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Controllability of Nonlocal Impulsive Stochastic
Quasilinear Integrodifferential Systems
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Abstract

Sufficient conditions for controllability of nonlocal impulsive stochastic quasi-
linear integrodifferential systems in Hilbert spaces are established. The results
are obtained by using evolution operator, semigroup theory and fixed point
technique. As an application, an example is provided to illustrate the obtained
result.
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1 Introduction

The concept of controllability plays an important role in many areas of applied math-
ematics. Random differential and integral equations play an important role in char-
acterizing numerous social, physical, biological and engineering problems. Stochastic
differential equations are important from the viewpoint of applications since they
incorporate randomness into the mathematical description of the phenomena and
therefore provide a more accurate description of it. Impulsive effects exist widely in
many evolution processes in which states are changed abruptly at certain moments
of time involving fields such as medicine, biology, economics, electronics and telecom-
munications etc., (see [26, 33]). Besides impulsive effects, stochastic effects also exist
in real systems. Most of the dynamical systems have variable structures subject to
stochastic abrupt changes, which may result from abrupt phenomena such as stochas-
tic failures and repairs of the components, sudden environment changes and changes
in the interconnections of subsystems.

Mathematical modelling of real life problems usually results in functional equa-
tions, like ordinary or partial differential equations, integral equations, integrodif-
ferential equations and stochastic equations. Integrodifferential equations play an
important role in many branches of linear and nonlinear functional analysis and their
applications in the theory of engineering, mechanics, physics, chemistry, astronomy,

*Department of Mathematics, Bharathiar University, Coimbatore - 641 046, India. e-mail:
kb.maths.bu@gmail.com (K.Balachandran) and sathyain.math@gmail.com (R.Sathya)

EJQTDE, 2011 No. 50, p. 1



biology, economics, potential theory and electrostatics. Various mathematical formu-
lation of physical phenomena contain integrodifferential equations, these equations
arises in fields such as fluid dynamics, biological models and chemical kinetics. The
nonlocal condition which is a generalization of the classical initial condition was mo-
tivated by physical problems. The pioneering work on nonlocal conditions is due to
Byszewski [10].

Quasilinear evolution equations are encountered in many areas of science and
engineering. It forms a very important class of evolution equations as many time de-
pendent phenomena in physics, chemistry and biology can be represented by such evo-
lution equations. For more details on the theory and applications of quasilinear evolu-
tion equations we refer to [25]. Several authors have studied the existence of solutions
of abstract quasilinear evolution equations in Banach space [1, 5, 15, 17, 18, 34].
Bahuguna [3], Oka [28], Oka and Tanaka [29] discussed the existence of solutions
of quasilinear integrodifferential equations in Banach spaces. Kato [16] studied the
nonhomogeneous evolution equations and Chandrasekaran [11] proved the existence
of mild solutions of the nonlocal Cauchy problem for a quasilinear integrodifferential
equation. Dhakne and Pachpatte [14] established the existence of a unique strong
solution of a quasilinear abstract functional integrodifferential equation in Banach
spaces. Recently, the study on controllability of quasilinear systems has gained re-
newed interests and only few papers have appeared (see [6, 8, 9]).

Also, the controllability and stability of nonlinear stochastic systems in finite
and infinite-dimensional spaces have been studied by several authors [2, 13, 27, 30].
Many extensive results on stochastic controllability were investigated by Jerzy Klamka
in [19]-[24]. Balachandran and Karthikeyan [4] and Balachandran et al. [7] derived
the sufficient conditions for the controllability of stochastic integrodifferential systems
in finite dimensional spaces. We refer to the paper of Sakthivel et al. [32] who de-
rived the controllability of nonlinear impulsive stochastic systems. Subalakshmi and
Balachandran [35, 36] studied the controllability of semilinear stochastic functional
integrodifferential systems and approximate controllability of nonlinear stochastic im-
pulsive integrodifferential systems in Hilbert spaces. Moreover, controllability of im-
pulsive stochastic quasilinear integrodifferential systems has not yet studied in the
literature. Motivated by this consideration, in this paper we study the controllability

of nonlocal impulsive stochastic quasilinear integrodifferential systems described by
t

dx(t) = [A(t,:c)x(t) + Bu(t) + f(t,z(t)) + /Og (t, s, z(s), /O;(s,n,x(n))dn)ds} dt
+ o(t,z(t))dw(t), te€J:=][0,a], t#m,
Ax(r) = z(r)) —z(r,) = I(z(7,)), k=1,2,---,m,
l‘(O) + h(tl,tz,"' ,tp,ZL'(')) = Zyp-. (].].)

