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Abstract. This paper is concerned with the following quasilinear Schrodinger equations
of the form:

—Au— uA(u?) +u = |ulP2u, x € R,

where p € (2,12). By making use of the constrained minimization method on a special
manifold, we prove that the existence of positive radial solutions of the above problem
for any p € (2,12).
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1 Introduction

In this paper, we are devoted to studying the following quasilinear Schrodinger equations:

—Au—ulNw?) +u=|uP?u, xR’ (1.1)
where p € (2,12).
Set
= {u € H} (R) : / u? |Vul dx < oo},
R3
where

H! (R?) := {u € H' (R : u(|x]) = u(x)}

= (f, (vl yax)
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A function u € E is called a weak solution of equation (1.1), if for all ¢ € C7° (R?) it holds

2 2 _ p—2
/}Rg VuV4>dx+/]Rg uqbdx~|—2/]RSu wv(pdwz/]m\vm ugdx = /IRS P 2ugdx.

Define the functional I on E by
I(u)zl/ (|Vul> +u?) dx—i—/ uz\Vu\de—l/ lu|Pdx.
2 JRr3 R3 p JR3

It is easy to check that I is continuous on E. Furthermore, given u € E and ¢ € C7 (R?), we
can compute the Gateaux derivative of I in the direction ¢ at u:

(I'(w),9) = /IR3 Vchpdx—k/IR3 u<[>clx+2/lR3 (|VulPup + u*Vuve) dx—/]R3 lu|P2ugpdx.

Hence u is a weak solution of equation (1.1) if and only if this derivative is zero in every
direction ¢ € C§° (R%).

When V(x) = 1, a(s) = s and f(x,z) = |z|P~2z, solutions of equation (1.1) are standing
waves of the following quasilinear Schrodinger equations of the form:

ize + Az — V(x)z+ Aa (|z]*) &’ (|z]*) z+ f(x,2) =0, x€R?, (1.2)

where V(x) is a given potential, « and f are real functions. Equation (1.2) has been derived as
models of several physical phenomena, such as [1,4-6]. It began with [11] for the studies on
mathematics. Several methods can be used to deal with problem (1.2), such as, the existence of
a positive ground state solution was studied by making use of the constrained minimization
method in [8,12]; Liu et al. in [9] and Colin et al. in [3] obtained the existence results for
equation (1.2) through making a change of variable and reducing the quasilinear problem (1.2)
to a semilinear one; Nehari method was used to obtain the existence results of ground state
solutions for equation (1.2) in [10]. Moreover, in [7], the existence results for the general form
of quasilinear elliptic equations were studied by means of a perturbation method. Especially,
in [13], Ruiz et al. proved the existence of positive radial solutions for the Schrodinger-Poisson
equation by using the constrained minimization argument on the Nehari-Pohozaev manifold.

In the present paper, inspired by [13], our goal is to prove the existence of positive radial
solutions for equation (1.1) via the constrained minimization method on the Nehari-PohoZaev
manifold. Our main result reads as follows.

Theorem 1.1. For 2 < p < 12, problem (1.1) possesses one positive radial solution.

2 Preliminaries and proof of main result

Lemma 2.1. For p € (2,12), I is unbounded from below.

Proof. Let u € E be radial and positive, and u; = t'/2u (t7x) for t > 0. To facilitate the
estimation of I (u;), we firstly compute:

/ ]Vut\zdx:tz / |Vu\2dx, / u%dx: t4/ u?dx,
R3 IR3 R3 RR3

/u%|Vut|2dx:t3/ u? |Vul* dx, / |ut]pdx:tp7%/ |u|Pdx.
JR3 JIR3 R3 R3
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Then one has

1 1 1
I(u) = E/ |Vut|2dx—|—f/ ufdx—l—/ uf|Vut|2dx—p/IRS|ut|pdx

2
! \VuFdx—i— / 2dx+t3/ u? |Vu|* dx — 1tpz+6/ |u|Pdx.
T2 p R3
Since (p+6)/2 > 4 for p € (2,12), we easily infer that I (u;) — —oo as t — +o0. O

Lemma 2.2. Let ¢y, ¢2, c3, 4 be positive constants and p > 2. Then for t > 0, the function

6
n(t) = a1 + oo’ + catt —cut'T
has a unique positive critical point which corresponds to its maximum.
Proof. The conclusion is easily obtained by elementary calculation. O

Now, in order to define the Nehari-PohoZaev manifold, we firstly need to introduce the
following PohoZaev identity (see, e.g., [13, p. 1224]).

