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Abstract. In this paper, we study sign-changing solution of the Choquard type equation

—Au+ AV (x) + D) u= (Lo* [u>) [u>*2u+ plulP2u inRY,

where N > 3, « € ((N—4)",N), I, is a Riesz potential, p € [2;,%), 25 = %fg
is the upper critical exponent in terms of the Hardy-Littlewood-Sobolev inequality,
#>0,A>0,V e C(RN,RR) is nonnegative and has a potential well. By combining the
variational methods and sign-changing Nehari manifold, we prove the existence and
some properties of ground state sign-changing solution for A, u large enough. Further,
we verify the asymptotic behaviour of ground state sign-changing solutions as A — 400
and p — +o0, respectively.
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1 Introduction and main results
The Choquard equation has a physical prototype, namely the Hartree type evolution equation
—ip = A+ (Lx|p*)y,  (xt) € R? xRy, (1.1)

where R} = [0,+), (x) = #‘x', V x € R%\{0}, and * is convolution in R3. Eq. (1.1) was
firstly proposed by Pekar to describe a resting polaron in [24]. Two decades later, Choquard
[16] introduced Eq. (1.1) as a certain approximation to Hartree-Fock theory of one component
plasma, and used it to characterize an electron trapped in its own hole. Afterwards, viewing
the quantum state reduction as a gravitational phenomenon in quantum gravity, Penrose et al.
[20] proposed Eq. (1.1) in the form of Schrodinger-Newton system to model a single particle

moving in its own gravitational field.
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As we know, standing wave solution of Eq. (1.1) corresponds to solution of the Choquard
equation

~Au+u=(Lxu*)u inR (1.2)

In detail, with a suitable scaling, the wave function ¥ (x, t) = e u(x) is a solution of Eq. (1.1)
once u is a solution of Eq. (1.2). Lieb demonstrated the seminal work on Eq. (1.2) in [16], in
which he certified the existence and uniqueness (up to translations) of positive radial ground
state solution by applying symmetrically decreasing rearrangement inequalities. After this,
Lions [18] studied the same problem and further proved the existence of infinitely many
radial solutions via the variational methods.

From mathematical perspective, scholars prefer to study the general Choquard equation

~Au+W(x)u=7(I,*G(u)) g(u) inRY, (1.3)

where N > 3, v € R", I, is the Riesz potential of order a € (0, N) defined for x € RN\ {0} by

A r
I = ith A, =
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)24
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I' is the Gamma function, * is convolution, W € C(RM,R), ¢ € C(R,R) and G(u) = [ g(s)ds.
To establish the variational framework for Choquard equations, we need the following
celebrated Hardy-Littlewood-Sobolev inequality.

Proposition 1.1 ([17, Theorem 4.3]). Let v,5s > 1, 0 < a < N satisfy % + % = 1+ . Then there
exists a sharp constant C(N, «,1,s) > 0 such that, for all f € L'(RN) and h € L¥(RN), there holds

[ ﬂx)h(y)dxdy' < C(N, a,7,)| fl[hs- (1.4)
RN JRN |x—

y’Nﬂx

2N

~ta, then the constant C(N, a, 1, s) admits a precise expression, namely,

In particular, ifr = s =
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Thanks to (1.4), the integral [px (Lo * [u|?)[u|Pdx is well defined in H (RY) once p € [24,2;],
where 2 := %f% and 2% := % are usually called upper and lower critical exponents with
respect to the Hardy-Littlewood-Sobolev inequality, respectively. It is easy to clarify that the
critical terms [y (In * [u]*)|u[*dx and [n(In * [u|*)|u|*dx are invariant under the scaling
actions o2 u(c-) and o2 u(c-) (o > 0), respectively, and these two scaling actions served as
group actions are noncompact on H!(IRV). Consequently, from the perspective of variational
methods, the critical exponents 2% and 2; may provoke two kinds of lack of compactness.
However, fortunately, similar to the Sobolev critical case studied in [3], these two kinds of
loss of compactness can be recovered to some extent by using the extremal functions of the
Hardy-Littlewood—Sobolev inequality.

In [21], Moroz and Van Schaftingen studied the case of Eq. (1.3) that W(x) =1, v = % and
G(u) = |u|P (p > 1), they proved the existence, regularity, radially symmetry and decaying
property at infinity of ground state solution when p € (2,2%). Meanwhile, based on the
regularity of solutions, they established a Nehari-PohoZaev type identity and then showed
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the nonexistence of nontrivial solutions for Eq. (1.3) when p ¢ (2%,25). Afterwards, in [22],
they extended the existence results in [21] to the case of Eq. (1.3) that g satisfies the so-called
almost necessary conditions of Berestycki-Lions type. For the critical cases of Eq. (1.3), with
the nonexistence result of [21] in hand, an increasing number of scholars devote to studying
Eq. (1.3) with critical term and a noncritical perturbed term. We refer the interested readers
to [4,9,14,30] for upper critical case, [23,26] for lower critical case and [15,25,31] for doubly
critical case.

When it comes to the case W(x) # const., we focus our attention on steep well potential of
the form AV (x) + b, where A > 0,b € Rand V € C(RV, R) satisfies the following hypotheses:

(V1) V is bounded from below, Q) := int V~1(0) is nonempty and Q = V~1(0),
(V2) there exists some constant M > 0 such that [{x € RN : V(x) < M}| < c0.

This type of potential was firstly introduced by Bartch and Wang in [2] to study the existence
and multiplicity of nontrivial solutions for subcritical Schrodinger equations in the case of
b > 0. Later, Ding and Szulkin further considered the case b = 0 in [8]. Since |Q| < +oo,
then —A possesses a sequence of positive Dirichlet eigenvalues p; < pp < -+ < pp — +o0.
Assuming b < 0 and b # —pu; for any i € N, Clapp and Ding [6], together with Tang
[27], studied the existence and concentration of ground state solution for critical Schrodinger
equation. Recently, the pre-existing results on Schrodinger equations have been extended to
the Choquard equations, see e.g. [1,14,15,19] and the references therein.

