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Abstract. In the present paper, we study the time-space fractional diffusion equation
involving the Caputo differential operator and the fractional Laplacian. This equation
describes the Lévy flight with the Brownian motion component and the drift com-
ponent. First, the asymptotic behavior of the fundamental solution of the fractional
diffusion equation is considered. Then, we use the fundamental solution to obtain the
representation formula of solutions of the Cauchy problem. In the last, the L?-decay
estimates for solutions are proved by employing the Fourier analysis technique.
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1 Introduction

1.1 Statement of the problem

In this paper, we consider the Cauchy problem for the fractional diffusion equation

fu(t,x) = —(=2)Pu(t,x) +b-vu(t,x) + hAu(t, x), t>0 xeR", (1.1)

where n € N,a € (0,1}, € (0,1),h > 0 and b € R". Here 9 denotes the Caputo fractional
differential operator defined by [16] 9} being the classical differential operator and

dio(t) = ;t tl*”‘(z; —0(0))(t) = F(ll—oc)gt /Ot(t —8) " *(v(s) — v(0))ds, t>0

for « € (0,1), where J is the Riemann-Liouville fractional integral operator of order a > 0
defined by [16] J? being the identity operator and
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[0 (t) = r(la) /Ot(t o) Lo (s)ds

for a > 0. Also, (—A\)P is the fractional Laplacian defined by
(=&)Po(x) = FH(ISPFo(g))(x),  x€R

for B € (0,1). Here .7 and .7~ ! are respectively Fourier transform and inverse Fourier
transform defined by [16,27]

Fo(g)=0(@) = [ olx)edx,  GER
/ o(@)eds, xR

1.2 Physical background

The equation (1.1) is derived from the continuous time random walk (CTRW in short) theory,
which is characterized by the waiting time probability density function (PDF in short) ()
and the jump length PDF w(x). The famous Montroll-Weiss equation is given in the Fourier—
Laplace space by [21]

A 1—1(s) 1
R e BTGk -

where (s) means the Laplace transform of y(¢) defined by [16]

§5) = 29(s) = [ el

and ii(s, &) stands for the Fourier-Laplace transform of the PDF u(t, x) of being at position x
at time t.

Take
R 1
lp(S) = 1_{_75“, S (0, 1], (14)
(&) =e %@, (1.5)
where (g is defined by
G(8) = 11 +hlg? —ib-¢. (1.6)

Since 75 is a Stieltjes function, i(t) becomes a PDF. In fact, 1(t) is the Mittag-Leffler PDF
given by [11]

1
14 s

v =27

When a = 1, ¢(t) becomes a Poisson PDE. By Lemma 6.9 in [17], the function {4 is negative

>(t) = " LE, o (—1%). (1.7)

definite. It follows from the negative definiteness of {4 that e~%#(®) is a positive definite func-
tion. For details of the Bernstein function theory, see [28]. Then, by the Bochner theorem,
w(x) becomes a PDE. Also, we have

e %® 5 1-74(8), &0 (1.8)
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Combining (1.8) with (1.3) and (1.4), we deduce
Szxfl

18 = & @

We can rewrite (1.9) as
stii(s, &) — " = —gp(5)it(s, §).

Taking the inverse Fourier-Laplace transform, we obtain the equation (1.1).

In [3,7], Cartea and del-Castillo-Negrete use the jump length PDF in the Lévy—Khintchine
representation to derive a general time-space nonlocal diffusion equation including (1.1). Also,
employing the general nonlocal diffusion equation, they described the tempered Lévy flight
which looks like a Lévy process in a small time and behaves like a Brownian random walk in a
large time. Meerschaert et al. also considered general nonlocal diffusion equations including
(1.1) in [20]. In [6], del-Castillo-Negrete and Cartea modelled the resistive pressure-gradient-
driven plasma turbulence by employing the time-space fractional diffusion equation.

The equation (1.1) captures the Lévy flight with the Brownian motion component and
the drift component. In (1.1), the fractional Laplacian and the classical Laplacian mean the
jump component and the Brownian motion component respectively. Also, the gradient in (1.1)
stands for the drift component. For details of the Lévy process, see [27].

1.3 State of the art

In [2], Blumenthal and Getoor established the following estimate for the transition density of
the 2B-stable Lévy process

u(t, x) ~ min{t %, ¢|x| "2}, (1.10)

The transition density corresponds to the fundamental solution of the equation (1.1) of the
case: « =1, € (0,1), b = h = 0. In [12], Ignat and Rossi used the energy method to obtain
the decay estimate results for solutions of the space fractional diffusion equation. Kaleta and
Sztonyk [13] studied the asymptotic behavior of transition density and its derivatives for the
tempered Lévy flight.

