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Abstract. In this paper, we give the necessary and sufficient conditions for a class of
higher degree polynomial systems to have a weak center. As corollaries, we prove
the correctness of the two conjectures about the weak center problem for the A-()
differential systems.
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1 Introduction

Consider differential system of the form

I —
¥=-y+h (1.1)
y=x+Q

where P = Y /', P(x,y) and Q = Y;}', Qk(x,y), Pr and Qi are homogeneous polynomials
in x and y of degree k . The equilibrium point O(0,0) is a center if there exists an open
neighborhood U of O where all the orbits contained in U/O are periodic. The center-focus
problem asks about the conditions on the coefficients of P and Q under which the origin
of system (1.1) is a center. The study of the centers of analytical or polynomial differential
system (1.1) has a long history. The first works are due to Poincaré [13] and Dulac [8], and
continued by Liapunov [9] and many others. Unfortunately, the center-focus problem has
been solved only for quadratic system and some special cubic system and others [2,6,7,12].
Up to now, very little is known about the center conditions for polynomial differential system
with arbitrary degree m (m > 2).

A center of (1.1) is called a weak center if the Poincaré-Liapunov first integral can be writ-
ten as H = 3(x? +y?)(1 + h.o.t.). By literature [10,11] we know that a center of a polynomial
differential system (1.1) is a weak center if and only if it can be written as

{x’ =—y(1+A)+xQ, 1.2)

Y =x(1+A)+yQ,
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where A = A(x,y) and QO = Q(x,y) are polynomials of degree at most m — 1 such that
A(0,0) = Q(0,0) = 0. The weak centers contain the uniform isochronous centers and the
holomorphic isochronous centers [10], they also contain the class of centers studied by Alwash
and Lloyd [5], but they do not coincide with all classes of isochronous centers [10].

The class of differential system (1.2) is called the A—) system. The reason of called such
system in this way is due to the fact that a subclass of these systems already appears in physics
[11].

In [11] the authors put forward such conjectures:

Conjecture 1.1. The polynomial differential system of degree m

{xl — _y(l + ‘u(azx — aly)) + X((alx + ﬂzy) + q)m_l)’ (13)

Y = x(1+ p(azx — ary)) +y((a1x + azy) + @y 1),

where (u+m —2)(a3 +a3) # 0 and O, = Pp_1(x,y) is a homogeneous polynomial of degree
m — 1, has a weak center at the origin if and only if system (1.3) after a linear change of variables
(x,y) = (X,Y) is invariant under the transformations (X,Y,t) — (=X, Y, —t).

Conjecture 1.2. The polynomial differential system of degree m
¥ =—y(1+mx+ayy) + xPpy_1, (1.4)
Y =x(14+amx +axy) + yPm—_1 '

has a weak center at the origin if and only if system (1.4) after a linear change of variables (x,y) —
(X,Y) is invariant under the transformations (X,Y,t) — (=X, Y, —t).

The authors of [11] have used Poincaré-Liapunov first integral and Reeb inverse integrat-
ing factor to prove that Conjecture 1.1 and Conjecture 1.2 are correct when m = 2,3,4,5,6.
They remarked that the only difficulty for proving Conjectures 1.1 and 1.2 for the A-() sys-
tem of degree m with m > 6 is the huge number of computations for obtaining the conditions
that characterize the centers.

In this paper we will research the weak center problem of the A-() system
{X’ = —y(1+p(aox —ay)) + x(v(arx + azy) + Ap-1 + Qom-1),

. (1.5)
y' = x(1+ pazx — my)) +y(v(@x + azy) + Am-1 + Qom-1),

in which m > 2 and (p? +v?)(p+v(m —2))(a3 +a3) # 0, Ap—1 = Ap—1(x,y), Qo1 =
Mou—1(x,y) are respectively homogeneous polynomials of degree m —1 and 2m — 1. In the
section 3 we will see that by suitable transformation this system can be transformed into

{x/ =—y(1—py) +x(vx +Pp_1 +Yom-1), (1.6)

vV =x(1—uy)+y(vx +Py_1+You_1).