where 0 < t; < ty < --- < t, < a (p € N). Here, the state variable x(-) takes
values in a real separable Hilbert space H with inner product (-,-) and norm || - ||
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and the control function u(-) takes values in L?(.J,U), a Banach space of admissible
control functions for a separable Hilbert space U. Also, A(t,x) is the infinitesimal
generator of a Cy-semigroup in H and B is a bounded linear operator from U into
H. Let K be another separable Hilbert space with inner product (-, -)x and the norm
| - |lx. Suppose {w(t) : t > 0} is a given K-valued Wiener process with a finite
trace nuclear covariance operator Q > 0. We employ the same notation | - || for
the norm L(K, H), where £(K, H) denotes the space of all bounded linear operators
from K into H. Further, f : Jx H — H, g : AXxHxH — H, k: Ax H — H,
o:JxH — Lg(K,H) are measurable mappings in H-norm and Lg(K, H) norm
respectively, where Lo(K, H) denotes the space of all Q-Hilbert-Schmidt operators
from K into H which will be defined in Section 2 and A = {(t,s) € J x J : s < t}.
Here, the nonlocal function h : PC[J? x H : H] — H and impulsive function I} €
C(H,H) (k=1,2,--- ,m) are bounded functions. Furthermore, the fixed times 7y
satisfies 0 = 10 < 7y < 7p < +++ < Ty < a, (1) and x(7, ) denote the right and
left limits of x(t) at t = 7. And Az(7;.) = x(7;7) — x(7; ) represents the jump in the
state x at time 75, where I determines the size of the jump.

2 Preliminaries

For more details in this section refer [12]. Let (Q,F, P;F) {F = {F.}i>0} be a
complete filtered probability space satisfying that Fy contains all P-null sets of F.
An H-valued random variable is an F-measurable function z(t): 2 — H and the
collection of random variables S = {z(t,w): Q2 — H \ t € J} is called a stochastic
process. Generally, we just write x(t) instead of z(t,w) and z(t) : J — H in the space
of S. Let {e;}5°, be a complete orthonormal basis of K. Suppose that {w(t) : ¢ > 0}
is a cylindrical K-valued wiener process with a finite trace nuclear covariance operator
Q >0, denote Tr(Q) =3 ;o\ = A<oo, which satisfies that Qe; = \;e;. So, actually,

w(t) =300 VAwi(t)ei, where {w;(¢)}°, are mutually independent one-dimensional
standard Wiener processes. We assume that F;=o{w(s) : 0 < s < t} is the o-algebra
generated by w and F, = F. Let ¥ € L(K, H) and define

1 = Tr(TPQY”) ZH\/ nWenll”.

If ||¥]|g < oo, then VU is called a @)-Hilbert-Schmidt operator. Let Lo(K, H) denote
the space of all Q-Hilbert-Schmidt operators ¥ : K — H. The completion Lq(K, H)
of L(K, H) with respect to the topology induced by the norm || - || where || ¥, =
(U, W) is a Hilbert space with the above norm topology. L3 (J, H) is the space of all
F; - adapted, H-valued measurable square integrable processes on J x (2.

Denote Jo = [0, 71|, Jx = (Tk, Tka1], & = 1,2,--- ,m, and define the following class
of functions:
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PC(J, Ly(2, F,P; H)) ={x: J — Ly :x(t) is continuous everywhere except for
some 7 at which x(7, ) and z(7;") exists and z(7, ) = (1), k = 1,2,3,--- ,m}
is the Banach space of piecewise continuous maps from J into Ly (2, F, P; H) satisfy-
ing the condition sup, ;F||z(t)||* < co. Let Z = PC(J, Ly) be the closed subspace of
PC(J, Ly(2, F, P; H)) consisting of measurable, F; - adapted and H-valued processes

x(t). Then PC(J, Ly) is a Banach space endowed with the norm

Iz [pe = sup {Elz()|* - 2 € PC(J, L)}

Let H and Y be two Hilbert spaces such that Y is densely and continuously
embedded in H. For any Hilbert space Z the norm of Z is denoted by || - ||pc or || - ||.
The space of all bounded linear operators from H to Y is denoted by B(H,Y) and
B(H, H) is written as B(H). We recall some definitions and known facts from [31].

