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Abstract. The connection of these maps to homoclinic loops acts like an amplifier of the
map behavior, and makes it interesting also in the case where all map orbits approach
zero (but in many possible ways). We introduce so-called ‘flat’ intervals containing
exactly one maximum or minimum, and so-called ‘steep” intervals containing exactly
one zero point of f; , and no zero of f;’w. For specific parameters ¢ and w, we construct
an open set of points with orbits staying entirely in the ‘flat” intervals in section three.
In section four, we describe orbits staying in the ‘steep’ intervals (for open parameter
sets), and in section five (for specific parameters) orbits regularly changing between
‘steep” and ‘flat” intervals. Both orbit types are described by symbol sequences, and it
is shown that their Lebesgue measure is zero.
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1 Introduction

Our aim in this paper is to analyze the dynamics of certain parametrized families f, ., of
one-dimensional maps. These arise in the dynamics of flows in three dimensions of saddle-
focus homoclinic connections which were studied by Sil'nikov [6] and Holmes [2]. Holmes
considered maps f similar to

fuw s x — xtsin(wlIn(x))

for y > 1, w > 0 (and odd continuation). The property y > 1 implies that all points x € (—1,1)
approach 0 under f" as n — oo . The connection of the map f to a doubly homoclinic loop (as
explained below) implies that the small difference between f" (x) being positive or negative
corresponds to the "'macroscopic” difference that the n + 1st return will take place along the
upper or lower branch of the homoclinic loop, and is therefore of interest. Holmes claimed
that the set Z of points x for which there exists an n, € IN such that ™ (x) = 0 can be a
dense subset of [0,1], but it seems that this proof is not conclusive. (We briefly write f for
fuw now.) In section four, we are interested in the orbit x, f (x), f (f (x)),... We first assign
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to x a symbolic trajectory sg, s, sz,... where s, = sign(f” (x)). Then we construct sets ),
(depending on a parameter ¢ and n € IN) of points with the first n iterates contained in certain
‘steep’ intervals and following arbitrary symbol sequences. We show that ()¢ is contained in
the closure of the set Z, but Qf, = N,,cn (2, has measure zero. The remark on the bottom of
the page 395 of [2] conjectures that open sets of points with orbit only in the ‘flat” intervals can
exist for certain parameters. (These ‘flat” intervals are disjoint to Z.) We prove this in Section 3.
In the last section, we focus on constructing another type of orbit whose points travel
regularly from a ‘flat” interval to a ‘steep’ interval, then again from the ‘steep’ interval to a
‘flat” interval. These points form a Cantor type set and are described by sequences of the type
(L,R,R,L,...), indicating whether iterates of the initial points are to the left or to the right of
corresponding maxima of f. Taking counter images f ! (]) of intervals | with f~! () close to
a quadratic maximum of f involves inversion of the second order Taylor expansion and thus
taking square roots. We also show that, despite the expanding effect of the square root, the
measure of the points with such orbits (and thus the measure of the Cantor set) is also zero.

1.1 Motivation of the map

We consider the differential equation

x=sx—vy+F (xyz2)
y=vx+sy+F(xyz) or X=F(X), (1.1)
z=M+FE(xy,z)

where X = (x,y,z), with smooth functions F;, F>, F3 which vanish at the origin together with
their derivatives and assume that there exists a doubly homoclinic connection associated to
a saddle-focus singularity at the origin (0,0,0) with eigenvalues s +iv, s < 0, v # 0, A > 0.
We also assume that the saddle value satisfies s + A < 0 and F possesses symmetry under the
change of sign, F (X) = —F (—X). Here, note that while the stable manifold W* (0) is two-
dimensional, the unstable manifold W* (0) is one-dimensional. The global unstable manifold
W™ (0) consists of the homoclinic loops and is contained in W* (0) (see Figure 1.1). Note also
that in case s + A < 0 stable periodic orbits bifurcate from the homoclinic loop as described
by L. P. Sil'nikov in reference [5], even in case of only one homoclinic loop.

Furthermore, to obtain expressions for a Poincaré first return map defined by the trajecto-
ries close to the homoclinic loop A, we assume that the vector field is linear (i.e. F; = F, =
F; = 0) in a neighborhood of (0,0,0). First, in a neighborhood of (0,0,0) we introduce a
cross section Xy that is transversal to A and has a nonzero projection to the unstable direction.
The second property is an automatic consequence of the first in three dimensions. The stable
manifold W; _ splits %o into the upper and lower components %] and X respectively, and the
homoclinic loop intersects Xy at some point p = (¢,0,0) € AN Xy on W; . We next introduce
two cross-sections ¥ transversal to W} . Using the trajectories which travel from %] to £
we aim at computing local maps G : £ — X/ and G, : £; — X;. These local maps
associate to each point p € X the first intersection with ¥; of the trajectory which starts at p.
Thus, a local map Gy is defined by the flow on subsets L] of ¥y. Note that since the upper
and lower homoclinic orbit of the system have analogous behavior, we shall continue with
one (the upper homoclinic loop) of them. For simplification we assume that there exist ¢ > 0,
¢ >0suchthatZj C {(&y,2): (y,z) e R®} and I C {(x,1,0) : (v,y) € R?}.

The solution (x (t),y (t),z (t)) of (1.1), which starts from a point (xo = ,yo,z0) € X7 close
to the origin at the time + = 0 and ends up at the point (x1,y1,z1 = {) € £ at the time t = T,
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is written (taking into account only the linear terms in (1.1)) as follows:

x(t)+iy(t) = plstiv)t (xo +iyo) = e(stiv)t (& +iyo) (1.2)

z (t) = zpeM.

The flight time 7 that the trajectory takes from %] to X is given by T = %ln(%) Sub-
stituting T and ¢ into formula (1.2), we get the following expression for the local map G, in
complex notation:

Xy + i]/l _ e(s+iv)r(zo) (xO + iyo) _ e(s+iv)T(zo) (§+ iyo)- (1.3)

On the other hand, due to the existence of the homoclinic connection and its transversal
intersection with %y and Zf, we also have a Poincaré type map

GTIZT—)ZO

Figure 1.1: Cross sections X, 21 and homoclinic orbit A.

Hence, for (x1,y1,21 =) € Zf we have G1+ (x1,y1,21 =0) = (C,y2,220) € X9. With
DG;r (0,0, ) represented by the matrix

92 2
<Dé ﬁ>:<8x1 8y1>(00)
) 9z 9z rE
8x1 8y1

we have for the composite map

(G o Gy) : (Ey0,20) = (E,v2,22),
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< gj > — ( f;ligii ) + h.o.t. (higher order terms),

and finally we get
z2 = X1 + dy1. (1.4)

Substituting the value of 7 (zp), x1 and y; in (1.4), in particular for yy = 0, one obtains
2y = &%) [y cos +0sin] (vT (20)) .

Hence, with ¢ := &\/72 + 62 and choosing ¢ with e/?\/92 + 62 = § + i7, the z-component after

one return is approximately given by
(&) fsin (Y (&
zo—>zz—c<zo sin | + lnZO +o)|.
Zg

Note that ¥ < —1so p:= —% > 1, with x := 2, and w = § we can rewrite the last equation
as

>l

zp = cx¥ [sin (—w (Inx) + ¢)].

This motivates the study of the one-dimensional map f,, : [~1,1] — [~1,1] given by the
following simpler expression

x#sin(wlin(x)), x>0,
f%w(x> = 0/ X = O,
_f’/[/w (—X), X<O,

where we use x instead of z from now on. Here, note that odd continuation in the definition
of fu,w is motivated by the corresponding symmetry of vector field. The above process shows
how to arrive at this map starting from homoclinic orbits; similar considerations are given in
Sil'nikov, L. P. [6], P. J. Holmes [2], or J. Guckenheimer/P. Holmes [1, pp- 320-321]. Analogous
infinite-dimensional examples with attracting homoclinic behavior (not necessarily with a
double loop) were studied by Walther in [7] and by Ignatenko in [3]. The maps of this kind
(see Figure 1.2) were also studied by M. J. Pacifico, A. Rovella and M. Viana [4], but for y < 1,
which has expansion properties of f, . as a consequence. Briefly, they proved that a family
of one dimensional maps with infinitely many critical points exhibit global chaotic behavior
in a persistent way: For a positive Lebesgue measure set of values y, the map f has positive
Lyapunov exponent at every critical value and at Lebesgue almost all points in its domain;
moreover, f is topologically transitive, i.e. has dense orbits [4].

After giving some preparatory calculations for the following chapters, we are going to
study the orbit £ , (x) = f"(x); n = 1,23,... of a typical point x € (0,1). If f*(x) = 0 for
some 1 < oo, then it is clear that all (f/ (x))].>

symbol sequences (sj) = (sign f/ (x))].>0 = (+1,41,-1,...). f*(x) = 0 implies that s, = 0,
then s, = 0 for all k > n. Here +1, —1 and 0 correspond to the upper, to the lower homoclinic
branch or to the stable manifold W? (0) in terms of the original motivation. Consequently, the

following questions arise:

, Will equal to 0. To orbits of f we can associate

(i) Are all symbol sequences possible or not?