Eidelman and Kochubei [8] obtained the various estimates for fundamental solutions of
the time fractional diffusion equation. In [26], the existence of solutions and the large time
behavior for the initial boundary value problem of the Caputo time fractional diffusion-wave
equation were investigated. In [14,31,32], the optimal decay estimates for solutions of time
nonlocal diffusion equations were established.

In [18], Mainardi, Luchko and Pagnini studied the analytical properties of fundamental so-
lutions of the time-space fractional diffusion-wave equation involving the Caputo differential
operator and the Riesz-Feller operator. Chen, Meerschaert and Nane [4] established the prob-
abilistic representations for solutions of the equation (1.1) of the case: a« € (0,1],8 € (0,1],
b = h = 0. In [15], Kemppainen, Siljander and Zacher used the properties of the Fox H-
function and the Fourier analysis technique to prove the results for the asymptotic behavior
of solutions of the equation

O u(t,x) = —(=AN)Pu(t,x) + f(t,x), t>0, xeR" (1.11)

Allen, Caffarelli and Vasseur [1] studied the Holder regularity for the nonlocal diffusion equa-
tion with the Caputo fractional derivative and a generalization of the fractional Laplacian. By
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employing the Laplace transform, Cheng, Li and Yamamoto [5] obtained the large time be-
havior result for initial value problem and initial boundary value problem of the time-space
fractional diffusion-reaction equation. In [30], the author proved the existence of solutions
of the time-space nonlocal diffusion equation involving the generalized Caputo-type differ-
ential operator and the generalized fractional Laplacian introduced in [29]. We mention also
[10, 22-25], where analytical solutions of several time-space fractional diffusion-wave equa-
tions were established.

The goal of this paper is to obtain the asymptotic behavior of solutions of the Cauchy
problem (1.1)—(1.2).

1.4 OQutline

This paper is organized as follows.

In Section 2, we give necessary concepts and lemmas for obtaining the main results of the
paper.

In Section 3, we study the asymptotic behavior of fundamental solutions of the equation
(1.1). The asymptotic behavior result for the fundamental solution shows that the equation
(1.1) captures the Lévy flight which looks like a Brownian random walk in a short time and
behaves like a Lévy process in a long time.

In Section 4, we prove the representation formula for solutions of the Cauchy problem
(1.1)—(1.2) by using the fundamental solution and the properties of the Wright function.

In Section 5, we obtain the L2-decay estimates for solutions of the Cauchy problem (1.1)-
(1.2) by employing the Fourier analysis method.

2 Preliminaries

First of all, we introduce some basic notations. Throughout this paper, IN, R and C will mean
the sets of natural, real and complex numbers respectively. C > 0 stands for a universal
positive constant which can be different at different places. Also, a < b means a < Cb for
some constant C > 0 and a = b denotes a > Cb for some constant C > 0. In addition, we
writea ~bifa <b S a.

Leta,b € C and Re(a) > 0. The two parameter Mittag-Leffler function is defined by [16]

00 Zj
E,p(z) =) ——, z e C.
a,b( ) ];) F(a]—l—b)

Lemma 2.1 ([16,32]). Let k € C,a > 0and j € IN. Then
0{Eg1(kt") = kE,1(kt"), t>0. (2.1)
Proof. The relation (2.1) was proved in [16]. O

Lemma 2.2. Let a € (0,2) and b € R. Suppose that y is such that wa/2 < p < min{, ta}. Then
there exists a constant C = C(a, b, u) > 0 such that

|Eap(2)] < , n<arg(z)[ < 22)

1+ |z
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Leta > —1 and b € C. The Wright function W, ;, is defined by [16]

00 7
W)=Y ——  zeC.
(1) ];)]!F(a]+b)

(2.3)

Let r € (0,1). The functions F, and M, are special cases of the Wright function defined by [19]

_ _ v (=z)
F(z) = W_,0(—2) = ]; AT ) zeC,

S (=z)

M,(z) =W_,1_+(—2) = jz(:)]'!r(_rj+ 1—r)

z € C.

The functions F, and M, are related through
F(z) = rzM,(2), zeC.

By the relation I'(z)['(1 — z) = —"—, the following equality holds.

sin(7z)

F(z) = — i(—l)j’lsz sin(jrta), zeC.

TS J!
Also, the following relations hold [19].
t ]. r—% —r %,
Mr(—) b e T, b oo,
r 2m(1—r)

dWa,b (t)
dt

— Wa,quh(t) .

By (2.8) and (2.6), we can easily see the asymptotic behavior of the function F,(t).

e T = / e %0, (t, 7)dt, 7,5 >0,
0
where . '
Z(—l)f’lrjt’“j’lw sin(jra), t,T > 0.
j!

By (2.7) and (2.4),

ot = (D) = Twa(—5), s

From (2.11), we obtain

lim 6, (t,7) = lim se™ ™" =0, T>0.
t—0 §—00

(2.4)

(2.5)

2.7)

(2.11)

(2.12)

(2.13)

(2.14)

Let Z, g stand for the fundamental solution of the following time-space fractional diffusion

equation
M u(t,x) = —(=A)Pu(t, x), t>0, x e R"

Letn € IN and b > 0. Denote

p(n,b) = {”fﬂ" n > 2b,

00, otherwise.

