) > my > 0, f is o(|u|) at zero, has subcritical growth, f(t)/t is increasing
and satisfies the so-called Ambrosetti-Rabinowitz condition. Using minimax critical point
theorems, the authors show that there is a A > 0 such that for A\; > A there is a nontrivial
solution.

The critical problem with indefinite potentials was considered in [12], namely

Ay — <a + b/ \Vu]2> Au = Aoag(x)|u| " 2u + bo(x) |ulP° 2y in Q) 16)
0 :

Au=u=020 on 0Q).

Under suitable assumptions on the potentials ay and by, there is A > 0 such that if 1 <
go < 2 < po < 2N/(N —4), N > 5, then there exists a nontrivial nonnegative solution for
0 < Ap < A. A second solution exists for Ag small if 1 < g9 < 2,4 < py < 2N/(N —4) and
N = 5,6,7. The first solution is obtained as the limit of a minimizing sequence by making use
of Ekeland’s variational principle and the second solution is found by means of the mountain
pass theorem.

Using a similar strategy of the Galerkin method compared to the present paper, the fol-
lowing singular fourth order Kirchhoff equation with Hardy potential was studied in [3].
There () is a bounded domain with 0 € ), h and k are positive continuous functions,

M : [0,00) — [0,00) a continuous function such that M(t) > my > 0 and ji = w is
the best constant of the Hardy inequality. The problem
1 h(x) .
A2u—/\M</ Vu2>Au: —u+—>+k(x)u? inQ
oMoV AIFTERTR (1.7)

Au=u=20 on ()

has a positive solution for Ag > o/ fimg and 0 < po < ji.

In contrast to some of the above papers, we prescribe mild assumptions on f, since we do
not need the so-called Ambrosetti-Rabinowitz condition nor specific behavior of f near zero.
Instead, we adopt an approximation scheme inspired in [27,28].

Define

f(t) = “tlf’ + AT+ put+g(t) fort >0 (1.8)

where
«>0, A>0, pu>0, 0<b<1, O0<g<Ll (1.9)

The constants in the differential operators respect the following rules:

¥y>0, a>0, b>0, 0>0. (1.10)
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The function

g:R = R is continuous (1.11)

and satisfies
lg()| <ci|t|P forte Rand1<p <2N/(N—-4) (or1<p<oif N=1,234), (1.12)

where ¢q is a constant.
By a solution of (1.1) and (1.2) we mean a function u € H*(Q)) N H}(Q) such that

/Q AuAp + (a + b/Q \Vu|2>7 Vuve — fu)p =0, Vo € HX(Q)NHLY(Q)

or

<a + b/Q |w\-’~)7 Aulg +oVuVe — f(u)p =0, V¢ € HX(Q)NHH(Q).

The underlying idea in the proof of the existence of solution, is to consider the function
fe(t) = uc(tjig)g + At7+ ut with 0 < € < 1, which is an approximation of f(t) = a; + AtT + pt
that avoids the singular term at zero. We use the the spectral Galerkin projection method
and transform the original equation into a family of finite dimensional nonlinear equations.
In each of them we use Brouwer’s theorem to get a solution. Due to the structure of the
equations, we are able to obtain uniform estimates and to pass to the limit in the projected
finite dimensional equations. We thus obtain a solution u,. And some extra reasoning is used
to show that u. converges to a nontrivial solution of the original equation as ¢ — 0. Since
we use the classical strong maximum principle, some arguments do not work if the boundary
condition is # = 3% = 0. A more general boundary condition related to the Kirchhoff-Love
model for the vertical vibration of a thin elastic plate is presented in [13, pp. 5-7], motivated
to earlier works [15,20], see also [26].

We state the main results.

Theorem 1.1. Assume (1.8)—(1.10) and ¢ = 0. There is u* > 0 such that for 0 < u < u* and for
every a, A > 0, equation (1.1) has a solution.

Theorem 1.2. Assume (1.8)—(1.10) and g = 0. There is u* > 0 such that for 0 < y < p* and for
every a, A > 0, equation (1.2) has a solution.

Theorem 1.3. Assume (1.8)—(1.12). Then there exist a*, A*, u* > 0 such that for every 0 < & < a*,
0<A<A*"and 0 < pu < u* equation (1.1) has a solution.

Theorem 1.4. Assume (1.8)—(1.12). Then there exist a*, A*, u* > 0 such that for every 0 < a < a*,
0 <A< A" and 0 < u < p* equation (1.2) has a solution.

Theorem 1.5. Let f be such that « = y = 0and g(t) =tV for t > Qwith1 < p < 2N/(N —4).
And let uy > 0 be the solution obtained in each Theorem 1.3 or 1.4. Then ]|uA||H2ﬂH3 —0asA — 0.

