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Abstract. In the article, we investigate three classes of fourth-order boundary value
problems with dependence on all derivatives in nonlinearities under the boundary con-
ditions involving Stieltjes integrals. A Gronwall-type inequality is employed to get an a
priori bound on the third-order derivative term, and the theory of fixed-point index is
used on suitable open sets to obtain the existence of positive solutions. The nonlinear-
ities have quadratic growth in the third-order derivative term. Previous results in the
literature are not applicable in our case, as shown by our examples.
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1 Introduction

In the article, we investigate the existence of positive solutions to the following three classes
of fourth-order boundary value problems (BVPs) with dependence on all derivatives in non-
linearities under the boundary conditions involving Stieltjes integrals

{ u®(t) = f(t,ut),u' (£),u"(t), " (t )) te[0,1], 11)
' (0) +ar[ul =0, u”(0) +az[u] =0, u(1) = azfu], u”(1) =0, '

{ —u® (1) :f(t,u(t),u/(t),u”(t),u’”(t)), t €10,1], (1.2)
u(0) = Ba[u], u'(0) = B2[u], u"(0) = Bau], u"'(1) =0,
and
{ ul () = f(t,u(t),u' (£),u" (£),u" (1)), [0,1] (13)
u(0) = u(1) = mlu], u"(0) +n2[u] =0, u"(1) +1n2[u] =0,
where

a;u] = /Olu(t)dAz-(t) (i=1,23), Biu] = /Olu(t)dBi(t) (i=1,2,3),
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wl) = [ i) (=12

are Stieltjes integrals with A;, B;, H; of bounded variation.

The BVPs (1.1) and (1.2) share the common features that the derivatives of Green’s func-
tions, from first to third order in t, do not change sign, however the first-and third-order
derivatives of Green’s function for the BVP (1.3) are sign-changing. The existence of positive
solutions for the BVPs (1.1), (1.2) and (1.3) have been studied respectively in [9] and [5] with
f(t,u(t),u”(t)). The BVP (1.3) with 1[u] = n2[u] = 0 is also considered by [16] in which the
fourth-order equation is transformed into a second-order problem by order reduction method.
The authors in [10] discuss the second-order BVP with non-local boundary conditions

—u(t) = f(t,u(t)u'(t), telo1],
{ u(0) — bu'(0) = afu], cu(1) +du'(1) = Blul, (1.4)

where a,b,c and d are nonnegative constants with p = ac +ad + bc > 0. It is supposed in
[10] that the nonlinear term has linear growth in both u and #’ and some conditions related to
the spectral radius of a related linear operator are used, moreover, the Nagumo condition is
applied in one of their results. The BVP (1.4) witha =d = 1,b = ¢ = 0 is studied by Zhang et
al. [17], but the conditions of theorems in [10] can not contain the ones in [17], see [10, Remark
3.10, Remark 3.11].

Recently, Webb in [12] employs a Gronwall-type inequality proved in [13] to deal with a
second order equation with nonlinearity having quadratic dependence in derivative terms,
but no growth restriction in the function term. This new Gronwall inequality is used instead
of a Nagumo condition to get an a priori bound on the derivative term. The theory of fixed-
point index on suitable open sets is applied to obtain the existence of positive solutions to
second-order non-local problems.

Motivated by the works mentioned above, in the present paper we adopt the idea and the
techniques provided in [12] to consider the positive solutions of the fourth-order BVPs (1.1),
(1.2) and (1.3). The nonlinearities contain all terms of the derivatives, and there is quadratic
growth in u”’ but no growth restriction in u,u" and #”. Li and Chen in [8] investigate the
nontrivial solutions to fourth-order BVP with quadratic growth subject to local boundary
conditions. In [9], the nonlinearity has linear growth in u and all derivatives with some
conditions related to the spectral radius of a related linear operator, the results are not valid for
the problems presented in this paper although the Nagumo condition also allows quadratic
growth (see Example 2.7 and Remark 2.8). Making use of several different methods, the
authors in [3,5, 11] discuss the existence of positive solutions to some fourth-order BVPs,
however not all of the derivatives is included in the nonlinearities since some derivatives of
the Green’s functions are sign-changing. Some relevant works may refer to [1] for fourth-order
BVP with local boundary conditions via an application of contraction mapping theorem, [6]
for certain perturbed Hammerstein integral equations with first-order derivative dependence,
[7] for fourth-order BVP with local boundary conditions.

We recall the basic properties of fixed point index that we use.

Lemma 1.1 ([2,4]). Let Q) be a bounded open set relative to a cone P in Banach space X with 0 € ().
If A: Q — P is a completely continuous operator, and Au # Au for u € 9pQ, A > 1, then the fixed
point index i(A, Q, P) = 1, where Q) and dpQ) are respectively the closure and boundary of Q) relative
to P.
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Lemma 1.2 ([2,4]). Let Q be a bounded open set relative to a cone P in Banach space X. If A : Q) — P
is a completely continuous operator, and there exists vg € P\ {0} such that u — Au # ovy for
u € dpQand o > 0, then the fixed point index i(A,Q), P) = 0.

2 Positive solutions to the BVP (1.1)

Let [a, B] C [0,1], we write LF [a, B] (1 < p < o) to denote functions that are non-negative al-

most everywhere (a.e.) and belong to L[, B]. The proof of the following lemma is completely
similar to the method in [12].

Lemma 2.1. Suppose that there are a constant dy > 0 and functions dy,dy € L% [, B] such that
u € L[, B| satisfies

u(t)§d0+/tﬁd1( ds+/ dy(s)u(s)ds fora.e. t € [a, Bl

If there is a constant R > 0 such that ff dy(s)u(s)ds < R, then u(t) < dpexp(R)exp(D1(t)) for
a.e. t € [a, B, where Dy (t) := fﬁd1( s)ds.

Proof. Let v(t) := do+ ftﬁ di(s)u(s)ds + ff da(s)u®(s)ds. Then v is absolutely continuous,
v(B) =do,v(t) >dp>0forallt € [a B], and u(t) < v(t) for a.e. t € [, B]. Moreover, we have

o (1) = —dy (H)u(t) — da(D)ud(t) > —di(Ho(t) — da(u(t)o(t) for ae. t € [a, B].

Then o'(t) /v(t) > —d1(t) — do(t)u(t) which can be integrated to give

In (Z((f))) > _Dy(t) —/tﬁ dy (s)u(s)ds,

hence u(t) < v(t) < dyexp(R)exp(D;(t)) for ae. t € [, B]. O
For BVP (1.1)

{u(‘”(t) f(eu(t),w'(t),u”(t),u"(t), te][0,1],
u' (0) +aq[u] =0, u”(0) + ax[u] =0, u(1) = agu], (1) =0,

we make the following assumptions:
(C1) f:]0,1] x [0,00) x (—00,0]3 — [0,0) is continuous;

(C2) Aj;is of bounded variation, moreover

ICZ‘(S) = /01 Go(t,s)dAi(t) Z 0, Vs € [0, 1] (l = 1,2,3),

Go(t,s) = {

where
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(C3) The 3 x 3 matrix [A] is positive whose (i,j)th entry is a;[7;], i.e., it has nonnegative
entries, where 71(t) = 1—t, 72(t) = 3(1—#2) and 73(t) = 1 are the solutions of

u®) = 0 respectively subject to boundary conditions:
W' (0)+1=0, u"(0)=0, u(l)= u (1) =0;
u'(0)=0, u"(0)+1=0, u(l) = u"" (1) =0;
u'(0)=0, u"(0)=0, u(l)= u”’(l) =0
Furthermore assume that its spectral radius r([A]) <

Webb and Infante [14] in a general framework convert the BVP
u®(t) = f(tu(t)), telo1], 2.1)
u'(0) +a1[u] =0, u”(0) + ax[u] =0, u(1) = asfu], u”"(1) =0 '
into the perturbed Hammerstein integral equation of the type
3 1
u(t) =Y yi(t)a;lu] —i—/o Go(t,s)f(s,u(s))ds,
i=1
where Go(t,s) is the Green'’s function associated with
W(t) = f(tu(t), telo],
(0) = (0) = u(1) = (1) = 0

Immediately after this they prove that if (C1)—(C3) are satisfied, (2.1) is equivalent to

u(t) = /0 L Ga(t ) (s, u(s))ds,

where
3

Gi(t,s) = ((I—[A])TIK(s), 7(t)) + Go(t,5) = }_xi(s)7i(t) + Go(t,5),

i=1

((I—-[A])"1K(s),y(t)) is the inner product in R3, x;(s) is the ith component of (I—[A]) 1K (s).
Similar to the method of Webb-Infante, we define the operator S as

(Su)(t) = /1 Gi(t,8)f(s,u(s),u'(s),u" (s),u” (s))ds.