In the following we use a method different from Llibre [11] and more simply, without huge
number of computation, to prove that for system (1.6), under several restrictive conditions, it
has a weak center at the origin if and only if

27T .
/ sin' 0 ®,,,_1(cos6,sinh)dd =0 (i=0,1,2,...,m—1) (1.7)
0
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and .
/ Sin 6 ¥,y,_1(cos6,sin@)dd =0 (j=0,1,2,...,2m —1). (1.8)
0

As corollaries, we also show that for arbitrary m (> 2), Conjecture 1.1 with = 1 and Conjec-
ture 1.2 are correct; When 1 # 1 under several restrictive conditions Conjecture 1.1 is correct,
too.

2 Several lemmas

In polar coordinates, the system (1.1) becomes

ﬂ DY ) Ak(g)rk
do 1+ Y0, Be(0)rk-1

where

Ak(0) = cos 0P (cos,sin0) + sin 0Qy(cos §,sinh),
By (6) = cos 0Qx(cos 8, sinB) — sin 0Py (cos 6, sin 0).

By [3,4], the composition condition is satisfied if there exists a trigonometric polynomial
u(6) such that

Ar(0) =u'(0)Y a1/ (0),  Bp(0) =Y b/ ()  (k=23,...,m), (2.1)
where 4y, by; are real numbers.

Lemma 2.1 ([4]). If the conditions (2.1) are satisfied, then the origin point of (1.1) is a center and this
center is called composition center.

Lemma 2.2 ([14]). If ‘ ‘
P, = )_ pijcos' Osin' 6, pij € R,
i+j=n
Py = p1osin® — po; cos¥, Pl + 13 #£0
and
21
/ PP,do =0  (k=0,1,2,...,n),
0

then .
P, =P Y NP,
i=1

where A; (i =1,2,...,n) are real numbers.
Lemma 2.3. Let @, 1(%,y) = Liyjmp_1 $ijX'y’ (¢ij € R). If relation (1.7) holds, then

m—1 )
®@,,_1(cosf,sinf) = cosh Y A; sin' 19,
i=1

where A; (i =1,2,...,m —2) are real numbers and

("53] ‘
A1 =Y (1) ¢oit1 m—2-2i- (2.2)
i=0
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Proof. In Lemma 2.2, taking P; = cos ), D) = sin@ we get
m—1 )
®,,_1(cosb,sinf) = cosb Z Ajsin'~1o,
i=1
thus
Dpo1(x,y) = Y pix'y =x Y Ay NP+ )", m—1=2n;
i=1

i+j=2n

. . n . .
Pyo1(xy) = Y, gy =x Y Ay (P +yA)", o m—1=2n+1
i+j=2n+1 i=0

Equating the corresponding coefficients of the same power of x,y, we obtain

n—1

Anc1= Y (=D'pois10-iy-1, m—1=2n;

i=0
n
A = Y (1) Paig1200—i), m—1=2n+1
i=0
Therefore, the conclusion of the present lemma is valid. O

By this lemma, it is easy to deduce the following conclusion.
Lemma 2.4. Let ®,,_1(x,y) be a homogeneous polynomial of degree m — 1. Then it can be written as
®@,-1(x,y) = xd(2* + 2, y)

if and only if the relation (1.7) holds. Where & is a polynomial on x> + y? and y.

3 Main results
As a% + a% # 0, taking the linear change:
X =a1x+ oy, Y = —ax+my, (3.1)

the system (1.5) becomes

X = —Y(l — ]/lY) + X(VX + Cpm71 + szfl),
Y = X(1— uY) + Y(X + Py 1 + Fom 1),

where ®,,_; = Am,l(”lélzgy, “éiﬁ%x), Youo1 = sz,l(“lglggy, “%i‘;’éx), and they are re-
spectively homogeneous polynomials of degree m — 1 and 2m — 1.

