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Abstract. We prove an existence result for strong solutions u € W4 (Q) of singular
semilinear elliptic problems of the form —Au = g(-,u) in O, u = T on 0Q), where
1 < g < o0, Q is a bounded domain in R"” with C? boundary, 0 < T € W2 (0Q2),
and with ¢ : QO x (0,00) — [0,00) belonging to a class of nonnegative Carathéodory
functions, which may be singular at s = 0 and also at x € S for some suitable subsets
S C Q. In addition, we give results concerning the uniqueness and regularity of the
solutions. A related problem on punctured domains is also considered.
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1 Introduction and statement of the main results

Our aim in this paper is to state existence and uniqueness results for strong solutions u <
W24 (Q) of singular elliptic problems of the form

—Au=g(-,u) inQ,
U=rTt on d(Q), (1.1)
u>0 in ),

where 1 < g < o0, ) is a bounded domain in R"” with C? boundary, 0 < T € W2 (0Q)),
with the boundary condition understood in the sense of the trace, and where g : Q) x (0, 0) —
[0, c0) is a suitable nonnegative Carathéodory function which may be singular at s = 0 and at
x € S for some suitable subsets S C Q).

Singular elliptic problems appear in the study of nonlinear phenomena such as non-
Newtonian fluids, the temperature of some electrical conductors, thin films, micro electro-
mechanicals devices, and chemical catalysts process, (see e.g., [6,15,19,20,28] and the refer-
ences therein).
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Existence of classical solutions u € C2 (Q) N C (Q)) of problem (1.1) were obtained, in the
pioneering works [11,41] (in both cases for a general second order linear operator instead of
the Laplacian, but in [11] with homogeneous boundary condition), and in [9, 15,20]. Cases
where g has the form g (x,s) =a(x)s™*, a € (0,00), and T = 0 were studied in [26] and [14],
and more recently, in [16,40], and [29]. Let us mention also that in [15], problem (1.1) was
studied when T = 0 and g (x,s) = — % + f (x) for some v > 0 and f € L' (Q0).

Existence results for classical solutions of Lane-Emden-Fowler equations with convection
and singular potential were obtained in [17], and related problems were studied in [8] and
[22]. Problem (1.1) was studied, again in a classical sense, in [1,27,31, 34, 35,42], and [43],
in some cases where ¢ = g (x,s) is singular at s = 0, and with some kind of singularity at
x € 0Q). Related problems can be found also in [37], [38], and [39].

In [30] it was studied the existence, uniqueness, and regularity properties of the weak
solutions of problems of the form —div (A (x) Vu) = % +pinQ,u>0inQ, u=0o0ndQ,
in the case when A (x) is a uniformly elliptic and bounded matrix, ¥ > 0,0 < f € L' (QQ) in
(), and yu is a nonnegative bounded Radon measure.

Existence and nonexistence of solutions of problems of the form —div (A (x) Vu) = fu™7
inQ, u>0in Q, u = 0 on d(), was studied in [4], in the case where A is a bounded elliptic
matrix and f is, either a nonnegative function in a suitable L” (Q)) or a nonnegative and
bounded Radon measure. The existence and uniqueness of solutions of problem of the form
—div(A(x)Vu) = H(u)pin Q, u > 0in ), u = 0 on 9dQ), was studied in [31] in the case
when p a bounded Radon measure, A (x) is a uniformly elliptic and bounded matrix with
Lipschitz continuous coefficients, and H : (0,00) — (0, 00) satisfies some suitable conditions
which allow that lim, ¢+ H (s) = oo.

Problems of the form —Au = H(u)pin Q, u > 0in Q, u = 0 on 9Q), with H : (0,00) —
(0, 0) allowed to be singular at the origin, in the sense that limg .o+ H (s) = oo, and where y
is a bounded Radon measure were studied, under different assumptions, in [13] and [32], and
the analogous problem —A,u = H (u) p in O3, u > 0in Q, u = 0 on 9Q) (Where A, is the usual
p-Laplacian operator A, (1) := div (|Vu|? "> Vu)), was studied in [12].

In [18] it was proved, via a comparison principle, the uniqueness of the weak solutions of
problems of the form —A,u = F (-,u) in O, u > 0in ), u = 0 on d(), in the case when F is a
nonnegative Carathéodory function on () x (0, o) such that s — s'~FF (x,s) is decreasing on
(0,00) for a.e. x € Q. In addition, again in [18], it was proved the existence of weak solutions
of problems of the form —A,u = fu™" +gulin Q, u > 0in ), u = 0 on J(), in the case
when ¥ > 0,0 < g < p—1; f and g are nonnegative functions belonging to suitable Lebesgue
spaces.

The existence of weak solutions in Wg’q (Q) of problem (1.1) was studied in [7] in some
cases where T = 0, g (x,5) = a (x) s~*(*), In [24] it was studied the existence of weak solutions,
in H(l) (Q)), for problems of the form —Au = g (-,u) in ), u = 0 on 90, u > 0 in O, including
some cases where g (x, s) is singular at s = 0, and also at x € 9Q).

Singular problems on punctured domains were studied in [3]. There it was proved that,
if xo € Q) and if 2 : ) — R satisfies certain condition related to the Karamata class, then the
problem —Au = au=*in Q\ {xp}, u > 0in O\ {xp}, u = 0 on I has at least one solution
such that , limy_,y, |x — xo|" 2 u (x) = 0.

The interested reader will find an updated account, concerning the topic of singular elliptic
problems, as well as additional references, in the research books [36], and [21].

