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Abstract. In this paper we obtain the following weighted LP-type regularity estimates
B(|f]) € L7 (1/,1/ +T; LZ,(Q)) locally = B (|Vu|) € L1 (1/,1/ +T; LZ,(Q)) locally

for any g > 1 of weak solutions for non-homogeneous nonlinear parabolic equations
with Orlicz growth

g — div (a ((AVu- w)%) AV) = div (a (|f])

under some proper assumptions on the functions a,w,A and f, where B(t) =
fot ta(t)dt for t > 0. Moreover, we remark that two natural examples of functions
a(t) are

a(t) = t'~2 (p-Laplace equation) and a(t) =t""2log" (1+t) fora > 0.

Moreover, our results improve the known results for such equations.

Keywords: weighted, LP-type, regularity, gradient, quasilinear, parabolic, non-
homogeneous.
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1 Introduction

This paper is concerned with the local weighted LP-type gradient estimates for weak solutions
of the following non-homogeneous nonlinear parabolic equations with Orlicz growth

up — div (a ((Aw : W)%) Aw) —div(a(f)f) inQr=Qxwv+T), (L1

where v € R, () is an open bounded domain in IR”, the vector valued function f = (fi, ..., f)
and a : (0, +00) — (0,400) € C! (0, +00) satisfies

/ /
g ta’(t) < ta’(t)

=m0 a) =

=5, < +00. (1.2)
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Here, A(x,t) = {a;j(x,t)} is a symmetric matrix with measurable coefficients satisfying
the uniformly parabolic condition

ATEP < A(x, 1) - ¢ < Alg) (1.3)

for all ¢ € R", almost every (x,t) € R” x R and some positive constant A. Especially when
a(t) = tP=2, then 2 +i, = 2+ s, = p and (1.1) is reduced to the classical parabolic p-Laplace
equations

w — div (AVu-Vu)'z AVU) = div (167 72f). (1.4)
Define
t t
¢(t) = ta(t) and B(t) = /0 o(7)dt = /0 ta(t)dt fort > 0. (1.5)

Then (1.2) implies that
g(#) is strictly increasing and continuous over [0, +c0), (1.6)
and
B(t) is increasing over [0, +o0) and strictly convex with B(0) = 0. (1.7)
There are two simple examples satisfying the given condition (1.2)
a(t)=t""2 and a(t)=t""2log* (1+¢t) foranyp >2 andany a > 0. (1.8)

Additionally, another general and interesting example satisfying (1.2) is related to (p,q)-
growth condition which is given by appropriate gluing of the monomials (see page 600 in
[7] and page 314 in [37]).

Different from the elliptic p-Laplace equation
div ((AVu- Va)'T AVa) = div (|67 2F)  inO,

the solution in the p-parabolic setting (1.4) is no longer invariant under multiplication by a
constant, which is one of the most difficulties (see [12]). More precisely, it is slightly difficult
to use maximal operators, which are typically used in the elliptic cases (see [22]). First of all,
Kinnunen and Lewis [36] established the following Gehring’s reverse Holder inequality

Vu e LZIG (Qr) for some small € > 0

for weak solutions of (1.4), which implies the local higher integrability of the gradient. In
their article they overcome the difficulties in using normalization and scaling methods by
choosing the irregular cylinders whose side lengths depend on the function. Meanwhile,
Misawa [42] obtained L7 (g > p) estimates for gradients for evolutional p-Laplacian equa-
tions/systems (1.4) with discontinuous coefficients and external force given by the divergence
of BMO-functions. Subsequently, Acerbi & Mingione [1] invented a new covering/iteration
argument to prove the sharp local L7 (g > p) estimates

| € L]

loc

(Qr) = |[Vulf € LT (Qr) foranygq>1
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with

p/2

q
/|Vu|”‘7dz§C[</ yvu|sz> +/ yf\r’ﬁ+1dz] , (1.9)
o 0 Jau

where the parabolic cylinder Qa, = By, X ( —472, 4r2] C Qr, for weak solutions of the parabolic
p-Laplace equations/systems (1.4) with small BMO coefficients. Furthermore, Byun, Ok &
Ryu [17] obtained the global L7 (g > p) estimates

fe L9(Qr) = VueLi(Qr) forany q>p
for weak solutions of the following general parabolic p-Laplace equations
uy —diva (Du, x,t) = div (|f|P~%f) . (1.10)

The corresponding Holder estimates for (1.4) and (1.10) can be found in the book [29]. On
the other hand, the corresponding LP-type estimates and Holder estimates for the parabolic
p(x,t)-Laplacian equations are also developed by [6,10]. In addition, some authors [5,13] have
researched the Calder6n—-Zygmund estimates in the setting of Lorentz spaces

f|P € L7 = |Vu|P € L™ forany 1<y <o and 0< g < o0 (1.11)

for degenerate parabolic equations/systems (1.4). Most recently, there are also many research
results [9,11,16,19,20,25,33,35] on the study of various kinds of regularity estimates for weak
solutions of the parabolic equations of p-Laplacian type.