(2.15)
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3 Fundamental solution of fractional diffusion equation

In this section, we consider the fundamental solution of the fractional diffusion equation (1.1).

3.1 Fundamental solution of space fractional diffusion equation

In this subsection, we discuss the space fractional diffusion equation of the form

au(t, x)
ot

= —(=A)Pu(t,x) +b-vu(t,x) +hAu(t, x), t>0 xeR", (3.1)

which is corresponding to the equation (1.1) when « = 1 and B € (0,1). Applying the Fourier
transform to (3.1) with respect to the space variable x, we obtain

di(t,¢)

5 = —(|E]*8 +h|¢)? —ib-&)a(t,&), t>0,&eR" (3.2)

The solution of the equation (3.2) with the condition ii(0,{) = 1 has the form:

i(t, &) = o~ (IPP+hIgP—ib-g)t
For convenience, we write {(&) = || + h|¢|*> — ib - . The fundamental solution A; g of the

equation (3.1) is represented by

1
(2m"

Since e~ (EFHAIEP—ib-0)t g positive definite, it follows from the Bochner theorem that Ay g(t, x) >
0. Also, the following relation holds.

Avp(t2) = o [ e GO cos(xg)de =

@) Jr [ e SRR cos((x 4 bt)2)dC.  (33)

o~ (EPP+hIgP—ib-2)t _ /]Rn A1 g(t, x) cos(xg)dx = Ay g(t,©). (3.4)
Moreover,
Ap(t,x)dx =1, t>0.
]Rn
If h =0, then
Allﬁ(t,x) = leﬁ(t,x + bt) (35)
If h # 0, then
1 |x+bt—y[2
A t,xzin/e_ w74 g(t,1y)dy. 3.6
el ) (47tht)2 Jre 1p(t )y (36)

Theorem 3.1. Let n € N, € (0,1),h > 0and b € R". Then the following relations hold.

t72, ifxeR"andtc (0,1],
F%, ifxeR"and t € (1,00).

Al,ﬁ(t/ X) 5 {

E(lx| = £2) "%, if|x| > % and t € (0,1),

,if x| > 1% and t € (1,00).
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Proof. The asymptotic behavior (1.10) of Z; g(t, x) is the following.

Zy5(t,x) ~ min{t~ %, t|x[ "%} (3.7)
By (3.7), we have
,mﬁ@x—bﬂzln/ U5 7 6t y)dy
’ (47tht)2 Jre
2 ey2
~ 1;1/ L _‘4hyr‘ t Zﬁdy 171/ Le_‘4hjr‘ t|y|—”—2l3dy
(47tht)2 Jy|<t?P (47tht)2 Jjy|>t2F
n n x—y|2 n x—y|2

SBR[ ey ey (38)

lyl<t ly|>t%

First, we estimate the integral

For x € R", we have

For x € R", we obtain
_ -y n n
/ 1 Tant dy / 4ht dy 5 (ht)z S £2.
ly
1
For |x| > t%, we estimate

1.2 1.2
12 (1s-12) o ()
/ 1 e Hidz <e T / 1 dz St2he” e,
| |x—z|<t?

x—z|<t2P
1
For |x| > t? and m > 0, we deduce

2 m +2p
_‘xfy‘ 2 n—1
pe Wdy S 1Y S o dr
lyl<t? yl<t? |x =yl Ix! —r)m

Setting m = n + 2,

m‘*

/ . e_ e dy< t5pts +1(|x| )_n_z,
ly

|<t?f
Setting m = n + 2p,
lx—yl? nyn 1\
/ Lo dy ST (x| — ) TP
lyl<t?F

Next, we estimate the integral

i o
/| e |y dy.

y|>t2F
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For x € R"”, we obtain

—n—2

|x—y[? —n-28 |x—y[? —n-28 |x—y[2 _nyn_
1 e i ’y’fnfzﬁdy <t 2P 1 ef%dy 5 I 2B ef%dy S t 2%+g 1_
ly[>%F ~ ly|>t2F R"

For x € R”, we have

ey L _
/Iy>t21ﬁe Ty Zﬁdyg /y|>t2]ﬁ ™ 2ﬁdy§t g

If |x| > £, then

,\xfy\z 7117213 7\)‘*!/\2 7,,[72‘3
|y‘>tﬁ e~ ant |y| dy = ‘ ‘4% e~ ant ‘y‘ dy

ly—x[<=5—

I

26
+ e vl y.

