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LetT : Hq X Hy, x Hz; — C be atrilinear form, where H;, H,,
H; are separable Hilbert spaces. In the hypothesis that at least
two of the three spaces are finite dimensional we show that the
norm square A = ||T||? is a root of a certain algebraic equation,
usually of very high degree, which we baptize the millennial
equation, because it is an analogue of the secular equation in
the bilinear case. More generally, as indicated in the title, we
can consider singular values of a trilinear form and their squares
too satisfy the same equation. We work out the binary case (all
three spaces are two dimensional). Even in this case the situation
is complex, so, in the absence of any genuine results, we content
ourselves with advancing a number of conjectures suggested by
computer experiments. Finally, we connect the singular values
of a trilinear form with the critical values of an associated family
of a one parameter family of bilinear forms. Also here we have
to offer mainly only experimental evidence.

INTRODUCTION

Trilinear forms play an increasingly important role
in many parts of analysis— for instance in Fourier
analysis, where they appear in the guise of paracom-
mutators and compensated quantities (for a survey,
see [Peng and Wong 2000]). In this paper we address
the following problem. Suppose

T:?C1X9{2X9{3—>(C

is a trilinear form where H;, H,, H; are separable
Hilbert spaces. What is the norm of T,
T = sup  [T'(z,y,2)|?
izl w2l <1
In the hypothesis that at least two of our three
spaces are finite dimensional we show (Section 1)
that the norm square A = ||T|? is a root of a cer-
tain algebraic equation, usually of very high degree,
which we baptize the millennial equation, because it
is an analogue of the secular equation in the bilin-
ear case. More generally, as indicated in the title,
we can consider singular values of a trilinear form
and their squares too satisfy the same equation.
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In Section 2 we work out the binary case (all three
spaces are two dimensional). Even in this case the
situation is rather complex so, fault of any genuine
results, we content ourselves with advancing a num-
ber of conjectures which we were led to by computer
experiments using either Mathematica and/or Mat-
lab (see, in particular, the remark in Section 2).

In Section 3, returning to the general situation,
we briefly indicate a very general set-up of which
the problem treated in Section 1 is but a special
case.

Finally, in Section 4 we connect the singular val-
ues of a trilinear form with the critical values of an
associated family of a one parameter family of bilin-
ear forms. Also here we have to offer mainly only
experimental evidence.

For previous work on trilinear forms related to our
present investigation we refer to [Cobos et al. 1992;
1999; 2000a; 2000b]. See also the survey [Cobos
et al. 1997].

1. MILLENNIAL EQUATION: THE GENERAL CASE

The idea of the millennial equation is really hidden
in [Cobos et al. 1992, Appendix]. The millennial
equation does for trilinear forms what the secular
equation does for bilinear forms. In general, there
are three cases: the field of scalars K = R, C or H
(see Section 3). Here we shall consider the millen-
nial equation for K = C but only in the case when
at most one of the underlying Hilbert spaces is infi-
nite dimensional while the remaining ones are finite
dimensional. Otherwise, we were led to infinite di-
mensional determinants and other complications.

Let H;, H, and H3 be Hilbert spaces with generic
elements z, y and z respectively. Our policy is to
“eliminate” the variables one by one. Let the first
one be the potentially infinite dimensional variable
z, the remaining ones y and z being finite dimen-
sional. The elimination of z is effected by observing
that the study of trilinear forms

TID‘CIX}CQXJ{;;—)C

is equivalent to the study of bilinear forms B : H, X
Hs — Hj, where H] is the dual Hilbert space to
H;; by the F. Riesz lemma, there is a canonical anti-
holomorphic isometry from H; to H/ denoted z —
Z. The formal connection is given by the formula

T(z,y,2) = [z, B(y,2)], where [-,-] is the duality
between H; and Hj.

Consider the problem of critical points of the func-
tional ||B(y, z)||* under the subsidiary condition

lylI*l=1* = 1.
It is the same as looking at the critical points of the
functional ||B(y, 2)||> — Allyl|?||2]|*> where X is a La-
grange multiplier. The possible values of the square
root A\* may be viewed as an analogue of the singu-
lar, Schmidt, or approzimation numbers in the bilin-
ear case; the largest of them coincides with the norm
of B. The existence of a singular value is guaran-

teed by making the assumption that 7' be compact
[Cobos et al. 1992].

Remark. Actually, the norms of T' and B agree,
which is a consequence of Cauchy’s inequality. Sim-
ilarly we get essentially the same Lagrange multi-
pliers when considering the critical points of the
functional |T'(z,y, z)|> under the subsidiary condi-
tion ||z||?||y||?||z]|*> = 1. So, in a way, what we have
is a kind of generalization of this inequality.