The following non-homogeneous nonlinear elliptic equations with Orlicz growth which is
first introduced by Lieberman [37]

div (a (|[Vu|) Vu) = f inQ (1.12)

can be seen as the most natural generalization of the elliptic p-Laplace equations. Afterward,
Cianchi & Maz’ya [26-28] have investigated the global Lipschitz regularity and sharp esti-
mates for (1.12) with the condition (1.2). Moreover, Diening, Stroffolini & Verde [32] obtained
the ¢-harmonic approximation lemma for the gradient of solutions to (1.12) with the condition
(1.2) and f = 0. Lately, we [48] established the following local L7 estimates

B(|f]) € L] = B(|Vu|) € L] forany q>1

loc

for weak solutions of
div (a (|Vu|) Vu) = div (a (|f|) f) in Q. (1.13)

Additionally, the global gradient estimates in Orlicz spaces for weak solutions of (1.13) in
a Reifenberg domain have been developed by Byun and Cho [15]. Recently, Beck & Min-
gione [8] also proved the local Lipschitz regularity of weak solutions for nonuniformly elliptic
variational problems, which satisfies the condition (1.2) or the fast, exponential-type growth
conditions. Meanwhile, Baasandorj, Byun & Oh [4] discussed the Calderén-Zygmund type
estimates for non-uniformly elliptic equations of generalized double phase type in divergence
form. A more detailed research progress on (1.12) can be found in the paper [41]. Just like
the difference between the elliptic and parabolic quasilinear p-Laplace equations, it is much
more difficult to deal with the parabolic case (1.1) than the corresponding elliptic case (1.13).
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Recently, Diening, Scharle and Schwarzacher [31] obtained the interior Lipschitz regularity
for weak solutions of

— div (a (|Vu|) Vu) = div (a (|f]) f). (1.14)

Subsequently, we [46, 47] established the local Calderén-Zygmund estimates in the setting
of Sobolev spaces and Lorentz spaces for weak solutions of (1.14). Moreover, many authors
[14,38] also studied the regularity estimates of weak solutions for the parabolic case (1.14).
In recent years, there are many research activities on the weighted L?-type estimates for the
nonlinear elliptic equations [21,23,39,40,45] and the nonlinear parabolic cases [3,18,49]. The
purpose of this paper is to investigate the local weighted LP-type regularity estimates for weak
solutions of (1.1).

Let Q(6,p) = B, x (—0,6] be a centered parabolic cylinder. Especially when 6 = p?, we
denote Q, = Q(p?, p). Throughout this paper we assume that the coefficients of A = {aij} are
in parabolic BMO spaces and their parabolic semi-norm are small enough. More precisely, we
have the following definition.

Definition 1.1 (Small BMO coefficients). We say that the matrix A of coefficients is (J,R)-
vanishing if

su A(Q) - A ag <é
P f oo AE) ~ Aol <

Q:(0,0)CR"xR
for p < Rand 0 < R?, where z = (x,t) and { = (y,s) € R" x R.

As usual, the solutions of (1.1) are taken in a weak sense. We now state the definition of
weak solutions.

Definition 1.2. Assume that f € L? (Qr) (see Definition 2.4). A function u € L
T; L2 (Q))NLE (v,v+ T; WP (Q)) is a local weak solution of (1.1) if for any compact subset

IC of Q) and for any subinterval [t1, t2] of (v,v + T) we have

d
/}Cugox

forany ¢ € LY (v,v + T; L*(K)) N LE

loc

loc(l/’ v+

/ —ugi+a ((AVu- Vu)t) AVu- Vo drdt = / / (If]) £- Vo dxdt

t
(v,v+ T; Wy (K)).

For convenience of the readers, we shall now give some definitions and properties on the
weighted Lebesgue spaces (see [43,44]).

Definition 1.3. We call the positive function w(x) € Lj, (IR") belongs to the class of the reverse
Holder weights A, for some g > 1 if

(F, 00) () <

for any ball B, C R" and some constant C > 0. Moreover, we denote

Aw:= |J Ay and w(B) ::/ w(x)dx.

1<g<co 4

Furthermore, the corresponding weighted Lebesgue space L!,(B,) for any p > 1 consists of all

functions 1 which satisfy
1/p
HhHLf;(BY) = </B |h]F w(x) dx) < oo.
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Now we are in a position to state the main result of this paper. Here we remark that just
like in [49], the occurrence of the assumption B (|Vu|) € L€ (v,v + T;LLT¢(Q)) locally is
essentially due to the presence of the weight function w.

Theorem 1.4. Assume that w(x) € A, for some q > 1. Let u be a local weak solution of (1.1) in Qr
with Qy C Q. Then for every € € (0,q — 1) there exists a small § = 6(n, w, iz, S4,€, R, A) > 0o that
for each uniformly parabolic and (5, R)-vanishing A, and for all f with B(|f]) € L1(v,v + T; L,(Q))
locally, if B(|Vu|) € L'Y*¢(v,v+ T; LLT(Q)) locally, then we have B(|Vu|) € L1(v,v + T; LL,(Q))
locally with the following estimate

(f, BOvao dz);

U te <'V“'>]1“W<x>d2}llg B e i} 1

where the constant C is independent of u and f.