As we concerned here, sign-changing solution of elliptic equation is a focusing topic due
to its wide application in biology and physics etc. In [7], Clapp and Salazar investigated the
Choquard equation

—Au+W(x)u = (L * |ul?) [ulf2u in Q,

where Q € RN (N > 3) is an exterior domain, p € [2,2}), « € ((N—4)",N) and W €
C(RM,R). Under symmetrical assumptions on Q) and decaying properties on W, they derived
multiple sign-changing solutions. After this, many scholars considered the same topic in the
whole Euclidean space, namely,

—Au+W(x)u= (L * |ul?) |ulP2u  in RV, (1.5)

In [11], Ghimenti and Van Schaftingen studied the case that N > 1, « € ((N —4)",N),
W(x) =1and p € (2,2}) of Eq. (1.5). There, by introducing a new minimax principle and
concentration-compactness lemmas for sign-changing Palais—-Smale sequences, they obtained
a ground state sign-changing solution. Also, they proved that the least energy in the sign-
changing Nehari manifold has no minimizers when p € (2%, max{2,2;}). Further, Ghimenti,
Moroz and Van Schaftingen [10] constructed a ground state sign-changing solution of Eq. (1.5)
when p = 2 by approaching the case p = 2 with the cases p € (2,2;). Van Schaftingen and
Xia [28] assumed that N > 1, « € ((N—4)",N), p € [2,2%) and W € C(RY,R) satisfies
the coercive condition limy|_,., W(x) = +oc0. By using a constrained minimization argument
in sign-changing Nehari manifold, they derived a ground state sign-changing solution of
Eq. (1.5) (see the similar result in [32]). Moreover, Zhong and Tang [33] studied the following
Choquard equation

—Au+ (AV(x) + 1) u = (Lo* (KluP))K(x)|[ulP72u+ |ul* 2u  inRY,

where N > 3, 2* = %, a € ((N—4)",N), p€(2,2;), A <0and the functions V, K satisfy
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(V5) V € L% (RN)\{0} is nonnegative,
(V4) there exist constants p, 8, C > 0 such that V(x) > C|x|# for all |x| < p,
(K1) K € L"(RN) N L®(RN)\{0} for some r € [W, +00) and K is nonnegative.

It follows from (V3) that the first eigenvalue A; of —Au +u = AV(x)u in H'(RY) is pos-
itive. When A € (—A4,0) and € (2 — min NZJ;”‘ — N2 N2l 9), following the ideas in
[5], they derived a ground state sign-changing solution by using minimization arguments in
sign-changing Nehari manifold.

Motivated by the above works, in the present paper, we study the Choquard equation

—Au+ (AV(x) + 1) u = (I * [ul>)[ul>*2u+ plul/P?u inRY, (1.6)

where A > 0,4 >0, N >3,a € (N—-4)",N), p € [25,2*),and V € C(RN,R) satisfies the
hypotheses

(Vs) V(x) > 0in RN and there exists some M > 0 such that [{x € RN : V(x) < M}| < 400,
(Vo) Q:=int V~1(0) is a nonempty set with smooth boundary and Q = V~1(0).

Let E) := {u € H/(RV) : [pn AV (x)u?dx < 400} be equipped with the inner product

(u,0)r ::/NVu-Vv+(/\V(x)—|—1)uvdx, Vu,vekE,
R

1
and the norm |- ||, = (-,+)} for any A > 0. Since V > 0 in RY, it is easy to see that
E), — H'(RN) and, for any s € [2,2*], there is some constant vs > 0 such that, for all A > 0,

lu|s < vsllul| < vs|lullxr, YuekE,. (1.7)

By (1.4) and (1.7), we deduce the energy functional J,, of Eq. (1.6) belongs to C'(E,,R),
where

1 1 " .
Tau(u) = Sllul} 72 /}RN (Lo ) fu|?dx — l; /}RN |u|Pdx.

Now we are prepared to state our main results.

Theorem 1.2. Assume that N > 3,a € (N —4)",N), p € [25,2%) and (V5), (Vi) hold. Then there
exist A > 0 and p, > 0 such that Eq. (1.6) admits a ground state sign-changing solution u, , for any
A > Aand u > u,. Further, for any u > . and sequence {A,} C [A,+o0) satisfying Ay, — +o0,
the sequence {uy, , } of ground state sign-changing solutions to Eq. (1.6) strongly converges to some
uy, in H'(IRN) in the sense of subsequence, where u, is a ground state sign-changing solution of

“(y)|2‘§ 2¢_2 -2 .
—Au+u:A/7d ul“u+ululP~"u  in Q,
“Ja|x —y|N-« ylul plul (1.8)

u=20 on 0Q).