Obviously, if ®,, 1 = X®,, 1(X>+Y2Y), Y1 = X¥2u_1(X%2+ Y2, Y), then the A-Q
system (1.5) after a linear change of variables (x,y) — (X, Y) is invariant under the transfor-
mations (X,Y,t) — (—X,Y, —t). By Lemma 2.4, in order to find the necessary and sufficient
conditions for (1.5) to have a weak center, only need to seek the conditions under which the

identities (1.7) and (1.8) are valid.

Case A. If v # 0, applying the transformation X = 1x, Y = 1y, we get
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¥ = —y(1 = py) +x(x + 1+ Fan1),
v =x(1—py) +y(x+ Syt + You-1),

where /i = %, d,_ 1 = le—,lq)m,l(x,y), Y1 = #‘I’qu(x,y). Thus, if the identities (1.7)

and (1.8) are valid, then replacing ®,,_; and ¥;,_1 by ®,,_1 and ¥y,_1 respectively, these

identities also hold.

Casel. v#0,1=1.
Consider the A-() system

¥ = —y(1—y) +x(x + Ppr + Yoma), 32)
Y =x(1—y)+y(x+®p_1+Fom 1)
Theorem 3.1. Suppose that
IT Lc#0 (3.3)
m—1<k<2m-—3
m(2m—1) ,
Lo+ 77— A 0; 3.4
2m 2+ 2(771—1)2 m—1 ?é ( )
mm+1)\ .,
Lszl + (Zdl + 61(1”_1)2> Am—l # 0, (35)
where A,,_1 is expressed by (2.2),
e k41 -2i
Ly :=¢ep+ Z;O mdiek_m+1_j)\m_1 (k =m-—1m,...,2m — 1),
(m+k—1)k1 (2m + k — 1)k (3.6)
dp = (m — 1)#, e = (2m—1) i
(k:1,2,3,...), d():l, 60:1.
Then the origin point of (3.2) is a center if and only if (1.7) and (1.8) hold.
Moreover, this center is a composition center and weak center.
Proof. In polar coordinates, the system (3.2) can be written as
dr r2cos 0 + ®,,_ 11" + Yo, 112"
do 1—rsin® ’
where ®,, 1 = ®,,,_1(cos0,sinb), ¥Yop—1 = Yom—1(cosb,sino).
Taking p = 4, the above equation becomes
;Zg _ ‘Dme(m—l)rsinGcI)mf1 +p2me(2m—1)rsin91fzm71. (3.7)

Now we recall the Langrange-Biirman formula [1]. If real or complex w and z satisfy that
w = 5y, Where ¢$(0) = 1 and ¢(z) is analytic at z = 0, then in a neighborhood of w = 0, the
analytic function F(z) can be expressed as a power series:

Fe) — F0) + 32 O 4 P9 ()

n
[ n—1 4
n=1 n: dx x=0

which is analytic at w = 0.
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Applying the Langrange-Biirman formula we have

m—1)rsinf _ 1+ _1 io: (m_l_n_l)nil

el n!

n 1. Nn
p"sin” 0,

=

=1
a 2m+n—1)
)3

p(2m=T)rsinf _ 1_|_ 2m_1) p "sin" 6.

n=1

Thus the equation (3.7) can be written as

d oo
—p =®d, Z dup"™ " sin™ 0 + ¥om_1 ) en 0™ sin @, (3.8)
n=0
where d,, e, (n =0,1,2,...) are expressed by (3.6).
Therefore, the system (3.2) has a center at (0,0) if and only if all the solutions p(0) of
equation (3.8) near p = 0 are periodic [2].
Let p(6, c) be the solution of (3.8) such that p(0,c) = c (0 < ¢ < 1). We write

p(6,c) =c i)an((?)c”,

where a0(0) = 1 and a,(0) = 0 for n > 1. The origin point of (3.2) is a center if and only if
p(0+2m,c) =p(0,c),ie, a0(2m) =1, a,(27) =0 (n=1,2,3,...) [5].
Substituting p(6, c¢) into (3.8) we obtain

=) 00 ) ) m+n 0 o) 2m+n
cY aj(0)" =Dy ) dy sin”@(cZai(G)d) +Yom—1 ) en sin”@( Z > . (3.9)
i=0 n=0 1=0 n=0 i=0

Rewriting
p=c(l+c"'h), h=)Y (), h0)=0  (i=0712....).