Then, for |x| > ti,

< (4ht)? — ;
( ) ( 5 ZIBte Toht
(o)
n — x|t
5 t2 (’x‘ + tﬁ) n=2p + o™ Tem

[+ "2 1 (%)
< =T B A
(4ht)2 ( 5 > 2,Bte ot
1.2
x| -12P
< t%+1—ﬁ(’x| + tziﬁ)_”_Z + t_le_%

Combining the previous estimates, we obtain the following results.

If |x| > tﬁ and t € (0,1], then, by (3.8), for m > 0,
y

1.2
|x|—t2P

—m

SR (x| = ) PP (] 08) R (] - o)

i)’

A1,13<t,x — bt) < t_ﬁ_ftfe* Tt + -3 (t;*lﬂ(’ﬂ + tﬁ)iniz +t e Tem

)
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Setting m = n + 2, we deduce

Avp(t,x —bt) S H(|x| — 25) "2,

If x ¢ R" and t € (0,1], then

Arp(t,x —bt) St B 242 4 floap] <73
If |x| > tﬁ and t > 1, then, by (3.8), for m > 0,
1.2 1
_n_n n Ix‘itZ/j 1—12 n 1 *Tl*le 1 M*tz/j
Avg(t,x —bt) St 2¢%e W 4472 tf(]x| -|-t2ﬂ) 4+t e
< tf%t%(’ﬂ — tzﬁ)im + t(’x| + tﬁ)in*zﬁ + t*%t%(|x| _ tzg)*
Setting m = n + 28, we deduce
Avp(tx —bt) SH(Jx) — #38) "2 p((x] — #28) T (x| — £38) P

If x e R"and t > 1, then

no_non

Al,ﬂ(t/x_bt) S t_Zﬁ Etf +t17%t_1_ﬁ+7 < t_Z,B_ D
Remark 3.2. From the relation (3.7), we can easily see

erﬁ(t’ .X')

—F——= S L2751 ift>0and x € R™.
Zip(tx 4 0) < max{ b and x

Then, from (3.6) and Theorem 3.1, we obtain the following result.
If B € [3,1), then

)—n—Z

t(]x] — 12 , if |x| > t% and t € (0,1],

Al,ﬁ(t,X) 5 "
P (|x) - tﬁ)_”_zﬁ, if [x] > 1% and t € (1,00).
If B € (0,3), then

Ag(x) < 2P (x| — tzl*ﬂ)*”*z, if [x| > t% and t € (0,1],
1\ X) 3 e
H(|x| — t2) "%, if x| > t% and t € (1, 00).

We consider the LP-estimate of the fundamental solution Ay g.

Theorem 3.3. Let n € N, € (0,1),h > 0,b € R" and p € [1,00|. Then the following relation
holds.

1AL (t )y S
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Proof. Using Theorem 3.1, we can easily obtain the result.
For t € (0,1], we obtain

HAl,,B(tl')Hzp(]Rn) = /]Rn A p(t, x)Pdx = /| y Avp(t, x)Pdx + , Aqp(t,x)Pdx

x| < x|>
t2 t2

For t > 1, we have

At ey = [ Avplt0Pdx = [ 4 Augltx)Pdx+

x|<2t2F
) rnfl

1
|x|>2t2P

———dr
2% (p tﬁ)ﬂpﬂﬁp

=

np np _2pp [ n—1 np
<yt +tr’tﬁfﬁfﬁ/ 5 gs< Tt
~ 2 (s—1)npt28p "

3.2 Fundamental solution of time-space fractional diffusion equation

Alr,B(t’ x)pdx

In this subsection, we consider the time-space fractional diffusion equation (1.1) of the case:
a € (0,1) and B € (0,1). Let A,p denote the fundamental solution of the equation (1.1).

Applying the Fourier transform to (1.1) with respect to the space variable x, we obtain

orii(t,¢) = —¢p(¢)i(t,¢),  t>0,¢eR™

The solution of the equation (3.9) with the condition ii(0,¢) = 1 is of the form

i(t, &) = B (=G (5)1°).
By the Laplace transform, we obtain

Safl

/O Eu1(—p(E) %) dt = L

Now we define the function ¢ (¢, ) by

1 t
p(t,T) = }*“Ga(t,r) = M/ (t —s) “B(s, T)ds, t,T>0.
— 0
Then -
t,T)e Bdt = g% 1™ ™", s,T >0
¢
0
and
. 1 o, —Ts" __
11_r>r&qb(t, T) = S11_)11([3105 e =0, > 0.

From (4.26) in [18], we obtain

1

o0 = 1 (5) = W (2 ), s

(3.9)

(3.10)

(3.11)

(3.12)
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By the asymptotic behavior of M,, we have

ilir(l)(l)(t, T) = Tlgr(}ocp(t, T) =0, t > 0.