(ii) Does the symbol sequence change in every interval? (Is there chaotic motion?)
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(iii) Is it possible to construct open intervals where the symbol sequence does not change?

In the fifth chapter, we shall also consider symbol sequences different from (sign f/ (x)),
describing whether f"(x) is to the left or to the right hand side of maximum points of f.

1 T T T T T T T T T T T T T

— f(x) = x? - sin(10 - In(x))

1.1
x
Figure 1.2: Graph of f for p = 2, w = 10.
2 Formulas for the derivatives of f, .,
Lemma 2.1. Define for y,w > 0 the map
x#sin(wln(x)), x>0,
fy,w(x) = 0/ X =V,
— fuw(—X), x < 0.
Assume now p € (2,00), w > 0. Set @; := arctan(ﬂ%kj) € (0,%) and
Swutl—j = \/(]/l +1-— ])2 + w?
for j € {1,2,3}. It is convenient to also define the more general class of functions
fuwe(x) = xtsin(wln(x) + ¢).
Then, the following formulas hold for x € R, if u > 3:
()
f‘L/l,w(x) = 8wy fu—1w, (x), (2.1)
E__ K 2.2)

COSs = = ,
(¢1) AT S

w

. - w -
sm((pl)—\/m on
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(ii)

;l,w(x) = 8wy 8wu-1" fM*Z,UJ,(PhL(Pz (X) (2'4)
(iii)

p,t//a;(x) = 8wt " Swu—1 " §wu—2" fu—3,w,g1+g:+95 (%) (2.5)

Proof. (i) From the definition of ¢;, we have ¢, = arctan(%), and also from the definition of
Swu+1—j, we have g¢, = V12 + w2, Tt follows that

H . w
Ccos = ——— and sin = —
(¢1) o (¢1) o

This proves (2.2) and (2.3). For x > 0, we have

fiow,p(x) = xt cos (wln (x) + @) <iw) + x* Ly sin (wln (x) + ¢)
= x'"1 (usin (wln (x) + ¢) + wcos (wln (x) + @)).
By multiplying and dividing the last equation with g, ,, we have
f}’,w o(X) = 8wy~ xh1 <V sin (wln (x) + ¢) + Y cos (wln (x) + q))) . (2.6)
o 8wu Sw,u
Putting (2.2) and (2.3) in (2.6), we finally obtain
Froo,p(X) = G- ¥~ (cos (1) - sin (w1n (x) + @) + sin (¢1) - cos (wln (x) + @)
= ou X' sin(wln (x) + ¢ + 1)
= gCU,]/l ’ f]"fllqu)"’(l)l (x) (27)

(ii) Further, using (2.7) with ¢ + ¢; instead of ¢, and y — 1 instead of u, we see that

!/

”j/w(x) = fpltl,w,O(x) = (8w,y 'fufl,w,(pl) (x)
= 8wy w,u—1 ‘fny,wxler(pz(x)/

which proves (2.4).
(iii) Using (2.7) we obtain (2.5) analogously. O

Lemma 2.2. Let y > 3 and w > 0 be given. Define q := e~ and @;j as in Lemma 2.1. Then, the
following properties are satisfied in (0,1]:

(i) fuw has the zero points

g =e @, (2.8)
(k € N) and
oo (1) = (=1) g1, (29)
(i1) fuw has the extremal points
—¢
my = qkeT1 (2.10)

and

fuw (my) = (=1)F! - exp <—k7w+%y> -sin(¢1). (2.11)



Dynamical behavior of a parametrized family of one-dimensional maps 7

(iii) If p is an even integer, and B € N is odd and | (k) := ky + B, then f, ., has a maximum at

N
M) = ql(k)e w . (2.12)

Proof. (i) We first find the zeros of f, ,,. For x € (0,1) one has

sin(wln(x)) =0 < JkeN:wln(x)=—-knr < JkeNN In(x) = _Z;T[,

and hence x = ew". With q = e @, the zeros of fuw in (0,4] are given by x = v = q.

Therefore, by inserting ¢* in (2.1), we have

f]/i,w(qk) — qk(f"_l) .gwry . Sln((,(] (h,lqk) + qpl)
k(p—1) Qe sin(w (lne#) + 1)

=q
= (=1 g1 gy - sin(g1).

u—1
_1)k
Using (2.3) we obtain

w

fow(@) = (1) gk g, -
Sw,u

= (1) wgtr ).

Hence, assertion (i) is proved.
(ii) Let k € IN. We find the extremum points of f, in the interval I, = [¢'!,4"] by
solving f; ,,(x) = 0 for x € I;. Since x > 0, x#~1 #£ 0. So, we have

sin(w (Inx) 4+ ¢1) =0,

—kn—¢1 ¢
and hence x = ¢~ @ . The last expression equals to gf¢ @ = my, which proves (2.10).

Furthermore, for the extremum point my of f%w in the interval (q’”’l, qk ) we have

fuw (mg) = m} sin(w In(my))

P\ # @
= <qkewl> sin(w In (qkewl))

ko @\ F kn ¢
:<e_we_uJ) sin(wln(e_we_w))

= exp (—kﬂyz (Pl‘u> sin(wi_knw_ 4)1)

— (=1 exp <_km‘::%?‘> sin(g).

(iii) Substituting [ (k) instead of k in (2.11), we have

fuw (ml(k)) = (1) exp <—l (k) e+ (PW) sin(¢1)

w

= exp <_l(k)7—[i:—+_q)1‘u> (_1)kﬂ+ﬁ+l Sin((Pl)

Therefore, it is clear that f, « (ml(k)) > 0 (and hence f,, has a maximum at m)), if p is even
and B is odd. O
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We shall frequently use the simple lemma below.

Lemma 2.3. Assume f : [a,b] — R is continuous on [a,b] and differentiable on (a,b). If |f'| > ¢, or
|f'| <d (cand d are constant), then we have

clb—a < |f(b) ~ f(a)| <d|b—al. 2.13)

Proof. (Follows from the mean value theorem.) O

3 The behavior of orbits remaining in some ‘flat’ intervals

In this part we find some parameters y and w such that f, ., maps some extremal points
to some other extremal points ;) (see Figure 3.1). Then, we construct some open intervals
Uy around my and orbits of f, ., = f which are entirely contained in e Us-

g1 gl(k)

Figure 3.1: f(my) = my) for special parameters (picture not produced with
realistic parameters, for better visibility).

Theorem 3.1. For k € IN, w > 0, and even integer u > 5, define

_9 1 _9
. q e w —gq —e w
7= mm{ 1, — } (3.1)

Sw,u 'gw,yfll

and set £ (k) := ku + 1 (which corresponds to B = 1 in assertion (iii) of Lemma 2.2), & = nq* ,
Sp(y 1= 1q‘®). Then, for every large enough even integer u there exists a corresponding w such that
the following properties are satisfied:

(i) With the intervals Uy = (my — &, my + J) one has f (Uy) C Uy and
Vke N: fH{0}) Nl = @.

(ii) If k is odd, then for x € U, the orbits (f/ (x))]. e @1 have the symbol sequence

(5)) = (signf’ (X))].E]N = (+1,41,41,...).
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(iii) The set
Z={x|3ImeN: f"(x)=0} (3.2)

is disjoint to i Uy and, in particular, is not dense in [—1,1].

The proof is divided into several lemmas.

Lemma 3.2. Let k € IN and define ¢, as in Lemma 2.1. Define 1 and 5y as in Theorem 3.1, and

L L
7~ min e w—gl—-e w
7= ) .

(mk — (Sk, my + ‘5k) C [mk — 5k, my + 5k] C [mk — ﬁqk, My +ﬁqk] C (qk+1, qk> .

Then we have

Proof. From (3.1) we have 1 < 77. Multiplying both sides with ¢, and using (2.10) we have

$1 1
o | k+1 gk
< Figk — i e w — g gt —gfe"w _ ind M4 q° — m
o <79q mm{ 5 , 5 min > ' ,

it follows that (my — &, my + &) C [my — &, my + 6| C [my — 7g*, m +779*] C (g1, 4%). O

Lemma 3.3. Define @1 as in Lemma 2.1, and define ¢ (k) as in Theorem 3.1. Then the following
statements are true.

(i) For every even integer u > 32, there exists w € (0,1) such that for all k € IN f has the property
f(my) = my.
(ii) For any choice of w as in assertion (i), one has w — 0 as y — oo.