Lemma 2.3. If u € E is a weak solution to equation (1.1), then the following PohoZaev identity holds:

P(u) ::1/ IV ul2dx + 3/ uPdv+ [ | Vuldx 3/ lu[Pdx = 0.
2 JR? 2 JRr? R3 p Jr®
Proof. The proof is standard, so we omit it. ]

As mentioned in the introduction, we will use the constrained minimization argument on
a special manifold to prove the existence result of equation (1.1).

Let us justify the choice of the manifold. Assume that u € E is a critical point of I. Define,
as above, u;(x) = t!/2u(t~'x), and consider

n(t) =1(u) = 2/ |Vu|?dx + 2/ 2dx+t3/ 2]Vu|2dx—;tp2+6 /]Rs|u|pdx.

Obviously, #(t) > 0 for small t and #(t) — —oo as t — +o0. Moreover, it follows from Lemma
2.2 that 7(t) has a unique critical point which corresponds to its maximum. But since u is a
critical point of I, the maximum of #(t) should be achieved at t = 1 and thus 7’(1) = 0. Thus
we can define the manifold 7 as

T = {u e E\ {0} : J(u) = 0},

(1) 2 2 p+6 / p
T(u) := (1) = /RB Vil dx+2/]Rgu dx+3/]R W2 |Vul dx — 2 Jao 111
Clearly, J(u) = % (I'(u),u) + P(u). If u is a nontrivial solution of problem (1.1), then u € 7.
The manifold 7 can be viewed as the combination of the commonly used Nehari manifold and
Pohozaev manifold. Such manifold was first introduced in [13], in which the Schrodinger—
Poisson system was studied.

Lemma 24. If p € (2,12), then T is a C'-manifold and every critical point of 1| is a critical point

of L.
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Proof. Step 1. 0 ¢ 97T . By Sobolev’s inequality, one has

+6
J(0) 2 ulP = G =l

where C; is a positive constant. Choosing R small enough, then there exists p > 0 such that
J(u) > p for ||u|| < R, thatis, 0 ¢ oT.

Step 2. inf I|- > 0. For any u € T, for convenience, we set

uc:/ |Vu|?dx, ,B:/ u’dx, 'y:/ u? |Vu)? dx, 9:/ \ulPdx, s=1I(u). (2.1)
RR3 R R? R

Then «, B, 7, 0 are positive, and we get

I(u) =1 1 —lg—g
() = 0+ 38 +7 P s 22)
J(u) =a+2B+3y— ‘7279 =0.
By solving the system (2.2), we obtain
2(p+6)s—(p+2)a—(p—2
k) (pz o —(p—2)p (2.3)
p
and 4o 5 i
p p— P, _P
1 o+ 1 ,B+27 > S (2.4)
Since a, 8,7 > 0 and p > 2, we follow from (2.3) and (2.4) that
(P=2)(a+p) <(p+2)a+(p—-2)p<2(p+6)s (2.5)
and np
v < pp S. (2.6)

Moreover, it follows from Step 1 that there exists € > 0 such that « + > e. Therefore, by (2.5)
we get

W) =s>-P"2 (atp)>0, 2.7)

which means |+ > 0.

Step 3. T is a C'-manifold. It suffices to show that J'(u) # 0 for any u € T by the implicit
function theorem. Suppose that J'(z) = 0 for some u € 7. In a weak sense, the equation
J'(u) = 0 can be written as

—2Au — 3uA(u?) + 4du = pT—%|u|p_2u. (2.8)
Multiplying (2.8) by u and integrating, one has
/ _ 2 2 2 2., pté P
<](u),u>—2/]RS]Vu| dx—|—4/]RSu dx—|—12/1RSu |Vul|”dx — /]RSM dx=0. (29)
The Pohozaev identity corresponding to (2.9) is
/ |Vu|2dx+6/ uzdx+3/ u2|Vu|2dx—3<p+6)/ |u|Pdx = 0. (2.10)
RR3 RR3 IR3 2p IR3
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Thus, using the same notations defined in (2.1), we follow from (2.9) and (2.10) that

I(u) = 30+ 3p+7—0=s,
J(u) = a+2p+3y— 520 =0,
20 +4B+12y — %9 =0,
w+6p+3y— A28 =0,

It can be checked out that for p € (2,12), the above system of equations admits one unique
solution on 6, given by

—24ps
(p=2)(p+3)
Since s > 0, we infer 6 < 0, which is impossible. So J'(u) # 0 for any u € T, and then we
conclude that 7 is a C!-manifold.

Step 4. I'(u) = 0. Assume that u is a critical point of I|,. Depending on the Lagrange
multiplier argument, there exists # € R such that I'(1#) = pJ'(u). We claim that y = 0.
As above, I'(u) = uJ'(u) can be written, in a weak sense, as

—Au—uAu?) +u—uP?u = p | —28u — 3uld(u?) + 4u — ;7;—6%214] ,
which means
—(1—2p) Au— (1 —3u) ul(u?) + (1 — 4p)u = (1 - y) uP=2u. (2.11)
Combining (2.2) and (2.11), we get

I(u) = 30+ 3B+7—;0=s,

J(u) = a+2B+3y— 520 =0,

x+p+4y—-0=0,
(1—2w)a+ (1 —4p)p+ (4—121)y — [1 - B3] 6 = 0.