We assume, from now on, that n > 2 and that Q is a bounded domain in R” with C?
boundary. Let g € (1,00), which we fix from now on. We recall that (see, e.g., [25, The-
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orem 2.42.5]), for f € L1(Q) and T € W2 (0Q)), there exists a unique strong solution
u € W21 (Q) of the problem
—Au = in (),
{ u=f in (1.2)

U=r1 on dQ),

with the boundary condition understood in the sense of the trace, and that u satisfies
[ullweaqy < e 1 llLaco) + HTHWZ’%"’(aQ) ), where ¢ is a positive constant independent of u.

We will write (—A) ™" for the solution operator (=A)1: LI(Q) — W2 (Q) of the homoge-
neous Dirichlet problem

(1.3)

—Au=f inQ),
u=20 on 0Q),

i.e., for the operator defined by (—A)~' f := u, where u € W27 (Q) is the unique strong
solution u of problem (1.3).

We will write dq for the function dg : O — R, defined by dq (x) := dist (x,0Q)) . With
these notations, our first result reads as follows:

Theorem 1.1. Let n > 2, lqt Q be a bounded domain in R" with C2 boundary, and let T be a
nonnegative function in W>~ 11 (9Q0) N C (3QY). Let g : Q x (0,00) — R satisfying the following
three conditions H1)-H3):

H1) g isa Carathéodory function (that is g (-, s) is measurable for any s > 0 and g (x, -) is continuous
on (0,00) forany x € Q) and such that, for any x € Q, g (x, -) is nonnegative and nonincreasing
on (0,00).

H2) There exists A C Q) such that |A| > 0and g (x,s) > 0 forall (x,s) € A x (0,00).
H3) ¢ (-,cdq) € L1(Q) forall ¢ € (0,00).

Then problem (1.1) has a strong solution u € W?1 (Q)) which satisfies 5 + cdq < u < T* +

(=A) (g (-, cdq)) a.e. in Q, where ¢ is a positive constant and T € W4 (Q)) is the (unique) strong
solution of the problem

—Az=0 inQ,

{ z in (1.4)

zZ="T on Q).

Remark 1.2. For 7 as in the statement of Theorem 1.1, since T € C (9Q)), problem (1.4) has
a classical solution { € C?(Q)NC (Q) (see e.g., [23, Theorem 2.14]) which, by the classical
maximum principle (as stated e.g., in [23, Theorem 3.1]), satisfies { > 0 in (). On the other
hand, since 7 € W2 (0Q)), ([2, Theorem 15.2]) gives that { € W4 (Q)) and that { is the
strong solution of (1.4). Then T > 0 in O and 7" € C (Q) . Moreover, T* is harmonic in ),
then " € C* (), and so T € Wli’f (Q) forany p € [1,00).

The next result states that, if H1)-H3) hold, and if some additional assumptions on ¢
are fulfilled, then the solution u of problem (1.1) is unique and has additional regularity
properties:

Theorem 1.3. Assume the hypothesis of Theorem 1.1 and that, in addition, the following conditions
H4)-H5) hold:

H4) g is continuous on Q) x (0,00),
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H5) (—A)"" (g (- eda)) € C(Q) forany ¢ > 0.

Then problem (1.1) has a unique strong solution u € W1 (Q), and it belongs to W' (Q) N C (Q) .
In particular, u € C' (Q).

Our third result refers to the punctured domain U := Q \ {x¢}, where xy € (), and reads
as follows:

Theorem 1.4. Let xo € O, U := Q\ {x¢} and, for 6 > 0, let
o
Ag::{x60:2§|x—xo|§5}. (1.5)

Leth: Q x (0,00) — Rand let w € W*1 (U) . Assume that w is a strong solution of the problem

(1.6)

—Aw="h(-,w) ind,
w=T on 00}

(with the boundary condition understood in the sense of the trace). If either w € C(Q) or
limsup;_, 51—2 i) A, (W] =0, then w € W21 (Q)) and w is a strong solution of the problem

(1.7)

—Aw="h(-,w) inQ,
w=T on oQ.

We have also the following;:

Theorem 1.5. Assume the hypothesis of Theorem 1.3. Let xo € Q, U := Q\ {xo}, and let w €
W24 (U) . If w is a strong solution of the problem

—ANw=g(,w) inlU,
w=rT on 0Q),
w>0 in U.

Then:

i) Iflimsup, , |x—xo "2 w (x) = O then, after redefining w in a set with zero measure, it hold
that w € W1 (Q) N C (Q) NC! (Q) and w is the unique solution of problem (1.1)

ii) If [|w|| oo gy = o0, then limsup, . [x — xo|" 2w (x) > 0.

The paper is organized as follows: in Section 2 we study, for M > 1 and ¢ € (0,1], the
approximated problems

—Au=gpm(,e+u) inQ,
U=rT1 on o),

where gy (x,5) := min{M, g (x,s)}. By using Schauder’s fixed point theorem, we show
that this problem has a unique solution upre € Ni<pcW?? (Q)) (see Lemmas 2.2 and 2.4).
Lemma 2.6 states that ¢ — up;, is nonincreasing, M — up is nondecreasing, and that
T + codn, < e < T 4 (=A) ' (-, codqy) in O, with ¢g a positive constant independent of M
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and ¢, and where 7" is the strong solution of (1.4). Lemma 2.7 shows that if us := lim,_,o+ tp1,,
then up; € W24 (Q) and uy is a strong solution of the problem

—AMM =M (-,MM) in Q,
UM =T on Q).