Moreover, for any A > A and sequence {pn} C [ps, +-00) with p, — 400, the sequence {u, ,,} of
ground state sign-changing solutions to Eq.(1.6) strongly converges to 0 in H'(RN) up to a subse-
quence.
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Remark 1.3. Similar to the proof of Theorem 1.1 in [14], by minimizing [, , on the Nehari
manifold

Ny = {1 € E\{0}, {TF,u (), 1) =0},

we can demonstrate that Eq. (1.6) has a positive ground state solution v, , for any A, > 0
large enough. It is easy to show 7, ,(upy) > Jhu(vay). Indeed, if Ty, (unry) = Tau(Oap),
then [u,,| € Ny, satisfies J) ,(lup,l) = infu, , Jau. Thereby, in a standard way, we may
deduce J ,(Jupul) = 0. Whereas, the strong maximum principle implies [u,| > 0 in RY,
and the regular estimates for Choquard equations (see e.g. [21,22]) implies u, , € C(RN,R),
thus u,) , has constant sign in RY, which contradicts with uiy # 0. Furthermore, due to

the presence of the perturbed term u|u|P~2u, the methods introduced in [11,32] to verify that
the least energy of sign-changing solutions is less than twice the least energy of nontrivial
solutions seem invalid here, we propose an open question whether 7, ,, (1) < 2T (0pu)-

Remark 1.4. To our knowledge, there seem to be no results on (ground state) sign-changing
solutions for Choquard equations with upper critical exponent, even on the bounded domain.
Our present work extends and improves the existence results of sign-changing solutions ver-
ified in [7,10,11,28,33]. In [5], the authors studied the ground state sign-changing solutions
for a class of critical Schrodinger equations

—Au—Au=|u*2u inD,

u=20 on 0D,
where D C RN (N > 6) is a bounded domain and A € (0,A;), with A; denoting the first
eigenvalue of —A on D. They proved that any sign-changing (PS). sequence is relatively
compact once ¢ < ¢+ %S %, where ¢y is the least energy of nontrivial solutions. As a counter-
part for the work in [5], Zhong and Tang studied a class of Choquard equations with critical
Sobolev exponent in [33], where they showed the relative compactness of sign-changing (PS).
sequence with c less than the similar threshold. However, in this paper, due to the presence
of the upper critical nonlocal term (I, * |u|%)|u|?~2u in Eq. (1.6), the relative compactness of
sign-changing (PS). sequence with

e 24« % 24« N*ﬂ)

f SZ+0¢
AN a) T Ny

cannot be deduced as expected, where S, is defined by (2.12) hereinafter. Also, it seems
2+a S(N“"X) (2+a) for

2(N+u) “&

small u > 0. Naturally, we attempt to construct a sign-changing (PS). sequence with ¢ <

5\]* fa)S (NFa)/(2+a) by assuming that y > 0 is sufficiently large. Therefrom, by applying the
properties of steep well potential AV, we can standardly prove the relative compactness of this

type of sign-changing (PS). sequence and then obtain ground state sign-changing solution.

intractable to search for sign-changing (PS). sequence such that ¢ <

We will give the proof of Theorem 1.2 in the forthcoming section. Throughout this paper,
we use the following notations:

& L7(RYN) is the usual Lebesgue space with the norm [u|, = ( [~ \u|7"dx)% for p € [1,+00).

& L°(RY) is the space of measurable functions with the norm |u|e = ess sup, gn|u(x)|.
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& C3(RYN) consists of infinitely times differentiable functions with compact support in RY.

& H'(RN) = {u e L*(RN) : [Vu| € L>(RN)} endowed with the inner product and norm

(u,v) = /NVM-Vv+uvdx and |u|| = (u,u)%.
R

& Hj(Q) is the closure of CF(Q) in H(Q) with the norm [[ullq = ([, \Vu]zdx)%.

& D'2(RN) is the completion of CF(RN) with respect to the norm ||u||p = |Vuls.

& The best Sobolev constant S = inf { ||u||% : u € D'?(RN) and |u[>- = 1}.

& u*(x) := tmax {£u(x),0} and (E*, || - ||+) is the dual space of Banach space (E, || - ||).

# 0(1) is a quantity tending to 0 as n — oo and |Q)| is the Lebesgue measure of Q C RN.
& B,(y) = {x RV :|x—y| <r}, Bi(y) = RV\B,(y) and B,(0) = B, for r > 0, y € RV.

2 Proof of Theorem 1.2

For the limiting problem of Eq. (1.6) as A — +oc0, namely Eq. (1.8), its energy functional is

1 2 2, Aa |14 () [ (y) | _g/ )
joo,y(u)—z/()|vu| + udx 5 /Q/Q dxdy ; Q|u| dx.

: =y

Due to (1.4) and H}(Q) < LP(Q), Jeoyu € CH(HJ(Q),R). Define the sign-changing Nehari
manifolds

My, = {u €Ey:ut # O,<j)’w(u),ui> = 0},
Moy = {u € Hy(Q) s u* #0,( T, (u),u*) =0},

Clearly, M, , and M, contain all of the sign-changing solutions of Egs. (1.6) and (1.8),
respectively. To search for ground state sign-changing solutions, we consider the following
minimization problems:

My, =inf { Ty, (u) :u € My},
Moo = INf { Joo (1) 111 € Mooy}

Before completing the proof of Theorem 1.2, we establish several preliminary lemmas.

Lemma 2.1. Forany A > 0, u > 0and u € E, with u™ # 0, there exists a unique pair (A pur EA o)
1 1

%

.. 2% +
of positive numbers such that s At T

u- € M,,, also,

S 1 1 1
ooyt am o) = Fyut 4ty
Tnp(Spat” + ™) = 02X Tap (s30T - 1507,

Proof. Firstly, we certify the existence of such pair of numbers. For any A > 0, y > 0 and
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u € Ej with u® # 0, define the function F) , (s, t) for any (s, t) € [0, +00)? by

L 1
Fapuu(s t) = Ty u(s% ut %)
% »
S 2

_ 2 S 120N [ (2 VSZK/ +
_ _ I ) fut P — 5 P
5l IX 2_2;2/]RN(0¢*’M %) [u [P dx ) o [ 1P

2 r

£ £2 o o ut _
+7||u H%\ - 227;/1;1\] (IIX * |u |2a)|u |2ﬂidx— p/]RN |u |pdx
St + 2% L
—%/RN(IQ*W 120 [u [ dx.