Proof. (i) From (2.11) we have for all k € N

krcp + .
|f (my)| = exp <_ﬂw§01]/l> sin(¢1). (3.3)
On the other hand, from the third assertion of Lemma 2.2 we know that for even y, f has a
maximum at the point

My(x) = exp <_7r€(k2)+g01> . (3.4)

Using (2.3), (3.3) and (3.4), we obtain the following equivalences:

iy = £ m) < exp (~THELEN) —exp (EHEONY sing)
& exp <_7f€<kw+¢1> :exp< kwwm) F
1+ 2
& exp <; [ky — £ (k)] + > Hz (3.5)
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Substituting ¢ (k) = kp + 1 in (3.5), we have

— 2
exp <n+¢1(1 V)) = 1+£—

w

or, using the definition of ¢;,
m— (u —1)arctan (%) 12
exp % =14/1+4 o (3.6)

In view of (3.6), we define

T — (u—1)arctan ( ¢ 2
F(w,y)—exp( ” <”))\/1+52 (3.7)

forall w > 0 and u > 1. We try to find (w, u) with F (w, ) = 0 (see Figure 3.2). Noting
that for fixed u, lim, 0 F (w, ) = oo, it is enough to find at least one pair (w, i) with
F(w,u) < 0. For w =1, we have

P = e (m— (- Darctan (1)) = 12

= exp <7r — parctan (;) + arctan <:{>> — /14 2. (3.8)

Since arctan’ (x) we have arctan’ (x) > 1 for |x| < 1. Hence, (2.13) shows arctan(x) >

_ 1
= 17,
1x for x € [0,1]. It follows that for u > 1,

parctan <;> > % (3.9)

Using (3.9) and arctan (%) < 7 for u > 1in (3.8), we have

1 =« 57 1
< S ) = 2 — e 2
F(l,y)_exp(n 2—1—4) V14w exp<4 2> 1+ p2.

From the fact that exp (%’T - %) < 32, we have F (w, u) <0, if we set w = 1 and py > 32. With
the intermediate value theorem, it is trivial that F (w, 1) has at least one zero point w € (0,1).
It follows that (3.7) is satisfied with this w depending on the even integer y > 32. Hence, the
proof of assertion (i) is completed.

(ii) Consider a sequence py, px — oo with corresponding wy € (0,1) such that F (py, wy) =

Wk

2
0. Then \ 1+ % — oo. Further, (py — 1) arctan(m) is bounded. The exponential term in
(3.7) must go to 400, 50 wp — 0 necessarily. This completes the proof of (ii) and the proof of
Lemma 3.3. ]

Remark 3.4. Consider the equation (3.5). Because y > 1, so w < 0,and 4/1+ f}—zz > 1,
the term —* [ku — £ (k)] must be positive, if we have a solution. Accordingly, ¢ (k) > ku must
be satisfied. It means (3.6) has no solution for ¢ (k) < ku. Thus ¢ (k) > ku + 1 necessarily; we
made the choice ¢ (k) = kpu + 1.
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100
80 |
60 -
40 +

F(w,32)

20
0+

—20

—40 ;
0
Figure 3.2: Graph of F(-, u) for p = 32.

Numerical observations. In order to find a numerical solution we use two starting points
where F (-, ) has opposite signs and at the 9 th step of a bisection method we obtained
w = 0.69895 and y = 24 as an appropriate F (w, i) = 0. Although one can obtain some other
solution points w, for some other the parameters y, we numerically found out that there is no
solution for y < 3.1.

Lemma 3.5. Choose an even integer y > 32 and w € (0,1) with the properties as in Lemma 3.3.
Define ¢ (k), 1, & and S¢(ky as in Theorem 3.1. Then with the intervals Uy = (my — O, my + ), we
have f (Ux) C Uy

Proof. Let u and w be as in the assumption of the lemma, and x € Uy. With ¢ (k) = ku + 1 we
claim that

f(x) = mygo | < oy = ng" . (3.10)
From the second order Taylor expansion, we have
1!
£ ) = f () + £ () (x— )+ 1) (x— 2 (3.1)
2

with ¢ € (my — 6, my + ;). Since u > 2, note that we also have
q(k+1)(ﬂ—2) < ’{:’%*2 < qk(u—2), (3.12)

Substituting the equality (3.11) in the left hand side of (3.10), we get

N2
ﬂw—mmﬁzkmw+fww@—mo+ﬂ@ﬂx;W)—m@.

From the fact that we now have fixed parameters y, w with the property f (my) = my ) as in
Lemma 3.3 and using f'(my) = 0 and (x — my) < J, the last equality gives

5

HGE

‘f(x) - mf(k)‘ <
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Using (2.4) in the last equality, we obtain

: 2 0f
£ () = o] = o o sin(@n @) + 1 +92) GF 2L G13)
Using the upper estimate of (3.12) and substituting the value of J; in (3.13), we get
=2 pn2 2k
‘f (x) — mé(k)‘ < (8w §wu—1- ‘qk‘ Tq
= ’gw,u *8w,pu—1 -qk}’%’ . (3.14)
Finally, using the definition of 77 from (3.1) in (3.14), we have
_ < . T S
‘f (x) mé(k)‘ S (8op 8opu—149 2 Gt Seop1
_ ku+11 ku+1 _ o 0(k) _
=S <"t =g ® = 8y 0

Proof of Theorem 3.1. Choose i, w as in Lemma 3.3, and let / (k) be as in Theorem 3.1.
(i) Lemma 3.5 shows f (Uy) C Uy and the definition of Uy implies 0 ¢ Uy ), so

o N =o.

(ii) If k is odd and u is as above (therefore even), then all #/ (k) (j > 0) are odd and all Uiy
are intervals around maxima of f, where f is positive. Hence the assertion is proved.

(iii) For kg € IN, x € Uy, and n € Ny, f" (x) € Uken Uk, in particular f" (x) # 0, which
proves assertion (iii). O

Note that the possible existence of the orbits which remain close to critical points, i.e
implying non-density has been mentioned as a remark by P. J. Holmes in the bottom of the
page 395 of [2] with only a vague indication of proof. With this section we gave a rigorous
proof of that idea.

4 Behavior of the map f, , in some ‘steep” intervals

In this section we first construct some orbits whose points stay entirely in so-called ‘steep’
intervals, and then analyze the measure of the set of points which have such orbits. In con-
trast to Sections 3 and 5, where the parameters y and w are connected by the conditions
given in assertion (i) of Lemma 3.3 and in (5.1), in this section both of them can be varied
independently.

Consider the interval (—my, —myq) or (myq1, my). From Lemma 2.2 we have

f;/t,w(qkﬂ)‘ =w <qk+1>(y71) |

Since f, ., (Fmx) = fj, (Fmip1) = 0, continuity of f}, , implies that we can choose a ‘steep’
interval S, either as a subset of (my1,my) or as a subset of (—my, —myy1), on which [f,, |
satisfies a lower estimate. We begin by specifying the boundaries of the ‘steep” interval Sy and
by giving some new notations.

We use the notation |I| for the length of an interval I.
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Definition 4.1. Let k € N and ¢ € (0,1). Define

f};w(x)‘ > cw <qk+1)(%*1) on [x, qk+1} }

A = min {x € (mkﬂ,qk*l} :

and

by := max {x € [qk“,mk) : f;w(x)’ > cw (qk“)(’kl) on [qk“,x} } :

Note that g*+2 < a5 < ¢"1 < by < ¢* (see Figure 4.1). Given a symbol sequence of the form
— No
s = (S0,51,52,...) € {+1,-1} 7,

where symbols represent the signs of f{lw (x) for some starting value x, we construct corre-
sponding orbits of f, .. Note that in terms of the motivation by the three dimensional vector
field, such orbits correspond to solutions converging to the doubly homoclinic loop, and tak-
ing turns along the upper and lower homoclinic orbit according to the symbol sequence. For
0 <a < b, define

la,b] = [a,b],
[a,b]_;:=[-b,—a],
and define ‘steep’ intervals by

[ak, bk] , if s = +1,
[—bk, —ak] ’ if s = —1.

Slc<,s = [ak' bk]s = {

So, we have

-1
f;w(x)‘ > cw (qk“)(y " forx €S, se{£l}, keN. (4.1)

We also define Sy 11 := S; . US; ;| and define the union of all ‘steep” intervals by

X

Figure 4.1: One interval (g¥*2,gF), with corresponding ‘steep’ interval St =
[ak/ bk] *
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Y= J Sku1-
keIN

Note that for s € {£1}, Sis C (My41, my),, and hence

s

|SEs| < mp — ey = gfe @ (1—9q) (4.2)

Setting f := f,«», we define sets of points with forward orbits which are contained in these
‘steep’ intervals (see Figure 4.2). Namely,

O = f7(¥); Q5 =7 (¥).
j=0 j=0

X f(x)

U N |
RLY WY

ki+1 k ko+1
q q q

Figure 4.2: Graphical construction of ¥1 from Xy = [g5F1, o] (in case sy = 51 =
+1).

Theorem 4.2. Let ¢ € (0,1). Assume p > 1 and define Sy | and Q) as above. Then for ko € IN the
following statements are true:

(i) For every symbol sequence s = (sg,s1,52,...) there exists a point yo € (S]io,s

n Q&,) with the
property that sign f/ (yo) is given by s; € {£1}, where j € No.

(ii) Let w > % + 7t (u + 1). Then with the set Z from (3.2) we have (S,CCO,SO N ng) CZ.

(iii) Letc € (%,1) and w > C;T(z C(?i ’;)3) Then QS, C Z, and Qf, has Lebesgue measure zero.