The main results are proved in Section 3. To prove Theorem 1.1 we define u := limj_o0 Upm
and we show that u is a strong solution of problem (1.1) with the desired properties. This is
achieved from thanks to Lemma 2.7 by showing that g (-, u) := limps_,co gm (-, up) with con-
vergence in L7 (Q)). To prove Theorem 1.3 we show that, for any strong solution u of problem
(1.1), there exists a positive constant ¢ such that T* + cdn < u < T + (—A) "' (-, cdg) in Q,
which will give the continuity of u at d(), next we show, by a suitable bootstrap argument, that
u € WZ' (Q)), which gives that u € C' (Q) . Proved that u € W2 (Q) N C (Q), the uniqueness
assertion of Theorem 1.3 will follow from the fact that s — g (x,s) is nonincreasing, combined
with the application of an appropriate maximum principle. Finally, Theorem 1.4 is proved by
showing that, if w € W27 () \ {x¢}) satisfies the conditions of Theorem 1.4, then w, viewed
as a distribution on ), belongs to W7 (Q)).

2 Preliminaries

Let g: Q) x (0,00) — R be a function satisfying the conditions H1)-H3) of Theorem 1.1 and,
for M € [1,00), e € (0,1], let gar : Q X (0,00) — R be defined by

gm (x,8) :=min{M, g (x,s)}.

let Kt := [|T*| 1oy + M| (=
and let

1) H 19(0)” where T* is the strong solution of problem (1.4),

CMZ:{UGLq(Q)IOSUSKM}.

For v € Cy, since g is a Carathéodory function, g (-, € + v) is a measurable function. Let 7 be
a positive and small enough number such that 7dq < € in (). Then, since g is nonincreasing
in the second variable and v > 0in (), we have 0 < g (-, e +v) < ¢ (-,¢) < g(+,7dq) in Q. By
H3), g (-, ndq) € L7(Q)), then0 < gum (-,e+v) < gm (-, nda) € L1(Q) and thus gpm (-, e+ v) €
L7(Q). Then (—A) " (gm (-, e+ v)) is a well defined element in W24 (Q)). Let Ty, : Cpr —
W24 (Q) be the operator defined by

Tare () := T + (—A) " (gm (- e+ 0)).
Remark 2.1.

i) Let us recall the following form of the Aleksandrov maximum principle (which is a
particular case of [23], Theorem 9.1): If U is a bounded domain in R" and if u €
WZZOC” (U) N C (U) satisfies —Au > 0 in U (respectively —Au < 0 in U) and u > 0 on

oU (resp. u < 0 on dU), then u > 0in U (resp. u < 0in U).

i) If 0 < f € L1(Q) then (—A) ' f > 0 in Q (note that we do not assume g > n).
Indeed, let f : R” — R be the extension by zero of f. Then 0 < f € L7(R") and so f
can be approximated, in the L7 (R") norm, by a sequence { f] }]. ey € €% (R") obtained
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by cgnvolving fwith suitable mollifiers (see [33, Proposition 1.1.3]). Thus, for each j,
0 < fjjo € L (Q), and so the solution u; of the problem

—AM]' = f;‘Q in Q,
uj=0 on 9()

belongs to W7 (Q)) for any p € [1,00) and, since {E‘Q} converges to f in L7 (R"), it

jeN
follows that {uj}j y converges to u in W21 (). Now, by i), u; > 0in O, and then u > 0
in Q.

iii) From ii), it follows immediately that if f and & belong to L7 (Q)) and f < h in (), then
(—=A) ' fF<(=A)Thin Q.

Lemma 2.2. Assume the conditions H1)-H3) of Theorem 1.1, let T be a nonnegative function in

W2 (0Q)), and let 5 € W1 (Q)) be the strong solution of problem (1.4). Then, for M € [1,00)
and e € (0,1],

i) Cp is a closed and convex subset of L7 (Q)) .
ii)) Tame (Cpm) C Cpe
iii) Tpe : Cpp — Cp is continuous.
iv) Tame : Cvp — Cw is a compact operator.

Proof. i) is immediate. To prove ii), observe that, for v € Cy, since g (-, € + v) is nonnegative,
Remark 2.1 iii) gives that (—A) ' (gm (-,€+v)) > 0 and so, since T# > 0 in (), we have
Tme (v) > 01in Q. Also,

1 Te (@), < 171, + H(—A)*l (gm(vSJF”))Hq

<l + M2 @) =K
Then Tare (v) € Cr.

To show iii), it is enough to see that if v € Cy and if {v]-}]. o 18 a sequence in Cps such
that {U]'}j o converges to v in L7(Q)), then there exists a subsequence {v;, }, , such that
{Tame (vj,) }rep cONVerges to Tyre (v) in L7 (Q)) .

Let v € Cy and let {vj}].eN C Cp be such that {Uf}jeJN converges to v in L7 (Q). Then
there exists a subsequence {vj, }, . such that {v; }, .\ converges to v a.c. in Q. Then, since
gm is a Carathéodory function, {gu (-, €+ v;,) }ke]N converges to gy (-, € +v) a.e. in Q). Thus
limy o0 |gMm ( €+ 0j,) —gm (- e+0)|7 = 0 ae. in Q. Also, |gum (e +vj,) —gm (- e+0)|" <
(2M)7 and then, by Lebesgue’s dominated convergence theorem, {gm (-, &+7v;)},

converges to gu (-, e+v) in L1(Q). Thus {(-A)"" (gm (,e+70;)) Jren converges to
(=A) " (gm (e +0)) in W27 (QQ). Then iii) holds.

To prove iv), consider a sequence {v]-}]. on € Cum. Then {v]-}j < is bounded in L7 (Q0) , and
thus { (=A)"" (gm (- €+ 0},)) },on is bounded in W24 (Q)). Then there exists a subsequence
{9) }ren such that { (=) (sm (e+793)) }ren converges in L7 (Q), and so iv) holds. [
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Lemma 2.3. Let h : Q) x (0,00) — R be a function such that h (x, -) is nonincreasing on (0,o0) for
any x € O, and let u,v be two functions in Wli’cn Q)nc (5) If u,v satisfy —Au = h (-, u) in Q,
—Av="h(-,v)in Q,and u = von I, then u = v in Q.