9(2+sa)
2

<C

2 Proof of the main result

This section is devoted to the proof of the main result stated in Theorem 1.4. For convenience
of the readers, we recall some definitions and conclusions on the properties of the general
Orlicz spaces.

Definition 2.1. A function B : [0, +00) — [0, +00) is said to be a Young function if it is convex

and B(0) = 0. Then a Young function B is called an N-function if

. B(t) . t
0<B(t) <oo for t>0 and tgrfmT—tlirg}r%—+w. (2.1)

Moreover, we call a Young function B satisfies the global A; condition, denoted by B € A,, if
there exists a positive constant K such that

B(2t) < KB(t) for every t > 0. (2.2)

Furthermore, an N-function B is said to satisfy the global V, condition, denoted by B € V;,
if there exists a number 6 > 1 such that

B(t) < ngt) for every t > 0. (2.3)

Remark 2.2. For example,
1. Gi(t) = (1+t)log(l+t) —t € Ay, but Gyi(t) & V.
2. Gy(t) =e' —t—1¢€ Vy, but Gy(t) ¢ As.
3. Gs(t) = t" log (l + t) € ApNVyforp>1.

Actually, it is easy to check that a Young function B € A, N V3 if and only if

4 ()" <0 < () =

for some constants Ay > A1 > 0,81 > B2 >1landany 0 <t <s.
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Lemma 2.3. If B is an N-function, then B satisfies the following Young's inequality
st < B(s) + B(t) forany s,t>0. (2.5)

Additionally, if B € V5 N Ay, then we obtain the following Young's inequality with €
st < eB(s)+ C(e)B(t) foranys,t >0 and € > 0. (2.6)

Definition 2.4. If B is an N-function, then the Orlicz class K?(Q) consists of all measurable
functions g : O — R satisfying

/Q B(|g|)dx < co.

Also, the Orlicz space LE(Q) is the linear hull of K(Q)) endowed with the Luxemburg norm

lgllise = inf{k >0: [ ('gi)') dx < 1}.

On the other hand, the Orlicz-Sobolev space W'(Q) := {g € L¥(Q) | Vg € LE(Q)}, en-
dowed with the norm [|glw1s(q) := [IgllL5() + IVEIlLE()-

Remark 2.5. In general, KB(Q)) C LB(Q) (see [2, Chapter 8]). But when B € Ay, KB(Q) = LB(Q)).
We first state the following properties on the functions a(t) and B(t) described above.

Lemma 2.6 (see [26, Proposition 2.9] and [48, Lemma 1.9]). If a(t) satisfies (1.2) and B(t) is
defined in (1.5), then we have

1. B(t) is strictly convex N-function and

B (b(t)) < CoB(t) for t >0 and some constant Co > 0.
2. B(t) € Ay NV, with the estimate

s\2+ia _ B(s) S\ 215a
Ay <E> < B0) < A, (E> forany 0 <t <s. 27)

3. a(t)' < a(0t) < a(t)6% foranyt > 0and 6 > 1.

We continue to require certain properties of the functions a(t) and B(t), whose proofs can
be found in Lemma 3 of [30] and Lemma 2.4 and Remark 2.5 of [48].

Lemma 2.7. If a(t) satisfies (1.2), A(x,t) satisfies (1.3) and B(t) is defined in (1.5), then for any
¢,n € R" we have

7 ((AZ-€)*) AZ-& > Clia 50, A)B (I2]) 2.8)

and
o ((4g-2)%) Az —a ((an-n)?) Ag] - (=) = Clisu AB(E—1l).  @9)

Moreover, we first give the following L! estimate of weak solutions.
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Lemma 2.8. Assume that u is a local weak solution of (1.1) in QO with Q; C Qr and (1.2). Then we
have

/B(|Vu|)dz§C/Q B(|u|) + B(f]) + 1d=. 2.10)

Proof. We may as well select the test function ¢ = {u, which may be justified via Steklov
average just like Remark 2.2 in [17], where { € CF°(R"™!) is a cut-off function satisfying
0<7<1, (=1inQ; and =0 inR""/Q,.
Then by Definition 1.2, after a direct calculation we show the resulting expression as
Lh+L=151+1,

where
t=4

/|uxt|§x,t) x‘ =0,

t=—4
12:/ ga(AVu Vu)

1
2

_/Q Ca(|f])f-Vu+ua(|f])f-Vdz.

