/ Electronic Journal of Qualitative Theory of Differential Equations
C *J;L‘;ﬁj( 2022, No. 21, 1-30; https://doi.org/10.14232 /ejqtde.2022.1.21 www.math.u-szeged.hu/ejqtde/

Multi-bump solutions for the magnetic
Schrodinger-Poisson system with critical growth

Chao Ji!, Yongde Zhang' and Vicentiu D. Ridulescu=?%3*

1School of Mathematics, East China University of Science and Technology, Shanghai, 200237, China
2Faculty of Applied Mathematics, AGH University of Science and Technology, 30-059 Krakéw, Poland
3Department of Mathematics, University of Craiova, 200585 Craiova, Romania
4China-Romania Research Centre in Applied Mathematics

Received 17 November 2021, appeared 11 May 2022

Communicated by Dimitri Mugnai

Abstract. In this paper, we are concerned with the following magnetic Schrodinger—
Poisson system

—(V +iAx)2u+ (AV(x) + Du+ ¢pu = af (Ju|*)u + |u[*u, inR3,
~Ap = u?, in R3,

where A > 0 is a parameter, f is a subcritical nonlinearity, the potential V : R® — R
is a continuous function verifying some conditions, the magnetic potential A &

L2 (R3,R%). Assuming that the zero set of V(x) has several isolated connected com-

ponents Qy, ..., such that the interior of Q]- is non-empty and BQj is smooth, where
j € {1,...,k}, then for A > 0 large enough, we use the variational methods to show
that the above system has at least 2F — 1 multi-bump solutions.
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1 Introduction

In the past few decades, there is a vast literature concerning the nonlinear Schrodinger—
Poisson system

{_ﬁgf = AP+ V()P +(x)p — [y 1y, inR, (L.1)

—Ap = y?, in R3,

where V : R®> — R is a nonnegative continuous function with inf,cgsV(x) > 0,1 < p <5
and ¥ : R> — C and ¢ : R®> — R are two unknown functions. In fact, the first equation
in the above system describes quantum (non-relativistic) particles interacting with the elec-
tromagnetic field generated by the motion. And ¢(x) satisfies the second equation (Poisson
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equation) in the system, because the potential ¢(x) is determined by the charge of wave func-
tion itself. Therefore, system (1.1) can be regarded as the coupling of the Schrodinger equation
and Poisson equation.
If one looks for stationary solutions 9 (x, t) := e~ "'u(x) of system (1.1), the system can be
reduced by
—Au+V(x)u+¢(x)u = [ulP~lu, inR3, 12)
—Ap = 1?, in R3, '

In [4], Azzollini and Pomponio considered system (1.2). More precisely, if V is a positive
constant, they proved the existence of a ground state solution (u,¢) for 2 < p < 5. If V
is a nonconstant potential that is measurable and (possibly) not bounded from below, they
obtained a similar existence result for 3 < p < 5. Existence and nonexistence results were also
proved when the nonlinearity exhibits a critical growth.

In a celebrated paper [13], by using the variational methods, Ding and Tanaka established
multiplicity of multi-bump solutions for a semilinear elliptic equation with deepening poten-
tial well. Recently, in [2], Alves and Yang considered system (1.2) which having a general
nonlinear term f and assumed the potential V(x) has the form V(x) = Aa(x) + 1, where A is
a positive parameter and a : R®> — RR? is a nonnegative continuous function. In the interesting
paper, the authors proved the existence of positive multi-bump solutions for the system

—Au+ (Aa(x) +1)u+¢(x)u = f(u), inR3,
—A$ = 4mtu?, in IR3.

For more results on the Schrodinger—Poisson system, we refer the reader to [3,5,7,10,11, 18,
19,23-26,28,31-34,36,38,40,41] and the references therein.

In recent years, the magnetic nonlinear Schrodinger equation has also received consider-
able attention

n Y f ’ 2 . ON
lhat:(iv_A(x)> p+U@Y—f(9P)y, nRYxR,

where i is the imaginary unit, 7 is the Planck constant, and A : RN — RN is the magnetic
potential. When one looks for standing wave solutions ¢ (x, t) := e *Et/"y(x), with E € R, of
the above equation, the problem can be reduced by

i 2
<iV - A<x>) u+ V(ou=f(juf)u, inRY. (13)

From a physical point of view, the existence of such solutions and the study of their shape in
the semiclassical limit, namely, as i — 0" is of the greatest importance, since the transition
from Quantum Mechanics to Classical Mechanics can be formally performed by sending the
Planck constant 7z to zero.

As far as we know, the first result involving the magnetic field was obtained by Esteban and
Lions [15]. In [15], for i > 0 fixed and special classes of magnetic fields, the authors found the
existence of standing waves to problem (1.3) by solving an appropriate minimization problem
for the corresponding energy functional in the cases of N = 2 and 3. Afterwards, in [27],
Kurata assumed a technical condition relating V(x) and A(x). Under these assumptions, he
proved that the associated functional satisfies the Palais-Smale condition at any level and
further obtained a least energy solution of the problem for any € > 0. Also, Alves et al.
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[1] studied the multiple solutions by combining a local assumption on V, the penalization
techniques of del Pino and Felmer [12] and the Ljusternic-Schnirelmann theory.

Recently, Tang [35] considered multi-bump solutions of the following nonlinear magnetic
Schrodinger equation with critical frequency

—(V+iA(x)*u+ AV(x)+E)u=f([u*)u, inR?

where A > 0, E € Ris a constant, inf, .gnv V(x) = E and f satisfies subcritical growth. Later, by
using the variational methods, Ji and Radulescu [22] established the existence and multiplicity
of multi-bump solutions for the following nonlinear magnetic Schrodinger equation

—(V4+iA(x)u+ AV(x) + Z(x))u = f ([u*)u, inR?

where A > 0, f(t) is a continuous function with exponential critical growth, the magnetic
potential A : R? — R? is in L? (R? R?) and the potentials V,Z : R*> — R are continu-
ous functions verifying some conditions. Recently, Ma and Ji [30] studied the existence and
multiplicity of multi-bump solutions for the magnetic Schrédinger—Poisson system with sub-
critical growth. It is natural to consider multiplicity of multi-bump solutions for the magnetic
Schrodinger-Poisson system with critical growth. To the best of our knowledge, this prob-
lem has not ever been studied. For more results related to the nonlinear partial differential
equations with magnetic field, we refer to [6,8,9,14,17,20,21,39,42] and references therein.
Inspired by the previous works of [22,30,35], the aim of this paper is to study existence of
multi-bump solutions for the magnetic Schrédinger—Poisson system with critical growth
—(V+iAx)2u~+ AV(x) +Du+ ¢u = af(|ul)u + |u|*u, inR?, (1.4)
—A¢p = u?, in R3, '

where A > 0 is a parameter, the magnetic potential A is in L2 (R% RR?), f has subcritical
growth and the potential V : R> — R is continuous. Due to the appearance of magnetic field
A(x), problem (1.4) can not be changed into a pure real-valued problem, hence we should
deal with a complex-valued directly. Also, since the electrostatic potential ¢(x) depends on
the wave function, ¢(x)u is nonlocal which will make some estimates more difficult and
complicated. Moreover, since the problem we deal with has critical growth, we need more
refined estimates to overcome the lack of compactness.
Now we present the general assumptions on the potentials in this paper:
(A) A:R® -5 R3bein L2

loc(IR3’ ]RB);
(V1) V(x) € C(R%R) and V (x) > 0, for all x € R>;