0
Lemma 2.2. If (Cy) and (Cs) hold, then x;(s) > 0 (i = 1,2,3) and for t,s € [0,1],

co(t)Po(s) < Gi(t,s) < Po(s), (22)
where X
Pols) = Y xils) + 51— 5) 4 55%  colt) = 5(1- £),
i=1
and G %G
@) < -2 <o), ames < - T <oy, @)
where
9G(t,s) t2, 0<t<s<1,
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PGi(ts) _KZ(S)_{ t, 0<t<s<l1,

ar? s, 0<s<t<1,
z 1
D1(s) = ) _xils) + 55(2 —s), c1(t) = 12, ®y(s) = xa(s) +5, co(t) =t

i=1
Proof. x;(s) > 0(i = 1,2,3) by hypotheses (C) and (C3). For 0 < s < t < 1, 2Gy(t,s) =
3s(s — 2t) < 0 which implies that
1
Go(t,s) < Go(s,s) = 55(1 —5s);

For0<t<s<l1, %Go(t,s) = —%tZ < 0 which implies that

Go(t,s) < Go(0,5) = %s(l —o)+ 253.
Then Go(t,s) < 3s(1—s) + &5, V(t,5) € [0,1] x [0,1].
Now we find the best function Co() such that Go(t,s) > Co(t) (3s(1 —s) + £s%), V(t,s) €
[0,1] x [0,1].
For0 <s <t <1,thisis

1 1 1 1
- _g)_ = — ) > - _ -g3
2s(l s) 2ts(t s) > Co(t) (23(1 s) + oS ),
thus 3(1- 1)1 )
—t +t—s
<
Co(t) < 3-3s+s2
Denote ( )( )
1—-tH(1+t—s
siltrs) = 3-3s+s2
from

(1 —t)(s>—2s(1+1¢) +3t)
asgl(t's) N (3 —3s+s2)2
it follows that Co(t) < 3g1(¢,0) =1 — 2.
For0 <t <s<1,thisis

>0

%s(l —s)+ é(s?’ — ) > Co(t) (;5(1 —s)+ 153) /

6
thus 5 s 4
3s — 35+ —t
Co(t) <
olt) < s(3 —3s+s?)
Denote
() 35 —3s2+s3—1
g2k 8) = s(3 —3s+52)
from )3
3(1 —s)%t
—(t,s) = >0
asgz( s) s2(3—3s+5%)% —

it follows that Co(t) < go(t,t) = %



Therefore

Since

2 2 3 2

Y wils) <Y Ki(s) < — Y ki(s)7i() < Yoms),
i=1 i=1 i=1 i=1

aGo(t,s) 1
252 —5) < — 20 < Zs(2—
t°s(2—s) < 5 S 2s(2 s),
< 3 y aZGQ(t,S)
mals) < rale) = - Lm0, 15 < P50 <
for t,s € [0,1]. d

Let C3[0,1] be the Banach space which consists of all third-order continuously differen-
tiable functions on [0, 1] with the norm ||u||cs = max{||u||c, ||[¥'[|c, |” ||c, |4"]|c}- In C3[0,1]
we define the cone

K={ueC0,1]:u(t) >c

(Ollulle, —u'(t) > ca(t )HM'IICI
—u"(t) >

O)lu"llc, vt € [0,1]; u™(1) = 0}. (2.4)

Lemma 2.3. If (C1)—(C3) hold, then S : K — K is completely continuous and the positive solutions
to BVP (1.1) are equivalent to the fixed points of S in K.

Proof. Because Gi(t,s), and the first- and second-order derivatives are continuous, the third
order derivative is integrable in s, from Lemma 2.2 it is easy to prove that S : K — K is
continuous. Let F be a bounded set in K, then there exists M > 0 such that ||u||cz < M for all
u € K. Denote

C = max f(t, xo0, x1, X2, X3).
(t,x0,x1,%2,%3) €[0,1] x [0,M] x [ M,0]3

By (C;) and Lemma 2.2 we have that Vu € Fand t € [0,1],
1 8G1
(St <C [ @ols)ds, |(Su)'(t |<c/ AN <c/ i (s
0

92G1(t,s) 03G1(t,s)
rorse [P ase o sarorse [P ase

then S(F) is uniformly bounded in C3[0, 1]. Moreover Vu € F and t;,t; € [0,1] with ; < t,,

[(Su)(t1) = (Su)(2)] < /O1 |Gi(t1,5) — Ga(ta, s)|f (s, u(s), u'(s),u" (), u"(s))ds

1
< c/ G (1, 5) — Ga (b, )|ds,
0
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((5u)' (1) — (Su)' (12)] < / ’aGl (11,5) — %L (12, 5)| £, u(s), 0/ (5), " (5), " (5) s
aGl tl, —aacil(tz, ) dS,
2
(Su)" (1) — (5w (12)| < [ aafjl (t,5) - aafj (12,5)] £(5,u(s), ' (5), " (5), " (5))ds
2 2

[(S)" (1) = (Su)""(£2)
1 1
(), (5), () " () = [ fsu(),0'(5), ' (5) " ()| < Cltz 1),

thus S(F) and SU(F) =: {v® : o) (t) = (Su))(t),u € F} (i = 1,2,3) are equicontinuous.
Therefore S : K — K is Completely continuous by the Arzela—Ascoli theorem. Similar to
[14], the positive solutions to BVP (1.1) are equivalent to the fixed points of S in K. ]

Lemma 2.4. Suppose that (C;)—(Cs) hold, there exist constants pg > 0, p3 > 0 and functions py, p2 €
LY.[0,1] such that for all (t, xo,x1,x2,x3) € [0,1] X [0,00) x (—00,0]3,

f(t,x0,%1,%2,%3) < po+ p1(t)g(x0, X1, %2) + pa(t)|x3| + pa|xs|?, (2.5)

where g : [0,00) x (—00,0]> — [0,00) is continuous, non-decreasing in the first variable, and non-
increasing in the second and third variables. Let A > 1,0 > 0,r > 0, define D; := fo pi(s)ds (i =
1,2) and

Q(r) := (po +g(r, =, =) D1) exp(D2) exp(psr). (2.6)
If u € Kwith ||u||c2 < rsuch that Au(t) = (Su)(t) + o, then ||u"'||c < Q(r).