N\’i

d

) AVu-Vudz,

I — @tuzdz— / a ((AVu-Vu)t) AVu- Vidz,
Q2

Estimate of I. It follows from (2.8) and the definition of ¢ that
L > c/ ZB (|Vul) dz > c/ B(|Vu|) dz
Q2 Q
Estimate of I3. According to Lemma 2.3 and Lemma 2.6 (1), we conclude that

L] < c/ a (|Vu)) |V |u| + [ul?dz
2

< & o, B@(Vul) |Vuf) =+ C(x) /QZB(\u|)+ judz
ST/ B(\Vu])dz—l—C(T)/Q B (|u|) +1dz for any T > 0,

where we have used the following inequality
B(A) > AjA*TB (1) > AjB (1) A% for A >1 (2.11)
by Lemma 2.6 (2) and the fact that i, > 0.

Estimate of 1. Similarly to the estimate of I3, we have
| L S/Q a(|f]) €] |Vu|+a(f]) |£] [u|dz
2

§T/QZB(]Vu|)dz+C(T)/Q B(|f]) + B (|ju|)dz forany T > 0.

2

Now we combine all the estimates of I; (1 <i < 4) to deduce that

c [ B(Va) dzgZT/QZB(|Vu|)dz—|—C(T)/QzB(\f|)+B(|u|)+1dz.

Selecting T small enough and removing the above right-hand side first integral by a covering

and iteration argument (see Lemma 4.1 of Chapter 2 in [24] or Lemma 2.1 of Chapter 3 in
[34]), we finish the proof. O
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Next, we shall give some lemmas on the properties of A; weight.

Lemma 2.9 (see [18,39,44]). Assume that w € A, for some q > 1. Then there exists a small positive

constant « € (0,1) such that
|Br’)q w(B,) <|Br|>[x
C < <C
' <|BRr = w(Br) ~ 7 \[Bgl

for any balls B, C Bg C R" and some constants C1,Cy > 0.

Remark 2.10. We remark that Ay C Ay forany 1 < p1 < p < oo (see page 195 in [43]).
Now we recall the following self-improved property and reverse Holder’s inequality.

Lemma 2.11 (see [43,44]). Assume w € A, for some q > 1. Then there exist two constants 1 € (1,4)
and €y > 0, depending only on n,q and w such that

1
T+eg
we Ay, and { w0 (x) dx} . < C][ w(x) dx.
B, B,

The following is the measure theory of the weighted Lebesgue spaces.

Lemma 2.12. Ifw(x) € A, for some q > 1 and g € LI,(R"™1), then for any q > B > 1 we have
—+o00
Tw(x)dxdt =g [ A dxdtd)
[ 8@ () dxdt = g | IO
—@q-p) [ arr Bu(x) dxdtdA.
-8 | AN O

Proof. Using Fubini’s lemma, we conclude that

|8(2)]
/ 1g(2)|7w(x) dxdt :/ [q/g /\qld)x] w(x) dxdt
Rn+1 Rn+1 0

- Rn+1 |:q 0

“+o0
—q /O M Ko g w(x) dxdtd)

“+o0
= q/ M‘l/ w(x) dxdtdA.
0 {zeRm+1:|g|>A}

On the other hand, we apply Fubini’s lemma to obtain that

+o00
/\ql)C{ze]R»H—l:lg>)\}d)\:| w(x) dxdt

+o0
- ATP / Puw(x) dxdtdA
@G-8 [ o SO0
—+00
= (‘7_,5)/0 AT-F~1 /}RM |g|ﬁX{ZeRn+1;|g‘>A}w(x) dxdtdA
—+00
=(q-8) /]R"+1/() )\‘7_5_1|g|5X{26R,f1+1:‘g|>”w(x) dAdxdt

= [ lsl [tg=p) [ 210 10] o)

Rn+1

o I8Pl Py vt = [ gt dat

Thus, we finish the proof. O
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Next, we shall need the following important iteration-covering lemma, in which we will
divide the domain into several small parts.

5nq+2

min{ AlB(l),l}

A3 = {w(le) /2 B (]Vu|)]q°w(x)dz}q10 + % {w(le) /Qz [B (|£)]7 w(x) dz}qu +1 (2.12)

with

Lemma 2.13. Given A > A, := Ao, where

and qo = 1+ € with € € (0,9 — 1), there exist a family of disjoint cylinders {Q?}

/\2
QY Qz,( ()pl,pz),

zi = (x;,t) € E(Q,A) :=={z€ Q1:B(|Vu|) >B(A)}and 0 < p; = p(z;) < 1/10 such that

ieIN

128 =1 (o) | = 5o

where

1

J1Q(8,0)] := {29wl(Bp)/Q(e,p) [B(’VMI)]qu(x)dZ}qo

1

1 1 . g
+5{29w ) /Q(G’p) [B (I1£])]7 W(X)dZ} :

I\l =705iQ0 =7 [Qzl <251 BA )Pu5JPz>] B(A) for j=12,
where Q] =5jQ% = Q,, (25] B(A )P1/5]91>
E(Q1,A) C | Qf Unegligible set.
ieN
Proof. Let A > A,. From Lemma 2.9 we have

o BV w(x)dz | fo 1BV wix)az |
Ty gy " |20 0
<{ el w(B, )) ! i [B(Vu)]qow(x)dz}qo
) 1