(V2) Q = intV~1(0) is a nonempty bounded open subset with smooth boundary and Q =
V~1(0) where int V=1(0) denotes the set of the interior points of V~1(0), Q) consists of k
components:

Q=0UOU---Uy,

and O;NO; = D foralli # j.
Furthermore, the nonlinearity f is a continuous function satisfying the following conditions:

(fi) f(t) =0,¥t<0,and lim, - £ = 0;

t
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(f2) There exists q,¢ € (4,6) and ¢ > 0 such that

lim f(i) =0, and f(t) > ¢t'"?/2 for any t > 0;

t—-4o00 th
(f3) There exists 6 € (4,6) such that

0< gl—"(t) < tf(t), forany t > 0

where F(t) = [ f(s)ds;
(fa) f(t)is an increasing function in t > 0.

The main result of this paper to be proved is the theorem below:

Theorem 1.1. Assume that (A), (V1) — (Vo) and (f1) — (fa) hold. Then, for any non-empty subset T
of {1,2,...,k}, there exist constants a* > 0 and A\* = A*(a*) such that, for all « > «* and A > A*,
problem (1.4) has a nontrivial solution u,. Moreover, the family {u,} ,~ ,. has the following properties:
for any sequence A, — oo, we can extract a subsequence Ay, such that uy, converges in Hy (R, C) to
a function u, which satisfies u = 0 for x ¢ Qr = UjerQ)), and the restriction u |y, is a least energy
solution of

2
—(V +iA(x))u+u+ <ﬁ fQj “X(Z)y” dy) u= f(|ul*)u+|ul*u, x € Q,
uc H%l (Q]) ,

where j € T.

Corollary 1.2. Under the assumptions of Theorem 1.1, there exist o, > 0 and A, = A, («.) such that,
forall « > ay and A > Ay, problem (1.4) has at least 2k 1 nontrivial solutions.

The paper is organized as follows. In Section 2, we shall introduce the variational setting
and give some necessary preliminaries. In Section 3, we study an modified problem, and
prove the Palais—Smale condition for the modified problem and study the behavior of (PS),
sequence. Moreover, we establish L™ estimate of the solution of the modified problem. In
Section 4, by adapting the deformation flow method, we show that the existence of a special
critical point and prove the main theorem.

2 Preliminaries

In this section, we shall present the variational framework for problem (1.4) and some useful
preliminary lemmas.
For u : R® — C, let us denote by

Vau = (V + iA) u,
and
H) (R, C) = {u e L*(R%C) : |Vaul € L* (R} ,R)}.
The space H}l (]R3, C) is an Hilbert space under the scalar product

(u,v) :Re/

- (VauV 40 + uv) dx, Vu,v € Hy (R?,C),
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where Re and the bar denote the real part of a complex number and the complex conjugation,

1
respectively. Moreover, the norm induced by the product (-, ) is [Ju|| ,)= (fgs |V aul*+|ul? dx)?.

By (A), on H} (R? C), we have the important diamagnetic inequality (see [29], Theo-
rem 7.21) which is frequently used in this paper:

[Vau(x)| = [V ]u(x)]]- (2.1)

E, = {u € Hy (R%,C) : /3/\V(x) u|*dx < oo},
R

with the norm

Jully = [ (IVauP + @V () + 1) |uf’) dx.

For A > 0, a direct computation gives that (E,, |-||,) is an Hilbert space and E, C H} (R?,C).
Also, for an open set K C R3,

H} (K,C):= {u € L*(K,C):|Vau| € L*(K,R)},

1
2
lullger = ( [, (VP +1uP)ax),

E, (K,C) = {u e HY (K, C) : /Kw(x) ufdx < oo},

ul i = [ (17auf+ @V (x) +1) |ul?) d

Let Hg’l (K,C) be the Hilbert space obtained as the closure of C{° (K,C) under the norm
HMHH}L‘(K,C) :

The diamagnetic inequality (2.1) implies that, if u € H} (R®,C), then |u| € H' (R? R) and
|u|| < |jul| 4. Therefore, the embedding HY (R%,C) — L’ (R3 C) is continuous for2 < r < 6
and the embedding H} (R%,C) < L} _(IR%,C) is compact for 1 < r < 6.

loc

By the continuous embedding H' (R% R) < L" (R? R) for 2 < r < 6, we have
H' (R%,R) < L (R} R).

For any u € H} (R3,C), we obtain that |u| € H! (]R3,]R), and the linear functional £, :
D'? (R% R) — R given by

Liu(0) = [ ufodx

is well defined and continuous in view of the Holder inequality and (2.2). Indeed, we can see

that . :
12 6 6 6 5
L@ < ([ JulBax)" ([ lolfdx)” < cllulo]pe (22)
R3 R3

Then, given u € H} (R%,C), |u| € H' (R% R), by the Lax-Milgram Theorem, there exists an
unique ¢ = ¢, € D'* (IR, R) such that

—Ap = u?.

Moreover, ¢, can be expressed as

2
Ppu| (x) = 4171/ 4 y) dy

R [x—y[
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Next, we provide the following properties about ¢, in the following lemma whose proof is
similar to one in [11,32,41], so we omit it.

Lemma 2.1. For any u € H} (R3,C), we have

(i) there exists C > 0 such that
S |V pu*dx = fgs ppuy [u>dx < Clull}y,  Vu € H} (R3,C);
(i) ¢, >0, Vu € Hy (R3,C);
(iii) |y = t24>‘u|, Vt € Rand u € HY (R3,C);

(iv) if uy, — uin Hy (R3,C), then ¢y, | — ¢, in D*? (R? R) and

lim / 4>|un‘]un]2dx2/ (p‘u‘]ulzdx;
RR3 R?

n——+o00

(v) if uy — uin Hy (IR%,C), then ¢, — ¢y, in D'* (R, R). Hence,

lim /I'{S ¢|un\’un’2dx: /I'{s ¢‘ll‘|1,[’2dx-

n——4o0

Now, we define the energy functional I, associated with problem (1.4) given by
=y [ (19aP+ OV + 1) ) dxt g [ gy () lufdx
A 2 R3 A 4 R3 ‘ul

@ 2) gy L 6
5 IRSF(M )dx 6/1R3’un’ dx,

it is standard to prove that I (1) € C! (E,,R), and for any ¢ € E,, we have

(I, (u), 9) =Re /1[{3 (VauVag+ (AV (x) + 1) ug) dx + Re /]R3 Py (x) updx

—Re/]RS af(]u\z) L@dx—Re/R3 |u|* ugpdx.