Proof. Smceu € Kand /\u( ) (Su)(t) + 0o, we have that Au® (£) = f(t, u(t),u'(t), u" (t),u" (t))
and Au"'(t) = — ft u'(s),u”(s),u" (s))ds < 0. From |u||c < r it follows that

1
|u///(t)‘ S /\’u///(t)| — ./t f(S,M(S),M/(S),MI/(S),MI//(S))dS
< [ (ot ()0 5), 1 5)) + 2Ol (9)] + palu” (5] ) s
< (80— =)D + [ ()" (5)] + pala” (5)P) s

and fo ps|u” (s)|ds = —fo pau”' (s)ds = ps3(u”’(0) — u”(1)) < par. By Lemma 2.1, we deduce
that

" (#)] < (po + 8(r, =1, —1)D1) exp(D2) exp(psr) = Q(r),
the proof is complete. O

Let [a, b] be a subset of (0,1) and denote

v := min { min co(t), min ¢q(#), min cz(t)} = min {;(1 - bz),az} ,

tela,b] tela,b] te(a,b]
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% = max {/01 CIDO(s)als,/O1 q)l(s)ds,/ol q’z(s)ds} p
1

Vi min {/ab Dy (s)ds, /ab Dy (s)ds, /ab ®z(s)ds} ,

where ¢;(f) and ®;(s)(i = 0,1,2) are provided in Lemma 2.2. Obviously, v € (0,1/2) and
m < M.

Theorem 2.5. Suppose that (Cy)-(Cs) hold and f satisfies the growth assumption (2.5). The BVP
(1.1) has at least one positive solution u € K if either of the following conditions (F;), (Fz) holds,
where Q is given by (2.6).

(Fy) There exist 0 < r1 < rp with r1 < ry7y, such that
(Fra) for (t,x0,x1,x2,%3) € [0,1] x [0,71] x [—71,0]* x [-Q(r1),0],
f(t,x0,x1, X2, x3) < mry; (2.7)
(Fib) for (t,x0,x1,%2,%x3) € Wy := Wy 9 U W11 UWio,
f(t,x0,x1,%2,x3) > Mrs, (2.8)
where

Wi = [a,b] X [r2,72] X [—72,0]* x [-Q(r2),0],
Wi1 = [a,b] x [0,12] X [—12, —127Y] X [—=72,0] X [-Q(r2),0],
Wio = [a,b] x [0,72] X [—72,0] X [—r2, —12y] X [—Q(r2),0].

(Fy) There exist 0 < r1 < rp with Mry < mry, such that
(Faa) for (t,x0,x1,x2,%3) € [0,1] % [0,72] X [=72,0]* x [=Q(r2),0],
f(t,x0,x1,X2,x3) < mry; (2.9)
(F2b) for (t,x0,x1,%2,%3) € W := W oUWy 1 UW,»,
f(t,x0,x1,x2,x3) > Mr, (2.10)
where

Wz/() = [a, b] X [7’1’)’,7’1] X [—7’1,0]2 X [—Q(i’l),O],
W2,1 = [a, b] X [0, 1’1] X [—7’1, —1’1’)’] X [—7’1,0] X [—Q(l"l),O],
Woo = [a,b] x [0,71] x [—7r1,0] X [—r1, —r179] X [=Q(r1),0].

Proof. Suppose that (F;) holds. Define an open (relative to K) bounded set
Uy, == {u e K:|ul|c <, [[u"]lc <Q(r1) +1}.
Then the boundary doxU,, of U, (relative to K) satisfies oxU,, C U,, 0 U U,, 1 U U, », where

Uno:={u € K: [lullc =r,[[Wllc <7, llu”llc < r, fu"]lc < Q(r) +1},
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Uy = {ueK:|ullc <r,|[u'|lc=r,l[u"llc <rllullc <Q(r1)+1},
Uy :={u € K: |ullc <r,l[u'llc <r,llu”|lc=r,llu"”c < Q(r)+1}.

We will show that Su # Au for all u € dxU,, and all A > 1. If not, there exist u € dxU,, and
A > 1 such that Au(t) = (Su)(t). It is clear that ||u"||c < Q(r1) by Lemma 2.4.
From Lemma 2.2 and (2.7) it follows that when u € U,, o,

1 1
Au(t) :/o Gi(t,8)f(s,u(s),u'(s),u" (s),u" (s))ds </o Dy (s)mrids < rq;

when u € U, 1,

1

—A(t) = — /01 aGla(:’S)f(s,u(s),u’(s),u”(s),u”’(s))ds < /0 Dy (s)mrids < ry;

when u € U, ,

1 82 ¢ 1
A (t) = —/ Cgt(z’s)f(s,u(s),u’(s),u”(s),u”’(s))ds < / D, (s)mrids < ry.
0 0
Taking the maximum over [0, 1] we give a contradiction Arq < ry.
By Lemma 1.1 the fixed point index i(S, U,,, K) = 1.
Define an open (relative to K) set

V,, = {u € K: min u(t) < rp7y, min (—u'(t)) <rz7y, min (—u" (t)) <r2y, |0 |lc < Q(r2) + 1} :
te(a,b) te(a,b) te(a,b]

It is clear that U,, C V,, by r1 < 2y and Q(r1) < Q(rz). Since ||u||c2 < rp for u € V,, by (2.4),

V;, is bounded. The boundary oxV;, of V;, (relative to K) satisfies 0xV;, C V,,0U V,,1 UV, o,

where

V0= {u € K: min u(t) =rpy, min (—u/(t)) <rpy, min (—u"(t)) < 1oy, || ||c < Q(r2) + 1},
tela,b) te(a,b] te(a,b]

V1= {u € K : min u(t) <rp7y, min (—u'(t)) = roy, min (—u"(t)) <ry, |4 ||c < Q(r2) + 1},
tela,b) tela,b) tela,b]

Vi o= {u € K : min u(t) <rpy, min (—u'(t)) <roy, min (—u"(t)) = ra, ||u”"||c < Q(r2) + 1}.
tela,b) tela,b) tela,b)

Let vo(t) = 1 and note that vy € K. We claim that u # Su + 0oy for all u € dgV,, and all
o > 0. If the claim is false, there exist u € dxV;, and ¢ > 0 such that u = Su + cvy. Thus
|u"||c < Q(rp) for u € V,, by Lemma 2.4. From Lemma 2.2 and (2.8) we have the following
contradictions. When u € V,, ,

1 b
u(t) = /0 Ga(t,s)f(s, u(s), u'(s), u” (s),u" (s))ds + o > / co(£)Do(s)Mrads + o > 12y + 0,

taking the minimum for t € [a, b] gives the contradiction rpy > 12y + 0. Whenu € V,, 1,

—u'(t) = — /01 aGla(thS)f(s,u(s),u/(s),u”(s),u”’(s))ds > /ﬂb c1(t)®@1(s)Mrads > 1o,
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taking the minimum for t € [a, b] gives the contradiction r,y > r2y. When u € V,,»,

2
—u"(t) = — /01 aGalt(zt’s)f(s,u(S),u’(S),u”(s), u"(s))ds > /ab 2 ()2 (s)Mrads > 127y,

taking the minimum for t € [a, b] also gives the contradiction 72y > r27.

By Lemma 1.2 the fixed point index i(S, V;,,K) = 0.

From the additivity property of fixed point index we have i(S, V;,\U,,, K) = —1. So there
is a fixed point of S in the set V,,\U,, which is clearly nonzero and the positive solutions to
BVP (1.1) by Lemma 2.3.