Substituting it into (3.8) we get

th =, 12dkc sin BZC] JHctm=i (3.10)
2m+k j
+ o1 Zekc sin 0 Z Chy g™V, m(0) =0 (k=0,1,2,...).
k=0

In the following we denote
g = dipsin*0®,,_1,  Br = ersinf 0 ¥y,_1, (k=0,1,2,....), (3.11)

where . .
sinf ®,,_1 = / sin* 0®,,_1d0, sinf 0 ¥y, 1 = / sin 0¥,,,_1d0.
0 0
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Equating the corresponding coefficients of c* of the equation (3.10) we obtain
W, =dgsinf0®, 1, m(0)=0 (k=0,1,2,....,m—2),
I =Dy 1CLhg+ @, qdy_1sin™ 18,  h,_1(0) =0,

solving these equations we get

hk(Q):gk, (k:O,l,Z,...,m—Z),

h—1(0) = gm—1 + ao, Ky =

Asdy #0(k=0,1,2....), from Iy(27) =0 (k=0,1,2,...,m — 1) follow that
27
/ sinf 0D, 1d) =0  (k=0,1,2,...,m—1),
0

i.e., the condition (1.7) is a necessary condition for p = 0 to be a center. By Lemma 2.3 which

implies that

m—1

9 —
®,,_1 = cosb Z Apsint=1o, D, 1= / D, 1d0 = Z
k=1 0 k=1

% sin* @, (3.12)

where Ay (k=1,2,...,m — 1) are real numbers and A,,_ is expressed by (2.2).
Applying (3.12) we get

27
/ sin* 0 ®,,,_1d6 = 0, Sk = Qk(sin@), 2k(2m) =0 (k=0,1,2,....). (3.13)
0

Equating the corresponding coefficients of ¢ 1+ of the equation (3.10) we obtain

/ 1+k
-1k = Pm— 1Zd sin’ 9Cm+zhk i+ Ay sin™ 0D, g e 1 sinf 1 ¥,,, 1,

i=0
hy—1.%(0) =0 (k=1,2,...,m—2),
solving these equations we get
hn-14k(0) = gm-11k + ax+Pr1 (k=1,2,...,m—2),
where g,,_11x and By_; are expressed by (3.11), aj is the solution of the following equation
k -
o) = D1 Y didi_;sin' 0Cp, sin* 1 0D, 1, a;(0) = 0. (3.14)
i=0

By this we get: when k = 2n,

Z didi_; ( misin’ 9D, _1sinf 10D, 1 + (Cerk i — C;Hi)sini 0D, 1 sin* 6<I>m1)

m-+n

+ Ealzc1 Sin” 0D, 1 ; (3.15)
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when k =2n +1,

n
ap =Y didy_; <C,11+isinl 0,1 sin* 1 0D,,_1 + (Cpop_; — Chypi)sin’ 0D, _q sin ecpm_1> :
i=0

(3.16)
By (3.13) we see that oy = ay(sin6), ax(2r) =0 (k=0,1,2,3,...). Then from
hm71+k(27f) = gm71+k(27t) + Dék(zﬂ') + ,Bk,1 (271') =0 (k =1,2,...,m— 2)
imply that
Be(2m) =0  (k=0,1,2,...,m—3),
inview of ¢y #0 (k=0,1,2....), so
27
/ Sinf 0¥, 140 =0  (k=0,1,2...,m—3). (3.17)
0