Definition 2.2. A pair (1,¢) € Ey x D' (R3,R) is said to be a weak solution of problem (1.4),
if I) (u) ¢ =0, Vo € E), where ¢y, = ¢.

By (V3), we can derive that for any open set K C IR3,
Mollull3 < [ (IVauP + V() +Dlul?) dx,

for all u € E, (K), and A > 0, where HuH%K = Jx |u|* dx. So, from this relation, we have the
following result:

Lemma 2.3. There exist 6y, vg > 0 with 6y ~ 1 and vy ~ 0 such that for any open set K C R3,

(50||u||§\,K < Hu||%\K —wollul3x, forallu € Ex(K,C), and A > 0.
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3 A modified problem

Since R? is unbounded and nonlinear term has the critical growth, we know that the Sobolev
embeddings are not compact, as so I, can not verify the Palais-Smale condition. In order to
overcome this difficulty, we adapt the argument of the penalization method introduced by del
Pino and Felmer [12] and Ding and Tanaka [13], and consider a modified problem satisfying
the Palais-Smale condition.

Let vy > 0 be a constant given in Lemma 2.3, k > 3% and a > 0 verifying af (a) + a2 = 2

and f,F: R — R given by

2o Jaf()+, t<a,
f(t)—{vkol
thus
flty<af(t)+£,  t>0. 3.1)
Also,

F(t) = /Off(s) ds.

Now, since the potential well Q) = int V! (0) can be decomposed into k connected compo-
nents Oy, ..., O with dist(Q;, Q);) > 0, i # j, then for each j € {1,2,...,k}, we fix a smooth
bounded domain )} such that

() 0 c 0
(ii) ﬁgmﬁ; =@ foralli # j.
Next, we fix a non-empty subset I' C {1,...,k} and

Qr: UQ], Qi—: UQ,‘/

jer jer
1 forx e QF,
xr(x) = /
0 forx ¢ Q.

Using the above notations, we set the functions

g(x, 1) = xr(x)(af(t) + ) + (1= xr(x)) (1),

¢ _ (3.2)
Glx,t) = [ g(x,9)ds = xr (D (1) + (1 = xr(x) F(1)

In view of (f1)—(fs1), we have that g is a Carathéodory function satisfying the following prop-
erties:

(g,) g(x,t) =0 for each t <0;

(g,) lim; o+ & (’t"t) = 0 uniformly in x € R?;

(¢3) g(x,t) <af(t)+t>forallt > 0and any x € R,

(g,) 0<6G(x,t) <2g(x,t)t for each x € O and t > 0;
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(g5) 0 < G(x,t) < g(x, t)t <wvpt/x, for each x € R*\ Qf, t > 0;

(g,) for each x € O, the function f — g(xf’t) is strictly increasing in ¢t € (0, +-c0) and for each

x € R®\ O}, the function t M is strictly increasing in (0, a).
Moreover, we have the modified problem
— (V4iA(x))2u+ (AV(x) + 1)u+ ¢ u = g (x, [u*) u, x € R?, (3.3)

and the energy functional @, (1) : E; (R? C) — R given by
orw) =5 [ (IVaul+ OV +DuP) dx+ ;[ g luPdx—3 [ G (x luf) dx
2 JRr3 4 JRr3 [u] 2 JRr3 ’ '
We want to get some nontrivial solutions of (3.3) are ones of the original problem (1.4),
more precisely, if 1, is a nontrivial solution of (3.3) verifying |u, (x)|* < a in R3\ Q. then it

is a nontrivial solution to (1.4).
Next, we prove that the energy functional ®, (u) satisfies the (PS) condition.

Lemma 3.1. All (PS), sequences for ®, are bounded in E,.

Proof. Let (uy,) be a (PS), sequence for ®,. Thus, we have
@ (1) — 5@ (1) ty = ¢+ 04(1) 0, (1) ]
On the other hand, by (g4), (g5), ¥ > %, and Lemma 2.3, we derive
@ (0) — 5@ )t = (5= ) Il + (5= 5 ) [ 9t (0 P

[ <(19g () fn = 56 (x, |un|2)> dx

1 1 , 2-8 L
> (2= i
> (3-5) Il + 2557 [, Pl
1 1 2 (-2 2
> (2= N 270
> <2 9>\|unllA+ - /]R3\Q’r|un| dx
1 1 1 )
> (3-5) 0= Dl
So,
1 1 1 5
(3-3) 0= 0 Il < e oD +0u(1) ]
This shows that (1) is bounded in E,. O

For each fixed j €T, let us denote by c; the minimax level of the functional I;: HY! (Q;,C) —
R given by

. _1 2 2 1 2 _5 2 _1 6
1]<u>—2/0j(|vAu|+\u|>dx+4/0j¢.u|u| dx 2/Qjmm )dx 6/Qj|u| dx,

and

¢; = inf max L;(v(t)),
J 'yleAjte[O,l] i(r(®))



Multi-bump solutions for the magnetic Schrodinger—Poisson system 9

where
Aj= {7 e C([0,1], Hy' (Q},€)) : 7(0) = 0, [i((1)) < o}.

It is well-known that the critical points of are the weak solutions of the problem
{—(v HiA))2u+ u+ P = af (|u?) u+ |ul*u, inQ,
u=0, on 9Q);.
Moreover, we have the following important result.
Lemma 3.2. There exists a* > 0 such that, for all & > «*, we have

1
3(k+1)

Cj € (O, 53/2), forall j€ {1, ,k} and all & € [a*, 400).

Proof. We choose a function ¢; € H%’l (9;,€)) \ {0} for each j € {1,---,k}. There exists
ta,; € (0,+00) such that

¢j < Ii(ta,j@j) = max Li(te;)

and hence, by (f3), one has
B [ (IVag*+1g*) dx 2 [ o1 lesPax
= [ f (tajoil) [twjorPdx+£5, [ 1gyl0d (3.5)
> [ f(Itagoil?) ltaso*dx = acti; [ gy dx.
If |£,j| < 1, by (3.5), we have
. /]R3 (IVagi* +|gj*) dx + 2, /ms Pl @jPdx > agty /]R3 9] dx.