Suppose that (F,) holds, notice that f is well defined since Mr; < mr,. Define open
(relative to K) bounded sets U,, := {u € K: ||u||c2 < 12, ||""|lc < Q(r2) +1} and

Vi, {u € K: min u(t) <ry7, mm( u'(t)) < ryy, min (—u”" () <r1y, |[v”"]|c < Q(r1) + 1} :
te(a,b] te(a,b] tela,b)

It is clear that V,, C Uy,. The rest of proof is similar to the above. O

Example 2.6. Consider the following fourth-order boundary problems under mixed multi-
point and integral boundary conditions with sign-changing coefficients and kernel functions.

a9 (1) = F(t,u(t) 1 (6) (1), 4" (1)), t € [o 1,
u'(0) + qu(3) — su(3) =0, u"(0)+ fo ) cos(rtt)dt =0, (2.11)
u(1) = zu(z) — qu(3), u"(1)=0,

thus a1 [u] = 1u(}) — Hu(3), axfu] = folu(t) cos(tt)dt, as[u] = Ju(3) — tu(3). Then

0 < Kas) = 1Go (3,5) — 6o (3.9)

1
s—l—lgzs 0<s<y,
- 13 _ 112, 41, 1 1 3
245" — 065 T 3815 ~1E3er 1 <S5 1

13 1.2, 1 1 3
%5 — S TSty 1<s<1,

25 —s2  cos TS 1
+ -

1
Ka(s) :/0 Go(t, s) cos(rmt)dt = 72 - o

0 < Ks(s) = 3Go (3,5) — 1Go (3,9)

3.0, 17 1

_ﬁs + ms, 0 S S S 51

D 11 3

=) S nS TS e 1 <5<

bl e i 1<t

the 3 x 3 matrix

119 1
wr[r] walya] aifys) & 192 6
[Al = | wm[n] 2] @] | =1 5 & 0
3 17 1
ws[y1] as[y2] az[ys] & 1% 1
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and its spectral radius r([A]) = 0.4479 < 1 (Some values here and later are calculated using
the mathematical software Mathematica). Therefore, (C,) and (Cs3) are satisfied. We choose
[a,b] = [1/4,3/4] and note that v = 1/16,

(74427 (37-30s)s+23 7252+ 74 cos(7rs) 0<g< 1
472(—151+11472) ’ =7 =4
—592+ 712 (3365432852 —1925%) 4 714 (— 346285 —6245% +19253) +592 cos(7rs) 1 1
32m2(—151+114m2 ¢ 1<5=7,
K (s) = o
—1776+ 7> (41—300s+136852 —8325°) + 71* (—41+20765— 225652+ 8325°) +1776 cos (71s) 1 cg<3
9672 (—151+11472) r2 =g
—888+ 712 (— 4741205432452 —2565% ) 4 71* (4747685 —7685% +2565>) +888 cos(7rs) 3 o<
4872 (—151+11472) ’ 4 =
—114+712(151—87s)s+114 cos(7s) 1
72 (—151+11472) ’ O=s=<g
—1824+ 712 (—34-24525— 153652 +1925 ) +1824 cos(71s) 1 1
5 > , <8< 3,
Ko (s) = 1672(—151+11472) 4 =2
—5472+ 72 (—41+75485—49925°+8325%) + 5472 cos(ms) 1 cg<3
4872(—151+11472) ’2 = &
—2736+ 7% (47435045 — 213652 +2565> ) +2736 cos(71s) 3 o5<1
2472(—151+11472) /4 =
K3(s) =
—794+157 7252 2715 (—3974-2885) +794 cos(7s) 0<s<1
3272(—151+11472) ’ =7 =4
—12704+47* (—3+32125—244852+1925%) + 7% (—5-+605+22725% 432053 ) +-12704 cos (7ts) 1 g<1
51272 (—151+11472) ’ 4 =2’
—38112+47% (3153 —188285+4483252 —243845° ) +-47* (—649+134765— 1502452+ 56965 ) +-38112 cos(71s) 1 cg<3
153672 (—151+11472) r 2 = 4
—19056+77%(—1029+10085+85205% —60165°) +-256 7% (4+695— 695> +235%) +19056 cos(7rs) 3 o5<1
76872 (—151+11472) ’ 4 -

and hence

/1 By (5)ds — —483264 + 967367> + 7907174
O 5798472 — 4377674

"o (5)ds — 50880 + 539712 — 16421 7*
o ~ 307272(—151 + 11472)

/1 Ba(s)ds = 21888 + 537172 — 109447+
0o 2 T 2899272 —218887%)

1 1 1 1 21888 + 5371722 — 109447t
m _max{/o %(S)ds’/o ®1(S)ds’/(> cpZ(S)ds} = T 2899277 —2188874)

/3/4 Bo(s)ds = —483264 + 1037397% + 891367*
e O © 6l44m2(—151+114m2)
/3/4 1 (5)ds 25440 + 2627> — 90137t
s ol ~ 57984m2 —43776mt
/3/4 (s)ds = 10944+ 22257% — 54727
e T 2899202 —218887t)

1 3/4 3/4 3/4 —483264 + 103739712 + 8913674
L e mi ®y(s)ds, / @, (s)ds, / Dy(s)ds b = ,
M mm{/m o(s)ds, |, ®r()ds, | ®2(s) S} 614472(—151 1 11472

m ~ 1.8624, M ~ 6.4045.
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Let f(t,x0,x1, %2, x3) = d(x'é0 + (—x1)k1 + (—xz)k2 + x3) for (t,x0,x1,%x2,x3) € [0,1] x [0, 0)
X (—00,0]%, here k; > 1 (i = 0,1,2), and d > 0 is a constant which is determined by the next
step. Clearly (C;) holds. For a given r; > 0, choosing dp > 0 and d sufficiently small such that

; <,,’1<o N 7’1‘1 n r’lc2 n ((do + (7’]1(0 + r71<1 + r’lQ) d) eXp(df’l))z) < mrq,

we have that (2.5) and (2.7) are satisfied with g(xo, x1,x2) = x£° + (—x1)" + (—x2)**. Choosing
rp large enough such that r, > r1/7 and 1’12(1'_1 > Md~'y7% (i = 0,1,2), we have that for
(t, x0, x1,%2,x3) € Wy ; (see Theorem 2.5),

f(t,x0,x1,%2,x3) > d (ryy)k" > Mr; (i=0,1,2),
i.e., (2.8) is satisfied. By Theorem 2.5 the BVP (2.11) has at least one positive solution. Of course

0 is also a solution of this problem. Especially, if r{ = 0.01,dy = 0.01 and kg = k1 = k» = 2, we
may take d = 20.

Example 2.7. Consider BVP (2.11) with f (¢, xo, x1,X2,x3) = d (x’éo + (—xl)k1 + (—xz)k2 + x%)

for (t,x0,x1,%2,x3) € [0,1] x [0,00) x (—00,0]3, here k; € (0,1) (i = 0,1,2), and d > 0 is
a constant which is determined by the next step. Clearly (C;) holds. For a given r, > 0,
choosing dp > 0 and d sufficiently small such that

d (r'z(o + rgl + r’gz + ((do + (rgo + r’él + r’éz) d> exp(dr2)>2) < mry,

we have that (2.5) and (2.9) are satisfied with g(xo, x1, x2) = xgo + (—xl)k1 + (—x2)k2. Choosing

r1 small enough such that r; < mr,M~! and rifk" < dy"M~ (i = 0,1,2), we have that for
(t,x0,x1,x2,x3) € Wy; (see Theorem 2.5),

f(t/ X0, X1, X2, X3) > d (rll)/)ki > Mrl (1 = O/ 1/ 2)/
ie., (2.10) is satisfied. By Theorem 2.5 the BVP (2.11) has at least one positive solution. Of
course 0 is also a solution of this problem. Especially, if r, = 1,dp = 0.01 and ko = k1 = ky =
1/2, we may take d = 7/20.
Remark 2.8. For f as in Example 2.7, if xg = x1 = xp = 0,x3 — —0o0,

f(t, x0,x1, %2, x3) < agxg — a1x1 — azxp — asxs + Co
does not hold; if xo — 07, x; = x2 = x3 =0,

f(t,x0,x1,x2,x3) < boxg — bixy — boxo — b3xs

does not hold, where a;,b;(i = 0,1,2,3) and Cy are positive constants. Therefore, the con-

ditions in [9, Theorem 2.1, Theorem 2.2] are not satisfied and the results in [9] can not be
applied.
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3 Positive solutions to the BVP (1.2)

For BVP (1.2)

{ —u® () = f(t,u(t), ' (t),u"(t),u" (), te[0,1],
u(0) = pafu], u'(0) = Baful, u"(0) = ps[ul, u"(1) =0,

we make the following assumptions:
(C1) f:10,1] x [0,00)* = [0, ) is continuous;

(C2) B is of bounded variation, moreover

Izi(s) = /01 éo(t,S)dBi<t) 2 0, Vs € [O, 1] (l = 1,2,3),

éo(t,s) = {

(C3) The 3 x 3 matrix [B] is positive whose (i, j)th entry is Bil6j], where d1(t) = 1, 6(t) =t
and 63(t) = 32 are the solutions of u®) = 0 respectively subject to boundary conditions:

where

£ £

IN
IN
IN

’ 0 S 1,
s(3t> —3ts +5%), 0 t

Q\= Q=

<s

IN
IN

1;

W' (0)=1, 4¥"(0)=0, u(1)=0, u"(1)=0;

1, u(l)=0, u"(1)=0;
=0.