Proof. Let U :={x € Q:u(x) >v(x)} andlet V:= {x e Q:u(x) <v(x)}. Then U and V
are open subsets of (). Suppose that U # &, Then

—Au—v)=h(,u)—h(,v)<0 inU. (2.1)

Also,
u—v=0 onoal. (2.2)

Indeed, if x € AU NIQ then u (x) —v(x) = 0, and if x € IAUNQ then u(x) —v(x) >0
(because u —v > 0 in U and u — v is continuous in Q), but if u (x) — v (x) > 0 we would
have u —v > 0 in a neighborhood of x, in contradiction with the fact that x € U. Then
u(x) —v(x) = 0 also in the case when x € oU N Q. Thus (2.2) holds. Now, from (2.1), (2.2)
and Remark 2.1, we obtain u — v < 0 in U. which is impossible. Thus U = &. Similarly,
V=0,andsou = vin Q. O

Lemma 2.4. Assume the hypothesis of Theorem 1.1. Then, for M € [1,00) and ¢ € (0,1]

i) The problem

—ANu=gm(-,e4+u) inQ, 2.3)
U=t on 92
has a unique strong solution up. € W21 (Q) N Cyy.
ii) The problem
—No=gm(,e+T"+0v) inQ, 2.4)
v=0 on 9Q).

has a unique strong solution vVpe € Ni<pccaW?P (Q) and upre = T + Vpge.

Proof. Taking into account Lemma 2.2 and Schauder’s fixed point theorem (as stated, e.g., in
[23, Corollary 11.2]), Ta has a fixed point up;. € Cp1, which, by the definition of Ty ¢, belongs
also to W24 (Q)) and that is a strong solution of problem (2.3). Clearly a function u € W7 (Q))
is solution of (2.3) if and only if v := u — T* is a solution of (2.4), and so (2.4) has, at least, a
solution vy € W4 (Q)). Moreover, if v is a solution of (2.4), since gu (-, &€ + T5 +v) € L® (Q)
and v = 0 on 9(), it follows that v € Ni<,<eW?? (Q). In particular v € C (Q) N WIZO’C” (Q).
Suppose now that v and w are two solutions of (2.4). Then v and w belong to C (Q) N WZ%'C" (Q)
and v = w = 0 on dQ). Since s — g (x,e+ T*(x) +s) is nonincreasing for any x € (), the
function h (x,s) := gm (x, €+ 7" (x) + s) is also nonincreasing for any x € (). Then, by Lemma
2.3, v = w in ) and so the solution of (2.4) is unique. Now, from the equivalence of problems

(2.3) and (2.4), the solution of (2.3) is also unique. O

For M € [1,0) and ¢ € (0,1] we will denote by uy;. and vps, the solutions of problems
(2.3) and (2.4) given by Lemma 2.4.
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Remark 2.5.

i) Let us recall the following form of the Hopf maximum principle (see [5], Lemma 3.2):
Suppose that p > 0 belongs to L* (Q)) . Let v be the solution of —Av =pin ), v =0 on
0Q). Then

v (x) > cdq (x) /deg a.ein Q), (2.5)

where c is a positive constant depending only on Q.

ii) Suppose that p > 0 belongs to L* (Q)) . If h € L7 (Q) and h > p in ), then, from Remark
2.1 iii) and (2.5) it follows immediately that (—A) ™" i > cdq (x) Jqpda ae. in O, where
c is the constant given in (2.5).

iii) We recall also Hardy’s inequality (see e.g., [33], Theorem 1.10.15): There exists a positive
constant c such that ]%“2 < ¢||Vg||, for any ¢ € Hj (Q0).

Lemma 2.6. Assume the hypothesis of Theorem 1.1. Then
i) For each M € [1,00) the map € — up;, is nonincreasing on (0, 1].
ii) Foreach e € (0,1] the map M — w1, is nondecreasing on [1,00).

iii) There exists a positive constant cy such that, for any e € (0,1] and M € [1,00), T" + codq <
UM,e < ™+ (—A)il (‘,COdQ) in Q).

Proof. To see i), suppose that 0 < ¢ < 5 < 1. Let U := {x € Q: vy (x) < vpy (x)} and
suppose that U # @. Since g is nonincreasing in the second variable, the same is true for gy
and so,

—A (vpme) =gm (L e+ T +ome) > gm (17 + T+ 0pme)
> gm (14T +omy) = —A (my) in U

Also, as in the proof of Lemma 2.3, we have vy, = vp,, on oU. Then, by Remark 2.1 iii),
UMe = UM,y in U, which is impossible. Then U = & and so vp1e > vp,, in ), which implies
Up,e > up,y in Q. Thus i) holds.

To see ii), suppose 1 < My < My and e € (0,1]. Let U := {vpr,e > Um, e} - If U # @, then

—A (Onye) = gM, (€ + T +UMye) = 8y (€ +T5 + Uptye)
>gm (L e+ T +om,e) = —A(vpm,,e) inU.

Also, vpr,,e = Um,,e on OU. Then, by Remark 2.1 iii), vp, e < vp,e in U, which is impossible.
Therefore U = @ and so vy, ¢ < U, e in O, which implies upg, ¢ < upg, e in Q. Thus ii) holds.

To prove iii), observe that by i) and ii) we have, for M € [1,00) and € € (0,1],
UMe = Um1 > 01,1 in QL (2.6)

Now,
—Avi1 =1 (-, 147+ 7)1,1) in (),
017 =0 on 0Q)
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and 0 < g1 (-, 1+1*+v11) € L®(Q). Note that g3 (-, 1+ 7" +v11) # 0 in Q (that is:
Hxe Qg (x,1+7(x)+011(x)) > 0} > 0) because if g1 (-, 1+ 7" +v11) = 0in O then
g(, 14+ 1" 4v11) =0in Q, which contradicts H2). Then

/angl (147" 40v11) >0,

and so, taking into account Remark 2.5, there exists a positive constant ¢/, depending only on
), such that

v11 > cdg /le (,1+74+0v11)dq ae in Q.