(2.12)

The third equation corresponds to (I'(u),u) = 0 for u € T. The fourth one follows by
multiplying (2.11) by u and integrating. Now we deal with this system. Considering «, 8, y, 6
as unknowns and denoting by D the coefficient matrix, we can get

detD = (79_22);1

Therefore, for p € (2,12) we infer
detD =0 <y =0.

Now we prove that 4 = 0 by contradiction. If u # 0, then detD # 0, which means system
(2.12) has a unique solution. So we can obtain

12s
p—2

This is impossible since 6 must be positive. Hence y = 0, and then I'(u) = 0. O
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Lemma 2.5. If p € (2,12), then c is achieved, where ¢ = inf {I(u) : u € T }.

Proof. Let {u,} C T be a minimizing sequence of I|, namely that I (1,) — c7. Referring to
(2.5) and (2.6), in a similar way we can deduce that

[[t4a |

2(p+6)
2 < ﬁl(un)

and 6
/ u? |V, dx < PO () .
R3 p

Then {u,} is bounded in E and {V (u2) } is bounded in L? (R®). Moreover, by the continuous
Sobolev embedding E — L® (]R3) and Holder’s inequality, we conclude that there exists a
positive constant C such that

2 2
/]R3 \ugl‘zdx < (/RS Iun\zdx> </}R3 yun,fsdx)

< Cllun|*,

which together with the boundedness of {V (42)} in L? (R®) means that {u2} is bounded
in E. Therefore, by using the compact embedding H}(R?) < L® (R®) for any s € (2,6) and
interpolation inequality, we get

u% —~u? inE,
u, = u inkE,
u, — u in LI(R3), for g € (2,12),

U, - u ae. in R3.

(2.13)

We claim that u € 7 and u, — u strongly in E.
Similar to (2.1), we define

ucn:/ ]Vun\zdx, ,Bn:/ uidx, 'yn:/ u,%|Vun]2dx, 9,1:/ |1 |Pdx
R3 R3 R3 R3

and

& = )}il;n Ky, IE — lim ﬁn, ’7’ - ].im ’)/n, g - 1}]‘.41;1;}09”.

In order to show u, — u in E, we just need to prove |[u|| — [|u]| by the Brezis-Lieb Lemma
in [2], that is, « + B = & + B. From (2.13), we infer that « < & 8 < B and v < 4. Suppose by
contradiction that a + 8 < & + B.

Noting that lim, e I (u,) = ¢ and | (u,) = 0, we infer

la+1p+9—10=cq,
{2 N (2.14)

B+2B+37— 50 =0

We first show u # 0. By (2.13), we easily infer that § = 6. Thanks to Step 2 in the proof of
Lemma 2.4, we get & + B > ¢ > 0, which together with (2.14) yields to & > 0. Thus we infer

6 = / |u|Pdx >0,
R3
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which means u # 0.
Set

pt+6

Lo 14 3 L e 5 Too  Lagm 5. 1pes
t) = =t =t tPy——t20 t) ==t =t r’y ——t 2 0.

Depending on Lemma 2.2, we know that both ¢ and § have a unique critical point, correspond-
ing to their maxima. From (2.14), we get that §'(1) = 0, namely that §(1) = c7. Moreover,
since x + B < &+ B,7 < §and 0 = 0, then g(t) < g(t) for all t > 0. Let tx > 0 be the
maximum of g. Then ¢’ (o) = 0 and g (tp) < c7-

Define vg(x) = ty/?u(t;1x). Then one has

Lo Vg 5 1058
I (v9) = §t0“+§toﬁ+t07—?to 0 =g(to) <cr

and
+6 15
J (vo) = tha + 2t5B + 3tgy — pr of 0=2g" (to)to=0.

Then vy € T and I (v9) < c7, which is a contradiction. Therefore a + 8 = & + f3, and then
U, — uin E. O

Proof of Theorem 1.1. By Lemma 2.5, we know that I ’T attains its minimum at u and u # 0,
namely that u is a nontrivial critical point of I|;. And then from Lemma 2.4, we get that u is a
nontrivial solution of equation (1.1). Since the functional I and the manifold 7 are symmetric,
we easily deduce that |u| is also a nontrivial solution of equation (1.1). Hence we may assume
that such a solution does not change sign, i.e., u > 0. Depending on the strong maximum
principle, u must be strictly positive, and then u is a positive solution of equation (1.1). O
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