2m—2

Equating the corresponding coefficients of ¢ of the equation (3.10) we get

m—1 )
h/2m72 =&, 1 Z d; sin’ Gcrln+ihm—l—i + <I>m,1(C,%1a0 -+ C;h%)

i=0
+ dom—o SIN*" 20Dy + ez sin”™ 2 0%2-1,  ham—2(0) =0,
by this we get
hom—2(0) = gom—2 + &m—1+ Bm—2 + o,
where v N
m(2m—1) .
b= """

&1 is a solution of (3.14) with k = m — 1 and a,,_1 = a,,_1(sinf). Thus, using (3.12) and
(3.13), from hyy,—2(27) = 0 follows that B,,—2(27) =0, i.e.,

27T
/ sin” 205, 1d6 = 0. (3.18)
0

2m—2+k

Equating the corresponding coefficients of ¢ of the equation (3.10) we obtain

m—1+k k
/ C) 1 E) 2
-2tk = D1 Z d; sin’ 9Cm+ihm71+k7i + &, 1 Z d; sin’ 9Cm+i Z h]hl
i=0 i=0 jHI=k—i
+ doy o1 SINP" 2RO, 1 + ey g SN TR OF 5,4

k=1 .
+Yom—1 Y eisin’ 0Cy,, ihk_1-i,
i=0
h2m—2+k(0) =0 (k:1,2,...,m—2),
solving these equations we get
hom 24k = Som—24k + Qkrm—1+ Brrm—2 + O + €1 (k=1,2,...,m—=2),

where aj,,—1 is a solution of (3.14), J; and ¢;_; are the solutions of the following equations,
respectively,

k . k .
8 = D1 (Z disin' 0C, i+ Y Copidisin'@ ) hlh]-> ,
i=0 i=0 jHI=k—i
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k-1 , k=1 .
€h1=Pu_1 ) Cppidisin' 0B+ ¥om_1 Y eisin' 6C},, &k 1. (3.19)
i=0 i=0
By (3.12) and (3.13) we see that 6 = d(sinf) and & (27) = 0.
Solving (3.19) we get

k—1

1 i k1
€p1 = Z diex_1_; <Cm+isml 0D, _1 sin 0¥ 1
i=0

+ (Coph1—i — Crpyi)sin’ 0D, sin* 17 9‘1f2m1> . (3.20)
Therefore, from hy,, 5. x(271) =0 (k=1,2,...,m —2) implies that
Brim—227) + e 1(2r) =0 (k=1,2,...,m—2),
simplifying this relation by using (3.17) and (3.18), (3.20) and (3.12) we get

k—m+1 k+1—2i 27 ) 21 .
(ek + ZO mdiek_m+1_i)\m_1 /(; Sll’lk G‘Ifzm_ldg = Lk/(; smk 9\F2m_1d9 = 0,
1=l

(k=m—1,m,...,2m—4).
By the hypothesis (3.3), Ly # 0, so

271
/ Sinf 0%om 10 =0  (k=m—1,m,...,2m —4). (3.21)
0

3m—3

Equating the corresponding coefficients of ¢ of the equation (3.10) we obtain

h3m—3 = g3m—3 + &om—2 + Bom—3 + Om—1 + €m—2,

where a5 is a solution of (3.14) with k = 2m — 2 and ap,—2 = a2,y—2(sinB), £,,—7 is expressed
by (3.20) with k = m — 1, §,,_1 is a solution of the following equation

m—1 ) m—1 )
8 =Dy < Y disin' 0C, i1+ Y Coidisin'@ Y g,gj+c;150+2c;h0ao+c;hg>.
i=0 i=0 jHl=m—1—i
By (3.12) and (3.13) we see that g = gx(sin6) (k =0,1,2,...,m —1) and ,,_1 = ,,—1(sin@).
Thus, from hs,,_3(271) = 0 follows that
Bom—3(27) + eu—2(27) =0,

simplifying this relation by using (3.17) and (3.18) and (3.21), (3.20) and (3.12) we get
27
Lszg/ Sian—S Qsz_ldQ == 0,
0