Then, from (2.6), vp1e > codq with

co 1= c’/le (147" 4v11)dq > 0. (2.7)

and so, since upe = T" + vpe, We get that upre > T° + codq in Q.

On the other hand, vy, = (—A)f1 (em (- e+ T +vMme)). Now, vpe > 01, > 011 in Q),
and so gm (-, e+ T+ ome) < gm (5 v11) < gm (-, coda) < g (- coda), with ¢ given by (2.7).
Then, by Remark 2.1 iii), (—=A) " g (- e+ T* + vpre) < (=A) (g (-, codq)) in O, that is,
oame < (=A) 1 (g (- codn)) in Q. Thus upe = T5 +opre < T+ (—A) (g (-, codq)) in Q,
which completes the proof of the lemma. O

For M € [1,00), let up; and vy be the functions, defined on Q) by

up (x) := Hm upe (x), vy (x) == lim vpge (%) . (2.8)
e—=0t =0t

Note that, by Lemma 2.6, ups (x) is well defined and finite for a.e. x € Q) and so, since
Upme = T° + Uppe, the same assertion holds also for vy,.

Lemma 2.7. Assume the hypothesis of Theorem 1.1 and let cq be the constant given by Lemma 2.6 iii).
Then:

i) The map M — uy; is nondecreasing on [1, ).

i) T+ codgy < up < T+ (—A) (g (-, codqy)) in Qfor any M > 1 (in particular up; > 0 in
Q)

iii) For each M > 0, ups € W21 (Q) and uyy is a strong solution of the problem

—Aupy =gm (- upm) inQ,
Uy =1 on 9Q).

Proof. If 1 < M; < M, and ¢ € (0,1] then, by Lemma 2.6, upr, < Upp, e, and so, by taking
lim, o+, we get up;, < up,. Thus i) holds. Also, taking lim,_,y+ in the inequalities of Lemma
2.6 iii) we get ii).

To prove iii) note that, by Lemma 2.4 ii), we have, for ¢ € (0,1] and M € [1,0),

UMe = T+ OM,e/ (2.9)
where vpre = (—A) " (gm (- e+ T + vage) ) - From (2.9),

Iim (7" +ope) = upm  ae. inQ),
e—0t
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and so, since gy is a Carathéodory function,

lim gpm (- e+ 75 +onme) = gm (- upm)  ae in Q.
e—0t

Then lim, o+ |gm (-, €+ T5 + opme) — gm (-, um)|? = 0 a.e. in Q. Also,
|m (e + T+ oame) — gu (- um)|” < (2M)T

for any € € (0,1]. Then, by the Lebesgue’s dominated convergence theorem,

im gp (- e+ T° +ome) = gm (4 upm)
e—07t

with convergence in L7 (Q)) . Then

lim (—2)"" (g (e + 7"+ ome)) = (=) (gu (- um))

e—01

with convergence in W24 (Q)), and so, in particular, (—A) ™" (g (-, un)) € W29 (Q). There-

fore limg o1 vare = (—A) " (gam (-, upr)) with convergence in W24 (Q), and thus uy =
limg o+ tpte = limg_o+ (T% + vpre) = T+ (—A) " (g (-, 1)) , with convergence in W24(Q)).
Then —Aup = gm (-, upm) in Q and up; = T on Q). O

3 Proof of Theorems 1.1 and 1.3
Proof of Theorem 1.1. Define u : (3 — R by
U= A}{linoouM. (3.1)

Note that, by Lemma 2.7 i), the map M — uy is nondecreasing on (0,o0), and so u is well
defined. By Lemma 2.7 we have, for any M > 1,

T 4 codn < up < T+ (—A) (g (- codq))  inQ, (3.2)
with 7" given by by (1.4). Then
T 4 coda <u < T+ (=A) ' (g (-, codq)) in Q (3.3)

Also, by Lemma 2.7,

—Aup =gm (- upy) inQ, (3.4)
Uy =1 on dQ).
Note that
A}I@ng (,um) =g (,u) ae inQ. (3.5)

Indeed, for k € N let

1
Q= {er:de(x) <u(x) <k},
and let E := O\ UgenQk- Thus E = {x € Q:u(x) =0} U{x € Q:u(x) = co} and so, from
(3.3) and taking into account that T* > 0 in () and that (—A) " (g (-, codq)) < o a.e. in O, we
get that |E| = 0. Then

O = Upen Oy UE. (3.6)
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with |[E| = 0. Now, for each k € N and x € (), we have u(x) > 3dn (x) and so, since
u (x) = limp,eo Uiy (), there exists Ni, such that uy (x) > 3dq (x) for any M > N ,. Let
My, = max { N, g (x, 1da (x)) }. Since g (x, -) is nonincreasing we have, for M > M,

g(xum(x)) <g <x, %d@ (x)) < My <M,

and so g (x,up (x)) = g (x,up (x)) whenever M > M ... Thus, for any x € (),

lim gy (v, (x)) = lim g (x,um (1) = g (1 (x)),

the last equality because g is a Carathéodory function. Then, for each k,

Uim gm (rupm) =g (-, u) ae in Y,
M—00

and so, taking into account (3.6) and that |E| = 0, we get (3.5).
Let us see that {gn (-, um) } yepn cOnverges to g (-, u) with convergence in L7 (Q2). From

(3.5),

li : —g(u)|= e.in Q.

lim fgnm (- um) =g (Lu)" =0 ae in
Also, since T" > 0, from (3.3) and (3.2) we have that u > cpdn in Q) and that up; > cpdg in Q
for any M > 1. Then, recalling that ¢ and gy are nonincreasing in the second variable,

1§a (- una) — g () |? < (gna (- um) + 8 (-, w))"

< (Zg (-,Con))q a.e.in Q).