It is easy to derive lim( |0 Fauu(s,t) = 0 and lim )00 Fapu(s,t) = —co. Then there
exists some point (s ., truu) € [0,400)? such that

F, S t = max F s, t).
)\,y,u( A, /\,y,u) (5,1)€[0,+00)2 /\,y,u( ’ )

Since F) (8, ta,uu) is increasing in s for s > 0 small enough, there results s, ,,, # 0. Similarly,
we deduce t) ,,, # 0. Thereby, (syu, tauu) € (0,+00)%. Then

a]:)\,y,u af)\,y,u
% (A Er o) = ot (Sapur tapu) =0.
1 1
2% + 2% —
Naturally, s P t apult € M-

Further, we claim such pair of numbers is unique. For brevity, we introduce the notation

B(u,v) := > /]RN (I * [u|*) |o|>dx, Y u,veE,.
[

Through direct calculation, we deduce that the Hessian matrix of F) ,,, at (s, t) € (0, +00)? is

22
225 (2% “|lut|? 0
H/\,y,u(sz t) — o H HA 2,
0 w3

(B Bty w2 <s2’%‘2|u+|¢3 0 )

22 0 g

It follows from [17, Theorem 9.8] that B(u",u~)? < B(u*,u")B(u~,u~). Then, noting p > 2,

we conclude that Hy ,, , (s, t) is negative defined for any (s, t) € (0, +00)?. Thereby, it is easy to

know that F) , , has at most one critical point on (0, +00)2. Thus, (s Aur A ) is the unique
1 1

%

. P 25 +
pair of positive numbers such that s’ u™ +1t)"

u- € M,,, and this lemma is proved. [J

As a by-product, we may derive Mq,, # @. Indeed, since J ; = Jeoy in H}(Q)), we have
Remark 2.2. For any y > 0 and u € H}(Q) with u™® # 0, there exists a unique pair (sy,u, 1)
1 1
of positive numbers such that s;,u™ + 51~ € Me, and
1 1

oF 5% XL =
Teoy (825 ut + 2% u™) = max Jeoy(sZut + tZ%u").
oo, (Spiu ") max oo ( )
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To facilitate the subsequent discussion, we show some properties of M, , in the following

Lemma 2.3. Forany A > 0and yu > 0, if {u,} C M, and limy, o Tp (t4n) = m, , then my ,, >
0 and there exist some constants C 1, C) 2 > 0 such that C, ,,» < I a, unlla < Cau1 forall n.

Proof. From M, , # @, we know m, ,, < o0 for any A, u > 0. Since {u,} C M, ,, there holds

1/, -2
g 0(1) = Taulia) = 2 (TH o) ) 2 B 2.1)

Then there is constant C, 1 > 0 such that sup,, |[u||» < C, 1. Thereby, (1.4) and (1.7) imply

ol = [ Gl a2 i P 4 [P
2.2% 2% 2%
< AuC(N, @) V2% g | % a3+ gt |
2.2% 2% 2%
< AuC(N, a)vy. ac/\me”ﬁH)\a + .”V;ZH”in\-

As a consequence, there exists some constant Cy ;,» > 0 such that inf, [|u;7[|, > Cy 2. Further,
we deduce from (2.1) that m, , > 0. Thus we complete the proof of this lemma. O

Next, following [5], we construct a sign-changing (PS), sequence {uy} for J) ,,, (i.e. u;F # 0
for any n, 7y, (un) — c and J):,V(un) — 01in E} as n — o0). Let P) be the cone of nonnegative
functions in E), Q = [0,1]> and T A be the set of continuous maps 7y : Q — E, such that, for
any (s, t) € Q,

(@) v(s,0) =0, v(0,t) € Py and y(1,t) € —P,,
(b) (Jruov)(s,1) <0and

S [(ex [y(s, DP9 [ (s, DI+ ply(s, DIP dx
(s, DI =

For any u € E, with u® # 0, define 7, ,(s,t) = ot(1 —s)u™ +otsu™ foro > 0and (s,t) € Q. It
is easy to show 7, € Iy, for 0 > 0 large enough. Therefore, I') , # @. Define the functional

Jrw [as () (Juf* + [0]?) + p|u]P] dx
Liu(u,0) = [l '
0, u=0.

Clearly, £, , > 0if u # 0. Moreover, u € M, ,, ifand only if £ ,(u*,u~) = L), (u",u™) = 1.
As a start point, we display a minimax characterization on m, , for any A > 0 and p > 0.

Lemma 2.4. For any A > 0 and p > 0, there holds

= inf ). 2.2
M= Inf | max Ju,(v(st) (2.2)

Proof. On the one hand, for every u € M, ,, yu(s,t) = ot(1 —s)u™ +otsu~ € T, for some
o > 0 large enough. Then it follows from Lemma 2.1 that

= TttuT) > ,1)) > inf 1))
Tap(u) = max Julsu™ +tu) 2 max Jpy(vuls,t)) 2 inf max Ja,(v(st)
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Thereby, due to the arbitrariness of u € M, ,, there results

m,, > inf max s, t)).
Au = €Ty, (5,1)€Q j)\,,u <’}/( ))

On the other hand, for each v € T, , and t € [0,1], since ¥(0,t) € Py and ¥(1,t) € —P;, we
conclude

Lau(r(0,8)%,9(0,6)7) = Lau(r(0,6)7,9(0,6)") = Lau(v(0,6)F,7(0,£)7) >0, (2.3)
Lru(y( DT, v (LH7) = Lau(r(L )7, v(LH)T) = =Lau(v(LE) 7, v(L,5)T) <0 (24)

Meanwhile, due to y(s,0) = 0 for all s € [0, 1], there holds
Lau(7(5,0)7,7(5,0)7) 4+ L u(v(s,0)7,9(s,0)7) —2 = =2, Vs e[0,1]. (2.5)