Remark 4.3. A similar argument is sketched in the page 395 of [2], with the purpose to show
that Z can be dense, but it seems that the method gives density only in a set of measure zero
(see part (iii) of the above theorem).

The proof starts with the following lemma.
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Lemma 4.4. Let ko € N, c € (0,1) and s = (sg,s1,52,...) € {+1, —1}N° be given. Define SIC(O,SI_ as
in the passage given before Theorem 4.2. Then the following statements are true:

(i) There exists a point yo € Sy . and a sequence ko < ki < kp < --- such that Vj € N
1 (yo) € Sk, in particular, yo € O,

(ii) Let yo € (S, ., N Q%) be given and define the sequence ko < ki < ka < --- by fl(wo) =y, €
Sli]-,s]- (j € No). Then there exists a sequence () of intervals in Stoso With Xj O Zjp1 3 yo,

(fj), #0on L, and
ki+1 '
. ey, =+,
f] (Z]) = |:qk/+1,y]‘:|S‘ = [ k»]J—l . ! C S,C(jlsj fO}’j € Ny, (4.3)
] |:yj,—q] }, szj:_l
in particular, ZN%; # @ for all j € No.

(iii) For yo € <S’C<o,50 N ng) and ko, k1, ko, ... as in assertion (ii) and all j € IN we have

. u—1
’(ff)/ (0)| = (cw) (iiq"”“) : (44)

(iv) Let yo and the sequence ko < k1 < ko < --- be as in (ii). Then
Vi€ N: ght > g2, (4.5)

(v) Let w > 2+ 7 (u+1). Let yo and the associated % be as in assertion (ii) and ¢y be as in

koo T (1— . .
Lemma 2.1. Then |%;| < 0@ (1=9) g cwghtt > 1; in particular,
] (cwqi‘”)]

Z]‘ —>O,aSj—>OO.

Proof. (i) Let ko € IN and s = (so,51,52,...) be given. For S]Cq],s0 = [ako,bko]SO it is clear that
f (S,i0 s0) is an interval which contains 0 in its interior, and since ar — 0, by — 0 as k — oo,
there exists k1 > ko with S . C f(S;f . ). Further f| s; ., is injective, and we set

i (fls,) (Shn) -

(f maps J; bijectively onto Sj _ .) Similarly, there exists ko > ki with S{  C f(S} , ), and a
closed subinterval [, C J; such that le Lt — S,izrSz is bijective. Thus, we obtain a nested
sequence

12252
of closed intervals and sequence of numbers

ko<ki<ky<---

with the property that ff ( ]j) = S]C(j 57 j = 1,2,3,... Furthermore, the intersection of nested
closed intervals (e Jj is not empty. It means that there exists a point yo € N;jen Jj which
follows the symbol sequence s, and this result completes the proof of assertion (i).
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(ii) For the proof of this assertion we use a recursive construction. Define

o= [koH’yOLo - {

Then yg € X, and the definition of S,C{O,SO implies f' # 0 on X, so (4.3) holds for j = 0. Assume
¥; with the properties in (4.3) is constructed and we want to construct ¥;,; C %; such that
(4.3) is also satisfied for j 4 1. We have, observing that sign (y;) = s;,

£ ([, ) = 0.5 6], = O, .

and f/ |z, as well as f] {qkﬁr]’y]} are invertible. Hence, we can define

5:

]

-1
Yjp1 = (f—fIZj)il (ﬂ['ik"“rw]s}) <[EI ity +1} ,~+1> '

Then yo € ;11 C L, the chain rule shows (fj“)/ #0on X, and

(fj+1) (Zj41) = |:qkj+1+1,yj+1:|s. c S}c{j%s/ﬂ‘

j+1

[qkﬁl,yo} ,  ifsg=+1

c
C Sky.50°

[yo, —qk“l} , ifsp=—1

Hence, the recursive construction is completed. Note also that for j € IN, Zj contains a point
xj with f1 (x;) = g5, so fit1(x;) = f (qkf“) =0, hence x; € £; N Z.

(iii) By the chain rule the derivative (f/ ) at yo € Mjen Z;j can be calculated as the product
of the derivatives of f along the orbit

() )

Using (4.1) for each derivative in the last equality, we have

‘(ff)/(yo) Zﬁ\f/(yn)\ ZU( Hl)

H—
wr ({1
This gives the proof of (4.4).

(iv) Let now yo € S; . and sequence kg < k1 < k2 < --- as in (ii) be given. With %; from
(4.3) we have f/ (%) C Sk.sy and so

=[f (o) f 1) f (Wj—2) - f (i) | =TT (wa)-

fj+1(y0) /+151+1 f]+1( )Cf<f]( )) f( )/ for j € N

which implies f (S,C(]_,Sj) NSi,.s,, 7 @ Moreover, since |f| < 7" on St 5, we obviously have

ki . :
g " > max{|f (x)| : x € S,C(j’s]_}. Together with

max{]f (x)|:x € S,C(]_,Sj} > min{|y| (Y € S]C<j+1/5j+1}’
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we conclude
ki . ki 2
gt > max{|f (x)]:x € S,C(jrs]} > m1n{|y| 1y € S’C‘j+1/5/’+1} =a,, >4 1 +2,

Hence, the proof of (iv) is also completed.
(v) Finally, from (2.13) we know that on X; we have

%] < ;
|7
From (4.3) we have |(f/) (%)] < St,s;| and from (4.2) we have |S¢ (| < e~ @ (1—q)
Combining both inequalities, we get
; o _n
() (=) < |85,5| < a¥e % (1-0). 47)
Using (4.7) and (4.4) in (4.6), we obtain
Kie= @ (1 —
5 < —T5 1( q)y,l- (4.8)
-
(cw)! <H qkn+1>
n=0
By using (4.5) we can estimate the denominator of (4.8) as follows:
(i pt N B
(cw) (H q"”“) = (cw)- (]—[ q) <H q"”)
n=0 n=0 n=0
j—1 -1
qJ(H D11 qknﬂ I qkn+1+2
- J n=0 i aj(u—1)  n=0
= (cw) > (cw) gl =0
H qkn H qkn
n=0 n=0
qzj ]Iill qkn-H k
— (cw) gV =0 1) 47
= (cw) - g\ = (cwq” ) P
I

5 < PE g _ghei(1-g)
o (cwqrtty gh (ccwogh 1y

To show that |Z;| — 0 as j — oo, it is enough to show (cwq?*1) > 1. Note that the first order
Taylor expansion of g™ =exp (—Z (u + 1)) is

"D Ry (@),

exp (—g(y—kl)) =1-

w w

1 2
where R; (¢) = %@ (M) >0,and ¢ € (—M,O) The assumption of (e) gives us
14+ 7m(u+1) < w, and hence

1<cw—c7r(;4+1):cw<1— 5

n(y+1)>.
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Since R; (¢) > 0, we obtain

1< cw <1 - 71(;1—}—1)) < cw <1 - 7T(;4w—|—1) + Ry (C)) = cw exp (—g (n+ 1)) = cwqh ™,

w
and this completes the proof of (v). O

The next lemma estimates the measure of the points in the ‘steep” interval S; ,; which
have the first n iterates in the union of all ‘steep” intervals.

Lemma 4.5. Let ko € IN, ¢ € (%, 1). Let ¥¢ and Sto+1 be as in the passage before Theorem 4.2.
Define @1 as in Lemma 2.1. Then for ko € IN we have

_ 2'qhe e (1-g)

= lcwd T (1=q)" 4

n
Sk M1 (¥
i=1
(The same estimate holds for Sg = _;.)

Proof. Let ko € N and ¢ € (3,1) be given. It is clear that f(Sf ) contains infinitely many
‘steep’ intervals, because it is a neighborhood of zero. Assume ¢, i € IN are such that S,io N

f7(8§ 4q) # @. Since ‘fl(x)| < [x|* on S;, +1, one must have gor > min{|y| 1y € S; 1) >
q'*2. Tt follows that ¢ > kou' — 2 > kou — 2. Thus

) =f" ( U SZﬂ) =f U St | = f ( U Si,ﬂ) .
leN leN (>kop—2
F(S6 1) %@

Hence, the intersection in (4.9) equals S; ; NN, fi (Ufzkoy—z Szil). We now prove (4.9)
by induction over n. For n =1,

Sty 1 N f 7 (¥9)

1
=S Nf U S/

= ) - (5211)‘ : (4.10)
éZkgyfz
From (4.2) we have
_n
|S541] <29 (1-9). (4.11)
Using (2.13), (4.1) and (4.11) in (4.10), we have
_ _ 1
S,i0/+1ﬂf 1(‘Fc) = Z 1( Zil)lg Z T‘S i1|
(>kop—2 (>kop—2 €W
2e= @ (1-—
- cwq ko+l ) (u— l % Zq (4'12)
Here, note that
1
E qé = Z qg = q[koy 2] 71 — (4.13)
{>kop—2 0> Tkop—2] q
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where [-] denotes the ceiling function. Setting ¢ (ko) := [kop — 2] — (koy —1) € [-1,0) and
using (4.13) in (4.12), we obtain