< {50-20% §2 N /Qz [B(\w|)]%w(x)dz}%

for any zp = (xo,fp) € Q1 and 1/10 < p < 1, and then

1

1
1

Jou (B K17 w(x)dz | a1 | .
{szo(pr,p)w(@ dx””} : {50'20 "N wB) /Qz [B (If)]* w(x) dZ}
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So, (2.11) implies that

A2 B(A) T
< .20™ _ o\ 2
1o (gee) | = [po-20mam ) gyl
1 B(A)
< nq+2 . 2
< [25 A1B(1)]7 AJB(l)AzAO
f;25mﬁ41nax{1pAlB(1)}141giq;A2A%
B(A
=A3 ﬁg) < B(A)
for any zp € Q; and % p < 1. Therefore, we deduce that
/\2
sup  sup J [Qz ( T p)} B(A). 213)
z=(x€eQ L <p<1

Using Lebesgue’s differentiation theorem, for a.e. z € E(Q1,A) we conclude that

A2
iy [0 (ayee) | > B0
which implies that there exists some pg € (0, 1] satisfying
)\2
4@<()%$0}>HM' (2.14)

Therefore, from (2.13) and (2.14) we can select a radius p, € (0,1/10] such that

o oo ()| s 050520

which implies that

][Qz( )(\z)pz,p,z)] = B(A) and ][QZ< ?z)p p)] < B(A) forp, <p<1.

Thus, by using Vitali’s covering lemma, we can find a family of disjoint cylinders {Q?}, =

{Qzl( pl,pl)}ieN with z; = (x;,t;) € E(Q1,A) and p; = p(z;) < 1/10 such that (1)—(3) are
true. O

Now we employ the above lemma to derive careful estimates on the small parabolic cylin-
ders {Q?}i N’ whose precise structure will be needed below.

Lemma 2.14. Under the same hypothetical conditions as the lemma above, for A > A, we obtain

2
w (B (%) 599 < 5 C%@@%wwﬂﬂwwwwwh

5% /{ZEQO :B(|f])> [ (1] w(x)dz.
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Proof. From Lemma 2.13 (1), we find that

1
90

{ | [B<w>w°w<x>dz}

20 (B, (x)) page? Jt

1 1 . "
i {2w (Boy (%)) 5y /Q? B (DI w(x) dz} B(A).

Therefore, one of the following inequalities must be true

1 SR [0V
{2w (Bo,(x1) gy 07 /Q? [B(IVul])]? w(x)dZ} > = (2.15)
and
1 : Cw(x)dz ! @
s {Zw (B (%)) oy ? /Q? [B (|f)]* w(x)d } > (2.16)

If (2.15) is true, then we have

2 0
20 (B (x) 53597 < [Bfm]q [, BATuDI i

2 90
- {B(A)] /{zeQ9:B(|Vu)>Bgf>}[ ([Vul)]®w(x)dz
bl (B ) 2P for A2 A
290—1 pi \ i B(/\)pi 0 2 A,

which implies that

PLI C

@ (B0 (5)) 513! < BT Jcapamuyo sy BUTHDIP w0z for 42 2.

Similarly, if (2.16) is true, then we have

A2, C

© (B (50) 5yE < G B0 /{zegg):guf»%é)} BURIPwix)de for A2 A

Finally, we combine the two estimates above to find that

A2 C
B, (x; 2 < /
© (Bn(xi)) 32307 < o™ (e QiB(|vul)> 22 )
4 € /
510 [B(A)]™ J{zequp(g)>22 )

[B (IVu))]” w(x)dz

[B (I£)]" w(x)dz

for A > A.. Thus, this finishes our proof. O
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Lemma 2.15. Under the same hypotheses and results as those in Lemma 2.13, we have

(f@, (B (|Vu|)]" dz);z < CB(A) and <][Q]: (B (€))% dz)qlz < C6B(A) 2.17)

forj=1,2, A > A, and some constant q; € (1, o).
Proof. It follows from Lemma 2.13 (2) that

1

( . B /Qf (B (Vu)]qow(x)dxdt> < B(A)

w (Bsjp, (%)) 537507207

and :

( (Bsjo, ( )1) 150207 /Qf [B(f)]%w(x)dxdt> < 0B(A)
W Bsjp;\Xi)) B(Ay = JQ

for j = 1,2. Since w € Ag, by Remark 2.10, we find that w € Ag, for some q; € (1,40) in
view of Lemma 2.11. Let g, = Z—;’ € (1,90). Then by using Holder’s inequality and the two
inequalities above, we see

<][sz [B(|Vu]))™ dz) %

1

= (f o BUTHDI vy w() s G
<][Q4 )

1
1
711

w (Bsjp,(x1)) 1 0 0 %
= ( |Bsjp, (x7) | w (Bsjp, (xi)) A2 505202 /Qf [B (|Vu)]" w(x) dz) <][Q{w(x) dz)

B(A)

) -1 %
< B(A) ][ w(x) dx ][ w(x) 7 ldx
Bsjp, (x:) Bsjp, (x:)

< CB(A) for j=1,2.