as Lyy—3 # 0,

27
/ sin2" 3 0%, _1d0 = 0. (3.22)
0

3m—2

Equating the corresponding coefficients of ¢ of the equation (3.10) we obtain
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ham—2(0) = g3m—2 + &2m—1 + Pam—2 + Om + €m—1 + Mo,

where a5, 1 is a solution of (3.14) with k = 2m — 1, €,,_1 is a solution of (3.19) with k = m, J,,
is a solution of the following equation

m . m .
(5;” =d,,_1 (E d; sin’ OC;H_Z"Xm—i + Zdi sin’ GC%H-Z' Z gjgl>
i=0 i=0 jHl=m—i
+ ®,,_1(Cp,61 + d1 sinOC}, 160 + Co(2hoor + 2hiag) + 3Cohghy + dy sin0C3, 1 113),
by (3.12) and (3.13) we see that d,, = d,,(sin6). 7o is a solution of equation
16 = Pm-1(Cyeo +2C3h0Bo) + Yam—1(Chuh5 + Chyro),

solving this we get

2m? — m—

1 _ _ _ - -
no = Em(m 1)@ Yo 1+ 12Dy 1Dy 1Yo 1+ 5 D2 Wy 1. (3.23)

Thus, from hsy,_»(27) = 0 follows that
Ban 2(270) + 0 1(270) + 1o(270) =,

calculating this relation by using (3.17) and (3.18) and (3.20)—(3.23) and (3.12) we get

2m? —m _, 2T oo
(L2m2 + 2(”1_1)2)\;11—1> /0 sin®""* ¥y, _1df = 0,

in view of the condition (3.4) we have

27
/ sin?" 2%, 1d6 = 0, (3.24)
0

3m—1

Equating the corresponding coefficients of ¢ of the equation (3.10) we obtain

h3m-1(0) = g3m—1+ ®om + Bom—1+ Oms1 + €m + 11, (3.25)

where g3,,-1, @21, B2m—1 and &, are the same as above, 6,11 is a solution of the equation

m+1 m+1

/ T 1 i n2

Ml = D1 < Z d; sin’ 6Cm+io¢m+1,i + E d; sin’ 9Cm+i 2 881
i=0 i=0 jrl=mi1—i

2 .
L dsin0(Chori+ Gy T gt Chi T simw) )
i=0 I+j=2—i I4j+k=2—i

By (3.12) and (3.13) and ay = ax(sinf) (k =0,1,2...), §; = 6;(sin0) (i = 0,1,2), which imply
that é,4+1 = dp+1(sinf). 77 is a solution of the following equation

1 = ®y_1(Cher +d1sin0Cy, 10 + C3,(2hoB1 + 2h1Bo) + d1 sin0C5, . 12h0Bo)
+ T2m+1(c%m2h0h1 + e1 sin 9C§m+1h% + C%m(oq + ﬁo) + e1 sin QC%m_HlXo),
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solving this equation we get

3 my = I S = = :
m = m\P%mfl +e1 ( <m2 - E)@iflsm 0¥, 1+ m(m + 1)(Dm—lq>m—l sin 0%,,,_1
+ m(m + 1)sin 9T2m—1®3n,1)

+dq (277’!2&)”1_1 ‘Ifzm_l sin6®,, 1 + m(m — 1)(i>m—l sin 00, _1¥Yo,_1

+ ﬂ’l(ﬂ’l + 1)Si1’1 0D, _1 (i)m—l‘FZm—l

+ 2m ¥ 01y 1 F 1 SN + 2(m2 — 1) D1 F o150 ecpm_l) . (3.26)
By (3.25) we see that if h3,,_1(27) = 0, then
Bom—1(27) + e (271) + 11 (271) =0,
simplifying this equation by using (3.17) and (3.18) and (3.20)—(3.24), (3.26) and (3.12) we get
1 27
<L2m—1 + <2d1 + elrn(m—’_))/\%ql> / sin”" ! 0%5,,_1d60 = 0,
0