0)=0, u"(0)
=0,

u'(0) u"(0)=0, u(l)=1, u"(1)

Furthermore assume that its spectral radius r([B]) < 1.
Define the operator S as
1 ~

(Su)(t) =/0 Ga(t,s)f (s, u(s),u'(s),u”(s),u" (s))ds,

where

%i(s)éi(t) + é{)(t,s),

e

Ga(t,s) = (I —[B])'K(s),8(1)) + Go(t,s) = L

((I—[B])"'K(s),4(t)) is the inner product in R3, &;(s) is the ith component of (I — [B]) 'K (s).

Lemma 3.1. If (Cy) and (C3) hold, then %;(s) > 0 (i = 1,2,3) and, for t,s € [0,1],

Eo(t)ég(s) < Gz(t,s) < &)O(S), (3.1)
where
5 > 15,1 3
Dy(s) = Y Kils) + & + 55(1 —s), co(t) = =t°,
i=1
and
~ an(t,s) ~ asz(t,S) ~
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where 2Ca(t,5) )
Ga(t,s) - N 1( 8 0<t<s<l,
ot _Kz(s)+tK3(S)+2{ s(2t—s), 0<s<t<1,
0°Gy(t,s) t, 0<t<s<l1,
o _KS(S)+{S, 0<s<t<1,

Dy (s) = ii@(s) + %5(2 —s), &) =1, Dy (s) = %3(s) +5, () =t
i=2

Proof. %i(s) > 0 (i = 1,2,3) by hypotheses (C;) and (C3). For 0 < s <t < 1, %ég(t,s) =
35(2t —s) > 0 which implies that

Golt,s) < Co(1,s) = 253 + %s(l —s);

ForO0<t<s<l1, %ég(t,s) = %tz > 0 which implies that

Go(t,s) < Go(s,s) = 253.
Then Go(t,s) < 134+ 1s(1—5), V(t,s) € [0,1] x [0,1].
Now we find the best function Co(t) such that Go(t,s) > Co(t) (1s® + 3s(1—35)), V(t,s) €
[0,1] x [0,1].
For0 <s <t <1,thisis

%s(3t2 — 3ts 4+ 52) > Co(t) <153 + 1s(1 — s)) ,

6 2
thus ’ 2
. 312 — 3ts + s
<
G < F 310
Denote
_ 3t2 — 3ts 4 52
ailbs) =33 ra
from (t=1)(s* —25(14 1) +31)
~ 3(t—1)(s=—2s(1+¢t)+ 3t
— 37 (t — <
asg1< /) (3—3s+5%)2 =0
it follows that Co(t) < §1(t,t) = 73,;;:“%

For 0 <t <s<1,thisis

15 13
8> - Zs(1 —
6t Co(t) <6S + 2s(1 s)) ,
thus
- 3
Co(t) < s(3 —3s +s2)
Denote
(t,5) .
821 s(3—3s+5s2)’
from
3(1—s)?
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it follows that Co(t) < g (t,1) = £3.
Therefore

Since

15/15 1 313 1 ~ 1, 1
- — < — — — < < = il _
2t (65 —|—2 s(1 s)) <t <6S —|—25(1 s) _Go(t,s)_6s +25(1 s),

we know that (3.1) holds. As for (3.2), it comes directly from the inequalities

3 3 3 3
t2 Z;;El(s) < t;'ﬁl(s) < ;'Ki(s)él’(t) < ;ﬁl(s),
%ﬂs(z —s5) < aGOa(:’S) < %5(2— s),
3 azéo(t,s)

fort,s € [0,1].
In C3[0,1] we define the cone

K= {uec®0,1):u(t) >t |ullc, u'(t) =& t)|lu']c,
u”(t) > e (t)||u”||c, Vt € [0,1]; "' (1) = 0}.

15

(3.3)

Lemma 3.2. If (C;)—(C3) hold, then S : K — K is completely continuous and the positive solutions

to BVP (1.2) are equivalent to the fixed points of S in K.

Proof. Because G;(t,s), and the first- and second-order derivatives are continuous, the third-
order derivative is integrable in s, from Lemma 3.1 it is easy to prove that S : K — K is
continuous. Let F be a bounded set in K, then there exists M > 0 such that ||u||cs < M for all

u € K. Denote

C= maXx f(t,xo,x1,x2,x3).
(t,xO,xl,Xz,X3)€ [0,1] X [O,Z\/I}4

By (C;) and Lemma 3.1 we have that Vu € F and t € [0,1],

(Su)(1)] < c/o1 So(s)ds,  |(Su) ()] < c/o1 ‘ana(:fS)(ds < c/o1 &1 (s)ds

1(Su)" (1) |<C/ ‘BGzts’d <C/d>2 1(Su)™ (1) |<C/ ’ants‘d<C

then S(F ) is uniformly bounded in C3[0,1]. Moreover Vu € F and t,t; € [0,1] with t < fp,

[(Su)(t1) = (Su) ()] < /01 |Ga(t1,5) — Galta, ) |f (s,u(s), ' (s),u” (s),u" (s))ds

1
< c/ 1Ga(t, ) — Galta,s)|ds,
0
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() (1) — (Bu)(12)] < / ‘a@ tl,s)—aaciz(tz, )| Fls, u(s), ' (s), u” (s), u" (s))ds
an tl, —aacj_z(tz, ) dS,
Gy (1) = B (12)| < [ aafiz(tl, >—aaf§2<t2, )| Fls u(s), (), 4 (5), " (5)) s

|(5u)" (1) — (Su)" (t2)]
1 1.
A f(s,u(s),u'(s),u"(s),u"(s))ds — . f(s,u(s),u'(s),u”(s),u"(s))ds| < C(t2 — 1),

thus S(F) and S ( ) =: {o® : 00 (t) = (Su)D(t),u € F} (i = 1,2,3) are equicontinuous.
Therefore S : K — K is completely continuous by the Arzela—Ascoli theorem. Similar to
[14], the positive solutions to BVP (1.2) are equivalent to the fixed points of S in K. O

Lemma 3.3. Suppose that (C1)—(Cs3) hold, there exist constants py > 0, B3 > 0 and functions py, ba €
LY.[0,1] such that for all (t,x0, x1,x2,x3) € [0,1] X [0,00)%,

F(t,x0,x1,%2,x3) < Do+ p1(1)g(x0, X1, %2) + Pa(t)x3 + P3%3, (3.4)

where g : [0,00)3 — [0, 00) is continuous, non-decreasing in every variable. Let A > 1,0 > 0,7 > 0,
define D; := [, pi(s)ds (i =1,2) and

Q(r) == (Po + &(r,7,r)D1) exp(D2) exp(psr). (3.5)
Ifu € K with ||ul|c2 < r such that Au(t) = (Su)(t) + o, then ||u"||c < Q(r).
Let [a, b] be a subset of (0,1) and denote

3

v := min a’,

N —

min &(t), min (1), min (1)}

Al D (s)ds, /01 CT>1(s)ds,/01 &)Z(S)dS} ,
/ab CT)O(S)ds,/ub &)1(3)115,/; &Dz(s)ds} ,

where () and ®;(s)(i = 0,1,2) are provided in Lemma 3.1. Obviously, ¥ € (0,1/2) and
m < M.
Similar to the proof of Theorem 2.5, we have the next theorem.