Similarly, we have
1

(][Q]: [B(|£])]" dz) " < C6B(A) forj=1,2,

1

which finishes our proof. O
Moreover, we can obtain the following comparison result and interior Lipschitz regularity.

Lemma 2.16. Assume that u is a local weak solution of (1.1) in Qr with (1.2). If v is the weak
solution of

NI—=

vy — div <u <(AQ2VZ) - Vo) > AQZVU) =0 inQyCQr (2.18)
with v = u on 9,Qy, then we have

/ZB(‘VZ)D dz < C/QZB(|Vu\)+B(|f|)dz (2.19)
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and
2+sg

sglpB(]Vv\) <cC [][Q B(|Vu\)+B(|f|)+ldz} , (2.20)

2

where the constant C = C(i,, 8., A) > 0.

Proof. Noting that u and v are the weak solutions of (1.1) and (2.18) respectively, we may as
well select the test function ¢ = v — u since v = u on 9,Q>, which is possible modulo Steklov
average. Then a direct calculation shows the resulting expression as

L+DL=5LK+1+ I,

where
I = 1/ 0(x, 4) — u(x,4)Pdx > 0,
2 JB,
/ a ((AQZVU - Vo)
Q

_ 1\ —
/ a ((AQ2VU : Vv)2> Ap,Vv-Vudz,
Q

14:/ [a ((AVu-Vu)?) AVu- Vo —a ((AVa- Vu)t) AV Vu| dz,

N—

I

) Ag,Vv-Vudz,

I3

Is :/ a(lf) £- Vo —a(|f]) £ Vudz.
Q
Estimate of I,. Owing to Lemma 2.7 we thereby discover
L> c/ B(|Vo]) dz.
Q2
Estimate of I3. According to Lemma 2.3 and Lemma 2.6 (1), we see
Bl < & [ Ba(IVel)[Vol)ydz+C(x) [ B(Vul)dz
Co JQu Q2
< T/ B(yvm)dHC(T)/ B(|Vu|)dz forany T > 0.
Q2 Q2
Estimates of I; (4 < i <5). As in the proof of the estimate of I3, we compute
L] < T/ B(]Vv])dz—l—C(T)/ B (|Vu|) dz,
Q2 Q2
15| < T/ B (Vo)) dz + C(T)/ B(|Vu|) + B(|f]) dz forany T > 0.
Q2 Q2

Therefore, by selecting T > 0 small enough we obtain the desired result (2.19) from the esti-
mates of I; (1 <i <5). Rather, from Theorem 2.2 in [31] we have

min{supp(|Vv]),sup |VU]2} < C][ |Vo|?> + B(|Vv|) dz,
Q1 Q1 Q.

where C = (i,,8,,A) and

t) = (B(t))2£2 " > CH'+2¥ " = Ct* forany t > 1
Y y
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by (2.11), which implies that

Q1

Furthermore, we deduce from (2.7) that

2454

supB(ywy)ch B(\Vv])—i—ldz} L
O Q2

which implies that (2.20) is valid by (2.19). Thus, we finish the proof.

Moreover, we shall give the following essential estimate on the level set.

sup |Vo|? < Cmin {supp(]VU\),sup ]VU\Z} +C< C][ B(|Vv|) + 1dz.
Q1 Q1 Q2

(2.21)

Lemma 2.17. For any € > 0, there exists a small 6 = 6(e) > 0 such that if u is a local weak solution

of (1.1) in O with (1.2) and Qp C Qr,

][ |A—ZQ2|dZ§(S,
Q2

{][Qz [BITuDI® dz}qlz =1 o {][QZ [B (I£)]™ dZ}q12 <3,

then there exists a constant Ny > 1 such that

[{z € Q: B(|Vul) > Ni}| < Ce|Qil.

(2.22)

(2.23)

Proof. If v is the weak solution of (2.18) in Q> with v = u on 9,Q>, then by selecting the test
function ¢ = u — v, which is possible modulo Steklov average, after a direct calculation we

show the resulting expression as
L+DLh=5L+1,
where

L= 1/ lu(x,4) —v(x,4)[*dx > 0,

NI—=
NI—=

B,
L = 0 [a ((AQZVu - Vu) > Ag,Vu—a <(AQ2VU - Vo)
2

I = —/Q [a ((AVu : Vu)%> AVu—a ((AQZVu : Vu);> AQZVu] - (Vu—Vv) dz,

L= / a(|f]) £ Vodz — / a(|f]) £ Vudz.
Q2 Q2
Estimate of I. Using Lemma 2.7, we observe that
L> c/ B(|Vu— Vo)) d.
Q2
Estimate of I3. First of all, we discover

| < /Q a ((AVu- Vi) |4 —Ag,| |Vu| |Vu — Vo|dz
2

+
Q2

=: I31 + Is.