Definition: 2.1 Let S be a linear operator in H and let Y be a subspace of H. The
operator S defined by D(S) = {x € D(S)NY : Sz € Y} and Sz = Sz for x € D(S)
is called the part of S inY.

Definition: 2.2 Let Q be a subset of H and for every 0 < t < a and q € Q, let
A(t,q) be the infinitesimal generator of a Cy semigroup Siq(s),s > 0, on H. The
family of operators {A(t,q)}, (t,q) € J x Q, is stable if there are constants M > 1
and w such that

p(A(t,q)) D (w,00) for (t,q) € J xQ,

HﬁR()\:A(tj,qj))H < MA—w)™ for A>w

and every finite sequences 0 < t; <ty < --- <t <a, g € Q,1 < j < k. The stability
of {A(t,q)}, (t,q) € J x Q, implies [31] that

e
j=1

and any finite sequences 0 <t; <ty <--- <1, <a,¢ € Q,1<j<k k=1,2,---.

k
< M exp {szj} for s; >0

J=1

Definition: 2.3 Let S ,(s), s > 0 be the Cy semigroup generated by A(t,q), (t,q) €
J x Q. A subspace Y of H is called A(t,q)- admissible if Y is invariant subspace of
Stq(s) and the restriction of Sy 4(s) to Y is a Cy- semigroup in'Y.

Let @ C H be a subset of H such that for every (t,q) € J x @, A(t,q) is the
infinitesimal generator of a Cy-semigroup S;,(s), s > 0 on H. We make the following
assumptions:
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(E1) The family {A(¢,q)}, (t,q) € J x Q is stable.

(E2) Y is A(t, q) - admissible for (¢, q) € J x Q and the family {A(t, ¢)}, (t,q) € JxQ

of parts A(t,q) of A(t,q) in Y, is stable in Y.

(E3) For (t,q) € J xQ, D(A(t,q)) DY, A(t,q) is a bounded linear operator from Y
to H and t — A(t, q) is continuous in the B(Y, H) norm || - || for every ¢ € Q.

(E4) There is a constant L > 0 such that

At ¢1) — At @2)lly—m < Lllgy — @2llm
holds for every ¢;,¢q, € Q and 0 <t < a.

Let @ be a subset of H and let {A(t,q)}, (t,q9) € J x @ be a family of operators
satisfying the conditions (E1) — (F4). If © € PC(J, Ly) has values in ) then there is
a unique evolution system U (¢, s;x),0 < s <t < a in H satisfying (see [31])

(1) U, s;2)|| < Me*t=%) for 0 < s < t < a, where M and w are stability
constants.

(ii) %U(t, s;x)y = A(s,z(s))U(t,s;2)y  for yeVY, 0<s<t<a.
(i) ZU(t,s;2)y = —U(t,s;2)A(s,z(s))y for y€Y, 0<s<t<a.
Further we assume that
(E5) For every x € PC(J, Ly) satisfying x(t) € @ for 0 < t < a, we have
Ult,s;z)Y CY, 0<s<t<a
and U(t, s; ) is strongly continuous in ¥ for 0 < s <t < a.
(E6) Closed bounded convex subsets of Y are closed in H.

(E7) Forevery (t,q) € JxQ, f(t,q) €Y, ((t,5),q1,2) €EAXQxQ,g(t,s,q1,2) €Y
and (t,q) € J x Q, o(t,q) €Y.

Definition: 2.4 [13] A stochastic process x is said to be a mild solution of (1.1) if
the following conditions are satisfied:

(a) x(t,w) is a measurable function from J x Q to H and x(t) is F; -adapted,
(b) E|z(t)||*> < oo for eacht € J,

(c) Ax(ty.) = 2(r;) — (7)) = Ie(z(7,)), k=1,2,--- ,m,
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(d) For each u € L3 (J,U), the process x satisfies the following integral equation

t

z(t) =U(t,0;z) [xo—h(tl,t2,~-~ ,tp,x(-))}jL/OU(t, s;x)[Bu(s)+ f(s,z(s))]ds

+/0 Ult, s; x) /0 g(s,n,x(n),/on%(nﬁ’x(V))dV)d”]ds

—l—/OU (t,s;x)o(s,z(s))dw(s)+ ZU(t, Ti; ) I (z(1y)), for a.e. t € J,

O<T<t

z(0) + h(tity, -ty () =z € H. (2.1)

Definition: 2.5 The system (1.1) is said to be controllable on the interval J, if for
every initial condition xoy and x; € H, there exists a control u € L*(J,U) such that
the solution x(-) of (1.1) satisfies x(a) = 1.