And, for each y € T ,,, by the definition of £ , and the property (b) we have, for all s € [0,1],

Lau(y(s, D90, 1)7) + Lau(r(s,1)7,v(s,1)F) =2
. Jev [Tax [y (s, D))y (s, ) + ply(s, )P) dx

2>0. (2.6)
lv(s, DI
Moreover, it is easy to verify that, for any (s, t) € 9Q,
( Lap(r(s, )7, 2(s,8)7) = Lau(v(s, )7, v(s,8)") ) y (0> _ 27)
Lau(v(s, )7, v(s,6)7) + Lau(y(s, )7, v(s,8)7) =2 0

Then, by combining (2.3)—(2.7) with the Miranda theorem (see e.g. Lemma 2.4 in [13]), we
derive that there exists some (s,, t,) € (0,1)? satisfying

)T (Sy0t0)7) = Lau(v(sy,ty) " ¥ (59, ) T) =

;Y (Sq,ty) ) + 'C/\,y (Y(8y,t9) " (54, t7)+)

E/\,pt ('7(57/ tfy

ﬁA,y ('Y(S'yr t7)+

In view of this fact, we easily obtain

EA,V(’Y(S"Wt7)+/')’(57rt7)_) = 'C/\,y(’)’(sw t“y)_f’Y(Sw t7)+) =1,

which implies (s, t,) € M, ,. Consequently, from the arbitrariness of y € T’ ,, we deduce

inf max J, s, t)) > my .
YELA . (s,t)€EQ A’”(,Y( )) A

Now, by combining the above two sides, we know (2.2) holds. Thus this lemma is showed. [
Lemma 2.5. Forany A > 0and p > 0, J) , possesses a sign-changing (PS)m, , sequence {u,} C E,.

Proof. We will end the proof in two steps. Firstly, we construct a (PS), , sequence for J) .
Take a minimizing sequence {w,} C M, , for m, , and set vy (s, t) = ot(1 — s)w, + otsw,, .
By Lemma 2.3, it is easy to choose a sufficiently large constant & > 0 such that {7, } C ' ,.
Due to Lemmas 2.1 and 2.4, there holds

lim max J) . (von(s,t)) = im Jy ,(wn) = m, . (2.8)

n—oo (s,t)EQ n—oo
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We assert that there exists some sequence {u,} C E, such that, as n — oo,

T () — my j/(,y(un) — 0, (n?)ié\Q ltn — von(s,t)]]x — O. (2.9)
5,
If not, there exists some constant J, , > 0 such that, for n suitably large, Yon(Q) N U5/w =@,
in which

A
u(ng = {u € E): dove E, s.t. HZ) — Ll”,\ < (5/\,;1, ||Vj/\,y(v)|| < 5)\#, |\7A,M(U) — m/\,y\ < 5,\[;,}.

Then, by a variant of the classical deformation lemma due to Hofer (see [12, Lemma 1]), there
exists a continuous map 7, ,, : [0,1] x E; — E,, which satisfies that, for some ¢, , € (0, “3%),

(i) 7au(0,u) = u, npu (T, —u) = —np (T, u), YT €[0,1], u € Ey,

i) () = u, ¥ ue w0 (ENTy ), v e 0,1],

EAu

(iii) . (l ij;z+ 2 \uéM,) c jm/\u = /

Ap

@) 7 (1, (gt mPA)\u(sA,H) c T,

where the sublevel set J{  := {u € Ex: Jyu(u) <d} for d € R. By (2.8), we choose large
such that

)\;4

s, (Q)ij“‘ 2 and .(Q)NUs,, = . (2.10)

Set the continuous map Y 4,1(s,t) = 7, (1, v5,1(s, 1)) forany (s, t) € Q. We claim ¥ .., € T'p ;.-
Indeed, from 75,(s,0) = 0 and (ii), it follows that 7, ,,.(s,0) = #,,(1,0) = 0 for
any s € [0,1]. Since 75,(0,t), —vs(1,t) € Py and (2.10) implies v5,(0,t), —vsu(1,t) €

A
JAHE"‘JF . \Uggm, we deduce from (i), (iv) that 9, ,,,(0,t) € Py and Y,,,.(1,t) € —P, for all

€ [0,1]. Also, Ju(van(s,1)) < 0and (ii) imply Yan(s,1) = 7au(1, Yon(s,1)) = Yau(s, 1)
for any s € [0,1]. Then, by 75, € Tp,, we know 7, , , satisfies the property (b). From the

above arguments, we derive our claim 7, ;,, € T'a ;-
EAu

Thereby, since (2.10) and (iii) imply ¥,,.(Q) C J, m” 2, we conclude

EAy
< ) < — =B
My, < (gr})azgﬁy(%m(s ) <myy 2

which is a contradiction. Thus there is a sequence {u,} C E, possessing the properties in (2.9).
Secondly, we prove u;- # 0 for all large n. By (2.9), there exists a sequence {v,, } such that

Oy = 0y, + Bawy, € You(Q) and ||v, — uyly = 0. (2.11)

Due to {w,} C M, , and p € (2,2*), from (1.4), Lemma 2.3 and the Young inequality we have

22
i}§+V”2(P_2) ‘w:t 2*

: _p}wﬂ 2% _ D no*

2% 2% _ D

+12

@i |3 < AeC(N, &) (v2-Ca p1)% |y
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Then, by (1.7), there holds