)

1

2" @ 2k glkon=21 1
c -1 (e [kou—2] _ <4 9 L
_n _ _n o
_ etk 0% 207 gReTe_ 2qbe < (1-q)
cwgh cwgh cwgh*t1 (1 —q)

which proves the case n = 1.
Assume the assertion is true for #, i.e, for all kg € IN we have

< ghe=@ (1) (2(1—51)) , (4.14)

Sko +1 N m f ‘YC Cwa“ﬂ

then the same estimate is true for Sf{o _1- Now we show that it is true for n + 1. Using (4.10)
for the third equality we obtain

n—+1

SIC<0,+1 N ﬂ f_i <\FC
i=1

)| =[Sk VT (E) NN FTTH(E)

[srn (fyem)
i=0

= Slcco,+1mf_l (( U SE:I:]) mﬂf )l
(>kopu—2

j:lmﬂf (F°) —Seﬂmﬂf ).
i=1

Note that S7 ,; C ¥¢ implies

So, we obtain

n+1

Slio,+l n ﬂ fﬁi (\FC
i=1

)| = [Sko+1 nft ( U <S;¢1 N (TC)>) (4.15)
i=1

/Zko]lfz

Using (2.13), (4.1), (4.11), (4.13) and (4.14) for S,C(O,Jrl and S,C(O,_1 in (4.15), we have

n+1

Sko-l—lm ﬂf

1 2 ", e
< _ o (1=
= (cw) gl (1) £>1§1_22 <Cwqy+1 1- q)> ge < (1—9q)
e () D

(cw)"™ (qr) qrgbort \1 =g/ o

2n+1qkoe*% 1 n—1 q[koyfﬂ 1
B (cw)™ T (gr1)" gn (1 - ‘1) gor-1 1—¢q
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With ¢ (ko) as above, we obtain

n+1 ]
Stpr1 N f(¥)] <
i=1

2n+1qkoe— h qS(ko) 1 n

(ca)™ ™ (41" g (1 —‘7>
2n+1qkoe*%q*1 1 n

T (cw)" T (gir)" g <1 - ‘7>

. koe_ﬂ (1_ ) 2 n+1
— 1 T\ cogT(1—¢) '

so the assertion is true for n + 1 and hence, the proof of Lemma 4.5 is completed. O

crt® (2u+3)
2(cmt=2) *

Remark 4.6. Letc € (2,1) and p > 1. Then 2 + 7w (p +1) <

Proof. Letc € (2,1). Then

1 l+cmu+cmr  mH4cemPu+cm?  2cm?u 4+ 2cm? + 21
crmer )= AT pECT L E .
c c cTt 2 (ct—2)

Since ¢t > 2, we have 271 < ¢7t? and hence

2c7p + 3cr? o (2 + 3)

2(em—2)  2(cm—2) -

1
ctmptl) <

Proof of Theorem 4.2. (i) From assertion (i) in Lemma 4.4 we see that there exists a point
Yo € (S, 5, N Q%) with sign f/ (yo) = s;, because f/(yo) € St

(ii) Assume yg € (51‘20,5(J NQS). Assertion (ii) of Lemma 4.4 shows that ¥ 3 yo and
ZNZX; # @. Further, assertion (v) of Lemma 4.4 shows that |Z;| — 0 as j — co. This means
that there exists a sequence (z;) C Z with z; — yo, and this completes the proof.

(iii) Let ¢ € (2,1) be given. Remark 4.6 shows that the condition w > C;T(zc(ii}i?)
assertion (iii) of Theorem 4.2 implies the condition w > % + 7t(p + 1) of assertion (ii). Hence,
(55,41 M Q%) C Z for all kg € N. It follows that OF, = Ug,en(Sg, 1 N Q&) C Z, s0 Qf, C Z.
To prove that Qf, has measure zero, we show limy,_, |5 N S,C(O’ +1| = 0 for every kg € IN. For
this purpose it is enough to show that under the conditions of assertion (iii) of Theorem 4.2,
cwghtt(1 —gq) > 2 in (4.9). We use the second order Taylor expansion of e ¥ around 0 for

y >0,

from

y2

2
with R3 = % (—y)® < 0 for some & € (—y,0). Hence, since

€_y:1—y+ + R3,

2 2
q:g‘gzl_g_f_@_’_]%(E)<1_E+(7T)
w

w  2w? w  2w?’
we have ) )
~ T 7 T T
1-g=1-ecec="_"T__R (7) T 416
1 ¢ w  2w? \w > w 2w? (4.16)

On the other hand, with appropriate ¢,

" 2
qy—H :e—%(}l-‘rl) =1— 7'[(‘1/!—}—1) +eXp <§) <_7T(]4+1)> > 1_M (417)
w 2! w w
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Using (4.16) and (4.17), we get

m(u+1 T P T+ 71 T
cwq”+1(1—q)>cw(1—(P:u))(w—zwz>:cn<1— ya; ><1_2w>

_ _ Bm42mu) | 7 (ut1)
- (1 2w * 202

> o (1 - 77(3”’”) . (4.18)

2w

In view of Remark 4.6, and using the assumption which is given in the assertion (iii) of
Theorem 4.2 in (4.18), we finally obtain

cwg"tt(1—¢q) > cmt (1%) :cn<1—C7TC;2> =2. O
2: 2(ct—2)

5 The behavior of the points whose orbits follow ‘flat-steep-flat” in-
tervals

In chapter three we analyzed the behavior of the points which are mapped from ‘flat” intervals
to some other ‘flat” intervals, and in chapter four we studied the behavior of the points which
are mapped from ‘steep’ intervals to some other ‘steep” intervals. Finally in this chapter, as
we briefly mentioned in the summary of this thesis, we first construct a specific type of orbit
whose points travel from ‘flat” intervals to ‘steep” intervals, then from ‘steep” intervals again
to ‘flat” intervals under the iteration (see Figure 5.1).

X

Figure 5.1: The parameters adjusted so that f(m;) = ¢“%), and the sets
and U[ constructed as counterimages under f2 of the interval @2(\@ C Uy, xy

(indicated only for the lower endpoint of [/,"). The dotted parts of the graph
indicate possible maxima/minima in between which are not shown.

Besides, to avoid repeating the same expression, we shall use g, ,+1-; as in Lemma 2.1
and ¢ € (0,1) for the rest of the paper. For a specific choice of y, w > 0, maxima mj get
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mapped to zeros 1) of fuw = f. We shall first introduce ‘flat” intervals of the form U =
[my — &k, my + 6] for odd k and use the notations UR = [my, my + 6] and U} = [my — &, my]
for the right and left part of Uy respectively. We also introduce ‘steep” intervals Sy, (x), where
ty (k) = kp +1, of the form [qg"®) — 7, 4),q"(®)], with a suitable r,, ). Then we define U =

Uken Uk, S = Ugen Se, (), and we construct orbits (f/ (x))].eN , with the properties
k odd k odd

fj (x) € U, jiseven,
S, jisodd.

Furthermore, for k, y € IN, w > 0 and with ¢; as in Lemma 2.1, we define

. _ 3
lr (k) :=min{ £ €N : g gqgl(")’*-qw-u :
4gw/]" ) gw,yfl

We denote by Eg (k) the j th iterate of the function ¢, applied to k. Then, given a symbol
sequence of the form {L, R}"*!, where symbols represent the left ‘L’ or right ‘R’ hand part of

Uy (that is U}, UY), we construct corresponding orbits of f. Given a finite sequence
s = (S0,51,92,---,81) € {L,R}”+1

and k € IN, we first construct the subset of points x in Uy which follow this symbol sequence in
the sense that f%/ (x) € UEL]- or f% (x) € ll? ,j=0,1,2,...,n depending on whether s; = L

2(k) 2(k)
or s; = R. Hence, we construct the set Il'e = 7, f —2/(U? ) and the set T} = | I

0(k)
which is the set of points following symbol sequences in the set {L, R} {0121} "Note that strict
monotonicity of f? on each interval U} and UX implies that the sets I}', are closed intervals.

Sj
‘ se{L,R}"

The corresponding set for infinite symbol sequences is % = N7, f % (LIZ (k))' Finally, we
2

analyze the Lebesgue measure of the set I'}, and consider the limit as n — co.

Note that the ‘steep” intervals Sy that we use in our calculations in this chapter are some
subintervals of (my, g*], whereas the ‘steep’ intervals which were used in the fourth chapter
are some subintervals of (1.1, my). In the theorem below we restrict ourselves to y € IN for
simplicity.

Theorem 5.1. Let k be a positive odd integer. Let ¢ € (0,1), and p € N, > max{ (%)2(%), 15}
be given. Then there exist an w > 0 (depending on p) such that f = f, ., has the following properties:

(i) Let a sequence of the form's € {L, R}NO be given. Then, there exists exactly one point x s € Uy
with the property:

Foralln € Ny, f>" (xxs) € Ups (), and 2 (xy5) is to the left of myy k) or to the right of myy ),
depending on whether s, = L or s, = R. That is, I, = {Xys} .