Further there exists a constant N > 0 such that for every z,y € PC(J, Ly) and every
7y € Y we have

UL, s;2)5 — UL, s;9)3)1* < Na[[F11y |z — yllpe-
In order to establish our controllability result we assume the following hypotheses:

(H1) A(t,z) generates a family of evolution operators U(t, s; x) in H and there exists
a constant Cyy > 0 such that

U, s;2)|?<Cy for0<s<t<a, v€2Z.
(H2) The linear operator W : L?(J,U) — H defined by
Wu = / Ul(a, s;z)Bu(s)ds
0

is invertible with inverse operator W' taking values in L?(J,U) \ kerW and
there exist a positive constant Cy, such that

IBW " < Cw

(H3) The nonlinear function f : J x Z — Z is continuous and there exist constants
C;>0,Cf>0fort e Jand x,y € Z such that

Bl f(t,x) = ft.9)I* < Crllz -yl

and C; = sup,c, || £(1,0)]|%
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(H4) The nonlinear function g : A x Z x Z — Z is continuous and there exist positive
constants Cy, Cy, for 1,22, y1,y2 € Z and (t,s) € A such that

2
EHg(ta 5,$1,y1) - g(ta Sax27y2)H < Cg(||x1 - ZL‘2||2 + ||y1 - y2||2)

and C~9 = Sup(t,s)eA ||g(ta S, 07 0)”2

(H5) The function k : A x Z — Z is continuous and there exist positive constants
Cw, Cy for (t,s) € A and z,y € Z such that

EH /Ot [m, s,7) — k(t, s, y)]d8H2 < Cullz =yl

5 2
and Cy;, = Sup( gen (H fot K(t, s, O)ds” ).
(H6) The function o : J x Z — Lg(K, H) is continuous and there exist constants
C, >0, C,>0forteJand x,y € Z such that
Elo(t,z) = a(t,y)lg < Collz — ylI*

and C, = sup,., ||o(t,0)]|%.

(H7) The nonlocal function h : PC(JP x Z : Z) — Z is continuous and there exist

constants C, > 0, C, > 0 for z,y € Z such that

E”h<t17 fo, -+ 7tp7 .ﬁl]()) - h’(tlv to, - 7tp7 y())”2 < Ch”'r - y”27
E”h<t17 b, 7tp7'r<'))”2 < éh'

(H8) Iy : Z — Z is continuous and there exist constants (3 > 0, By >0forz,yec 2

such that

B||Li(x) = L()I* < Bellz —yl?, k=12, m

and (3, = [[1(0)[%, k =1,2,---,m.

(H9) There exists a constant > 0 such that
7{CU(|yx0y\2+éh)+achg+2a2(:U(cfr+éf)+2a3cU [cg((1+zcﬁ)r+2c;)+ég]

+2a Cy Tr(Q) (Cafr + C~U) + 2mCy; [EZ;I Ber + > ey ﬁNk} } <r

and
v = 7{(1 +12a%CyCo)(N) + Na + N3 + Ny + N5) + 2a3Ng}
where
N, = Nd|zo|* + 2(Na®Ch + CyCh)
Ny, = 24° [ZNa(CfT + C}) + CUCf}
Ny = 2a*[2Na(Cy((1 + 2C,)r + 2C,) + Cy) + CuCy(1 +C,)]
Ny = 2a[2Na Tr(Q)(Cor +C,) + Cy Tr(Q)Cy]

Ns — 2m[2j\/a2<gﬁkr+gﬁ~k) +CUgﬁk].
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3 Controllability Result

Theorem: 3.1 If the conditions (H1) — (H9) are satisfied and if 0 < v < 1, then
the system (1.1) is controllable on J.

Proof: Using the hypothesis (H2) for an arbitrary function z(-), define the control

a

u(t) = W [% — Ula,0;z)[zo — h(t1, ta, -+, by, 2(+))] _/o Ula,s;z)f(s,2z(s))ds

_/Oa Ula, s;x)[/039(87?7737(77),/Onﬁ(ﬁa%ﬂf(’y))d’y)dﬁ]ds
—/Oa Ula, s;z)o(s,z(s))dw(s) — Z Ula, Tk;x)Ik(x(Tk_))} (1). (3.1)

0<tp<a

Let Y, be a nonempty closed subset of PC(J, Ly) defined by
V. ={x:2 € PC(J,Ly)|E||z(#)|]* < r}.