2%

2% _9
2 w2 (p—2), 4
T ml (U M

p_z + 2 2 L
m ‘wn 2 S AaC(N,[X)(Uz*C/\’%l) wn o + 2* _2 2

which implies inf, |wf|o- > 0. In view of this fact, the second limiting formula in (2.11)
and (1.7), to show u,f # 0 for n large enough, it suffices to verify that a, - 0 and B, - 0
up to subsequences. Suppose inversely &, — 0 up to a subsequence. Then it follows from
JIru € C(Ex,R) and Lemma 2.3 that
m/\,y = Jgrolo j)\,]/l (vn) = r}grolo j/\,y (D‘nw;{ + ,an;) - T}g{}o j/\,y (,an;)z
which together with m, , > 0 implies  := sup, B, < +oo. Further, by Lemma 2.1, the Fubini
theorem, Lemma 2.3, (1.4) and (1.7), we deduce
m)\,y = Y}E};\o jA,y(wn)

= lim max swl + tw;
n—0c0 5,t>0 jA'V( " " )

> lim max Jy , (sw, + Buwy,)

n—oo 520
2 2:2% p
. S §= T« * us
= Jim max |5 eof 13 = 55 [ e o ) g P = 257 [ o

i 2 ,331.22 2 2 V,BZ
513 = 5 [ U oy ) o P =200 [ prax

5% B _
]

2
= lim max iHw+||2 e / (I * [w,f %) |w;f [P dx
n—oo s>0 | 2 " A 2.2% Jr a n n
2% 024
s Bir' 2N [ (2 ps? _
=T o Cee e )y P = B ot Pt T (B
1o o 1 2.2; zox ox M p
Z r?zaox |:2C)\,;4,25 - gAaC(N, DC) (Uz*c/\,%l) ﬁ agTe — ; (Vpc/\,%l) sP
1 22, 22, . _
_ 72 : 2; A,XC(N, DC) (VZ*C/\,y,l) S + nlgl;}o JAIH(;ann )
> M s

a contradiction. Naturally, {«, } has no subsequence tending to 0. Similarly, we can show {f, }
has no subsequence tending to 0. Thus u;- # 0 for n large enough. This lemma is proved. [

Now, we estimate the least energy m, , from above. By [9, Lemma 1.2], the best constant
Sy = inf{/ |Vul*dx : u € DY*(RN) and / (I * |uf?) |ul*dx = 1} (2.12)
RN RN

is attained by the functions

uﬁ(') = N—




12 Y.-Y. Li, G.-D. Li and C.-L. Tang

Take 6 > 0 such that Bs; C (), and extract two cut-off functions ¢, € C{ (€, [0,1]) satisfying

1 cB 0, xe ]ths,
7 x 7
p(x) = “ and 9(x)={1, x€Buy\Bss,
0, xeBj
0, x & Bg;.
Define u, = ¢U, and v = PpU,. As in [3,4], through direct computation, we obtain, as e — 07,
N+a
[ 1Vucdx = 85 4 0(eN2), (2.13)
Q
O(e), N =3,
/Q\uglzdx: O(2|Ine]), N =4, (2.14)
O(e?), N>5
and
L OB W)™ ) a-1s¥5 4 o) (2.15)
|x — y[N-«
Additionally, as ¢ — 07,
/ |Voe|? + v2dx = O(eN™2) and / |ve(x)[Pdx > dpe 2 for some dy, > 0. (2.16)

Lemma 2.6. There exists some . > 0 independent of A such that, for any A > 0 and pu > .,

N+«
Sat.

my, <m < My = 2—'—7“

= TR * 2(N +a)
Proof. Since My C M), and Ty = Joeou on Mooy, we easily derive m, , < e y. For
any ¢ > 0 and y > 0, by Remark 2.2, there exist some constants s, > 0,t,. > 0 such that
Spelle — tueVe € Mooy and Joo (S elte — ty,e0e) = MaXs 150 Joou(SUUe — tve). It suffices to show
maxs ¢>0 joo,y(sug — tve) < m, for € > 0 small enough. Noting spt u. N spt v; = @, we deduce

max Joo (Stte — (2.17)

< .
F0c) = g T Ste) 19 om0

It easily follows from (2.13)—(2.15) that, for ¢ > 0 sufficiently small and all # > 0, s > 0,
N+a 1 "
< 2+a 2 o 2'21x .
Tooplsue) < S5 (s 1.2:° )

In view of this, there exist some sufficiently small s; > 0 and sufficiently large s, > 0 inde-
pendent of ¢, u such that, for € > 0 small enough and all # > 0,

max Joeo(Stle) < m, and

max  Joeou(ste) < 0.
s€(0,s1)

s€(sp,400)
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Moreover, from (2.13)—(2.15) again we conclude, for € > 0 sufficiently small and any p > 0,

< Vi Pdx A V”s )P fue(y)
max_ Jeo u(SUe) max | Ue| X—ﬁ X —yN-a xay

S€[s1,52]
—I——z/ |u8|2dx—y—1/ e |Pdx
2 Ja p Ja

2+e ng [14+0(N2)][1— O(€¥)]

~ 2(N +a)
s3 sPeN=F
-|-—2/ |u8|2dx—7y 1 |Uy [Pdx
2 Jao B,
_ 2+a % N— / 2 Hsl / 14
= 2(N—|—Dc)sa +O(e |ue|“dx |Uq |Pdx.