Theorem 1.6. Let f(t) = Az +t1+1t) + 17 for t > Qwith 1 < p < 2N/(N —4). And let uy >0
be the solution obtained in each Theorem 1.3 or 1.4. If u exists for every A large, then ||u, || g2 HI 00
as A — oo.
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2 Preliminaries

The space H>(Q)) N H}(Q) is Hilbert with

1/2
inner product (u,v) :/ AuAv and norm H”HHZOH(} = </ |Au|2> .
0 0

The embedding H*(Q) N H}(Q) < L7(Q) is continuous if 1 < ¢ < 2N/(N — 4) and compact
if 1 <o <2N/(N —4). The embedding is continuous if N = 1,2,3,4 and 1 < ¢ < 0. Also,
the embedding H2(Q) N H (Q) — H}(Q) is continuous and compact, see [1,12,30]. Moreover
||u|]i% < [lullzzllull popy, since Jo |Vul> = [ u(—Au). The Sobolev embedding constant C
related to |[ul|r+ < Collu| oy will appear in some computations. The spectrum of —A in
Hé(Q) is given by the numbers A;, i € N, where 0 < A; < Ay < A3 < A4.... The corresponding
eigenfunctions are w; € Hé(Q), i € IN. The first eigenfunction corresponding to A; is w; > 0.

For every i € IN one has
{—Awi = )\iwi in () (21)

w; = 0 on 9Q).

By elliptic regularity w; € C*(Q), i € IN. With respect to the biharmonic operator, for every

i €N,
{Azwi = Afwi in ) 22)

Aw; =w; =0 on Q.

In other words, the spectrum of A% in H?(Q) N H}(Q)) is given by the numbers A?, i € N,
where 0 < A7 < A3 < A3 < AZ... And the corresponding eigenfunctions are also w; €
H?(Q) N H}(Q), i € N. The following orthogonality relations take place

/ sz-Vw]- :/ wi(—Aw]-) = /\]/ wiw]- =0 if l;fé] (23)
Q Q Q

and
/Q Aw;Aw; = /Q wi(A%w;) = A2 /Q ww; =0 if i ] (2.4)

The set of eigenfunctions can be normalized either as ||w;]| m = lor || il oy = 1,1 € N
Hence B = {wy,wy, ..., Wy, ...} is an orthonormal basis of H}(Q) and of H*(Q)) N HL(QY),
according the inner product of each space.

An aside result that will be useful in the proofs is Brouwer’s Theorem [19] that says: Let
F : R™ — R™ be a continuous function such that (F(#),7) > 0 for every 7 € R™ with || =r
for some r > 0. Then, there exists zy € R™ with |zg| < r such that F(zy) = 0.

3 Proof of the theorems

We begin proving Theorem 1.1.

Proof. Define f.(t) = aﬁ + AT+ ut with 0 < e < 1and let B = {wq,wy, ..., Wy, ... } be an
orthonormal basis of H*(Q)) N H}(Q)), see (2.3) and (2.4). (Here w;,i = 1,2,3,... need not to

be eigenfuncitons, but we choose a such basis for convenience). Define

WWZ = [w1/w2/ e /wm]/
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to be the space generated by {w;, wy, ..., wy }. Define the function F : R” — R™ such that

F(y) = (Fu(n), E2(), ..., Eu(17))

where # = (11,12, ..., Im) € R",

v .
Fj(q):/(lAquj+<a+b/()|Vu|2> /QVqu]-—/Qfg(|u|)wj, ji=12,...,m

and
m
U= Emwi e W,.
i=1
Therefore
2 2 T 2
o = [ 1o+ (a0 [ (96R) [ 9= [ fillul
Q Q QO QO
— — 1 1
> ||u||%-]2mHé - ‘X|Q|9C% 0””‘ }iszHé - /\Cgil HMHZZQH& - ]/lC%HquHzmHé (31)

The function F is continuous because each F; is continuous by Sobolev embedding and domi-
nated convergence theorem. Here C;, C;41 and C; are Sobolev embedding constants appear-
ing in ||ul[re < Collul| o1, which are independent on m and ¢. Hence for u < C; 2, there is
R > 0 such that

(EGpn) >0 for ullysm = I] = R. (32)

Brouwer’s Theorem asserts that there exists ;. € H> N H} with |||l g2 1y < R satisfying

4
/(2 Aum’SAw] + (a + b/(_2 |Vum’g|2> /(2 vumlng] - ‘/()fg(‘umlg‘)WJ - 0, j - 1,2, .o .,m.
(3.3)
Hence

Y
/ At A + <a+b/ |wm,g\2> / Vit eV om —/ Fellttme)om =0, VT € W
O O @] O

Let k € IN, then for every m > k we obtain

Y
/Q At eAi + <a+b /Q \Vum,g|2> /Q Vit e Vs — /Q Fllme )i =0, Vi€ Wi (3.4)