Consider a mapping @ : ), — ). defined by
t
(Pz)(t) = U(t,0;x) [:co — h(tl,t2,~-~ ,tp,x(-))} —i—/ Ul(t,s;z)BW ™1 [;1:1 —
0
Ul(a,0;z) [z — h(t1, ta, -ty 2(+))] — / Ula,s;z)f(s,z(s))ds
0

_/Oa U(a,s;x)[/Osg(s,n,:c('r]),/Onfﬁ(ﬁa’Y’x(’V))d’V)dn]dS
_/Oa Ula, s;2)0(s, 2(s))dw(s) — > U(a,m;x)lk(x(fg))] (s)ds

0<mp<a

+/OtU(t,s;x)[/Osg(s,n,w(n),/Onff(%%xm)d”)d”}ds

t

+/ U(t,s;x)f(s,x(s))ds+/U(t,3;x)a(s,:c(s))dw(s)

0 0
+ U(t,Tk,SL’)[k(.T<T];))
O<T <t
We have to show that by using the above control the operator ® has a fixed point.
Since all the functions involved in the operator are continuous therefore ® is contin-

uous. For our convenience we take

a

V(p,x) = BW™! [xl —U(a,0;z) [zg — h(t1, ta, -+, by, 2(0))] —/OU(a, s;x)f(s,x(s))ds

_/Oa U(a,s;:c)[/Osg(s,n,l’(n),/On/i(ﬁa%x(’Y))d’Y)dn]dS
_ / Ul ssao(s.a()du(s) — 3 Ula, i) lam)] (0

0<t<a
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From our assumptions we have

BV a)l* < TCw{ laal+Collzol>+Ci)+26°Cu (Cpr+Cp)+2a°Cy [C, (1 + 2C.)r

+2C,) + CNg} +2aCyTr(Q) (Cor + Cy) + 2mCy [zm: Brr + i Bk} }
=G. . .
and
E|V(u,x) = V(wy)|?* < 6CW{Na2||a;O||2+2(Na2€h + CyCh)+2a* [wa(cfr +Cy)
+CuCy| + 2a*|2Va(Cy (1 + 26,7 +26) +C,)
+CuC,(14+C,)| +2a [2NaTr(Q) (Cor+C,) +CuTr(Q)C, |

s [ (32 B+ 30 A +Co S 6] Y - P
k=1 k=1 k=1
< 6Cw <N1 + Ny + N3 + Ny + N5) l —yl|>.

First we show that the operator ® maps ), into itself. Now

2

Bl@a®l* < 7{E[U(t.0:2) w0~ hlts b ty.()]
+E /OtU(t,,u;:c)V(u,x) 2+EH/OtU(t,s;x)f(s,x(s))ds i

v [t [o(snetn. [ "n<w<v>>dv)dn}dsH2

+F /OU(t,s;:c)a(s,x(s))dw( o) Iy (x(7,))

)

< 1{Cullleol*+Cr)+a*CuG+2a? cU(cfr+cf)+2a Cur[y (1 +2C,)r

Tkt

+2C~,€) + ég} +2aCyTr(Q) Cor+ C~U) + 2mCy [ iﬁk'r’ + iﬁk} }
k=1 k=1
< r

From (H9) we get E||(®z)(t)||* < r. Hence ® maps Y, into V,. Let x,y € V,, then
Bll@2)(t) - (@n)@)* < 7{B|v(
—U(t,0;y)[zo — h(ti,ta, -, tp y(+))]

+EH/ U(t, 5 2)V(p, ) — U(w;y)V(ﬂ,y)]du

L0s ) [wo = bty tay oo 1,2 ())]

2

2

v [ [Utusi) o206 Ut i oyt
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+EH/Ot[U(t, s;x)[/Osg(s,n,x(n),/Onff(n,%w(v))dV)dn]
—U(t,S;y)[/Osg(s,n,y(n%/()nff(m%y<’7))d7)d"7HdSH2
+E| / [0t s50)o(s,2(5)) — Ults:)o(s,y(6)] (o)
B 32 [0t ms ) (alm) - Ut s ) aly(7)|

2}
O<T <t

7{(1 +12a%CyC ) (N1 + No+ Ny+ Ny+ Ns) + 2a3Ng}Hx |

IA

< vz -yl

Since v < 1, the mapping ® is a contraction and hence by Banach fixed point theorem
there exists a unique fixed point z € Y, such that (®z)(t) = =(¢). This fixed point is
then the solution of the system (1.1) and clearly, x(a) = (®x)(a) = x; which implies
that the system (1.1) is controllable on J.