1
it
1 .
=

Il
=
Q
X
N —_—

Theorem 3.4. Suppose that (Cy)-(Cs) hold and f satisfies the growth assumption (3.4). The BVP
(1.2) has at least one positive solution u € K either of the following conditions (F1), (F2) holds, where
Q is given by (3.5).

(E) There exist 0 < r1 < rp with ry < rp7, such that
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(fla) fOT’ (tl X0, X1, X2, x3) S [O/ 1] X [0,r1]3 X [O/ Qv(rl)]’
f(t,x0,x1, %2, x3) < fiiry;
(flb) fOV (tr X0, X1, X2, X3) S Wl = WLO U W1,1 U Wl,2’

J?(t/ X0, X1,X2,X3) > ]\7Ir2,

where
Wi = [a,b] X [r27,72] X [0,72]* x [0,Q(r2)],
Wit = [a,b] x [0,72] x [127,72] % [0,72] x [0,Q(2)],
Wi = [a,b] x [0,72]* X [r27%, 2] % [0,Q(r2)].

(fz) There exist 0 < 11 < 1o with Mry < #iiry, such that
(Ba) for (t,x0,x1,%2,%3) € [0,1] x [0,72]% x [0,Q(r2)],
f(t, X0, X1, X2, X3) < firy;
(fzb) for (t,x0,x1,X2,x3) € W, = Wz,o U I/NVM U Wz,z,
f(t,x0,x1,%2,x3) > Mry,

where

Wz,g = [a,b] x [r17,71] x [0,71]% [O,Q(rl)],
I/~V2,1 = [a,b] x [0,71] X [r17,71] x [0,71] X [O,Q(rl)],
[0,

W2 = [a,b] x [0, 71] [r17,11]

Example 3.5. Consider

—u®(t) = f(t,u(t),u (), u"(t),u" (t)), te]0,1],
u(0) = Ju() — tou(3), w'(0) = Jy (= §u(®)dt,
u”(0) = qu(3) — gqu(3), w”(1) =0,
thus B1[u] = u(3) — 155u(3), fo (t—2)u(t)dt, Bs[u] = tu(}) — u(3). Then

(s) = %60 (%/ ) 160GO (4/ )

1)
IC

79 3
[ 90° 1280S "‘51205

1

O S S S Z/

1 2_ 1.3 1 3

768 51205 + 1ZSOS %05, 1 <5= 4,
53 3

51440 1<s<1,

Kals 6/ (t—)t3dt—|—6/ (t—) s(3t2 — 3ts + s2)dt

1
%5(100 —130s 4 60s* +5s° —8s) >0  (0<s<1),

17

(3.10)
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0 < Ks(s) = 3Go (3,5) — 11Go (39)

1.3 11

2., 19 1
118° — 1125 + 2185 0<s<y,
— 1 9 3.2 13 1 3
=\ % St mS —uS, <5<y
29 3
53767 i <s S 1,
the 3 x 3 matrix
79 77 7
Bila] B1[o2]  Ba[ds] 60 40 5120
(B = | Baloi] Bolda] Bolds] | =] 3 B =
3 11 19
Bslor] PBa[da] Palds] 3 U 1o
and its spectral radius r([B]) ~ 0.6600 < 1. Therefore, (C;) and (C3) hold. We choose
[a,b] = [1/4,3/4] and note that ¥ = 1/128,
5(176400—4593605+ 50452052+ 478553 —76565%) 1
2252880 ’ 0<s<y
68754939005 12936052 46452053 4478554 — 76565 1og<l
%1 (s) = 2252880 ’ 1 =2
1742541657505 —2146205> +99640s>+9570s* ~153125° 1 _ o « 3
4505760 r 2 =>4
22025+4-38285(100—130s4-60s>+55° —85*) 3
9011520 ’ 1<s=<1l,
)
5(3986640—65248205-+4630400s2+171615s> —2745845*) 1
19900440 , 0<s<g
36175+35525405 —47884205>+231520057+1716155* ~274584s° 1 _ o < 1
%ols) = 19900440 r =g
155405+6606750s 85801807+ 39659605+343230s* ~5491685° 1 _ o 3
39800880 r 2 >4
181885+ 1372925 (100—130s+60s2+-55° —8s%) 3
{ 79601760 / 1<s=<1]
)
5(299565— 6494405+ 5536005%+ 676553 —10824s%) 1
2487555 ’ 0<s<y
43252476655 — 44184052 4-276800s> +67655* —10824s° 1 5«1
Rals) = 2487555 1o =g
667151469405 —186900s>+89080s> +13530s* —21648s° 1 <g<?3
4975110 ) >
17900-+13535(100— 130546052+ 553 —8s*) 3
L 2487555 ’ 1<s=<1],
and hence
L 1481629721 1. 3339971 1 41265293
Dy(s)ds = 0, /dD s)ds = —————, /<I> slds = ————,
/0 0(8)ds = = 11768960 ) $16)ds = gemenn ) 208 = Z5ehi760
1 1 1 1 41265293
— —ma Cbsds,/CIDsds,/QD s)ds p = ————,
i X{/o o(s)ds, | Pr(s)ds, |- P2(s) } 79601760
3/4 6666545149 3/4 14676709 3/4 331536539
do(s)ds = ————, / D(s)ds = ——, / Dy(s)ds = ————,
/1/4 0(8)4s = L 134151680 1/4 1(8)ds = es89720 1/4 2(s) 1273628160
1 3/4 3/4 _ 3/4 331536539
— = mi Dy (s)ds, @sds,/ Dyr(s)ds p = ———,
M mm{/m o(s)ds, | Prls)ds, | Pa(s) } 1273628160

M~ 1.9290, M ~ 9.1703.
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Let f(t, X0, X1, X2,X3) = ilv(xléo + x’l(1 + x§2 + x%) , (t,x0,x1,%2,%3) € [0,1] x [0,00)*, here

ki>1(i=0,1,2), and d>0isa constant which is determined by the next step. Clearly (61)
holds. For a given r; > 0, choosing dy > 0 and d sufficiently small such that

j(r'{" T ((6?0 + (r’{” w4 Vlfz) @ exp (0%}1))2) < miry,

we have that (3.4) and (3.6) are satisfied with g(xo,x1,x2) = xgo + xll(1 + xgz. Choosing 7»
large enough such that r» > r;/9 and rgi_l > ]\716?71’77"1' (i = 0,1,2), we have that for
(t,x0,x1,x2,x3) € W ; (see Theorem 3.4),

f(t, X0, X1, X2, X3> > J(T’z’?)ki > M?’z (Z =0, 1,2),
ie. (3.7) is satisfied. By Theorem 3.4 the BVP (3.10) has at least one positive solution. Of course
O is also a Eolution of this problem. Especially, if r1 = 0.01,dy = 0.01 and ko = k1 = ko = 2, we
may take d = 23.
Example 3.6. Consider (3.10) with f(t, X0, X1, X2, X3) = J(xéo + xlf1 + xSZ + x%), (t,x0,x1,X2,Xx3) €
[0,1] x [0,00)%, here k; € (0,1) (i =0,1,2), and d > 0 is a constant which is determined by

the next step. Clearly (C;) holds. For a given r, > 0, choosing do > 0and d sufficiently small
such that

j(r'ﬁ" + r'f + r’,fz + ((6?0 + (7]50 + ”]751 + rl,vfz) @ exp (0%}2))2) < i,

we have that (3.4) and (3.8) are satisfied with g(xo, x1,x2) = xgo + xll(1 + xgz. Choosing 71
small enough such that r; < mraM~! and r}_k" < d~'7kil\7171 (i = 0,1,2), we have that for
(t,x0,x1,x2,x3) € Wy ; (see Theorem 3.4),

f(t, x0,x1,%2,x3) > riN(r]'?)k" > Mr (i=0,1,2),
ie. (3.9)is satisfied. By Theorem 3.4 the BVP (3.10) has at least one positive solution. Of course
0is also a Eolution of this problem. Especially, if 1, = 1,dy = 0.01 and ko = k1 = ko = 1/2, we
may take d = 7/20.
Remark 3.7. For fas in Example 3.6, if xg = x1 = xo = 0,x3 — +09,