Also,

/oo/ P(t,T)e O Tdrestdr = / / e St dte= )T dr
o Jo

a—1

= sl ™ ety — 5 3.13
/0 s* 4 p(C) G139

It follows from the uniqueness of the Laplace transform and (3.10) that
i(t, &) = Eg1(—{p(E)") = / o(t,T)e )74, t>0, &€ R" (3.14)

0
From (3.7) and (3.12), we deduce
u(t,x) = (271T) /0 (1, 7) /}R e T cos(gx)dgd = /0 o(t,T) A1 p(T, x)dT

1 [ T ©
=/, Ma<t—a)A1,ﬁ(T,x)dT = /0 My (s) A1 p(st”, x)ds, t>0, x e R".
Therefore the fundamental solution of the equation (1.1) is represented by
Anplt x) = / Mq(s)Arg(st®, x)ds, >0, x € R". (3.15)
0
It follows from Ajg(s,x) > 0 that A, g(t,x) > 0. By the relation (2.9), we obtain

Ay p(t x)dx = / My(s) | Aqp(st”, x)dxds = / M,(s)ds =1, t > 0.
Rl‘l 0 IRH 0

Now we consider the asymptotic behavior of A, g(t, x) when |x| > 125

Lemma 3.4. Let n € N, € (0,1),8 € (0,1),h > 0,b € R",t € (0,1) and |x| > t%. Then the
following relation holds.
Anp(t,x) < PRI <2 (3.16)
X)) .
P x| 2, x| > 2.

Proof. Now we will prove the relation (3.16) when of B € [3,1). If B € (0, 3), then the relation
can be proved similarly.
First, we consider the case of |x| < 2. It follows from Theorem 3.1 and Remark 3.2 that

|x|% !

Mq(s) Agp(st*, x)ds + / Mq(s) A p(st*, x)ds

ZZﬁ,a

Aa,ﬁ(t/ x)

—|—/ (s)Aqp(st", x)ds

M, (s)st" (x| — (st“)ﬁ) s+ /‘;ﬁ M, (s)(st¥) " 2ds

22B 4
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We obtain the following relations:
n_1
27 ds < (22 3 m

1
" _n " —
/X‘Zﬁ Ma(s)s ds = [, sM(s)s

22 a 22B
" Ma(s)(st) Hds < [ M (s)(ltﬂ)_ﬁ‘ds < [ Mu(s)d
P = J1 T e = [y els)as.
I3 s I

By the asymptotic behavior of M,, the function
r/ M, (s)ds
r

has a maximum value in [1,00). Then we have
Azx,ﬁ(trx) S tzx‘x’fnfz + t”%]xr”ﬁ*Zﬁ + e 5 t"‘|x]*”*2.

2
" Ma(s)Arp(st*, x)ds

Next, we consider the case of |x| > 2. By Theorem 3.1 and Remark 3.2, we have
: 4

Agplt,x) = / Ma(s) A1 p(st®, x)ds + [

0 w

+ [ M, (s) Ay p(st", x — bt)ds

22B

1
< / Mo (s)st (x| — (st9)%) ™" 2ds
0
|x|%8
ﬁ)_n_zﬁds

+ 22B MW(S)(Sta)nJrZﬁf% (|x| _ (Sttx)

i
+ [xﬁﬁ M, (s)(st*) " %ds.

22B

3 x|~ [x]2B poo o
< s Mu(s)ds e,

Since
o M . *ﬁd < o0 ‘x’2[3t0¢ - p
22P 22B
]

‘X‘Z:B o
22

we have
Azx,ﬁ(t, X) S t“(‘x| — 1)—1’1—2 + tﬂé(n+257%)|x|—n—2ﬁ + ta‘X|_n_2ﬁ 5 ta|X|_n_2ﬁ,

Now we obtain the LP-decay estimate for the fundamental solution A, g(t, x).

Theorem 3.5. Let n € N, a € (0,1),8 € (0,1),h > 0and b € R". Then,
| Aap(t M w@n ST, e (0] (3.17)
forp € [1,p(n,1)). Also,
a1
1 Aup(t, Mpmn SE 2070, te (1,0 (3.18)

forp € [1,p(n,B)).
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Proof. If p € [1,p(n,1)), then the integral
/ Ma(s)sf%u*%)ds
0

is finite. Then, for t > 0 and p € [1,p(n,1)), we have

1 00
1 Awp(t, )l ey < /0 Mu()1Avp(6t, ) lrgrnyds + [, Ma(5)l| Avp(st®, ) loaey s

"
1

< [T M) 0 Pas [ s sty B0 Pas
° w

is finite. Then, for t > 0 and p € [1, p(n, B)), we have

1
Iy

Mu() 14150, Mlirgrnds + [, Mal9)l| Avp(st™, ) s ends

tx

tl"‘ _n(1-1 o0 _n(q-1
5/ M, (s)(st*) 5 ( E)ds+/1 M, (s)(stY) 55 (1-3) 4
0 3

1 Aap(t vy < |

tl‘)‘ _n 171 R _n 171
5/ M, (s)(st*) 75 ;)d5+/1 M (s)(st%) 35 (1=5) 4g
0 "

an 1 0 n
2,

l’ n an
SEH0D [T Mue)s B s+ HO [ M ()5 H 0 s
0

X

<rHeh 0
Remark 3.6. Comparing Theorem 3.3 and Theorem 3.5 with Lemma 5.1 in [15], we can see

that the equation (1.1) describes the Lévy flight which looks like a Brownian random walk in
a small time and behaves like a Lévy process in a large time.