If N>4, 0or N=3and « € (1,3), by (2.14) and p > 2} we deduce, for ¢ > 0 small enough
and u >0,

(N-2)p

2 P.N—
o N-2y , 52 2, H5€ :
m(e) i= O 2) + 2 | JucfPx ;

/ U |Pdx < 0.
B,

If N=3and a € (0,1], take u = ', by (2.14), there exists small ¢; > 0 such that 73(¢) < 0

2

for all ¢ € (0,&1]. Based on the above discussion, for ¢ > 0 small enough and any y > &}’

if N=23and « € (0,1), also, for ¢ > 0 small enough and any > 0if N > 4 or N = 3 and
€ (1,3), we conclude

max Jeo (Stle) < M. (2.18)
s>0

In addition, due to (2.16), there exists some C; > 0 such that, for ¢ > 0 small enough and
any p >0,

p
maX Joou(tve) < max [CleN 242 udy (sN—th) %} (p—2)(2C,)7= (2.19)

2
>0 2p(upd,) -2

Now, by combining (2.17), (2.18) and (2.19), there exists some large y, € [E’ +oo) such that
maxs ;>0 Joo,u (sue — tve) < my for any y > p, and small ¢ > 0. Thus this lemma is proved. [

In the forthcoming lemma, we show that 7, ,, satisfies the local (PS). condition for A large.

Lemma 2.7. There exists some A > 0 independent of y such that, for any A > A and y > .., each
(PS). sequence {un} C Ey for J),, with level ¢ € (0,m.), has a convergent subsequence.

Proof. From the definition of {u,}, there results
1 -2
e +o(1) +o(lnll) 2 Tulun) = - (Tl tn) 2 B

Then there exists some C; > 0 independent of A and y such that limsup,, ||u,|» < Co. Natu-
rally, {u,} is bounded in E,. Hence, there exists some u € E, such that, up to subsequences,

Uy — U in E,,
s (RN), Vs €[1,2),as n — oo. (2.20)
u(x) = u(x) ae. in RV,

Uy —> U in LS
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Set v, = u, — u. Clearly, limsup, [|[v,]|x < 2C,. We will show |[v,][, — 0 up to a subsequence.
Define

B = limsup sup v2dx.
n—oo" yeRN /Bi(y)

We assert f = 0. Otherwise, B > 0. Due to (V5), there exists some large R > 0 such that

N
S \:2
€ B3(0) : V(x) < M}| < P
x € Bi(0): V) < MY < ()
Then it follows from the Holder and Sobolev inequalities that
2
lim su v2dx < |{x € BY(0) : V(x) < M}|¥5  limsup o3 < B. @21
n%oop {x€Bg(0):V(x)<M} T H #(0) () < }‘ n%oopH ol < 4 2.21)

Moreover, if taking A = ﬁ (16C%,B_1 — 1) and letting A > A, we have

limsu 2dx < lim sup ||v,||? <é' 599
n—>oop {xeBy)v(x)>m} " T AM+1 n_mpH nlln < A (2.22)

Consequently, combining (2.20)—(2.22) leads to

B < limsup vidx = limsup/ vidx < é,
7(0) 2

n—o0 RN n—co

which contradicts § > 0. That is, our claim = 0 is true. Then, thanks to [29, Lemma 1.21],
v, —» 0 in L5(RN),  Vse(2,2%). (2.23)

By (2.20), it is easy to show J; ,(u) = 0. Further, with (J} ,(un), un) = o(1) in hand,
we deduce from (2.20), (2.23) and the nonlocal version of the Brézis-Lieb lemma (see e.g.
[4, Lemma 2.2]) that

o(1) = [|onl2 — /IRN (I ¢ [on[%) [0 % dx. (2.24)

Set x = limsup,,_, ||vs|[r. Due to (2.24) and the definition of S,, there results xk = 0 or
N+a

Kk > S2%" . We claim ¥ = 0. If not, because jgw(u) > 0, it follows from (2.20), (2.24) and

Lemma 2.2 in [4] that

2 2 ya
o limsup ||v,||3 > 5 e Si™,

¢ = lim Ty u(un) = Thu(u) + AN ta) Y 2(N +a)

which contradicts ¢ < m,. Thus u, — u in E, up to a subsequence. This lemma is proved. [J

Based on the above preliminary lemmas, we shall complete the proof of main results below.

Proof of Theorem 1.2. Let A > A and y > p.. Thanks to Lemmas 2.5 and 2.6, 7, , has a
sign-changing (PS),, sequence {u,} C E,, with m,, < m.. From Lemma 2.7, we derive
that u, — u,, in E, in the sense of subsequence. Then, there result J. /(,y(u Au) = 0in E} and
Tru(upy) = my,. Further, Lemma 2.3 implies uiy # 0. That is, Eq. (1.6) has a ground state
sign-changing solution u, .
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Next, we show the concentration of ground state sign-changing solutions for Eq. (1.6) as
A — 4oo. Given p > p, arbitrarily. For sequence {A,} C [A,+oc0) with A, — oo, let
uy,u € Ep, be such that

u;\tnrﬂ ?é O’ j/(nfy(u/\"’y) = 0 1n E;k\n’ jA"’V (u)\"’y) = m/\"'ﬂ'

By Lemma 2.6, it is easy to obtain
m.>J L p—2 2 2.25
> T (Ur, ) — » T oot W) U ) > WHuAn,yHM (2.25)

Obviously, {uy,,} is bounded in H'(R"). Then, there exists some u, € H'(RY) such that,
up to subsequences,

Up,p — Uy in HY(RN),
(RN), Vs € [1,2%), (2.26)
up,u(x) 5 uy(x) ae in RN

n
U, — Uy in Lfoc

It follows from the Fatou lemma, (2.25) and (2.26) that

2
0 S/ V(x)u de < liminf V(x)u%L dx < 11m1nfw

n—oo JRN H 1—00 "

=0,

which together with (Vg) implies uy,|nc = 0. Then, u, € H}(Q), since 9Q) is smooth. Thereby,
for any w € H}(Q), we derive from (Th,u(tr, ), w) = 0 and (2.26) that T, , (1) = 0.
Set vy, = u),, . — uy. For any e > 0, by (Vs), there exists some large R > 0 such that