By H3), (2¢ (-, codn))? € L (Q). By Lebesgue’s dominated convergence theorem,

8 (u) € L7(Q), (3.7)
and ]\}Iim gm (-, um) = g (-, u) with convergence in L7 (Q)).
—00

Let v = u — 7*. Since vy = upy — 7, Lemma 2.7 gives

—Avy = —Aup = gm (L up) inQ,
om=0 on dQ).

ie, oy = (—A)f1 gm (-, upm); and so, by (3.7),
-1

v M11>noo oM ( )

g (-, u) with convergence in W*1 (QQ). (3.8)
Thenu — " = v = (—A) ' g (-, u), which gives that u € W27 (Q)) and that

—Au=g(,u) inQ,
u=r1 on 9Q).

O]

Remark 3.1. It is a well known fact that, for 7 € R, (Jl(_)'7 el (Q) if, and only if, # < 1. More-
over, if S C () is a closed C? and 1 — 1 dimensional surface, and if ps (x) := dist (x,S), then
ps" € L' (Q)) whenever ;7 < 1. From these facts, and taking into account that dist (S,0Q2) > 0,
it follows easily that if « : 3 — R and B : 3 — R are measurable functions such that
esssup, a < % and esssupg, B < %, then d5*s P € L7(Q).
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Example 3.2. The conditions H1-H3) of Theorem 1.1 allow some cases where the function
g (x,s) is singular at s = 0, and also at x € 9Q). For instance, consider the case where g (x,s) :=
b(x)dy"s™F, witha: Q) — R, and B : Q — [0, ) measurable functions such that ess sup na +
esssup off < %, and with b : () — R such that

0<bel”(Q)) and |{xe€Q:b(x)>0} >0. (3.9)

Clearly g satisfies H1) and H2) and, for g € (1, ﬁ), the first assertion of Remark (3.1), jointly
with (3.9), implies that g satisfies also H3).

Example 3.3. A second example of application of Theorem 1.1 is given by the function
g(x,8) = |x—x0| "b(x)sP, wherexp € Q,0< y<n0<p<1,1<g< min{%,%}
and with b : () — R satisfying (3.9).

Example 3.4. A third example can be given by taking g (x,s) := b (x) p5 " (x)s™F, where S C Q
is a closed C? and n — 1 dimensional surface, ps (x) := dist(x,5),0 < v < 1,0 < B < 1,
1 < g < min {%, 11 and with b satisfying (3.9). Indeed, H1) and H2) clearly hold, and H3)

7
follows easily from the last assertion of Remark 3.1.

If U and V' are domains in IR”, we will write U CC V tomean that U c U C V.

Proof of Theorem 1.3. Let u be a solution of (1.1). By H1) and H2), g (-, u) is nonnegative and
nonidentically zero on Q) and, since u is a strong solution of problem (1.1), then g (-, u) €
L1(Q). Letv := u—1". Then —Av = —Au = g(-,u) in Q and v = 0 on dQ), ie., v =
(=A) !¢ (-,u). Then, by Remark 2.5 ii), there exists a positive constant ¢’ such that v > ¢/dq,
in Q). On the other hand, T > 0 in ). Thus, since u = v + 7%,

u>71"4cdgin Q. (3.10)
Also, since T* > 0 in (), and taking into account that g is nonincreasing in the second variable
and that v > c/dg in Q, we have g (-, 7 4+0) < g(-,cdg) and so v = (—A) 'g(-,u) =
(=A) g (-, +0v) < (=A) g (-, cdg) . Then
u<t 4 (-A)"'g(,cddg) inQ. (3.11)
Then
T4 ddg <u<t 4 (-A) g (ddq) inQ, (3.12)

which, taking into account H5) and that 7 € C (Q) , implies that u is continuous at 9.
Now we prove, by a bootstrap argument, that u € WZ%C” (). For 1 < p < oo define p* by

% = % —Lif p < mand by p* = o if p > n; and, for k € NU {0}, define inductively g, by
go = q, and by i1 = q;. Thusql—k: %—%whenk< 7 and g = oo if k > 7. Let j € NU{0}

be such that % < % < % Then 0 < %—% < %, and so n < q; < oo. Given a domain
Qcc O, let 0o, O, O, ..., Q; be regular domains such that Qc 0O, ccQ,CcCc---CC
0 CC Oy = Q. Now, u € W21(Q) = W2 (). Suppose that u € W2 () for some
k=0,1,...,j—1and let O be a domain such that QO.; CC Qp CC Q. Then u € W2 (C))
and so, by the embedding theorems for Sobolev spaces, u € L% ((N)k) = L‘7k+1((~)k). Also, by
H4), ¢ is continuous on Q) x (0,c0), and so, since 0 < g (-, u) = g (-, 7" +v) < g(-,dq), we
have ¢ (+,c'dq) € L°°((~)k). Thus, by the inner elliptic estimates (as stated, e.g., in [23, Theorem
9.11]), u € W21 (). Thus, inductively, we get that u € W7 (€);) and so, since Q C Q;
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and j > n, we have u € W>" (Q). Thus (since Q) was an arbitrary domain such that QccQ),
u e Wl%’C” (Q)). Then u € C(Q) and so, since we had already seen that u is continuous at 0},
we conclude that u € C (Q) .
Suppose now that u and u are solutions of problem (1.1). Then u and u# belong to
Wi () NC (Q) and
~A—i)=g(,u)—g(,0) inQ,
u—u=0 on 0Q).