4 Stochastic Quasilinear Delay Integrodifferential
System

In this section we consider the following class of impulsive stochastic quasilinear delay
integrodifferential system with nonlocal conditions

da(t) =|A(t, )a(t) +Bu(t) +f<t,x<a<t>>>+/0g (t 8,x(ﬁ(S)),/Ofs(&n7x(’y(n)))dn>d8]dt
+ o(t,z(p(t)))dw(t), teJ:=]0,a], t#,
Na(n) = a(mf) = () = Lx()), k=12 ,m,

ZL‘(O) + h(tl,tg,"',tp,l‘(')): 0- (4].)

where A, B, f, g, k, h,o are as before and «, 3,7, p are continuous on J. Assume the
following additional condition

(H10) The function «, 3,v,p : J — J are absolutely continuous and there exist con-
stants 01, 0z, d3, 94 > 0 such that o/(t) > 61, 5'(t) > 09, ¥/ (t) > 03, p'(t) > d4 for
0<t<a.

(H11) There exists a constant r > 0 such that
7{CU(H5L’0H2 +G) +a2CyG* +2a%Cy (Cr+ Cp)1+2a°Cy [c; ((1+2C2)r+2C,) +ég]

+2aCyTr(Q) (Cir + Cy) + 2mCyr [ S B+ 0 5}] } <r
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and

Vo= 7{(1 +12a%CyCy ) (Ny + Ni + Ni + Ni + Ns) + 2a3j\/g*}

Ny, = Na?|zo||* + 2(Na*C, + CuCh)

N = 2a|2Na(Cjr +Cp) + CuC]

N; = 20 [2Na(C; ((1+2C)r +2C,) + G, ) + CuCy(1+C)]
Nf = 2 [2/\/@ Tr(Q)(Cir +C,) + Cy TT(Q)C;]

Ny = 2m[2NCL2(ZﬁkT+Zﬁ~k)+CUZﬁk}
k=1 k=1 k=1
G = 70w s [+ Corlaall*+Co)-+ 20°C (Cr-+-C)+ 20°Cy € (1420

+26,) +ég] +2a Cy Tr(Q)(C2r+C,) +2mCy [ iﬁkr n zm:ﬁk} }
k=1 k=1

. Cr

$20 Vg T 520
01 0y

A,

27 Yo 2
53 54

The mild solution of the system (4.1) is given by

o) = U(0:0) e — bt ta () [ Ultssin)[Buls) + Fssata(s))lds
[vsio [o(sna3om. ['wto.g o)) in]as
+ [Utssiaiots.alpo () + 3 Utmsn)hiaGi), 1€ ) (42)

O<7 <t

Theorem: 4.1 If the conditions from (H1) — (HS8), (H10) and (H11) are satisfied
and if 0 < v* < 1, then the system (4.1) is controllable on J.

Proof: Using the hypothesis (H2) for an arbitrary function z(-), define the control

a

u(t) =w! [:1:1 —U(a,0;x) [:co — h(tl,tQ, sy, x())] —/ Ula,s;z)f(s,z(a(s)))ds

0

- [vtaso)] [o(snao. [ oneatie)ie)aras
_ /O aU(a,s;x)a(s,x(p(s)))dw(s)— > Ula, 7 ) (27, ))](t)-

0<m<a

Let Y, be a nonempty closed subset of PC(J, Ly) defined by
Vo ={z:2 € PC(J,Ly)|E||z(t)|]* < r}.
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Consider the nonlinear operator ¥ : J, — Y, defined by
(Wz)(t) = Wum@pv—mm@,uJman}+é%wﬁmﬁM/ﬂ%_
U@xnmph_h@h@,n,%@p»y_AaUmﬁmyﬂ&x@@»ms
- [v@sa)] [ a(sna). [ w6 ati€))de)in] s
- [ Vet atps))int) = Y Ulanin)he(m )] ()ds

0<m,<a

+/Ot Ult, s;:c)[/Osg(s,mx(ﬁ(n)),/On%(ﬂ>5>x(7(f)))d5)d"]ds

—l—/o Ult, S;x)f(s,x(a(s)))ds—l—/oU(t, s;x)o(s,xz(p(s)))dw(s)
+ ) Ut ma)(a(ry).