(ii) The measure of I'} as defined above goes to zero, as n — oo.

The proof requires several lemmas and propositions. The proof of the following lemma is
analogous to the proof of Lemma 3.3, but is included for completeness.

Lemma 5.2. Define @1 as in Lemma 2.1. Then the following statements are true.
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(i) Assume p € IN, u > 15 and define ¢ (k) as in the passage before Theorem 5.1. Then there exists
an w € (0,1) such that for all k € IN, f has the property

f (m)| = q"1®, (5.1)

which is equivalent to

7T — parctan (¢ 2
exp( 5 <V>)\/1+Zz. (5.2)

(ii) For any choice of w as in assertion (i), we have w — 0 as p — oo.

Proof. (i) Let k € IN be given. With my from (2.10), we have from (2.11)

If ()| = exp (—"””*W) sin(g1).

w

Using (2.3) we obtain

f (my)] = exp <—k””$ W) SR - (53)
1+ 5

w?

On the other hand, from (2.8) we have

qél(k) = exp (_7‘(£1 (k)> . (5.4)

w

With (5.3) and (5.4) together, we see that (5.1) is equivalent to

mtlq (k)) ( krty + cpm) 1
i = ex —_
p( " p - o

and hence to

w w?’

exp (ﬂ(fl (k) —ku) — qow) Y (5.5)

So, if we substitute ¢; (k) = ku + 1 and the value of ¢; given by Lemma 2.1 in (5.5), we finally
get that (5.1) is equivalent to

exp(nyarctan(‘;j)) 1+Pﬁ

w w?’

which proves the equivalence of (5.1) and (5.2). Now, we want to find w and p such that
|f (my)] = ¢"1*). Define

7T — parctan (¢ 2
F(w,y)eXP( (ﬂ) H%

w
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and try to find F (w,u) = 0 at least for a special pair of (w, i) (see Figure 5.2). On the one
hand, for a fixed y > 2, arctan <%> — 0 as w — 0. Hence, due to the exponential growth,
F (w,pu) — o0 as w — 0. On the other hand, for w = 1 we have

F(1,u) =exp (71 — parctan <:{>> —/1+pu2 (5.6)

From 3.9 we have u arctan(%) > 1 for u > 2, and using this estimate in (5.6), we finally have

F(1l,u) < e — /14 2. From the fact that e 2 < 15, we finally have F (1, 1) < 0, if we
choose p > 15. With the intermediate value theorem, it is clear that there exists at least one
w € (0,1) which satisfies F (w, i) = 0 for fixed p. This gives the proof of assertion (i).

(ii) The proof is analogous to the proof of the assertion (ii) of Lemma 3.3. O

In order to find a numerical solution, one can use the bisection method, and we found
numerically that there is no solution for # < 2.3. The numerical investigation suggests that
w in Lemma 5.2 is unique. We made no effort to prove that, because part (ii) is true for any
possible choice of w.

The next three propositions (5.3-5.5) give some preparatory calculations.

100 T T T T

80 | 2
60 |- 2
40 - 2
20 a

F(w, 15)

0, |

201 .

—40 I I I I

Figure 5.2: Graph of F(-, ) for u = 15.

(1=2)¢1
Proposition 5.3. Let ¢ be as in Lemma 2.1. Set a(w, p,c) = Mq/%. IfueN,

8w,u—1

30e\? /1—c
> _
y_max{<7n> < r ),15},

and w is a corresponding value obtained as in Lemma 5.2, then we have a (w, u,c) < %

Proof. Let y and w € (0,1) be as in the assumption. Then, it is clear that %2 > 1, and in view
of (5.2) we have

/31,2 2 / 2 7T — parctan (¢
w w?  w w? w
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we get

e on () e )

and hence we have 2pe > wew. Using the second order Taylor expansion of e& in the last
inequality, we obtain

Since arctan (%) < %,

T 1w 1 72
2ue > 1 >
He = w(—|— +2w2>_2w

or

On the other hand, we know that y > (%)2 (1:£), so N 30 /3¢ which implies

1 o} 1—c 30e2
2 2c 1471\/ﬁ'
Since e? > 6%7%, it follows that

_ —c 15./4
1>@¢<1_1> 1—c 15V4e wp<‘”(y—a>-/1 c 15\/4ep.
2 U 2c 147t\f 2uw 2c 147Tp
On the other hand, since u > 15, we have #— < 1145#’ and with the fact that arctan(%) < %
get

| \/

2 2w 2c m(u—1)

1>exp ((yZ)arctan(‘Ij)). 1-c By

Finally, using (5.7) and the definition of ¢;, we obtain

1 (V—2>€01 1—c
2>exp< 2w 2caJ _1

(n—2) (Pl 1 —c.
>
=P ( 2w 2cw w2+ (u — 1
-2
_ exp ((V Zw)(m) \/17 (w )
Swu—1 2cw Hs
and this completes the proof. O
_ _91(#=2)
Proposition 5.4. Let ¢ be as in Lemma 2.1 and ¢ € (0,1) be given. Set i1 (w, pt) = m,
_9 " /7

i (w) =51, i3 (w) == 5  and Ha (w, p) = U999 There exist wo > 0and pg > 3

gu W gwy 1’
such that for w < wo and p € IN, u > o, the number

17 :=min {11 (w, 1), 12 (w), 73 (w), 7a(w, 1)}
satisfies
N =14(w,n). (5.8)
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Proof. We prove that 74 (w, i) < 111 (w, u) < min {7, (w), 73 (w)} for u large enough, w small

enough. For w > 0, we have g, ,-1 > /(¢ — 1)%, Swu—2 > \/ (1 —2)% and using these
simplifications, we obtain
we ¢1<V7*2> we- @1(1«772)
M (w,p) = - : (5.9)
2(p—1 -2
2 /(-1 (u -2 2D

We have already defined

and there exists w; > 0 such that for w € wy € (0,w], the property ¢; — 7w < 0 implies
(1 — ey) > % Hence, for such w we have

1

e G, (5.10)

2 (w) >

N

1

From (5.9) and (5.10) it is obvious that 7 (w, ) < 5= < 7 (w) for p > 3 and w < wyy,

where w1 =: min {%, c71} Analogously there exists w13 > 0 such that for y > 3 and w < ws3,

one has 71 (w, ) < 13 (w); observe 7j3 (w) — 3 as w — 0. There exist ¢1, ¢, > 0, and jip > 0

_91(r=2) 7
such that for y > iy we have 71 (w, i) > cl% and 74 (w, 1) < c2 “;Z . Hence, we
have for p > jip and w > 0
Talwp) o evoed o1 (fm (r—2)— 2>
m(w,u) — crwe- fﬂ1<£¢:2) 1w w .
Substituting the explicit form of ¢; as in Lemma 2.1, the last equality turns to
iis (w, 1) Lol (u —2) arctan (%) -z
— < ——=exp . (5.11)
1(w,n) ~— aaw w

Using the fact that

lim ((V ~ 2)arctan Cﬁ)) = Ilim (W_Z)(;) =1, and

pu—o0, w—0 w

lim, 0 ﬁ exp (32) = 0in (5.11), we finally have

y—>c1>c1>,rr(lu—>0 (171 (w,y)) - ;4—><1<1>,n;lu—>0 €1 Vw P (1 Zw) =0

and that shows that there exists p9 > fip and wy € (0, min {w12, w13}] such that for w < wy
and u € N, u > pp one has 7y (w, 1) < 171 (w, ) < min{ip (w), 73 (w)}. O

Now, we aim at finding an interval Uy := [my — J, my + &) as indicated in the passage
before Theorem 5.1, which gets mapped to a ‘steep” interval Sy, ), but we first provide upper
and lower estimates for the second derivative f;, of f.
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Proposition 5.5. Let k € IN. Assume that with pg and wy as in Proposition 5.4, one has y > o and
w < wy. Define 7j as in Proposition 5.4 and set & := 76, Jx := [4°™, 4] . Then

Uy := [my — 6, my + ] C {qkﬂ,ﬂlk] = Jk
and the following estimates hold:

k,—o\F 2
e w) .w.gw,‘u

2

Proof. Let k € IN. With 77 from Lemma 3.2, the definition of 7 given in Proposition 5.4 shows
7 <min {7, 773} = 77. Hence, in view of Lemma 3.2, we see that

q
Vx € [my — 8k, i + 0]+ Qo Gop—1 - T F 2 > | (x)] > (

(5.12)

Uy = [my — 0, mx + 6] C [mk — g~ my +ﬁqk} - [qkﬂlqk] s
Further, inserting my from (2.10) in (2.4) we have

" (1) | = G~ o1 [mic|' 2 [sin ((wn (mg) + @1) + @2)]

= Qg Qw1 |ml' 2 |sin (—k7t + @2)| .