The above inequality implies that

flRB (‘VA(pj‘z + ’%}2) dx + f]R3 <P\¢]-|’qvj\2dx 1/(1=2)

tzx,j < z .
ag f]RS ‘@]‘ dx

If |t,j| > 1, by (3.5), one has

2 2 ! !
t@/}R3 <WA(pj| + |9jl )dx—ktilj /]R3 ‘P|¢/||(Pf|zdx > oc(;ta,j/]R3 lpj| dx.

The above inequality implies that

- [fw (IVa9,* + [ 91]*) dx+ fio ¢¢;|V€”j\2dx}1/(t4)
v oG [is \go]-"dx ‘

Using the above limits, we have t,; — 0 as # — +o0. This fact yields that I;(t,;¢;) — 0 as
&« — +o0. Thus, there exists a* > 0 such that

¢ € (o, 53/2), forallj € {1, k}. O

1
3(k+1)
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Remark 3.3. In particular, the above lemma implies for « > 0 large that
k
1 3
ci€ (0,552). (3.6)
].; J ( 3 )

Proposition 3.4. For any A > 0, the functional @) satisfies the (PS), condition at the level ¢ < S 2.

Proof. Let (u,) C E) be a (PS), sequence for ®,at the level ¢ < %S%, that is
1
D) (uy) > c < 55% and @ (u,) — 0.

From Lemma 3.1, we know that the sequence (u,) is bounded in E,. Thus, there exists u € E,
such that u, — u in E), up to a subsequence if necessary. Then it is standard to check that for
any Cy° (R3,C) C Ey,

Re/ Vau,V a@dx —>Re/ VauV o @dx,
R3 RR3

Re /]RS(AV(x) + 1)u,pdx — Re /1R3 (AV(x) + 1)ugdx,

and

Re /]R3g (x, \un\z) U, pdx — Re /]R3g (x, \u|2) updx. (3.7)

Form (3.7), the density of C§° (IR3,C) in E,, and @/ (1,) — 0, we can obtain that the weak
limit u is a critical point of ®, and so

Julld + [ gululPx = | g |ul®)|updx. 8
R3 R3
On the other hand, we know that < &/, (u,),u, >= 0,(1) which implies that
il + [ QpuntlenPx = [ gt af?)|ua Px + 01 (1). (59
R3 R3

Step 1: We show that for any given { > 0, there exists R > 0 large enough such that QO C
Bg/2(0) and

lim sup /B o (Vatal + AV () + Dlanfx < (3.10)
n R

Now, we take R > 0 large such that Of C B (0) and 77z € C° (R% R) satisfying

C
nr =0 xeBg(O), ng=1 x€B(0), 0<yr<1, and ]Vmglgﬁ,

where C > 0 is a constant independent of R.
By a direct computation, we have

0n(1) = (@) (wn)  wanie) = [ (IV atal + AV (x) +1) |ua) i

+ Pl | (x) \un\zidex + Re (/ unVAunVanx>
R3 R3

— [ 7 (1) af?
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Notice that
Re (11xV attn)| = [Re ((Vuy +iAuy) tty)| = [Re (1, Vuy)| = [un| |V ]un]|.

Using the Holder inequality and the above equality, we derive

lim sup
n—oo

_ C
Re (/]123 unVAunVanx>‘ < R

So, we obtain

o, (I a4 AV () + 1) fa ) e
z 2 2 c
< [ 7 (1nal?) laP et +  + 0n(1)

o 2 C
<2 [l e+ T +0n(1),

which implies that for any { > 0, choosing a R > 0 larger if necessary, we have

hmsup/ ]VAunlz-l—(/\V(x)-l-l)\un\z) dx <.

n—oo
Step 2: We show that
tim [ g, luaPx = [ gy lufdx. (3.11)
By (3.10) and the Sobolev embedding, for any { > 0, there exists R > 0 such that for n large
enough and g € [2,6)
[tn — ullpare) = llun — ullLa(se(0)) + [1ttn — | La(Be 0))
< Jun — | Lagsg(oy) + l1nllLagse o)) + [l zacee 0))

< Cg,

which implies
u, — u in L1(R3,C), Vg € [2,6).

Since |[un| — |u|| < |uy — u|| and 2 € (2,6), one has

un| — |u| in L'*/5(R3 R). (3.12)

)P Ju (y
— 7 dxdy,
l@«@s u—y| o

Let

D (uy) — D(u)| = /1[{3 /]R3 Jun (% ‘x’_‘u" dxdy /1123 /1R3 ’x‘_h;’ lzdxdy‘
_ / / (e (0)* = 1 () ) (Jutu () +|u()‘)dxdy’
R3 JR3

]

it ()2 = ot ()2 |1t () 2+ o () )
< /1R3 /IR3 =y dxdy‘
< C\/D(unl? — [u2[172)\/D(|[1a[2 + [u?]1/2)
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Then, by the Hardy-Littlewood—Sobolev inequality, the Holder inequality and (3.12), it follows

that
D (1) — ID(”)’Z = C||H”n|2 - |”| |1/2||L12/5 RR3) H||”n|2 + |”|2|1/2||L12/5 (R%)

< CHH”n’z |”| |1/2||L12/5 (R3) 0.
Step 3:
11m/ X, [t |?)|uy |2 dx = /]RSg(x,|u|2)|u|2dx. (3.13)
By (g3), (f1) and (f2), (3.10), for n large enough,
| JgGe Py | dx < € [ (P a9 4 [, )
%(0) B3(0)
<G+ +) (3.14)

On the other hand, choosing R > 0 large if necessary, we may assume that
| Jgte Py P |ax <.
(0)
Hence, from the last inequality and (3.14), we have that

hm/ %, |un]?) |un|2dx:/ ()g(x,]u\z)\u|2dx. (3.15)
B% (0

R

By the definition of g, one has
g(x, ‘”n‘z) ‘”n’2 < “f(|”n| ) |”n| +a+ — ‘”n‘z for any x € R \ Or.