Thus, by Lemma 2.3, u = u in Q). O

Remark 3.5. Assume the hypothesis of Theorem 1.1 and that T = 0 in problem (1.1). Assume
also that dag (-, cdq) € L? (Q) for any ¢ € (0,00), and let u € W27 (Q)) be the strong solution
of problem (1.1) given by Theorem 1.1. Then u € H} (Q)) and u is a weak solution of problem
(1.1), ie., for any ¢ € H} (Q),

g(u)p € L' (Q) and /Q(VM,V(p) :/Qg(-,u) P. (3.13)
Indeed, by Theorem 1.1, we have u > c,dq for some ¢, € (0,00) and so 0 < g (-, u) <

g (-, cudq). Now, for ¢ € H}(Q), the Holder’s inequality and the Hardy’s inequality of
Remark 2.5 iii) give

| 1gCwel= [ dogu
< [ldag (-, cuda) |l

' </ i '
dQ‘_ Qdog(,cudo) dQ‘

;DH <clldag (- cuda)ll, [[Vell,,
Qll2

and thus g(-,u)¢ € L'(Q)). Moreover, the above inequality gives that the map ¢ — [, g(-, 1)@
is continuous on H} (Q). Then, since H} (Q) is a Hilbert space with respect to the inner
product (u,v) := [, (Vu, Vo), it follows that there exists a function i € H} () such that, for
any ¢ € H} (Q),

/Q<W,v¢>=/ﬂ<vu,vgo>.

Then [, (V (i —u),V¢) =0 for any ¢ € C®(Q)) and so z := i — u satisfies, in the sense of
distributions, —Az = 0 in Q. Also, z € WS’E (Q)) with § := min (g,2) and so, in the sense of
the trace, z = 0 on dQ. Then z = 0 and thus u = # in Q. Therefore u € H} (Q). Since u is a
strong solution of problem (1.1) we have

/Q (Vu, Vi) = /Qg (,u)y foranyyp € C(Q). (3.14)

and then, by density, (3.14) holds also for any ¢ € H} (Q).

For f: O = Rand h : 3 — R we will write f ~ h to mean that there exist positive
constants ¢ and ¢ such that c1f < h < cph a.e. in QO

Remark 3.6. In order to illustrate the relationship between the existence of classical solutions,
strong solutions and weak solutions in H} (Q)) let us consider the case when Q) is a C>™
domain in R" for some a € (0,1), n > 3 and g (x,s) = a(x)s™ 7 with a € C* (Q) such that
ming & > 0. Assume also that T = 0 in problem (1.1). In this situation, [26, Theorem 1] states
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that problem (1.1) has a unique classical solution u € C>™* () N C (Q) for any v > 0 and
2

that, when v > 1, u = d}? in Q). In addition, [26, Theorem 2] says that when ¢ > 3 no

(classical) solution belonging to H! (Q)) exists. In the case v = 1 [29, Theorem 1] states that
1

u~do(In(f))?, where w is any constant such that w > diam (Q2). On the other hand, as a

consequence of [42, Theorems 1 and 2] a weak solution u € H} (Q) exists if and only if v < 3.

However, for 1 < v < 3 these weak solution are not strong solutions. Indeed, when v =1,

au_“V:au_lmd_l(ln(“’)) andltlseasytoseethat forallg > 1, fQ I(In (& ))7%:00

(in fact, [dq "(In (& )) 2<c>01famdonlylfl fOt 1(In(¥))" 2dt<ooforsome8>0,
but the change of variable s = In ¢ 1mmed1ately shows that I (e) = oo for all € > 0). When

2y

2 _2r
1 < v < 3, we have u ~ dg” in ), and thus au™"7 ~ do”y. Then, for g > 1, au™" € L7(Q) if
and only if 2” < 1, thatis ¢y < qui—l' Since zq%l < 1 we get that v < 1, which contradicts our
assumption 1 < 7 <3.

4 A related problem in a punctured domain

Let xo € O, let U:=Q\ {x0} and let w € L' (U). Then w € L! (Q)), and so w can be viewed
as a distribution on U and also as a distribution on Q. For 1 < i,j < n, we will denote by
0w and aan]U w (respectively by 95w and aiﬂa]%) the first and the second derivatives of w
considered as a distribution on U (resp. as a distribution on Q), and, if ¢ € C® (R"), we will
write simply d;¢ and 9;0;¢ for the first and the second derivatives of ¢.

If w € W21 (U) for some q € (1,00), then 04w and aiuajuw belong to L9 (U) and so they
also belong to L7 (Q2) . One may ask if 9Yw = 09w and aiua}lw = aiﬂa]@w, i.e., if the equalities

<auw ) / wd; ¢ and a”auw go / wd;0; @,

which hold for ¢ € C (U), hold also for ¢ € CZ(Q)). The next lemma provides a partial
answer to this question.