4 Representation formula of solutions

In this section, we establish a representation formula of the fractional diffusion equation (1.1)
with the initial condition (1.2).

4.1 Classical solution

In this subsection, we discuss a classical solution of the problem (1.1)—(1.2).
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Definition 4.1. We call u € C([0,00) x R") a classical solution of the Cauchy problem (1.1)-
(1.2) if

(P1) Z1((Zg(-)i(t,-))(x) is a continuous function of x for any ¢ > 0,
(P2) for any x € R”, tl_“u(t, x) is continuously differentiable with respect to t > 0,

(P3) u(t, x) satisfies the equation (1.1) for any (t,x) € (0,00) x R" and the initial condition
(1.2) for any x € R".

Theorem 4.2. Let n € N,a = 1, € (0,1),h > 0and b € R*". Let uy € C(R")NL(R")
be a function such that iy € L'(R"). Then the Cauchy problem (1.1)~(1.2) has a classical solution
represented by

u(t,x) = . A p(t,x —y)uo(y)dy. 4.1)

Proof. First, we prove that the function (4.1) satisfies the condition (P1). Using (3.4), we have

Cp(&)i(t,€) = Lp(&) Arp(t, &)l (E) = Tp(&)e O itp(g).

Then it follows from the condition iy € L'(R") that {g(-)i(t,-) € L'(R") for any ¢ > 0. By the
Riemann-Lebesgue lemma, .Z ' (({g(-)#(t, -))(x) is a continuous function of x for any ¢ > 0.
Next, we show that the function (4.1) satisfies the condition (P2). We have

dA; /;(t, x) 1
, _ ~Zp(@)t 42
ot (27_[),1 R gﬁ(é)e COS(X(:)dC, (4.2)
which implies that aAl’gt(t’x) is continuous with respect to t and x. Since the function
aALﬁ (t, X )
ot

is a bounded continuous function of x for any + > 0 and ug € L'(R"),

aALﬁ(t, X — )

5 up(+) € LY(R™),

which implies that the function

E)Al,ﬁ(t,x — y)
/ LT tely)dy

is a continuous function of x for any t > 0. Then, we have

ou(t, 0A1 5(t, x —
wx) [ ORIy @3)

In the last, we deduce that the function (4.1) satisfies the condition (P3). For (t,x) €
(0,00) x R", we deduce

0A14(t,x —y) _ ou(t,x)
o Wy =5~

F U Ep@(t,0)(x) = F 7 (5p(@)e Di(@) ) (x) = [

n
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For any € > 0, there exists a 6 > 0 such that |up(y) — uo(x)| < € for x,y € R" satisfying
the relation |[x —y| < 26. By the asymptotic behavior of A;g(t,x), for any x € R" and
t € (0,min{5/|b|, 6% /2?P}), we have

e, )~ ()] = | [ At =y = be) o + ) = ()|
< [y Ausltx =y =)oy +b1) — o (x)dy

+ | |>5A1,ﬁ(t,x—y—bt)\uo(y—i—bt)—uo(x)\dy
x—y

1
56/ «Al'ﬁ(t'x_y_bt)dy+2|’”0”m(w)/ H(|x —y| — %) 2 dy
s eyl

Se+2Muolimq [ (r=19) 720
oS 5 —n—2
S €+ 2t||u0||Loo(]Rn) /(5 <7’ — 2) rn_ldT.

If t is sufficiently small, |u(t, x) — up(x)| < 2€ for x € R". Since € is arbitrary, for any x € R”",

lim |u(t, x) — up(x)| = 0. O
t—0
Theorem 4.3. Let n € N,a € (0,1),8 € (0,1),h > 0and b € R". Let ug € C(R") L} (R")
be a function such that iy € L'(R"). Then the Cauchy problem (1.1)—(1.2) has a classical solution
represented by

u(tx) = [ Auplt,x = yuo(y)dy. (4.4)

Proof. First, we prove that the function (4.1) satisfies the condition (P1). Using (3.14) and (2.2),
we have

Ep(@)(1,8) = Tp(8) Aup(t)0(E) = Gp(E) Ean(~Lp(@)F)M(E) S x0(@), £ 0, § € R

Then it follows from the condition ily € L'(R") that Zg(-)i(t,-) € L'(IR") for any ¢ > 0. By the
Riemann-Lebesgue lemma, .% ~!(({g(-)i(t,-))(x) is a continuous function of x for any ¢ > 0.
Next, we show that the function (4.1) satisfies the condition (P2). From the relation