Since the set Br(0) N(IR%\ QF) is bounded, we can use the above estimates, (f1), (f2) and
Lebesgue dominated convergence theorem to obtain that

lim x, |u 2 lu 2dx:/ x,u2 ul? dx. 3.16
M [ oo S P = [ g ) @16
We show now

lim/ |un|®dx = / |u|®dx. (3.17)

"0 Op

If (3.17) holds, by (g3), (f1), (f2) and Lebesgue dominated convergence theorem, we have

li X, unz unzdx:/ x,uz 2 dx. 3.18
m [ S Py = [ g ) s 618)

Hence, by (3.16) and (3.18), limy, [is §(x, [un|?)|un[?dx = [gs g(x, [u|?)|u|?dx. Using (3.10) and
the diamagnetic inequality (2.1), the sequence (|u,|) is tight in, we may assume that

IV|un|)> = u and |u,|® —v (3.19)

in the sense of measures. By the concentration-compactness principle in [37], we can find an
at most countable index I, sequences (x;) C R3, (u;), (v;) C (0, 00) such that

> |V |ul Pdx +)_ pidx,,
i€l
v=|ul®+Y vdy and Sv/3 <y (3.20)

iel
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for any i € I, where dy, is the Dirac mass at the point x;. Let us show that (x;)ic; N Qp =
@. Assume, by contradiction, that x; € Qf for some i € I. For any p > 0, we define
Po(x) = 1,[7()‘;"") where ¢ € CF(IR?,[0,1]) is such that y = 1 in By, ¥ = 0 in R®\ B, and
V|l rorer)y < 2. We suppose that p > 0 is such that supp(y,) C Qr. Since (ppun) is
bounded in E,, we can see that @) (u,) [pu,] = 0,(1), that is

/ |VAun|21ppdx+Re/ i,V Aty VPpdx + /11?3(/\V(x)+1)|un|21ppdx
= [, 80 ual)a Pyt + 04 (1)
= [ (Pl P+ [ Jaytx + 0, (1)

Using the diamagnetic inequality (2.1) again, it follows that

/]RS IV |1ty | P + Re /RS Ty 411,V o

< [ FllP) gz + [ ldgpdx +0,(1) 621)

Due to the fact that f has the subcritical growth and ¥, has the compact support, we have that

. : 2 2 1 2 2 _
lim lim [ F(un]?)]un] I,Ude—(lE)r(l)/]mfﬂu‘ )|uPypodx = 0. (3.22)

p—0n—oo JRR3

Now, we show that

lim limsup | Re / TV A Vx| = 0. (3.23)
R

p—0 n—oo

Because of the boundedness of (u ) in E,, using the Hélder inequality, the strong convergence
of (Juu]) in L2 (R% R), [u| € L5(R3,R), [Vip,| < Cp~ ! and |Byy(x;)| ~ p°, we have that

loc

0 <lim limsup Re/3 iLTnVAunVI,ldex‘
R

p—0 n—oo

<lim limsup [ |6, V||V auy|dx
p—0 n—eo JR?

< lim lim (/B . [0, VPl dx> 1] 5
20\

p—0 n—oo
1/2
< Clim (/ |u|2dx> =0
‘0%0 BZp(xi)

which shows that (3.23) holds.

Then, taking into account (3.19), (3.21), (3.22) and (3.23), we can conclude that v; > p; for
all i € I. Together with the inequality Svl.l/ 3 <y, in (3.20), we have

N\w

v; > S2. (3.24)
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Now, from (f3), (g4) and (g5), we have

1
Cc = CD/\ (Mn) — Z < q)i\ (un);un > +0n(1)

1 1 1
= glmald + [ (G0 ) = 26, naf))dx + 04 (1)
1

1 1
> Z 2 - 2 2 4 2
> gllunll+ [ (G800 Pl = 5600 ) )
1 6
+12/Q/r|un| dx + o0, (1)
> ([ vl P+ [ v+ D) - [ G P
— 4\ Jo; R3\ O} 4 Jr3\0f
1 6
+12/(),r\un\ dx + 0,(1)

1 1 1 1
> 3y IVl Pax = g0 [ OV )+ DlaPaxt g5 [ dylinlfax+0a(1)

4k
> 1/ P \V|un|\2dx—|—i P \un\6dx+on(1).
~ 4o 7P 12 Jo, ™

From the above arguments, (3.20) and (3.24), we have

1 1
cz7 Y mtn Y e(xv
{ielxeQ}} {ielx;eQr}
1 1
>1 L s Y ()
{ielxeQ)} {ielx;eQr}
1. 1 3 1 3
> 2G4 -~ 8= G2
Z =3

which gives a contradiction. This means that (3.17) holds.
From (3.8), (3), (3.12) and (3.13), we may obtain that ||u,|; — |/u||> which means that
u, — uin E,. ]

Next we study the behavior of a (PS),, sequence, that is, a sequence (u,) C H} (R°,C)
satisfying
u, € Ey, and A, — oo,
D, (un) — ¢,

H(DS\" (1n)

. — 0, asn — oo.
Ef,

Proposition 3.5. Let (u,) C HY (R3,C) be a (PS),, sequence with ¢ € (0, %S%) Then, up to a
subsequence, there exists u € H}4 (IR3,C) such that u, — u in H}q (]R3,C). Moreover,

(i) u=0inR3\ Qr,and forall j € T, u |q; is a solution for

{_(v +iA(X)) U+ u+ g = af (ul?)u+ultu, inQy (3.25)

u=020, on 9Q)j;

(ii) u, — uin E,,. Hence
u, - u in Hy (R3,C); (3.26)
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(iii) An [gs V(x) un]? dx — 0.

(i0) Junly, 00 = Jo, IV au* + [u*)dx, forj€T;

(v) H”nHiﬂJRB\Qr = 0;

(i) @, (1n) = 3 [o, (IVau + [ul?) dx +§ [o, ¢pluPdx —a [o F(lul*)dx =} [, |ulodx.

Proof. As in Lemma 3.1, we know that (u,) is bounded in H}(R3, C). Thus we may assume
that for some u € HY (R3,C), up to a subsequence, if necessary

uy, =~ u in Hj (R%C),
u, »u in L (R} C), Vvr>1,

loc

lun| — |u| ae. in R>.

(i) We fix the set C,, = {x € R3%V(x) > %}, for each m € IN. Then, we have

/ |y |* dx < Aﬁ/ AV (%) || dx
JCy n JIR3

2m 2 2
<7 | (\vAun| + (AV(x) +1) |un| )dx

2m 2
= 5 llually, -

An
/ lu>dx = 0.

So, u = 0in U % Cyy = R3\ ), from which we can assert that ulo, € H%l (Q;,C) for any
ie{1,2,....k}.
From (f1), (f2), for any { > 0, there exists C; > 0 such that

By the Fatou’s lemma, we derive

FOI <l +C T

So, we derive

Re /IR3 g (x, |un|2> U, dx

Therefore,

< Qx/ |un|3]z7|dx—|—C§zx/ |14, |77 |z7\dx—|—/ iy | |5]dx.
R3 R3 R3

Re/ g (x, |Mn|2) u,odx — Re /]Rag (x, MZ) uodx.