[{x € B : V(x) < M}| < [%258]2

Then, due to the Holder and Sobolev inequalities, the weakly lower semicontinuity of norm
and (2.25), there holds

2
o2 dx < [{x e BS : V(x) < MYV S o, |3 <e.
/{xe]BC V(x)<M} pn H R VI(¥) < }‘ | n,yH/\n

From the weakly lower semicontinuity of norm and (2.25), it follows that

2
2 HU’VWIHA” 4pm,
dx < —0 asn — oo,
/{xGIBC (x)=M} Oun AM ~ (p—2)MAy,

Thereby, we deduce from (2.26) that |v;, |2 2 0. Further, by (2.25), the Holder and Sobolev
inequalities, there holds

2(2*—;1) 2*(p—2)
limsup | |o,,[Pdx < limsup <’Uy,n’2 [Opn >
n—o0 RN n—o0
dpm, ]2@2) =
< | ZPT lim sup [0y o, 72 = 0. (2.27)
7] sl

By (2.26), (2.27), the nonlocal type of the Brézis-Lieb Lemma 2.2 in [4] and T, , (1) = 0, we
have

= (T ) 0r,) = I0unl, = [ (o 0/ o+ 0(1). (228)
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Denote «, = limsup, . [|oyu][s,. It follows from (2.28) and the definition of S, that Ki <
N+a
Sy Z“Kf, 2 Then, by (2.25), there results x, = 0 or x,, > S22 We assert x, = 0. If not, from

Lemma 2.6, (2.25)—(2.28), the nonlocal type of the Brézis-Lieb lemma and J, ,,(u,) = 0, we
have

My > ]}1_1;1;10 ‘7)\11/]4(1/[/\71/]4)

24+« . 2
= Joou(tiy) + 2N +a) hf;lj;lp [opnll3,
1 p 2+a 5
= Jeoli) = 5 (Tt ) + 2(N +a)"
Z m*/

a contradiction. Hence, ||uy, ,, — 1|5, — 0. Then, it is easy to show u,, , — u, in H'(RN).
From (7 ., (u,4), ui/}) =0, (1.4), the Young and Sobolev inequalities, we deduce that

S|uA1y 2 —/]R (I“*]uAn,y|2ﬂ*‘)|uiy|2 dx + pluy %

2 — p—2 22 2*
>t o g H”An,yHAn + 2* —oH" ‘”i,y 247

2% —

<ACNoc\u)\nH

2% u)\n H

which together with (2.25) implies

%

> ACN,a)(2" —2) [ 2pm. 17
e S Iy
p—2 S(p—2) ol

2*

S | u)\n,}'i 2*

In view of this, there holds inf |u} ulp» > 0. Thereby, [[up, u — 1y % 0 implies |3y |2 > 0.
n ns

Naturally, uff # 0 and then u, € Mc,. Thus we derive from (2.26), the Fatou lemma and
Lemma 2.6 that

Moo,y Sjoo,ﬂ(“u)_;< OOV( n) P‘>

_p—z/ 2 (22 - // 4 () P 1t ()

= 2p Q<|Vuy\ +u )dX+ 2 2* ‘X— ‘N n dXdy
. [p—2 2 2 2—p 2 2

S,}Eﬂ‘o[ 2 Hu/\mHHAn—’_zpz*/ (Lo [0, ) T, o e

= lim [JA (U, ) — <'~7)/x,1,y(u)\n,]4)’u/\mﬂ>:|

n—oo

< Mooy,

which leads t0 Jeo (1)) = Meoy. Therefore, uy, is a ground state sign-changing solution for
Eq. (1.8).

Further, we certify the asymptotic behavior of ground state sign-changing solutions for
Eq. (1.6) as p — +oo. Fix A > A. For any sequence {p,} C [ps, +00) with p, — +oo, let
{up,,} C E, satisfy

4 .
u)\,yn # O’ j):,yn (u)\,ﬂn) =0 in E}k\’ ‘-7/\,]4»1 (u/\,]‘»n) = m/\rﬂn'
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It easily follows that

1 -2 2
M, = T, (Uap,) — » <‘7/<,}4n(u/\r]1n)’u/\rﬂn> = Pzp (2 A

(2.29)

We assert that lim, ;e 1, ,, — 0 in the sense of subsequence. Take w € H}(Q) such that
w* # 0. Due to Remark 2.2, there exist s, > 0 and t, > 0 such that s,w™’ + t,w™ € Moy, -
Then we have

sfl/ Vw2 + ot 2dx
0

22 w* (x) 2wt ()%
= Ausy " //| |x|—y||NE‘)| dxdy

| ()% |w™ (y) p/ Fip
+ Ax(Sutn) // =y dxdy + sy Q\w |Pdx, (2.30)

tfl/ Vw2 + |~ [2dx

2.2 jw™ ()P () %
= Aty // |x— N dxdy
+ (x5 2
+ Ay (tnsSn 2*/ / ™ |x ) ’T; {E vl dxdy + ynt,’i/ lw™|Pdx. (2.31)
— 0
From (2.30) and (2.31), we easily deduce that both {s,} and {t,} are bounded. Thereby, s, —

sp and t, — to up to subsequences. By using (2.30) and (2.31) again, we derive sy = ty = 0.
Consequently, Lemmas 2.3 and 2.6 imply

0 < limsup my y, < lHmsup ey, < limsup Jey, (Spw™ + tiw™)

n—o00 n—00 n—00
< hmsup< / Vo™ |? + |w™ |2dx+t2/ Vo™ >+ |w‘|2dx> = 0.
n—oo

Now, from (2.29) we conclude u, ,, % 0in E,. Naturally u A % 0in H'(RY) in the sense of
subsequence. Thus, based on the above arguments, we complete the proof of Theorem 1.2. [
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