Using ¢ = arctan(ﬁ) from Lemma 2.1, we have sin (¢;) = gw“;_l and, inserting this value
in the last equality, we have
2w _
f" (m)| = G Gup—1 - [mael” ? Qo1 = || 2w Sw,p (5.13)
w,u—

From (2.5) we have on [g¥1, ]

‘fm (x)‘ = ‘gw,y “Swpu-1"8wu-2" X' sin (wn (x) + (@1 + @2 + (P3))|
< Qe Qa1 G2 g HF 3. (5.14)

From (2.13) for x € [my — &, my + ;] and with the definition of &, we also have

‘fl/ (X)‘ Z ‘fl/ (mk)‘ _5k' max ‘f/l/‘
11— Ok 111y +0g

— | £ _ qk . "

= " )| =gt max |f"]

> |f" (me)| =g max |f"]. (5.15)

(111 =,y +0% ]

With the definition of 77, using (2.10), (5.13) and (5.14) in (5.15), we finally have

k. _e1r2)
11 )| >m 26() _ q-we w ' N N -
k-1 \F2 qk(y—z)we_%((f;—b

91\ H—2

_(ke_ﬂ)P‘*Z o <qe w) W G

-\ S :

_e\H2
(qke J) @ G

This is the lower estimate for | f” (x)|; the upper estimate even on the interval [¢¥™1, 4] follows
with the formula for f” in (2.4). O
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For k € IN, we specify the boundaries of an associated ‘steep” interval Sy, ) with the next
proposition.

Proposition 5.6. Let k € IN. Assume y and w are as in Proposition 5.4 and define ¢1 (k) = ku +1 as

in the passage before the Theorem 5.1. Set ry, ) : — 100 _p06(0) gug 5, w =[50 =g 1, 490

8w,y 8w,u—1 q
Then, Sy, x) C (mgl(k),qél(k)] and on Sy, () we have

|f'| > ceog®E=1), (5.16)
Proof. Let k € IN. From the upper estimate of (5.12), on Sy, () we have
1" N, ) < e o - g1 2. (5.17)

From (2.13) we have

Vx € Sgl |f ’

()] - 1 Nlos, g, - e (5.18)

and from (2.9) we also have |f'(g"®)| = wg?®#=D Using (5.17) and substituting the
explicit values of both ’ f' (qﬂl (k)) ‘ and 7y, ) in (5.18), we get

VXGSgl }f |

/ (q€1<k>> ‘ R TRy AR LLLI e BE

_ -2 _(A=0w
o G- .
Sy Sy 1 Sw,u—1 'gw,yq

— wqfl(k)(ﬂfl) —(1—c¢) wqﬂl(k)(ﬂfl) — Cwqﬂl(k)(ufl) )

— g 0D

It follows now from f'(my, ) = 0 that m, ) < g — o (k) O

From the graph of the map one can understand that the image of Sy, () under f} ., includes

many ‘steep” and ‘flat” intervals, but we continue our calculations with a subinterval % of
S¢, (k) Which is contained in f (Uy). The next lemma gives an estimate for the size of f (Uy)

with a relation between % and Sy, (x).

Note that for the sake of simplicity we shall use k as a positive odd integer number for the
rest of the paper. Note also that in addition to the notations U}, U} which represent to the

left ‘L” and right ‘R” hand part of U respectively, we also use the notation U,f ‘R in statements
which are valid for both Ul and UX.

Lemma 5.7. Let k be a positive odd integer number. Let w and even integer u be as in Proposition 5.4

and satisfying (5.2). Define 1 as in Proposition 5.4, 6, and Uy as in Proposition 5.5, and UL\R as in
the passage before Theorem 5.1. Then the following statements are true.
(i) Define ry,xy and Sy, x) as in Proposition 5.6. Then we have f (Ux) C Sy, (x);
(ii) Set )
J— P1(1-2) l1—c¢c) w
TR IO S C ) M (5.19)

4g60,]/l ’ gczu,;,tfl

and Sy, = [94® — 74,1, 9 W)]. Then we have f(llkL\R) D Su(k)-
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Proof. Note that due to (5.1), and since k is odd (see (2.11)), max {f (Uy)} = f (my) = q“®).
For the interval U, we have

min { ‘f (my — 5) —q"® |,
< |f (Ug)|
{800 80—

It follows from second order Taylor expansion of f around the extremum m; and from (5.1)
that

(m + &) — g1 ") ’}

52

If" (g \ > < If (Ul < £ ()] 5 (5.20)

Consequently, using (5.8) and inserting the upper estimate of |f”| given in (5.12) and the value
of J; in the upper estimate of (5.20), we finally get

max
cemy— (5k 1y +0k] g€ [my—0,my+0¢]

52 52
u £ k< g g2k
f (Ui)| < ge[mkrr}s%kw\ @] 5 < 8wngwu-1-9 >
= 8wp - 8wpu-1"4 (Viz)ﬁzqy(

< Swp* w1 4D ()

2
_ 1—c)quw
<w.w_.k(u2)(7 2k
= wp - 8wp-1"4 (gw,y'gw,ptl) q
1 1-—cw  (I-cw g1
Swp - wu—1 Swp - w,u—1

From (5.1) we know that f (my) = ¢“1(¥). So, f (Ux) = [min f (Uy),q"®] and the estimate

[ (W] < iy shows £ (Ux) € (g0 =1y 0,47 0] = 8y,

and this completes the proof of assertion (i).

Note that, although there is no symmetry between the graph of f, ., to the left and right
hand side of Uy, we can estimate the size of f (Ul) and f (UX) in a similar way. Substituting
the lower bound of |f”| given by (5.12), the value of J; in the analogue of the lower estimate

of (5.20) for LIIS \R, and using (5.8) we obtain

=q =Tk = ’561(@\-

52 (qke_%>H (W B 2

£ ()| = minlf @15 > ; 2

( e,%)}’_z w - ku—2k - 9102
q Swp 2 2k _ 4 e w w‘gwu(m)z 2k

= 1 7 1 q
P w0 gy (V=0

a 4 (gw,u‘gw,y1> I

e W (1)

B 4 gwr#'gi,yfl

. q[l(k) ?1(}7‘;2) (1 — C) . CU2
4gw/]" : gczu,yfl

and this completes the proof of assertion (ii) and the proof of the lemma. O

= 7’[1 )S@l
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We continue analyzing the next ‘flat” interval obtained by the second iteration of f.

Lemma 5.8. Let k be a positive odd integer number. Let w, u be as in Lemma 5.7. Define {1 (k) and
l> (k) as in the passage before Theorem 5.1. Then for Sy, (k) as in Lemma 5.7, we have

(Suw) = [0.4%].

—_—~—

Proof. Using (2.13) on Sy, (x), we obtain

(S| 2 P - min |1 ). 621)

€Sty k)

Using (5.16) and (5.19) in (5.21), and also the definition of ¢, (k) at the beginning of this section,
we have

£ (Suw)| = Pt - min | ()]
xGSgl(k)

n 0w (1—c)-w?
4gle ) gtzd,}lfl

4’1(5‘;2) c (1 — C) w3 > ez(k)‘

4gw/]" ’ gi},]z{*l B

— qél(k)ﬂ . q

—_—

Note also that ¢; (k) = kp +1 is odd, since  is even. Hence, f > 0 on Sy, and since
f(gh®) =0, f(S/gT/(k)) = [O,maxf(S/ngk))]. The estimate ‘f(%)‘ > %) implies that
F(5nm) > (0.4,

From Lemma 5.7 we know f(UkL\R) D S/KT(k/) In Lemma 5.8 we showed that f(%) D

[0, q‘)Z(k)]. In particular, Uy, C [q@(k)H,qu(k)] C f (%) Now, in the next lemma we
estimate the counterimage of subsets of Uy, () under ( f2|uL\R)' O
k

Lemma 5.9. Let k be a positive odd integer. Assume y is an even integer, i > max{ (%)2 (1:£),15}
and w € (0,1) is a corresponding value satisfying (5.2) and such that the assertion of Proposition 5.4
is true (this is possible due to assertion (ii) of Lemma 5.2). Define « (w, p, ¢) as in Proposition 5.3 and
Ji as in Proposition 5.5. Then, for p € (0,1] and any subinterval % of Uy, k) with £y (k) as in the
passage before Theorem 5.1, if

G| =

]Zz(k)‘
then (f|u,) 2 (%) has two parts of the form
L/[Z* = [ﬂ”lk —(5,162,71’1]{ _(Sllg,l} C UkL and L/IZ{ = {mk—f—é,fl,mk—i—é,fz C U,f,

where 5,&1,(552 € (0,my — q"*1) and 5,151, 5,152 € (0,4 — my), and each of them has the size

—

up

Sa-p- |- (5.22)
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Proof. Set Sgl = (f |s[ ) ! (ng(\k)) Note that injectivity of f[s, , and Lemma 5.8 imply
1 —_— . —_—
that (f‘sil( ) (ng ) (f] ) (ng(k)). Using (2.13) on Sy, (), we have