R3

Since for each v € C§° (Qj,C), (D;\” (uy)v — 0 as n — oo, from the above information and
the argument explored in Proposition 3.4, we have

Re </ (VauV 40 + uv) dx+/ ¢‘u|u5dx—/ g(x,|u|2) uz?dx) =0,
0 o} 0

7 ]

which implies that u|o, is a solution of problem (3.25) for each j € T.
On the other hand, if j € {1,2,...,k} \ T, setting v = M|Q].,

/Q]_ (I7auf* + uf?) dx+/0j I \”|2dx—/0]f(|u!2) u?dx = 0.
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By Lemma 2.3 and the definition of f, we have
Vo
0 < bollulii, < el e, — Llul3a,
< Vaul* + ul? dx—/ F (Jul?) |uldx <o0.
<, (Vaul e uf?) = [ F (uf?) P <
Thus u|q, = 0 for j € {1,2,...,k} \ T. This proves that u = 0 in R? \ Or.
(ii) From the similar arguments in the proof of Proposition 3.4,

/]Rag(x,|un|2) i[> dx — /]ng(x,|u|2) lu|*dx
= oc/ f([u?) ]u]zdx—i—/ lul®dx asn — oo
Qr Qr
By (i), we have
on(1) = @), (un) ()
= lnal}, + [ @y () uafdx = [ g (o) 0
= [[uall3, = 1ull3, +0n(1),

which implies u, — u in E, . Hence u, — u in H}4 (R3,C).

(iif) By (i),
/ |un| dx = A, / \un—u\ dx

SCHun—uHM —0 asn— oo.
(iv) Let j € T'. By (ii),

]un—u@,g; — 0, |VAun—VAu\§,Q; — 0,
therefore,
/ (\vAun\z - |VAu|2> dx -0 and / <]un]2 . \u|2) dx — 0.
o Op
Also, by (iii),
/ AV () |uy)? dx — 0.
Or

Thus,

2 2 2
||unHAn,Q/r — /Qr (|VAu| +u )dx.
(v) By (ii), it is easy to obtain that

2
|14 H)\,]R3\Qp — 0.

(vi) Since

jer
1
2 Jr3\Of

- /]R3 G (x,uy)dx,

1 1
D, () :Z [2 /Q,. (]VAun|2 + (A V(x)+1) |un|2) dx + ZL/Qf. 4’|un|\un!2dx]

2 2 1 2
(194l + OV () + 1) P b [ P
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by (i)—(v), we can derive

1 1 1
D, (u —>f/ Vu2+u2dx—|—f/ uzdx—oc/Fuzdx—f/ ul®dx. O
/\n( 71) 2 or (’ A ‘ | ’ ) 4 QI‘(P‘M or (’ ’ ) 6 Qr‘ |
Now, we study L® estimate of the solution of problem (3.3).

Proposition 3.6. Let (u,) be a family of nontrivial solutions of (3.3). Then, there exists A* > 0 such
that
2 *
||”AHL°°(1RS\Q/F) <a, VA>A*

In particular, u, is a solution of the original problem (1.4) for any A > A*.

Proof. We give notation B,(x) = {y € R®:|x —y| <r}. Since u, € E, is a critical point of
P, (u), that is, u, satisfies the following equation

—Apuy + (AV(x) + Dup + @, uia = g (x, [ua|*) up, x € R

By the Kato’s inequality
Uy .
Aluy| > Re <‘ui|(v + zA(x))zu;\(x)> ,
there holds
Alup(x)] = (AV(x) + 1) [ur(x)] = Ppuy lua(x)| = g(x, [ua[*) [ua(x)] =0,  x€R?,

since [uy| > 0, ¢y,,| > 0 and (AV(x)+1) > My > 0if A > 1, we have
2 3
M) -g (xnlf) ) =0, xeR:

We use the subsolution estimate (see [16], Theorem 8.17) and obtain that there exists a constant
C(r) such that for 1 < g <2

sup un(y)l < ) ([ ualiay)
A > A .
YEBy(x) By (%)

By Proposition 3.5, for any sequence A, — 0o, we can extract a subsequence A, such that

U, —>u€ Hg’l(Qr,C) strongly in H} (RN, C).

In particular,
uy, =0 in *(RN\ O, C).
Since A, — oo is arbitrary, we have
uy =0 in L2(RN\ Qr,C) as A — .
Thus, choosing r € (0,dist(Qr, RN \ Q)f)), we have uniformly in x € RN \ Qf that
lur(W)| < C)llualla(py (x))

2—q
< C(r)|Bar(x)| % Hu/\HLZ(]RN\(Tr)
— 0.

This finishes the proof. O
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4 Existence of multi-bump solutions

In this section, we start to prove the existence of multi-bump solutions. First of all, for each
fixed j € T, let us denote by ¢; the minimax level of the functional I; : Hg’l (Qj,C) — R given
by

Ii(u) = ;/Qj (IV auf? + |u]?) dx—l—i/ﬂj ¢|u|u|2dx_”2‘/ﬂj1?(|u|2)dx— é/ﬂj |u|®dx,
and
¢j = Wig/{]_ max Li(v(1)),
where
Ay ={y e 0,1, HY (9;,€)) 1 7(0) = 0, 1i(v(1)) < 0}

For each j € T, we denote by @, ; : H}, (Q}, C) — R the functional given by

i) = 5 [ (Vauf+ V) +1)ul?) d

1 1 ik 2 o 2 1 6
+ = —/ d udx—f/Fu dx—f/ ul°dx,

and the above functional is associated to the following problem

. '
—Aqu+ (AV(x) +1)u+ (417T fQ} x“_'ydy) u=af(jul)u+|ul*u, inQ

du __ /
o= 0, on 9();

where

_ u(x), in Q;.,
u(x) = R
0, in R%\ Qj.

In what follows, we denote by ¢, ; the minimax level of the above functional given by

cyi = inf max @, (y(t)),
Aj ’Yé/\)\,j te[O,)l(] A,](W( ))

where
Anj = {7 eC ([0,1],H}4 (Q},C)) L 7(0) = 0,®,;(7(1)) < 0} :

Repeating the same method used in the previous section, we are able to prove that there exist
wj € H%l (Q;,C) and w,; € H} (Q},C) such that
I](Cd]) = and I]/(w]) =0,

and
@A,]-(wM) = C/\,]' and q)’)l,]'(w)\,]-) =0.

Furthermore, we have the following important lemma.
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Lemma 4.1. The following statements hold:
(i) 0<cyrj<cjforA>1landjeT.

(ii) c; (cyj respectively) is a least energy level for I;(u) (P, ;j(u) respectively), that is

¢ = inf{lj(u) tu € HY' (0, €) \ {0}, I (u)u = 0},
and
erj = inf { @y ;(u) 1w € H} (0,€) \ {0}, @} j(w)u = 0}.
(iii) c),j — cj, as A — oo forany j € T.

Proof. (i) From (f3), we have ¢; > 0 and c); > 0 for any j € I'and A > 1. For any u €
H(/){l (Qj,C), we may extend u to U € H}4 (Q;,C) by

R u(x), inQ;,
i) = o 0
, in j\ .