F(t,x0, %1, %2, %3) < Boxg + A1 %7 + B2z + A3x3 + Co
does not hold; if xo — 07, x; =x2 = x3 =0,

J?(f, X0, X1,X2,X3) < Boxo + byx1 4 baxa + b33

does not hold, where szi,Ei(i =0,1,2,3) and éo are positive constants. Therefore, the con-

ditions in [9, Theorem 3.1, Theorem 3.2] are not satisfied and the results in [9] can not be
applied.
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4 Positive Solutions to the BVP (1.3)

For BVP (1.3)

{ u® () = f(t,u(t),u' (t),u"(t),u" (t)), telo,1],
u(0) = u(1) =mu], u”(0) +nau] =0, u” (1) +na2fu] =0,

we make the following assumptions:
(C1) f:]0,1] x [0,00) x (—00,00) x (—00,0] X (—00,00) — [0, 00) is continuous;

(C2) H; is of bounded variation, moreover

Ki(s) := /0 ' Golt,s)AHL() > 0, Vs € [0,1](i = 1,2),

where
t(1—s)(2s — > — 52),

s(1—t)(2t —s® —t?),

|/\
I/\
I/\

0 1,
0

[ N
I/\
I/\
I/\

1;

(C3) The 2 x 2 matrix [H] is positive whose (i, j)th entry is 7;(Z;], where & (t) = 1 and &(t) =
1#(1 — t) are the solutions of u®) = 0 respectively subject to boundary conditions:

1, u u"(1) =0;
u(0) = (1) =0, u"(0)=u"
Furthermore assume that its spectral radius r([H]) < 1.

Define the operator S as

(Su)(t) = /01 Gs(t,s)f(s,u(s),u'(s),u’(s),u" (s))ds,
where

2
Gs(t,s) = ((I—[H])'K(s),&(t)) + Go(t,s) = Y_%i(s)&(t) + Go(t,s),

i1

((I-[H])~'K(s),&(t)) is the inner product in IR?, &;(s) is the ith component of (I—[H])~1K(s).

Lemma 4.1. If (C;) and (Cs3) hold, then %;(s) > 0 (i = 1,2),

9’G3(0,s)  9*°Gs(l,s)  _
o o el

Gg(O,S) = G3(1,S) = fl(s),
and for t,s € [0,1],
co()@o(s) < Gs(t,s) < Po(s), 4.1)

where
Bo(s) =y (s) + %@(s) + Bo(s)

~

7

Eo(t): T\f (1_t2)r 0<t<
W1 -H@-t), }<t<

[ ST

7
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B0 (s) YPs(1—2)3/2, 0<s<3%,
S) =
’ PB(1-s)32(2-5)32, l<s<;
and )
_ 0°Gs(t,s —
(@15 < - 220D <, (5 42)
where
PGs(t,s) (s) t(l—s), 0<t<s<1,
o2 z s(1—t), 0<s 1,

Di(s) =%a(s) +s(1—s),  c1(t) = min{t, 1 —t}.
Proof. %;(s) > 0 by hypotheses (Cz) and (C3), and the following inequality is proved in [15]

Co(H)Do(s) < Go(t,s) < Do(s).

From

and
Ga(bs) = Ty (5) + é x 4¢(1 — D)a(s) + Colt, s)

> 4t(1—t) <K1 (s) + éKz(S)) + 2o (t) Do (s)

> 9ft(l —1) <K1(5) + ;Kz(s)) + () Po(s) = 20(1)os),

it follows that (4.1) hold. As for (4.2), it can be checked easily. O

In C3[0,1] we define the cone

K= {ueC0,1]:u(t) >7co(t)|ullc, —u"(t) >c1(t)||u"||c, Vt € [0,1];
u(0) = u(1), u”(0) =u"(1)}. (4.3)

Lemma 4.2. If (C1)—(C3) hold, then S : K — K is completely continuous and the positive solutions
to BVP (1.3) are equivalent to the fixed points of S in K.

Lemma 4.3. Suppose that (C1)-(Cs) hold, there exist constants B, > 0,5 > 0 and functions by, p, €
LY[0, 1] such that for all (t,x0,x1,x2,x3) € [0,1] X [0,00) X (—00,00) X (—00,0] x (—00,0),

f(t,x0,x1,x2,x3) < Py + P () (x0, X1, X2) + P (£) | x3] + P3| x3]%, (4.4)

where g : [0,00) X (—00,00) X (—00,0] — [0, 00) is continuous, non-decreasing in the first variable,
even and non-decreasing in [0,00) in the second variable, non-increasing in the third variable. Let
A>1,0>0,r >0, define D; := fol pi(s)ds (i=1,2) and

Q(r) == (Po +8(r,r,—1)D1) exp(Da) exp (P57)- (4.5)

If u € K with ||ul|c2 < r such that Au(t) = (Su)(t) + o, then ||u"||c < Q(r).
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Proof. Since u € K, there exists to € (0,1) such that u"’(tg) = 0. From Au(t) = (Su)(t) +o,
we have that Aul® (t) = f(t,u(t),u' (t),u"(t), " (t)) > 0. Therefore, u’”’(t) < 0 (t € [0,to]),

u”(t) >0 (t € [to,1]) and
A (t) = t:f(s,u(s),u’(s),u”(s),u’”(s))ds (t € [0,1]). (4.6)

If t < to, from ||ul|c2 < r and (4.6) it follows that
t_
f(s,u(s),u'(s),u"(s),u" (s))ds
to
fo
< /t (Po+ P1(8)8(u(s), u'(s),u" () + Py (s) | ()] + Ps|u (5) ) ds

< (o807, =n)D0) + [ (a6 6) + pala ().

‘ ///( )‘ </\’u/// ’:

Since " "
| sl @)lds = = [P (s)ds = Py (0) " (10)) < Py,
by Lemma 2.1 we deduce that
" (8)] < (Py + &(r,r,—r)D1) exp(D2) exp(psr) = Q(r), € [0, to].

If t > ty, we change the variable from s to ¢ = top +1 —s. Denote w(c) = u(to+1—0) and
then w'(0) = —u'(s), w”’(c) = u"(s), w"(c) = —u"'(s). Setting T =ty + 1 —t, from ||u||c2 <r
and (4.6) we have that
|w///(T)| — | _ u///( )| < A|u///

(S) ///( ))ds
— ’_/1Tf(t0+1—a,w(a),—w’(cf),w"((f)/ w"(0))do

< [(ot Palto +1 - 0)(w(e), (), 0" (0)) + Pyli + 1~ ) (0)] + Pyl (&) )

< (o + 305, —1D) + [ (o +1— )" (0)] + pale” (o))
Since . )
| Pl @)lde = = [ psal"(s)ds = ps(u (t0) — (1)) < P,
by Lemma 2.1 we deduce that
0" (7)| < (By +Z(r,7,—r)D1) exp(Da) exp(Pyr) = Q(r), T € [to, 1],

ie [u"(t)] < Q(r), t € [t 1].
So the proof is complete. O

Let [a,b] be a subset of (0,1) and denote

7 := min { min ¢y (#), min cl(t)} = min {3\2@41(1 a?), ib(l —b)(2—-"0),a,1— b} ,

t€(a,b] t€(a,b]

©mmax{ [ @ [ B}, L= min{ [ B, [ B},

where ¢;(t) and ®;(s)(i = 0,1) are provided in Lemma 4.1. Obviously, 7 € (0,1/2) and
m < M.