1, - U on
‘(ﬂg@) (Uzz(k))‘ = lsél(k)‘ < Hu‘n;\%

On the other hand, from Proposition 5.6 we already know that on S/ v If = cwgh® k=1,
Because of S/KB C S(;l( k) C Se,(k), this property also satisfied on Sg (k)" Hence inserting both

}U/;\} = p‘];z } and the estimate of ming 0 o lf ’| in the last expression, we have
_ )@2(7)) p ]lz(k)‘ t(k)
pg”P(d-9q)
Soo| < — < — < . (5.23)
‘ el(k)’ ming— [f'| = mins, |f’] cwqgh () (#=1)

Now, we calculate subintervals of (mk — Ok, My + 0;) which get mapped bl]ectwely to %

Note that the counterimage of Sg (x) has two parts in the form UL C UL, and UR CUR It

follows from strict monotonicty of f on [my — &, mi] and [my, my + J] and from the fact that

f (U,f \R) > S/l:/(k) that there exist 5,5,}12, 5,5/;12 with

’f (L/IZQ)‘ - ‘f ([’”k + G, Mk +5z§zm (5.24)
= (st =y (@) =57

We continue our calculations by using the boundaries of L/IT{ Note that for the interval
[y, i+ 6F,] we know that f(my +6,) = max Sgl and f(mk) = g1, Again from the
monotonicity of the map it follows that f ( [my, my + 5,{11]) = [ max e 0, k), q"' W], Consequently,
since f(g"1¥)) = 0 and f(max%) € [q20+1, g2 from (2.13) we have

max Sy, (x > (5.25)
! Hf ’ H %S0,
From (2.1) we also have that || f'||,, s, © < gy - 9101 Inserting this estimate in (5.25), we
!
obtain
o ’ (k) qu(k)-i-l
— gt >
max Sy, (k) — 4 ‘ ~ o PG (5.26)
In addition, from (2.4) we know that
1F" oo, < o~ Qo1 - 4172, (5.27)
Now, using the second order Taylor expansion of f (my + (5,151), we have
R 1" (51151)2
f (me+0f) = f )| < |f7 (@) ], (5.28)




32 E. Mustu

where ¢ € (mk, my + 5,51). Substituting the values of f(mk + 5,51) and f (my) in (5.28), we have

2
‘f <mk+5,§1) —f(mk)‘ = ‘max% _qél(k)‘ < HfI/Hoo,LIk (‘3121) ’

which implies

‘max S/gl-(\k) — qél(k)‘
Sy > 2 - . (5.29)
’ 1" oo,
Using both estimates (5.26) and (5.27) in (5.29), we finally get
& o |y gt (b1
= ggu,y "8wp—1- gkr=2) . gh (=1 530

On the other hand, from Taylor’s formula with the integral remainder term we have

Fmg+6) = f (my) + :”5 (g +6— 1) f" (£) dt
= f (my) +/05 (6 —t) f" (my +t) dt. (5.31)

Consequently, applying (5.31) for the boundaries of l/ﬁ{, we have
o] = 17 (GE)] = [ (e ake) = f (e o)

3k, %,
:'/0 (5,52—t)f//(mk+t)dt—/0 (5151_t)f”(mk+t)dt

(}‘*Z)qw WG
2

ki
From (5.12) we already know that M := min,cy |f” (x)| > 2 . In particular, f”
has constant sign on Uj. Using the fact that 5,151 < 5,152 in the last equality, we obtain

— (5}51 5}15/2
St = '/0 (682 = 8%1) £ (me+ 1) dt + /(5R (08 =) £ (me+ 1) at
k1

5R
> '/0 V(o R)) £ (it Dy at| = [ofy - of |- Moy,

SO
S¢, (k) ’
o8, — ofy| < | . (5.32)
' M-,
Substituting the estimate of M and the estimate (5,51 given by (5.30) in (5.32), we obtain
o)
‘5;5,2 — 5;5,1\ < 1® (5.33)

2
qk<;¢72)q¢1(’f, >"‘"8w A g2 ()1
2 PO g 182y g 1O
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Combining the estimate of % given by (5.23) with (5.33), we finally have

‘uzf‘ = ’5512—‘5115,1‘
\fP g2®) \/‘7 V- Qa1 8oy g
cwqlik ><H Vo ke R R CILRS
q (n—2) gw 1 (k) (p—1)
Zp \/ P \/Cl

cwq‘gl( )( ) gkt 2);,‘“(" 2w gla(k)+1

f
_ V2pgti—g)g% V81

1»’1(1()(#*1) ku+1 ‘/’1(1‘72) sz

g g g

Here, using the estimate of 2(X) given in the passage before Theorem 5.1 and |Ji| = ¥ (1 —

we obtain

USRS
\/>P |]k| \/ q 48%#'83;,;44 \/m

R
‘uk ‘ < L1 (k) (u—1) ky+1 fﬁ](}l*Z) cw?
g7 -
O (
Y2, il F d-o
= — . k . " [ — 2
2 q }21 quz+l } CW8w,u * w,u— 1

Inserting ¢1 (k) = kp + 1 one gets

(kD)= (kp+1) n (kp+1) k;4+1 CWuwpu - Swp—1

?1(1—2) 1—c¢
=p-\kl-q 7 ¢ ( )

2cwguw,pu - gw,y—l.

k ;12
0] < Vi v % (-9
k| —= zp k ;12

Since gw,u—1 < §w,u, we can simplify the last inequality as follows:

— _91(k-2) (1 — c)
G| < pe il 5[OS0
CW8 e, u—1
_91(k-2) 1
) T Y
p |]k| Q-1 2cw
Inserting ¢ = e~ & we have
-2
o ew(a )
gwy 1 cCw

exp<( w)<P1> | 1_C'

Swu—1 2cw

=p-|kl-

33

q),
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Finally, using the definition of « (y, w, c), we get
‘Uﬂ <a-p-|Jl,
and this completes the proof for ljlzz The proof for L/I;L is analogous. O

Corollary 5.10. If the set % in Lemma 5.9 is not only one interval, but a disjoint union of subinter-

T UVt —2 e
vals of Uy, k), and |Uy, k)| (the measure of Uy, x)) satisfies |Up, | = p|Jey k) (flu) ~(Ugw)
has two parts (one in U} and the other in UR) and each of them has measure less or equal ap |Ji|.

Proof. (By summation over the subintervals.) O

Now, we consider symbol sequences of the form {L, R}"*!

orbits of f. For given a finite sequence

and construct corresponding

s = (S0,81,82,---,51) € {L,R}"H
and odd k € IN, we now construct the subset of points x in Uy which follow this symbol

sequence. Recall the set [, = i, f3( g] (k)) defined in the passage before Theorem 5.1.

2
We estimate the size of }I,’j s ‘

Corollary 5.11. Let s = (sg,51,52,...,5:) and an odd k € IN be given. Then, with w,u as in
Lemma 5.9 and a (w, u, c) as in Proposition 5.3 we have @ # I} and

eS| < & [kl -
Proof. We prove the corollary by induction over n. For n = 0, I,?/S = U’ # @, and
[Ts| = U] < 1Tl

Now, we assume the result is true for 1, and we verify it for n + 1. Let s = (so,51,52,.-.,51+1)
be given. Define s = (s1,5p,...,5441). From the induction hypothesis we have IZ(k)g #+ @,
Igz(k),i C Uy, (k). and

n _ —2i Sj+1
sl = |1 ](uéika)))

j=0

" ]éz(k)‘ -

Note that [}l = f2 (122 (k),§) N U?. Hence, we have

n+1
Ik,s

‘ In (142 )muso (5.34)

Applying Corollary 5.10 with p := a" and I} ; (K5 instead of Uf in (5.34), and using this p
together with 5.22, we finally obtain

‘f (Igz ) nup

This completes the induction and the proof of Corollary 5.11. O

Lt = <a-pe il = a7l
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Proof of Theorem 5.1. Assume k, ¢ and p are as in the assumptions of the Theorem 5.1 and,
a = o (w, p, ¢) be as in Proposition 5.3, so that & < 1. Choose w € (0,1) as in Lemma 5.2.

(i) Let a symbol sequence s = (sq,51,52,...) € {L, R}™* be given. From Corollary 5.11 one
can see that for n € INg the closed interval I]?,s consists of the points x € Uy which follow
the finite symbol sequence s = (so,51,52,...,5,) € {L,R}""". Further we have I,’:/s“ CL. It
follows that M, Iy # ©. Since, in view of Corollary 5.11 and a < %, we have ‘I,’;S| — 0
for n — oo, the intersection ,cn, I, contains exactly one point xis. This point xis has the
asserted properties. Any point in Uy with these properties would also be contained in this
intersection and thus equal xj ;.

(ii) The set {L, R}{O’l’“"”} has 2"*! elements and from Corollary 5.11 we know that each set

corresponding to one s € {L,R}{%?~") satisfies the estimate I}| < o |Jk|. Tt follows that

IT7| < 2"*1a™|Ji|, and it turns out that the measure

. n_ 1i no| < . - _
lim TF| = lim | ) | <21im 2" [ =0
se{LR}mew@

and this completes the proof. ]
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