Using the fact that H%l (0,,C) C HY (Q},C), we have

cri= inf max @, :(vy(t
A YEA)j te[0,1] A'](’)/( ))

< inf max @, i (y(t
'yleA/-te[O,l] ri(v(6))

Jnf max i(v(t) = ¢;

(ii) By the monotonicity of the term f(t) with respect to t for t > 0, we are able to prove
this.

(iii) Using Proposition 3.5, for sequences (A,) with A, — oo, as n — oo, there exists
w e Hg’l(ﬂj,C) is a solution of (3.25) such that

wy,j — @ in Hy(Y,C),

and
@y, (W) = Li(w).

By the definition of c;, we have

limsupc,,; = limsup ®, ; (wy ;) > I; (w) > c;.
A—ro0 A—r00

Together with (i), we get the asserted result. ]

In what follows, we fix R > 1 verifying
1
RY

1 .
I] < 56, V] eT, 4.1)

2

and
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By the definition of ¢;, we are able to obtain

max I; (s;Rw;) = c;, VijeT.
el Ry i (siRwj) = ¢ J

Then, for T' = {1,2,...,1} (I < k), we define

Yo(s)(x) = 25-21 siRwj(x) Vs = (s1,52,...,5) € [1/R2,l]],

Ao={vec (/R E\{0}) sy =rooma ([1/R21]) ],
and
bur = inf @ .
AT WlenA* se[rll}?é,l]l A (7 (s))

Next, let us denote by cr = Z;’:l cjand car = Z;’:l cyj- Moreover, from Remark 3.3, we

know that cr € (0, %S %) To prove an important relation among b, r, ca and ¢, r, we need to
the following lemma.

Lemma 4.2. For any y € A, there exists (t1,t5,...,1) € [1/R?, 1]’ such that
@i (v (tista,. . t)) (v (bt ) =0 forallje{1,2,...,1}.
Proof. Given vy € A, consider 7 : [1/R?, 1}7 — C' defined by

¥ (51,52, ,51) = (P (M (), Pao(M (1), -, Poi(1)(7)

where
cD,A,j(W)(’Y) = CDSL,]‘ (v (s1,82,--.,81)) (v (51,82,...,8)) foralljeT.

By (fs) and I/(w;) = 0, we have
I (Rw)) (Rw;) <0 and I <11<wj> <11{w]-> >0,
For s € 3([1/R%,1]"), it holds y(s) = 7o(s), and
@) i (70(s)) (10 (s)) =0=>s; ¢ {1/R%,1},  VjeT.

Thus,

(0,0,...,0) ¢ 7 (2 ([1/R21]") ).
Since l l

deg (7, (1/R1)', (0,....,0)) = deg (o, (1/R%1)", (0, .., 0))

and, for s € (1/R2,1)l,

i —0 /1 1

Yo(s) =0 <= s = <R’”"R)’
we have l

deg («7, (1/R%1) ,(o,...,o)) £ 0.

This shows what was stated. O
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Proposition 4.3. The following facts hold:
(i) ecxr <byr <cr,VA>1;

(ii) bar — cr,as A — oo;

(iii) DA(7(s)) <cr,YA > 1,7 € Avands = (s1,...,t;) € d([1/R%1]);
(iv) by r is a critical point of @, for large A.

Proof. (i) Since y¢ € A,

bar < max D $1,52, -+,
M= (51,52,-..,51)€[1/R?,1] A (/‘yo( 1,52 l))

1
= max I (s:Rew:
(51,52,--,81)E[1/R2 1] Jg ]( ] ])

!
= ZC] = Cr.

j=1

Fixing (t,t,..., 1) € [1/R?, 1]l given in Lemma 4.2 and recalling that c, ; can be character-
ized by
ery = inf {@p;(u) 1w € H} (Q,€) \ {0}, @} (w)u =0},
it follows that
Dy (v (t,ta,... t) > cpf VjeT.
Since Vu € H) (R*\ Of, C), @) g2\ (1) > 0, we have

I
D) (7 (s1,52---,8)) = Y P (v (s1,52,...,5)).

Hence

I
max P (7 (51,52, +,81)) = P (v (b b2, 1)) 2 ) cnf
(51,52,-,5) €[1/R21] j=1

showing that
[

b/\,r Z ZC)\,]' =CAT-
j=1

(ii) Since CAj — Cj, as A — o0, by the previous item,

byr —cr, asA — oo,

(iii) For s € 9([1/R?1] l), it holds 7y(s) = 0(s). Hence,

D, (')’0 (51152/' . '/Sl)) = Z

1
j=1

From (4.1) and (4.2), we have

q))\ (')/0 (51,52, .. .,Sl)) S cr — €.
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for some € > 0, so (iii) holds.

(iv) By (ii), we can choose A large enough such that by, cr € (0,3S ?). From Proposition 3.4
and (3.6), we know that any (PS);, . sequence of ®, has a convergence subsequence in Ej.
Moreover, from the deformation lemma, we can conclude that b, r is a critical level of ®, for
A large. O

To prove Theorem 1.1, we need to find a nontrivial solution u, for the large A which
approaches a least energy solution in each ; (j € T') and to 0 elsewhere as A — oo. Therefore,
we shall show two propositions which imply together with the estimates made in the previous
section that Theorem 1.1 holds.

Henceforth, let

q);r = {u € E,: @A(u) < Cr}.

For small # > 0, we denote by

AQ {uEEA Hu||MR3\Q/<],t, D, (1) — ¢ <y,V]€l"}

and observe that w = 25'21 w; € Aﬁ N @Y, showing that A’)} N # @. Fixing
1 . .
0<y<§mm{cj,]er}. (4.3)

We obtain the following uniform estimate of ||® (u)

||, on the annulus (Aé‘# \ Aﬁ) NoY.

Proposition 4.4. Let u > 0 satisfying (4.3). Then there exist oo > 0 and A* > 1 independent of A
such that
|4 (u)||, =00 forA>A" forallue (Azy\AA) N oS

Proof. Arguing by contradiction, we assume that there exist A, — oo and u, € (AA” \ A/\”>
@Y such that | @) (u)||, — 0.

Since u,, € Ag;, we can obtain that {H”nHAn} is a bounded in E,, (R%,C) and H} (R?,C),
and {®,, (u,)} is also bounded. Thus, passing a subsequence if necessary, we may assume
that

P, (uy) = c € (—oo,cr).

From Proposition 3.5, there exists u € H%’l(Qr,C) such that u is a solution of (3.25),
U, = u in H}L\(]Rg’ C),

lim ®,, ( Z Ii(u) < cr,

n—o00

o, = /Q (IVauf + ) dx,  vier,
Ay / x) [un)? dx — 0,
Hu”H/\n,]R3\0r — 0.
Since cr = Z}:l ¢j and ¢; is the least energy level for I;, we have two possibilities:

(l) I]'(M|Q].) = Cj V] er;
(i7) I]-O(u|Q].O) =0, that is u|o, = 0 for some jo € I.
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If (i) occurs, we have

1 2 2 1 2 _ﬁ/ 2 _1/ 6 o .
2/Qj(lvAul + Ju )dx+4/0j4>|u a3 [ FQuPax—g [ ultdx =, vier

]

Thus, CDM(u) — c]-‘ <u, VjeT, thatis, u, AQ” for large n, which is a contradiction to the
assumption u, € Aé; \ A;,‘”.