(m —1)2
by the hypothesis (3.5) we obtain

27
/ sin2" 1 0¥, _,d6 = 0.
0

In summary, under the conditions (3.3)-(3.5), the (1.7) and (1.8) are the necessary condi-
tions for p = 0 to be a center of (3.2). Therefore, the necessity has been proved. On the other
hand, by Lemma 2.1 and Lemma 2.3, if the conditions (1.7) and (1.8) are satisfied, then p = 0 is
a center of equation (3.2), this means that the sufficiency is proved. By Lemma 2.3 this center
is a composition center, by Lemma 2.4 this center is a weak center. O

Corollary 3.2. For arbitrary m (> 2), if u = 1, then the origin point of (1.3) is a center if and only if
(1.7) is satisfied.

Proof. Under the linear change of variables (3.1) the system (1.3) becomes
X =—y(l—y)+x(x+Pp_1),
y'=x(1—y) +y(x+ Pu),

which in polar coordinates becomes

ao 1—rsin6

dr  1r?cos + D,,_11"
Taking p = 5 we get

d - .

£ = ®,_10™ )_ dup"sin" 6,
n=0

where dg =1, d, = %(m —1)(m+n—-1)""1, (n=1,2,3,...). Similar to Theorem 3.1, it can

be deduced that the solution p of this equation such that p(0) = ¢ (0 < |¢| < 1) is

m

> @%1,1) +o(c*" ).

m—2 -

p=c+c" Y *dsin* 0®,, 1 + "1 (dm,lsinm’l 0D, 1 +
k=0

Asd, #0(n=0,1,2....), from p(27r) = c it follows that the condition (1.7) is satisfied. Using

Lemma 2.3 and Lemma 2.4, the conclusion of the present corollary is valid. O
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Remark 3.3. By Corollary 3.2, when y = 1, Conjecture 1.1 is correct for arbitrary m > 2.

Case2. v #0, 1 #1.
Consider A-() system

1-n D1+ Yom—1),

(1= py) +x(x+ 1+ ¥om-1) (3.27)

x'=—y
¥ =x(1—py) +y(x + Pyt + Yom-1).

Theorem 3.4. Suppose that
dy #0; [T Lc#0
m—1<k<2m-3

I1

1<n<m—1
= m2m—1) .,
Loy— — A ;
2m—2 + Z(m — 1)2 m—1 # O,
- - _mm+1
Loy—1 + (Zdl +é (751—1)2)) A1 #0,

where Ay,_1 is expressed by (2.2),
1,m,...,2m—1),

k7m+1k+1_2i 5
ikt 1—iAm—1,

Ly=g+ ) -
= m—-1+i

(k=m—

2,3,...),do=1,di=m+f—-2 c=n+m+21—3; (3.28)

- e1 N
&n=— [l (e-r(1—p))
C0<r<mn—-2
(n=2,3,...),86=18=2m+0—2, e=n+2m+21—3. (329

Then the origin point of (3.27) is a center if and only if (1.7) and (1.8) hold.
Moreover, this center is a composition center and weak center.

Proof. In polar coordinates, the system (3.27) becomes
ﬂ _ 7’2 cos 0 +q)m_,\11’m. +11;2m_1r2m/ (330)
dae 1— firsin6
where ®,, 1 = ®,,_1(cos0,sinb), ¥Yo,—1 = ¥op—1(cosb,sin).
Taking
r
p= : 1
(14 (1—p)rsing)Tr
2m+p—2
2 (3.31)

the equation (3.30) can be written as
dp m R . m+ﬁj2 o N .
=P D, 1(1+(1—p)rsind) =7 + p " ¥p_1(14+ (1 — f1)rsin®) 7
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Applying the Langrange-Biirman formula we have

n=0

where d,, &, are expressed by (3.28), (3.29), respectively.
Substituting them into (3.31) we get

e} e}

ZZ =@, _1p" Y dup" sin” 0+ p*" Vo1 Y &up" sin” 6. (3.32)
n=0 n=0

Comparing the equations (3.8) and (3.32), we see that they have the same form, only with
different coefficients. Similar to Theorem 3.1, the present theorem can be derived. O

Remark 3.5. When fI = 0, from Theorem 3.4 implies the Theorem 3.1 of [15].