O<T <t

Obviously ¥ maps ), into itself by (H11) and

Ellpa(t) = py(t)[2 < 7{(1 +120CuCuw) (Ny+ N3 +Nj +N;+N5) +20°NG* Yo - y*

<v'z—y|*

Since v* < 1, the mapping 1) is a contraction and hence by Banach fixed point theorem
there exists a unique fixed point € ), such that (yx)(t) = =(¢). This fixed point
is then the mild solution of the system (4.1) and clearly, z(a) = (¢z)(a) = x; which
implies that the system (4.1) is controllable on J.

5 Example

Consider the following partial integrodifferential equation of the form

9:(1,y) = <§ 52(t) + () 5o 9) lty) + (14 ¢ sin )

/0 t [sin 2(s,y) + 2(s,y) /0 S e—zwy)dn} ds] ) ot

1
aroa+e

1
+Z et +2)z(t,y)dw(t), yeER, teJ:=[0,1], t#mn,
p 1 t; +/€
20,y) + ZE 2(n,y)dn = 2(y),
i=1
Al = L) = (2@ 4+ 7)™, k=12 m. (5.1)

EJQTDE, 2011 No. 50, p. 12



where k;, h;,1 < i < p are constants such that k; > 0,¢; + k; < 1 and the constants
ag, k=1,2,---,m. are small.

For every real s we introduce a Hilbert space H*(R) as follows [31]. Let z € L*(R)
and set

I = ([ a+eriera)”,

where Z is the Fourier transform of z. The linear space of functions z € L?(R) for
which ||z||s is finite is a pre-Hilbert space with the inner product

o= ([ reraemee)

The completion of this space with respect to the norm || - ||s is a Hilbert space which
we denote by H*(R). It is clear that H°(R) = L*(R).

Take H =U = K = L*(R) = H°(R) and Y = H*(R),s > 3. Define an operator
Ay by D(Ag) = H3(R) and Agz = D3z for z € D(Ay) where D = d/dy. Then Ay is
the inifinitesimal generator of a Cy-group of isometries on H. Next we define for every
v € Y an operator A;(v) by D(A;(v)) = H'(R) and z € D(A;(v)), A1(v)z = vDz.
Then for every v € Y the operator A(v) = Ag+ A;(v) is the infinitesimal generator of
Cp semigroup U(t,0;v) on H satisfying ||U(t,0;v)|| < €’ for every 8 > ¢ol|v||s, where
o is a constant independent of v € Y. Let ), be the ball of radius » > 0in Y and it is
proved that the family of operators A(v),v € ), satisfies the conditions (E1) — (E4)
and (H1) (see [31]). Put z(t) = 2(¢t,) and u(t) = wu(t,-) where p: J x R — R is
continuous,

Flta() = 0+ e sinalty) , olt(t) = 1o+ 2)a(y),

h’(tht?v"'vtpvx(')) = Z

/Otg(t,s,x(s),/os k(s,m,x(n))dn)ds =

(
<[ [ [smeten +2toun) [ e stmn]as].

With this choice of A(v), I, f,g,h,0, B = I, the identity operator and w(t), one
dimensional standard wiener process, we see that (5.1) is an abstract formulation of
the system (1.1). Further we have

t s
/[sinz(s,y)+z(s,y)/e_z("’y)dn]ds]
0 0

Assume that the operator W : L?(J,U)/KerW — H defined by

1

1
A+ 01 +0) =

142

1]

1
Wu:/ U(l,s;x)u(s,-)ds
0
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has an inverse operator and satisfies condition (H2) for every = € Y.

Further other assumptions (H3) — (H9) are obviously satisfied and it is possible to
choose k;, h;, ay. in such a way that the constant v < 1. Hence, by Theorem 3.1, the
system (5.1) is controllable on J.

6 Conclusion

Our paper contains some controllability results for impulsive stochastic quasilinear
systems. The result proves that the Banach fixed point theorem can effectively be used
in control problems to obtain sufficient conditions. We can extend the controllability
result for neutral impulsive stochastic quasilinear systems with different types of
delays in our subsequent papers.
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