a ((AVu : Vuﬁ) —a ((AQZVu : Vu)%> ’ |Ag, Vu||Vu — V| dz

> AQZVU:| - (Vu — Vo) dz,
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Estimate of I3;. From (1.3), Lemma 2.6, Young’s inequality and Holder’s inequality we find
that

|I31| < c/ a(|Vul) |Vul|A—Ag,| Vi — Vo| dz
Q

A

;\/QZB(\VL{—VU])\A—AQz\dz+C(e) /ng(uﬂVu‘)|Vu|)}A_AQ2}dZ
<e /Q (Vi — Vo|)dz + Ce )/QZB(\Vu])\A—AQZ\dz

921
2

< €/QZB(\Vu—Vv|)dz+C(e) {/Q [B(|vu|)]‘72dz}"12 [/Q |4~ Ag, |2 dz]

for any € > 0, which implies that

-1
2

|131|§c—:/Q (|Vu — Vo|)dz + C(e) [/ |A— AQ2|dz]
ge/ B(|Vi - Vo|)dz+C(e)s =,
Q2

where we used the given conditions (2.22)—(2.23).

Estimate of I35. (1.2), (1.3), Lemma 2.6 and Lagrange’s mean value theorem yield the bound
| < c/ a(|Vul) |[Vul|A —Ag,||Vu — Vol dz
Q2

and so
-1
|I5] < e/ B(]Vu—Vv|)dz+C(€)5% for any € >0,
Q

whose proof is totally similar to that of I3;.

Estimate of I;. Lemma 2.3, Lemma 2.6 (1), Holder’s inequality and (2.23) assert

i< [ allfl) Il [Vu—Voldz

/ (IVu — Vo|) dz + C(e / a(|f) |£]) d
<e / (IVi — Vo|)dz + Cle / (1€ d
1
<e / (IVi — Vo|) dz + C(e [][ B(|€])) ”dez}

< e/ B(|Vu — Vo|) dz + C(e)d
Q2

for any € > 0. So, by selecting € > 0 small enough and combining the estimates of I; (1 <i <
4) we conclude that

—1
/ B(|Vu— Vo|)dz < C(e)d+C(e)6 = <, (2.24)
Q
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where we have chosen a small constant § > 0 satisfying the above last inequality. Thus, it
follows from Lemma 2.16, Holder’s inequality and the assumed condition (2.23) that

2454
2

sup B (IVo|) < C [][Qz B(|Vul) + B(f]) + 1dz}

<c { [][Q2 (B(|Vu|))® dz} % n [][Qz (B(!f]))%dz} n +1} s
. (2.25)

for some constant Ny > 1. Finally, from (2.24), (2.25) and the fact that B € A, N V3 is convex
we have

l{z € Q1 : B(|Vul|) > 2C.Np}|
< {z € Qi :B(|V(u—2)|) > No}| +[{z € Q1 : B(|Vv|) > No}|
— [{z€ Qi BV (u—0))) > N}
1

<N |, BUV(u—0)])dz < Ce|Qz| < Ce|Qul,
0/Q

where we have used the following inequality

B(a+b) <

< %B(2u) + %B(Zb) < C.B(a)+ C.B(b) forany a,b > 0.

This completes our proof by choosing Ny = 2C.Ny > 1. O

Furthermore, we shall give the following result.

Lemma 2.18. Assume that A > A,. For any € > 0, there exists a small 6 = 6(e) > 0 such that if u
is a local weak solution of (1.1) in Qr with Qa2 C O, then we have

w(x) dxdt < UB((:S]"” (B (|Vu])]% () dxdt

/{ZGQliB(V”|)>NlB(/\)} /{ZGszB(|Vu)>B(4A)}
w

Ce
+7/ B (|£])]% w(x)dxdt.
S BT J{scouqays o B (DI w(x)x
Proof. 1. We first claim that
j{z € Ql: B(|Vu|) > le(A)}] < Ce|QY. (2.26)

To prove this, for each A > 1 we use the normalization and scaling methods by defining

i u <5pi(x+xi),%(5pi)2(t+ti)>
uh (x,t) :== X5p; ,

£ (5pi(x + 1), iy (50i)2(t + 1) )
A 4

£l (x,t) ==
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) 2
A (1) = A (Spia-+ ), (0t +1))

a(At At
a(t) := IS(A)), ba(t) :=tay(t) and B, (t / ba(T ((A))’
A2
which implies that
BA(1) = gg; =1 and B,(t) satisfies (2.7).

From the definitions of u;, fi\, Aa and a,, we find that ui\ is a local weak solution of

() — div (aA ((Ag(x,t)vu; - w;) ;> Ag(x,t)wg> = div (m (yfg\) f;) in Q».