If (ii) occurs, we have

‘qD/\n/jO (un) — C]'0’ — Cjo > 3‘11,

which is a contradiction with the fact that u, € Aé\; \Aﬁ". Thus neither (i) nor (ii) can hold,
and the proof is completed. O

Proposition 4.5. Let y > 0 satisfying (4.3) and A* > 0 be a constant given in Proposition 4.4. Then,
forany A > A*, there exists a nontrivial solution u, of (3.3) satisfying u, € AQ NoY.

Proof. Arguing by contradiction, we assume that there are no critical points in AQ NP Since

®, verifies the (PS) condition in the level (0, %S% ), there exists a constant d) > 0 such that
| @\ (u)|| > dy forall ue A;} N oY,
From Proposition 4.4, we have
| @\ (u)|| =00 forallu e (Aﬁ‘y \ Aﬁ) NnoY,

where o0y > 0 does not depend on A. In what follows, ¥ : E; — R is a continuous functional
verifying

Y(u)=1 foru € A3, ,
Y(u)=0 foru ¢ Aé\y,

0<Y¥(u)<1 foruekE,(R3C).

We consider H : @ — E, given by

Hence, we have the inequality
|Hu)|[p) <1 VYVA>A, and uc€ CDCAT.

Considering the deformation flow 7 : [0,00) x @ — & defined by

CZ =H(y) and #(0,u) =u¢c ®.

Thus 7 has the following properties

L (n(t,0)) = ¥ (1,0 [ @4 (1)), <0, (@4)

n(t,u) =u forallt>0and u € ®\ A}, (4.5)
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dn
dt

Now let yo(s) € A, and we consider 7(t, vo(s)) for large t. If u satisfies (4.3), we have that

<1 forallt,u. (4.6)
A

()€ Ay, vsea([1/R21)'),
Since l
@ (vo(s)) <er,  Vsea([1/R21]),

from (4.5), it follows that
1 (t,v0(s)) = v0(s), Vse€o ([1/R2,1]l> .

So, 11 (t,70(s)) € A, for each t > 0.

On the other hand, supp7o(s)(x) C Qr for all s € 9([1/R?, 1]1), then @, (7o(s)) does not
depend on A > 0. Moreover,

@) (10(s)) <cr, Vse [1/R%1]

and @, (7o(s)) = cr if and only if s; = %, Vj € T.
Therefore, we have that

!
mg = max {@A(u) cu € yo([1/R%,1]") \A;}
is independent of A and mg < cr. From (4.6), it is easy to see that for any ¢t > 0,

117 (0,70 (51,82, -+, 81)) =11 (£, 70 (51,52, -, 81)) [, < F.

Since @, ;(u) € C'(E\,R) for all j = 1,2,...,1, and the assumptions (f1) — (fs), it is easy to
see that for large number T > 0, there exists a positive number py > 0 which is independent
of Asuch thatforallj=1,2,...,land t € [0, T],

HCD’A,]-(iy(t,'yo(sl,sz,...,sl)))HA < po. 4.7)

We claim that for large T,

1
max D, (7 (T, y0(s))) < max {mo, cr — Toy} ,
se[l/R21) 2
where 1 = max {0y, Z—g}
In fact, if yo(s) ¢ A7}, from (4.4),

D,(n(t,s)) < Pu(s) < my, vt > 0.

If yo(s) € A}, we set

7(t) =n(ts), dy =min{d,, 00} and T = Uiy
2d,
Next we differentiate two cases:
(1) 77(¢) € Ag\wz forall t € [0, T).
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(2) 77 (to) € aAng for some ty € [0, T1.

If (1) holds, we have ¥(ij(t)) = 1 and ||®} (77(t))]|, > d, for all t € [0, T]. Hence, from (4.4),
we get

QA((T)) = @1 (10() + [ L ()
=@ (10(6)) — [ GO [S4GE)]5
T _
SCF—/ d)\dS
0
:Cr—d)\T
_ 1
—CF—EO'O‘M
1
SCI’_ETO,M-

If (2) holds, there exists 0 < t; < t, < T such that

7(t) € 04}, (4.8)
7 (k) € 9A3, )5, (4.9)

7(t) € A3, \ Ay, forallt € [, b].

It follows from (4.9)
~ 3
177 (t2) vy, = S

or
3k
2/

Doy (7 (1)) — | =

for some jo € I
Now we consider the later case, the former case can be obtained in a similar way. By (4.8),

‘CDA,Q;O (17 (t1)) —cjp| < 1,

thus, we obtain

1
> —U.
_Z‘u

(@00 (7(t2)) = Pagy (1)) = | @uar (77 (2) = 4| = |@ay (7 (1)) e

On the other hand, by the mean value theorem, there exists t3 € (1,t,) such that

(t2 —t1).

- ~ dn
)CPA,Q;O (77(t2)) = Pre. (17(t1))‘ = ‘ hey, dfz(fs)
Moreover, from (4.6) and (4.7), we have

H
th—1H > —.
2 1_290
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Hence, we obtain
@ (7(T) = @ (10(s)) + [ (i
=@, (10(s) — [ PG [ @4 5

e[GO [0,
=cr—op(tr — 1)

1
<cr— ET‘)”’

and so (4.7) is proved. Now we recall that 77(T) = 5(T, 70(0)) € A, thus

1
bar < Py(7(T)) < max {mo, cr — 2T0i4} ,

which contradicts the fact that by — cr as A — . O

Proof of Theorem 1.1. From Proposition 4.5, there exists a nontrivial solutions u, to problem
(3.3) such that u, € A;‘ N CIDRF, for all A > A*. So, using the proof of Proposition 3.6, we can
derive that
2 *
||uA||Lw(R3\Q/r) <a, VA > A ,

which shows that u, is a nontrivial solution to the original problem (1.4).
Moreover, for any given sequence (A,) with A, — 400, up to a subsequence if necessary,
it is easy to show that (u,,) is a (PS),, sequence. Hence, by Proposition 3.5, we obtain

uy, = u in Hy (R3,C) withu € HY' (Qr,C), u=0 in R*\Qr,

and the restriction u |o, is a least energy solution of

—(V+iA(x)u+u+ (M fQ ‘x y‘ dy)u—txf(]u| Ju+ |ul*u, x € Q,
uerf{l (),

where j € I'. We complete the proof of Theorem 1.1. O
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