Lemma 4.1. Let xo € Q, let U := Q\ {xo}, and, for 6 > 0, let A; be defined by (1.5) and let
w € W21 (U) . If either limy_,, w (x) exists and is finite, or if

lim sup 2/ lw| =0, (4.1)

o0—0t
then 04w = 99w and oHoUw = 0920%2w for each i and j, and so, in particular, w € W24 (Q)) .
1 1 1 ] 1 ] ] p

Proof. Observe that, in the case when lim,_,,, w (x) exists and is finite, it is enough to prove
the lemma under the additional assumption that lim, .y, w (x) = 0 (because the functions
w — limy_,y, w (x) and w have the same derivatives, either in D’ (U) or in D’ (Q})). Let ¢ €
C® (R") be such that 0 < ¢ < 1inR”, ¢ (x) = 1 for |x| < 1 and ¢ (x) = 0 for |x| > 1; and for
6 > 0, define i1 5 and 5 by 91,5 (x) := 9 (552) and ¢ 5 (x) :==1 — 915 (x). For ¢ € C (Q)
and 0 < § < min {1, dist (xg, 0Q2) } we have

uau,,, Uu~u unu
/Q 0d! ij—/Q o1 5000w + /Q 92,0100 w.
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Now, |g1,59} 0} w| < || @] =) |9F0F w| € LT(U) = L9(Q) C L' (Q2). Also limy 0 ¢1,50'9{ w=0
a.e. in (). Then, by Lebesgue’s dominated convergence theorem,

: Ja10 510 PSU
(15135/0 P1,60; 95w = 0. (4.2)

Thus, to prove the assertion of the lemma for the second derivatives, it suffices to show that

: unu.,,, . co
(lsli%/g PYPr,50; 0f w = /Qwalajqo for any ¢ € C° (Q)) . (4.3)

Notice that ;1,5 (x) = %g—i (*52) and 9;09;425 (x) = 5 (9;9;9) (*52), and so there exists a
positive constant ¢, independent of , such that

Cc C i
[0ipas] < 5 and  [99¢prs) < 55 in O (4.4)

Now,
/Q P,50; 0} w = /u QY 5070 w = /u w00 (925) ,
and a computation gives that
0;0j (pY2,5) = 0i@dj P25 + 90,02 5 + 02,50, + 12,60,0;,

and so, ¥y, diP»,s and 9;0;1, s have their supports contained in As;, we have

/u w0;0; (PW2,6) = L5+ Ips + I35+ Isg, (4.5)
where
Lis = / wd; PPy s, by = / w@a;dj a5,
A5 At5
13,5 = /A wailpz,(;aj(p, 14,5 = /u wt[J2/5aia]‘q0.
Thus, by (4.4),
1
sl < cl0gllimgay 5 [, 1ol (46
with ¢ a positive constant independent of ¢. If (4.1) holds then clearly

lim I s = 0. 47
Jim I, 5 (4.7)

and, in the case when lim,_,,, w (x) = 0, we have lim;_,y+ sup A |w| = 0, and so, from (4.6),
|hsl < 51109l o) [As| supy, [w], where |As| denotes the Lebesgue measure of A;. Since

|As| = an (1— 2%) 0" where «; is the volume of the unit ball in R" and taking into account
that n > 2, we get (4.7) again in this case. Similarly,

lim I35 = 0. (4.8)

o—0t

To estimate I, ; observe that, by (4.4),

c
Ll < = - / , 4.9
125l = 55 19l " |w] (4.9)
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and so, proceeding similarly to the estimative of I3 ; we get, in both cases of the lemma, that

lim I, s = 0. 4.10
Jim 1,5 (4.10)

Consider now Iy 5. We have |wi, 50,0;¢| <|w||0;9;¢| € L' (Q), and clearly lim,_,o+ wip, 50,0, =
wd;d;¢@ a.e. in (). Then, by Lebesgue’s dominated convergence theorem,

lim I s = /Q wo;d;p = <8198]Qw,go> . (4.11)

6—07t

From (4.7), (4.8), (4.10), and (4.11), we get (4.3), and so the assertion of the lemma for the
second derivatives holds. The proof of the assertion of the lemma for the first derivatives
follows similar lines and we omit it. O

Proof of Theorem 1.4. Let w € W?1 (U) be a strong solution of problem (1.6). If either w €
C (Q) or limsup, o, 5 an |w| = 0, then, by Lemma 4.1, w € W27 (Q). Since the equality
—Aw = h(-,w) holds a.e. in (), and, in the sense of the trace, w = T on d(), we have that w is
a strong solution u of problem (1.7). O

Proof of Theorem 1.5. To see i), suppose that limsup, , [x— xo|" 2w (x) = 0, and let € > 0.
Then there exist 8y > 0 such that |x — xo|" 2w (x) < €if 0 < |x — x| < &p. Now, for & € (0,4),

- L 1 n—2
_ _ = R B ]

1 2\"? n—2
< — — —
<5 /Aé <5> |x — xo|" " w (x) dx

1
<2257 | Ag| =202 <1 — 2n> W,

where «, is the volume of the unit ball in R”. Thus lim;_, 51—2 i) 4, lw| =0, and then i) follows
from Theorems 1.4 and 1.3.

ii) follows directly from i). If ||w||«(y;) = oo and limsup, ., |x — xo|" 2w (x) = 0, then, by
i), after redefining w in a set with zero measure, we would have C (ﬁ) , which is impossible
when [|w|[ () = oo O

Remark 4.2. Theorems 1.4 and 1.5 say that if xo € O, U = Q \ {x0}, and if w is a nice enough
strong solution of problem (1.7) then w is a strong solution of problem 1.1.

On the other hand, it was proved in ([30], Theorem 3.6) that, if 4 is a bounded Radon
measure in (), ¥ < 1, and f € L' (QQ), then the problem

—Aw=fu""+pu inQ,
u=>0 on dQ),
u>0 in ()

has a solution in the sense that:

i) uc W&’l (Q)) and for any compact K C () there exists a positive constant c¢ such that
u>cae. ink,

ii) [ (Vw, V)= [ofu"¢+ [,eduforany ¢ € Cl(Q).



Strong solutions for singular Dirichlet elliptic problems 17

By taking u = Jy, (the Dirac’s measure concentrated at x¢), and, for instance, f = 1,
in [30, Theorem 3.6] it is clear that the conclusions of Theorems 1.4 and 1.5 could not hold
anymore if the notion of solution is changed and the requirement that w is “nice enough” is
dropped.
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