(e8] v
/ ]tl’“cp(t, T)e Stdt = g2 27T s, T>0,
0

we obtain

Hm J1%¢(t,7) = lim s 1e ™" =, > 0.
t—0 ]t 4)( ) $—»00

From the relations (2.13) and (2.10), we deduce

aeae()i, 7) ‘tleG) _ tiﬁo’c(%) _ _tlzp(tl) _ %W,,(tl) 4.5)

By the formula (2.3) and the asymptotic behavior of the Wright function given by (1.11.8) in
[16], we have

90, (t, T)
ot

— 0, T—0o0r7— oo, (4.6)
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Since
/ 00a(t,7) e Bdt =se” ™", s, T >0,
0 ot
we obtain
lim 0u(t,T) _ lim s2e~ ™" =0, >0, (4.7)
t—0 t §—>00
lim 0 (t,7) _ lims’e ™" =0, 1>0. (4.8)
t—o0 t s—0
Then ()
d d 20, (t, T
o _ Y1l — —12-2 — 22070\
adP(t,T) = 5 $(t,T) 50 0 (t, T) h 5 t,T>0. 4.9)

Meanwhile, we have

]tlfch“/‘B(t,x) = /Ooo ]tlfa(l)(t, T)AL[;(T,x)dT = 1);1 /Ooo ]tlfoccp(t,r) /R1 e 0p(0)T cos(Ex)dEdT.

@y

By (4.6) and (4.9), ]}*“Aa,,g(t,x) is continuously differentiable with respect to t > 0. From
Theorem 3.1 and (3.3), for t > 0 and x € R", we obtain

Of Awp(t, x) = /000 I Pp(t, T)Arp(T, x)dT = (2711)71 /Ooo ap(t,T) /]Rn e~ @)T cos(x¢)dEdT. (4.10)

Then the function 9§ A, g(t,x) is a continuous function of x for any t > 0. It follows from
Theorem 3.3 that 9 A, 4(t,-) € L'(R") for any > 0. Also, the function

[ An (b3 = y)uoly)dy

is a continuous function of x for any ¢ > 0. Therefore, we have

u(t, x) = /]R 9 At x — y)uo(y)dy. (4.11)

In the last, we deduce that the function (4.4) satisfies the condition (P3). For f > 0 and
x € R", we deduce

FH(Cp(@)a(t,¢)) (x) =

/Ooo Y (t, ) /an Ay p(T,x — y)uo(y)dydt

= /]R” 0f App(t, x — y)uo(y)dy = ofu(t, x).

As in the proof of Theorem 4.2, using the asymptotic behavior of A, 4(t, x) obtained in
Lemma 3.4, we can prove the initial condition lim;_,q |u(t, x) — up(x)| = 0 for any x € R". [
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4.2 Mild solution

In this subsection, we consider a mild solution of the Cauchy problem (1.1)-(1.2). Now we
give a rigorous definition of the solution of the equation (1.1)—(1.2).

Definition 4.4. We call u a mild solution to (1.1)=(1.2) if (1.1) holds in L?(R") and u(t,-) €
HZ(IR") fort>0and u € C([0,00),' LZ(]R”)), limtﬁo Hu(t, ) — MOHLZ(]R”) =0.

Theorem 4.5. Let a € (0,1],8 € (0,1),h > 0,b € R" and ug € L*(R"). Then the Cauchy problem
(1.1)—~(1.2) has a unique mild solution u represented by (4.4). Moreover, u € C((0,0); H*(R")) and
the following relations hold.

[u(t, ) l2rry < 1ol 2Ry, t>0, (4.12)
[u(t, ) lr2wey S ol 2wy (T +7%), t>0, (4.13)
[u(t, ) | rey S ol 2y (T + 7 1), t>o. (4.14)

If n < 4P, then

Proof. Using Lemma 2.2, we have

[E2a(t, €)| < 0(&)]|E?] Eaa (— (€% + h|E[> — ib - &)t)]
_ |mo()] .
S i o(C)HC!zlerQta ST t>0CER
Hamn@|smaauawm——m”+wwﬁ—w-oﬂﬂ
< |0(@)|2] <Ol o rern,

1+ |§|2t“ S t2

By using the Plancherel theorem, for t > 0, we deduce

[u(t, ) l2rey = () [ 2rry = NF0Awp(t ) 2Ry < 0l 2re) = [[10 ] 2 (R0
Also, for t > 0, we have
et )l = N+ - ) ey < (14 5 ) Bz
e, Mgy = 10+ 1 Dttt ey S (14 ) ol
For t > 0, we estimate
et ) = oll 2wy = [14(t, ) = ol 2y = [I0(1 = Ap(t, )l 2y < 2lltt0]l12(wn)-
From the Lebesgue dominated convergence theorem, we obtain