Without loss of generality we may as well assume that R = 2 in Definition 1.1 by a scaling
argument. Consequently, from Definition 1.1 and Lemma 2.15 we conclude that

{][Qz [BA(IVuM)]‘h dz}”lz <c {][Q [BA(]f D}qz dz}qg “cs
fo

forany j = 1,2 and A > A,. Then according to Lemma 2.17, we conclude that

and

Al (x, 1) —/TQQZ‘ dz <6

‘{z € Q1 : By(|Vui|) > Nl}] < CelQl.

Then by way of changing variables, we recover the claim.
2. Now we find that

w(x) dxdt
/{zeQ}:B(Vu|)>N1B(/\)} (x)
25 355 07 t+25%pz
< / / w(x) dxdt = / w (E (Bsy, (x:), 1)) dt,
t;—25 A( 107 E(Bsp; (xi),t) t—2551% )pl

where E (Bs, (x;),t) := {x € Bsy,(x;) : B(|Vu(x,t)|) > NiB(A) }, which implies that
f{ZGQE:B(IW\leB(A)} w(x) dxdt

50w (Bsy, (x;)) %Piz

t;+25 l E (B ot
<A1/ ()P w ( (Spl( X;) ))dt
()PZ ti 25 )Pz (BSP )
t-+25)‘— 2 B
< Al A2( P ( (Bsg, (x; t)> i
5 ( )pl T) ‘BSPI l

)
)

.1 [/”W i#1 E (Bsp,(x1), )dt] _ [!{zeQ}:B(yW|)>NlB(A)}y "
] L (

RE 550t [Bopi(xi) Qi
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where we have used Lemma 2.9, Holder’s inequality and (2.26). Therefore, we conclude that

A2 A2

2 < Ce"w (B, (x;)) mpi.

w(x) dxdt < Cew (Bsp, (x;)) Wpi

AZEQ}:B(Vu|)>NlB(A)}

So, we can deduce the following result from Lemma 2.13 (3), the fact that the cylinders {Q}
are disjoint and Lemma 2.14

/ w(x) dxdt
{z€Qu:B(|Vu|)>N1B(A)}

< / w(x)dxdt
ig’q {z€Q!:B(|Vul)>N:B(A) } (%)

ht A2 2
< Ce* ) w (By,(x:)) BV

ie]N

S /{ZEQOB(,W) oy B (DI w0

ZG]N

' Z ‘5% /{zeQO B(1f)> "} (B (1)) w(x)dxdt

ze]N

[B (|Vu|)]™ w(x)dxdt

- 7% /{ZEQZ'B (1vu)>20)
5% /{zeQz :B(|f])> [ (D)% w(x)dxdt.

Thus, we finish the proof. O

In the following it is sufficient to consider the proof of Theorem 1.4 as an a priori estimate,
therefore assuming a priori that B (|Vu|) € L1(0,T; L{,(Q)) locally. This assumption can be
removed by an approximation argument like the one in [1,21]. Now we are ready to prove
the main result, Theorem 1.4.

Proof. In light of Lemma 2.12, we find

ul7w(x) dx
B (V) () dt

+oo
= Nq/ B(A)]9 1 w(x) dxdtdB(A
Ny | [B(A)] QBT N (L) (x) (A)

A
= Nq/ B(A ‘771/ w(x) dxdtdB(A
), [B(A) (2€0Q1:B(|Vu|)>N1B(A)} (x) ()
+ Nq/ B(A q_l/ w(x) dxdtdB(A
N, 1B {z€Qu:B(|Vul) >N, B(A)} ) %

=:J1+ ]2

*

Estimate of J;. Recalling the definitions of A, and Ay, we estimate

h<c {B ([{/Q v} L[ e o

.



Weighted LP-type regularity estimates 19

q(2-+sa)

<cl{J [B<|w\>r’°w<x>dz}”]°+{/QZ[B<|f|>]qw<x>dz}"+1] ,

where C = C(n,i,,54,9,0,w), since

1+e
1+e q—l-e

J BRI sy dz = [ BRI () T o) Tz < 0 ([ (BRI ) dz)

2 2 2

by using Holder’s inequality and the fact that g0 =1 + €.
Estimate of J,. Now we apply Lemma 2.12 and Lemma 2.18 to find that

Jo < Ce* { | oy /{Q sy (B AT () dxdtdB2)

1 - O
" %/o B /{ZeQz:B(f|>>B§g>} [B (1)) W(x)dxdtdBM)}

< Cle”‘/ [B(|Vu|)]”7w(x)dz+C2/ B (|£))" w(x)dz,
) Q2
where C; = C1(1,14,54,9,A) and C; = Ca(n,14,54,9, A, €,0). Therefore, we combine the esti-
mates of J; and |, to obtain

L BUVuD) w(x) dz
9(2+sa)

1 2

<c [{/Q [B(Wur>r’0w<x>dz}ql° H{ [ B e} 1

+ Cle“/Q B (V)] w(x) dz,

where C3 = C3(n,1i4,54,q, A, €,0,w). Selecting proper € > 0 small enough and using a covering
and iteration argument, we can finish the proof of Theorem 1.4. O
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