Since ||ty H2NH] < Rand H?N H(l) is reflexive, there exists u, € H2 N Hé such that
(i1) Ume — ue weakly in H?2N Hé as m — oo
(i2) Ume — ue in Hé as m — oo

(i3) ume —> e iINL7for1 <o <2N/(N—-4)(or1<oc<o0if N=1,2,3,4)asm — oo

Letting m — oo, in the expression (3.4) we get

y
/QAugAz;k+<a+b/Q|wg|2> /ngvz;k—/ﬂfguusl)gk:o, Y € Wy.
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Since the space of all subsapces [W,,]xcn is dense in H? N H}, then

2 T 2 1
/QAugAg+(a+b/Q|wg|> /Qwsvg—/Qfguung:o, Vi e H2NHL.  (35)

Hence u, is a nontrivial weak solution of
¥
A%u, — (a—i—b/ \Vug\2> Au, = fe(lug]) inQ
0O
Au. =u, =0 on dQ).

Notice that —Au, satisfy the equation with f(|u.|) > 0, hence the maximum principle applies.
Consequently, —Au, > 0 and moreover u, > 0 in Q). Thus u, satisfies

v
Q

—Aue, > 0,u, >0 in Q)
Aug=u, =0 on 0Q).

(3.6)

As we shall see u; > Jyw; in Q) for some dy > 0, see (2.1) and (2.2). For that matter denote
—Au, = v and rewrite the equation (3.6) in the form

g
— Av+ <a —i—b/Q ]Vug\z) v = fe(ue) >0, (3.7)
where ¢ > 0 is a constant which does not depend on ¢ such that

1 1

Let V' = 6wy with § > 0 and notice that [|uc|| oy < Hminfy e [|Umell ppapy < R, then

0 i - v
—AV + <a+b/ ]Vug|2> V =dw |M + <a+b/ |Vug|2> ]
o I 0

- 1 ) v

RZ v
< dwq A1+<a+b>

<
AM <9

7

where the last inequality is valid by taking  small enough, and it is independent on e. Owing
to (3.7) and remembering that v = V = 0 on d(), we obtain —Au, = v > dw; in Q). By the
maximum principle there is 69 > 0 such that u, > dyw; in Q.

Since Hug||H2ﬂH(1) < R. By Sobolev embedding and continuing to denote a subsequence
e =¢, — 0, then

(j1) ue — up weakly in H>N H} as e — 0,
(j2) u: — up in H} ase — 0,
(ja) ue > up inLforl1 <o <2N/(N—-4)(orl1<oc<oif N=1,23,4)ase—0,

(ja) ue —up a.e. inQase—0,
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(j5) |ue| < h(x) ae. in Q, for some hin L9, 1 < ¢ < 2N/(N —4) (or 1 < ¢ < oo if
N =1,2,3,4).

We conclude that ug > dywq in (). We rewrite (3.5) below

/QAueAg—i— (a+b/Q|Vug|2>7/QVu€VC

1
— /Q <uc(u£+€)9 + Aud +yug> =0, Y{e€H*NH). (3.9)

Using (j1)-(j5) and letting ¢ — 0 in (3.8) we arrive at

/QAquH(a+b/0|w0|2)7/ﬂwovg

— /Q <aul€g+ Aud + yuo> =0, VY€ H*NH. (3.9
0

The first two integrals of (3.9) are consequences of (j1) and (j2). The integral involving u)
follows from (js), (j5) and dominated convergence theorem. The integral with u follows by
(j3). It is useful to detail that

1 1 ,
/ng%/m[gg, v € H*N HY. (3.10)

First notice that |, % < olg Ja # < co. By dominated convergence theorem we can write
0 0 1

(3.10) with ¢ € C5°(Q), and by density we can take { € H}, and finally (3.10) holds for every
{ € H*NH}. O

We now prove Theorem 1.2.

Proof. We borrow B, W,,, and F defined in the proof of Theorem 1.1. Define
7
Fi() = <a+b/ﬂ |vu|2> /QAquj +Q/waj - /Qfe(|u|)wj, i=12,...,m.
Then

Fpyn) = (a [ (902)" [ jou o [ 19~ [ feuls

- - +1 +1
Zﬂ”l\uHﬁané—wIQIBC} G\IMILzﬁHé—)\CZHHMII?{ZQH&—Hcﬁl\uHﬁzmHé- (3.11)

For u < a7C;?, there is R > 0 verifying (3.2) and u,,, € H? N H} with Hum,g||HzmHé < R and
satisfying

v
(a—kb/()]Vum,g\Z) /QAum,gij—i—Q/QVum,ngj—/Qfg(\um,g\)wj:O, j=12,...,m.