Three classes of non-local fourth-order problems with derivative-dependent nonlinearities 23

Theorem 4.4. Suppose that (C1)—(Cs3) hold and f satisfies the growth assumption (4.4). The BVP
(1.3) has at least one positive solution u € K if either of the following conditions (Fy1), (F2) holds,
where Q is given by (4.5).

(F1) There exist 0 < r1 < rp with r1 < ry7%, such that

(Fra) for (t,x0,x1,%2,%3) € [0,1] x [0,71] x [—7r1,71] X [=71,0] X [=Q(r1), Q(r1)],

f(t,x0,x1, X2, x3) < Tiry; (4.7)

(flb) f01’ (t, X0, X1, X2, x3) S Wl = Wl,O UWl,l/

f(t,x0,x1,%2,x3) > Mry, (4.8)

where

Wi = [a,b] X [r27,12] X [=12,12] X [=12,0] x [=Q(r2), Q(r2)],
Wl,l = [IZ, b] X [0, 1"2] X [—1’2, 1"2] X [—1’2, —1’27] X [—6(7’2),@(7’2)].

(F2) There exist 0 < ry < rp with Mry < Tiry, such that

(Faa) for (t,x0,x1,%2,x3) € [0,1] X [0,72] X [=72,72] X [=72,0] X [-Q(r2), Q(r2)],

f(t,x0,x1, X2, x3) < Tiry; (4.9)

(fzb) fOT (t, X0, X1, X2, X3) € Wz = Wz/() UWZ,l/

f(t,x0,x1,%2,x3) > Mry, (4.10)
where
Wz,() = [IZ, b] X [1’17, 1"1] X [—1’1, 1’1] X [—1"1,0] X [—Q(T’l),é(i’l)],
W2,1 = [a,b] x [0,71] x [—=r1,71] X [=11, —=117] X [—Q(Tl)/é(ﬁ)]-

Proof. Suppose that (F;) holds.
Define an open (relative to K) set

Uy, == {ueK:|ullc <r,|u"|c <r,||u"|lc <Q(r1)+1}.

If u € U,,, it follows from u(0) = u(1) that there is ¢ € (0,1) such that #'({) =0, and |u/(t)| =
}fg u”(s)ds| < ||u"||c for all t € [0,1] which implies that [|u|c < r1. Thus U, is bounded.
Similar to the proof of Theorem 2.5, we have that the fixed point index i(S, U,,,K) = 1 by
Lemma 1.1.

Define an open (relative to K) set

V,, = {u € K: min u(t) < rp7, min (—u"(t)) <r7y, |u"”|lc < Q(r2) + 1}.
tela,b] te(a,b]

If u € V,,, it follows from (4.3) that |ju||c < rp and |[u”|c < rp. Since u(0) = u(1), there is
T € (0,1) such that «/(t) = 0, and [u/(t)| = | [l u"(s)ds| < ||u”||c for all t € [0,1] which
implies that ||u/||c < rp. Thus V;, is bounded. Again similar to the proof of Theorem 2.5, we
have that the fixed point index i(S, V;,,K) = 0 by Lemma 1.2.

It is obvious from r < 17 that U,, C V;,. So there is a fixed point of S in the set V;, \ U,
which is clearly nonzero and the positive solutions to BVP (1.3) by Lemma 4.2.

The other case is proved similarly. O
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Example 4.5. Consider

I
&

! +f0 — D)dt
thus 771 [u] = Su(3) — Lu(d), nalu] = [ u(t)(t — 1)dt. Then
0 < Ki(s) = 3Go (3,5) — 5Go (3.9)

5% + 525,

— 13_ 1 9 .1
35" — 165 1 2565 — 768

13 _ 1.2, 5 1
965" — 325 T 255 1 76/

_ 1 1 1 1
_ 1 Ss_Lla 1
Rals) = /0 Golt,s) <t )dt 120° ~ 96" T 144" T 1440

H] = mlGl mig] :< 1)
n2(81]  12(82] e

o
IN
192)
IN

~

VANVAN
9} 95}
IN A
— I\\)\H =

~

N— =

the 2 x 2 matrix

H=[— 0ol
W)
N

4.11)

s>0 (0<s<1),

and its spectral radius r([H]) = {3 < 1. Therefore, (C;) and (Cs) hold. We choose [a,b] =

[1/4,3/4] and note that 7 = 1/128,

3577944052 —60s3+48s* 1
* 1360 =), 0<s<y
%1(s) = —235+6397s—112813(1)%—&1)360053—6054—0—4855, % <s< % ,
\ 235+3577s—564015121—gé84053—6OS4+4855’ % <s<1,
9716052 —60s%+48s%) 1
! e 0<s<yg
KZ(S) — —34133s— 144555—2%25 —60s* +485 % <s< %’
3+97S_7252§é2§ —60s* 485> ) % <s<1,
and hence 1 5051 2 1 15151
@ d = — , 6 d == 7
/0 o8)s = —70a T 153 1(5)ds = g308s
1 15151
L. By (s)d / &, (s)d
oo {/ o(s)ds, - @1 S} 89088’
3/4__ 248861  5/5 3/4__ 83365
Dy(s)ds = — , 0] ds = ,
/1/4 0(5)ds = — 58508160 ~ 512 1y 218)ds = ooa
1 3/4 _ 3/4 _ 248861  5/5
LR, Dy (s)ds, / B, (s)ds b = — ,
M mm{ e Do) [ ®a(s) S} 28508160 | 512
M 5.8§OO,M ~ 76.2943. B
Let f(t, x0,x1,%2,%3) = d(x& + x + (—x2)" + 1), (t,x0,%1,%2,%3) € [0,1]
(—00,00) X (—00,0] X (—00,00), here ki > 1@ =

X [0,00) x
0,1), and d > 0 is a constant which is
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determined by the next step. Clearly (C;) holds. For a given r; > 0, choosing dy > 0 and d
sufficiently small such that

(e (B (2t ) @) gt <om

we have that (4.4) and (4.7) are satisfied with g(xo, x1,x2) = x50 + x% + (—x2)". Choosing
rp large enough such that r, > r1/% and rg"_l > Ma_lﬁ_k" (i = 0,1), we have that for
(t,x0,x1,%2,x3) € Wy,

f(t, x0,x1,%2,X3) > H(rzﬁ)ki > Mrs,
ie., (4.8) is satisfied. By Theorem 4.4 the BVP (4.11) has at least one positive solution. Of

course 0 is also a solution of this problem. Especially, if r; = 0.01,dy = 0.01 and kg = k1 = 2,
we may take d = 48.

Example 4.6. Consider BVP (4.11) with f(t, X0, X1, X2,X3) = E(xé“ + x‘l1 + (—xz)k1 + x%) for
(t,x0,x1,%2,%3) € [0,1] x [0,00) X (—00,00) X (—00,0] X (—00,00), here k; € (0,1) (i = 0,1),
and d > 0 is a constant which is determined by the next step. Clearly (C;) holds. For a given
rp > 0, choosing dyp > 0and d sufficiently small such that

d <V§° + 75+ 1’]2{1 + ((Ho + (rgo + 75+ rlzq) 3) exp(drz))2> < miry,

we have that (4.4) and (4.9) are satisfied with g(xo,x1,x2) = xgo +xf + (—xz)kl. Choosing
r1 small enough such that r; < Wrzﬂfl and r%_k" < Eﬁkfﬂfl (i = 0,1), we have that for
(t,x0,x1,%2,x3) € Wa,

ftxo,x1,%2,23) > d (7)) >Mry  (i=0,1),

i.e., (4.10) is satisfied. By Theorem 4.4 the BVP (4.11) has at legst one positive solution. Of
course 0 is al:io a solution of this problem. Especially, if r, = 1,dyp = 0.01 and kg = k; =1/2,
we may take d =1/2
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