%1_{% [u(t, ) — uoll2rry = PH(} [(t, ) — ol 2 (rry = HﬁOP_I}(}(l — A p(t, Nl2wey = 0.
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For t1,t; > 0, we deduce

s, ) =t M = 10+ - P) (@t ) = @t ) |2
= [+ P)io(Aup(t, ) = Anplta, ) 2w

1 1
< t7||”0||L2(R") + thHuOHLZ(IR") + 2|uol| 12 (g
1 2

By the Lebesgue dominated convergence theorem, we estimate

. T 2N\~ _
t}lj}}z [u(ts, ) —u(tz, ) p2(rey = lim [+ [F) (@t ) =t )|l 2w
= (X +1-[)do(-) Htlz(Aa,ﬁ(tl, ) = Aup(ta, )l 2wey = 0.

li
h—

Similarly, we can prove u € C((0,00); H(R")).
Using the Plancherel theorem, (2.1) and (3.9), for t > 0, we have

‘ abalgt ) (CAYu(tx) — b vu(t, x) — hAu(t,x)
L2(R")
- Haagii") —i10(&) (1% +h|g[* — ib- &) Ena (— (|81 + hIE* —ib- §)t*) =0
L2(IR")

In the case of n < 48, using Young inequality for convolution and Theorem 3.5, we obtain

t=%, te(0,1),
[u(t, ) L=wey < ol 2oy | Aw,p(t )2y S

_na

t %, te[l,0).

5 Decay behavior of solutions

In this section, we consider the Lz—decay of solutions of the nonlocal diffusion equation (1.1)
with the initial condition (1.2).

Theorem 5.1. Let n € N, & = 1,8 € (0,1),h > 0,b € R" and uyp € L'(R") N L?(R"). Then the
mild solution u of the Cauchy problem (1.1)—(1.2) satisfies the following relation.

<

£ |y ., te(0,1],
Hu(t/-)HLzmn)N{ 1ol (re) (0,1]

t_EHuUHLl(Rn), t e (1,00)

Proof. Using Theorem 3.3, Young’s inequality for convolution and the Plancherel theorem, for
t > 0, we obtain

<

tnguoHLl(]Rn), t e (0,1],
[t M 2wy < 1AL ) 2 [0l 1 Ry S {

£ luollywny, £ € (1,00).
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Theorem 5.2. Let n € N, « € (0,1),8 € (0,1),h > 0,b € R" and ug € L'(R") N L2(R"). Then
the mild solution u of the Cauchy problem (1.1)—(1.2) satisfies the following relations.
If n # 4P, then
taminds Ak e (0,1],
* n < .
It iz S amints |y o0

If n = 4B, then

e < 4T te (0]
s L2(R") ~> - max{z 1} t e (1100)

Proof. Using Theorem 3.5 and Young inequality for convolution, we have

£ [uollp1(rny, forn < 4andt e (0,1],
[t )2y < 1At ) 2 ol rrey S 4w
t ¥ [uo|l 1rny, forn < 4Bandt € (1,00).

If n > 4p, then, from the Plancherel theorem, Lemma 2.2 and the Hardy-Littlewood-Sobolev
theorem [9], we deduce

@7)"[Ju(t, ooy = () Fage Z/W |Aup(t, €)Pl110(8)2dE

2

_ V12 (7 (7Y |2 |70 (%)
= Jo B L@@ P S [ e
2 [[*P e 28 on - .
S [ P R0(@) e £ (- 2) Pl S Mol gy,
If n > 2, then we obtain

7 2 70( Zﬁt(X o
It Mo 5 i e S [ e o @)Pae

“Fag(g)[? 5
<t7“/ HC’ 4 0 a d <t7“ — 2 n <t ® 2 " .
~ R (|| 7Pt~ 2 + |E|Pt2)? CStI(=4)" “0HL2 Rr) HuOHLniZﬂ( -

If n > 4, then we have

~ 2 44120
It W S, G ey S [ i gl 1 (@R

SRI(-A

)" “OHLZ ®) S 2{XH”OHZ 2 gy’

If n > 2, then we estimate

2 |70(2) | —a RS 1 2
It ) Begeny S [, TG S Lo T el @ P

i 2
<t*"‘/ 1B 8@ e < pmap )ty oy S uolf?
~U R (JE| 1R A+ |E]E2)2 ¢ St (=2) " 2u|| T2 oy luolf, 2 Ltz (R’

If n < 4, then we deduce
rn—l

|70(8 2 /°°
; e d (R R rTIvIL
Hu( LZIR N/ 1+’€’2t“ ‘:N HuOH (R 0 (1+r2ta)2 r
0o -1
2 2 v
=t 2 HHOHLl(Rn)/O (1+w2)2dw

Combining the previous estimates, we obtain the desired result. O
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