After the same steps of the previous proof and using (i )-(i3) we reach

Y
<a+b/Q]Vug|2) /QAMSAHQ/QWEW—/Qfg(yugy)gzo, Vi e H2nHL.  (3.12)
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We thus get a nontrivial weak solution u, of

Y
<a+b/ ng|2> A, — 0B = fu(jue])  in Q)
Q
Au,=u, =0 on 9Q).

We are in position to apply the maximum principle to the function —Au,. Then —Au, > 0,
thus u, > 0in ) and

v
<a+b/ ]Vug|2> A%, — 0Au, = fe(ue) in Q
0

—Au, >0,u, >0 in ()
Au. =u, =0 on 0Q).

(3.13)

For V = dw; with § > 0 and using ||u.|| tenmy < R, then for § small enough

RZ Y

Comparing with (3.13) we obtain —Au, > dw; and u, > dyw; in Q) for o > 0 small enough.
The remaining steps are analogue to the proof of Theorem 1.1. O

¥
— <a—i—b/ |Vug]2> AV + oV < dun <0 < fe(ue).
Q

Next we describe the main steps of the proof of Theorem 1.3.

Proof. Define f,(t) = aﬁ + At + ut + g(t) with 0 < € < 1. As in the beginning of the proof

of Theorem 1.1 we consider B, W, and F. Estimate (3.1) in this context turns out to be

i) = [ 1+ (a [ (9uR) [ 9up = [ (b

— — +1 +1
> gy — #IOFCE Jali? y ~ ACT 2
+1 +1
=Gyl — KOl iy (3.14)

Hence, there is a constant K > 0 such that
- +1 +1
(F 7)) 2 By — K (il o+ Al + Tl + ) - 315)

Next we will make the choice of R, a*, u* and A*. We need HuHHQQHé = R < (2/3K)V (1),
Thus, let
R = min{1, [(2/3K)"/(P~1]/2}.

We require « < (1/2)1%(2/3K)'+¢/(r=1)(2/3K), then we select a* with
o — [(1/2)1+9(2/3K)1+9/(p_1)(2/3[()]/2,

We need p < 2/3K, thus we take y* = 1/3K.
Once R has been chosen, we want A* such that R? — KARTt! > 0, ie, A < R179/K for
A < A*. Hence we take

A* = (1/K) min{1, (1/2)>77(2/3K)1=0/(p=1)},
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With these these choices of a*, A*, u* announced in the statement of the theorem, we have the
intervals where a, A, u belong to, namely 0 < a < a*, 0 <A <A*and 0 < p < p*.
Thus, let Y = RZ — KA*R9t1 > 0. Therefore,

(F(1),m) > Y for [[ull gorpy = ln| = R. (3.16)

Brouwer’s Theorem asserts that there exists uy, € H> N H} with [[ttme ]| 2, mi < R satisfying
(3.3). Notice that there is a constant ¢ > 0, which does not depend on ¢ such that

fe(t) :am+)tt”’+yt+g(t) > oc(t+11)9+)\t’7 >9 fort>0.
The remaining parts of the proof run in the same manner as before, see all steps from (3.3) to
(3.10). O
The proof of Theorem 1.4 is similar.
Proof. The above proofs are well documented. It is a repetition of the arguments. ]

Next we prove Theorem 1.5.

Proof. The solution u = u, satisfies

v
Hu||2HzﬂH3§/0|Au‘2_|_<a—|—b/0|vu|2> [vup = [ fu

1 1 1 1
_ /Qw“mr’“ < ACT It g + Cot il

+ H2N p+11 g2A )
Then "
C‘i
1— +1
H”HHZZng < p+1q p—1
1- C +1 HMHHZQH(%

By the choice of R we get
+1 -1
1- C§+1 HMHZZOH(% > 1/2-
Hence
lull e < @ACEHYTP 50 asA—o.

The proof for (1.2) is similar. O
We conclude the paper proving Theorem 1.6.

Proof. We denote the existing solution of Theorem 1.3 by u = u, and assume that [[u/[ o <

R. Since HuHi[1 < |ul|z2 Hu||H2nH5, the term a + bHuHi,1 is bounded. Multiply the equation (1.1)
0 0

by w;, integrate and use (2.1) and (2.2), hence

/Qf(u)wl — Al/nuwl(u (a+bllul3)") < /\1M/Quw1, (3.17)

for a constant M > 0 independent on A. Notice that f(t) = A(% +t7+1t) + ¥ > AtT+ 7 for
t > 0. Then f(t) > /\(F’*l)(’”*q)cp,qt for t > 0, where C,,; > 0 is a constant depending only on
p and q. Hence (3.17) gives

/\(Pfl)(P*Q)Cp’q uwy < /\1M/ uw1,
0O (@)

which makes A bounded, a contradiction. Again the reasoning for (1.2) is similar. O
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