Corollary 3.6. If p # 1and dy = dylp—y # 0 (n = 1,2,...,m —1) (m > 2), where d, (n =
1,2,...,m—1) is expressed by (3.28). Then the origin point of (1.3) is a center if and only if (1.7) is
satisfied.

Proof. Similar to Theorem 3.4, when ¥;,_1 = 0, the equation (1.3) can be transformed as
following

d o
£ — @, 10" Y dp" sin" 6. (3.33)
n=0

Similar to Theorem 3.1, we get that the solution of (3.33) such that p(0) = ¢ (0 < |¢] < 1) is

m—2 I -
p=c+c" Y fdisint 00,1 + 2" (d,1sin™ 0Dy + T 0% ) +o(" 7).
k=0

Asd, = d}],;:}, #0(n=1,2...,m—1), dy = 1, from p(27r) = c follows that the condition
(1.7) is satistied. Using Lemma 2.4, the conclusion of the present corollary is valid. O
Remark 3.7. By Corollary 3.6, if u # 1, Conjecture 1.1 is valid when [Ty« <,; 1 dy #0, (m > 2).

CaseB.v =0, u #0.
Consider A-() system

(3.34)

x’ = —y(l — “I/l]/) + X(Cbmfl +T2m,1),
v =x(1—puy) +y(DPp_1+Yom-1)-

Theorem 3.8. Suppose that

[T Lc#0;
m—1<k<2m—3
- m2m—1) ,
Loyi— — A ;
2m—2 + 2(1”1—1)2 m—1 #O,

. mm+1)\ .,
Lszl + U <2 + M) /\mfl 7é O,

where Ay,_1 is expressed by (2.2), Li:= yk+y1_m+k Zf;(;”“ %)\m_l, (k=m—1,m,...,2m—1).

Then the origin point of (3.34) is a center if and only if (1.7) and (1.8) hold.
Moreover, this center is a composition center and weak center.
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Proof. In polar coordinates, the system (3.34) becomes

jl; =g Y " sin" 04 Voo Y u"r¥ M sin® g, (3.35)
n=0 n=0

where ®,, 1 = ®,;,_1(cosb,sinf), ¥, 1 = Yo _1(cosb,sinb).
Obviously, the equation (3.35) has the same form as (3.8), in Theorem 3.1 taking dy = e; =
1k (k=0,1,2,...), the present theorem can be derived directly. O

Corollary 3.9. For arbitrary m > 2, the origin point of (1.4) is a center if and only if (1.7) is satisfied.

Proof. Under the linear changes of variables (3.1) the system (1.4) becomes

= —y(1- D, q,
e (=) +x®Pus (3.36)
Yy =x(1-y) +yPu-1.
In polar coordinates (3.36) can be written as
d}’ - m—+n Lz .1
— =d, 1 Z r" T sin' 6. (3.37)
do =

Similar to Theorem 3.1, we get that the solution of (3.37) such that 7(0) = ¢ (0 < |c| < 1) is
m—-2___ 00000 m .
r=c+c" Y sin* 0@, 4+ (sinm_1 0D,,_1 + Eq)%”_1> +o(c* ).
i=0
Obviously, from r(271) = ¢ follows that the condition (1.7) is satisfied. Using Lemma 2.4 the
conclusion of the present corollary is correct. O

Remark 3.10. By Corollary 3.9, Conjecture 1.2 is valid for m > 2.

Remark 3.11. In the case of y = v = 0, m = 2 the center problem of system (1.5) has been
discussed by [14].
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