We introduce the notation B(y, z) = B(y)z = B(2)y
where B(y) and B(z) are regarded as linear opera-
tors, in H3 and JH, respectively, with values in JHj.
(One might perhaps equip the operators B(z) and
B(y) with subscripts, putting B(y,z) = Bs(2)y =
B,(y)z. But if we make identify zyz with the in-
dices 123, as is customary in classical invariant the-
ory, these subscripts become superfluous.) Differ-
entiating we find the two necessary and sufficient
conditions

B(2)"B(2)y = =y,
B(y)*B(y)z = Aly||*z,
for a pair (y, z) € Hy x H; to be a critical point. Set
A(2) = A2|’E — B(2)"B(2),
def

A(y) = AMlylI*E — B(y)"B(y)-
(Here and in what follows, E stands for the identity
operator in the corresponding space.) We note that
A(z) and A(y) are self-adjoint operators. Then we
obtain the two equivalent conditions

A(z)y =0 and A(y)z = 0.

We now assume, for simplicity, that both H, and
Hs are finite dimensional, setting dim H, = n, and

(1-1)

def

(1-2)



dimH; = n3 (and dim H; = n,, if H; is finite di-
mensional too). Let det be the determinant function
on them. It follows from (1-2) that

det A(z) =0 and detA(y) =0. (1-3)

Next we put into play the adjoint operator A(z)>¥;
already Ivar Fredholm had an adjoint operator.

Remark. Recall that if C is a linear operator is a finite
dimension vector space W then its adjoint operator
C*4 is a generically defined operator satisfying the
identity CC?% = Edet C. The adjoint operator is
implicit in Cramer’s rule; in the infinite dimensional
case Fredholm constructed it for certain integral op-
erators. One has the formula ddet C = tr(C*¥ dC).)
Below we use the fact that if W is a finite dimen-
sional Hilbert space and C is self-adjoint, then C2%
projects onto the nullspace or is zero. (Note the
conflicting but traditional uses of “adjoint”.) For
instance, if C' is a diagonal 3 x 3 matrix with en-
tries A1, Ao, A3 then C?¥ is also diagonal with en-
tries A\gAs, A1 A3, A\ \g and if, say, A\; = 0 then C?Y
projects onto the first basis vector (1,0, 0).

Differentiation yields

9. det A(z, ¢) = tr(A(2)*90, A(z,))
where we have

9:A(z,¢) = M(, 2)E — B(2)"B(Q).

From (1-2), first formula, and using the result in-
dicated in the previous remark, we infer that there
exists a complex number p such that

A(2)*S = p(-,y)y.
Continuing our calculation, we find
0. det A(z,¢) =ptr [N, 2)(-, y)y—(B(2)* B(C) -, y)y]
=p(MS 2)lyI*—(B(2)* B )y, ))-

The second term in the last expression within brack-
ets can be transformed as follows:

(B(2)*B(Q)y, y) = (B({)y, B(2)y)
= (B(y)¢, B(y)z)
= (¢, B(y)"B(y)2) -

Thus finally, in view of (1-2), second formula,

8. det A(z,¢) = p(¢, Mlyll*z — B(y)*B(y)z)
= p((, A(y)z) = 0.
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This achieves the elimination of y. We summarize
the situation as follows.

Proposition. Let z be the second component of a crit-
ical point of the functional ||B(y, 2)||* — A|yl|||2||%,
with corresponding critical value X\. Then we have
the equations

det A(z) =0 and 0,det A(z) =0

where A(z) = A||z||*E — B(2)*B(z) and B(z) is the
linear operator defined by B(z)y = B(y, 2).

(A similar, symmetrical result can be obtained start-
ing with (1-1), first formula, but this does not con-
cern us at present.)

Because the operator A(z) is Hermitean we have
also

8, det A(z) = 0.

In other words, we can also state our result as fol-
lows.

Corollary. The point z is a critical point of the func-
tion f(z) < det A(2).

The fact that f(z) is only analytic, not holomorphic,
is a nuisance. To emphasize this we may write,
instead of f(z), also f(z,Z) and, indicating the A-
dependence, even f(z,z,\); we call f the eliminant.

Remark. f(z, Z) is of bidegree (na,nz).

This forces us to pass to the complexification 9{30 of
H; (at present considered as a real Hilbert space ob-
tained from the complex one forgetting the complex
structure). The elements of {3’ are thus pairs (z, w)
where z € H;, w € H3; a pair (2,w) comes from an
element of H; if and only if w = Z. So we have now
the holomorphic polynomial f(z,w) = f(z,w,\) on
1}(30. The corollary implies that its discriminant
A = A()) must vanish. In other words, we can,
at last, write down the millennial equation:

AN =0].

(1-4)

It is an algebraic equation of a very high degree, its
exact determination in terms of n;, n, and ns being
an open problem. It contains also imaginary roots,
the meaning of which is not yet clear.

Remark. Recall (from [Gel’'fand et al. 1994], for ex-
ample) that if X is any algebraic variety then its
discriminant A is a polynomial such that A = 0 is



512  Experimental Mathematics, Vol. 10 (2001), No. 4

the equation of the dual variety X*, if the latter is
a hypersurface.

Example. Consider the circle X? +Y? = 1 in the
affine plane C*®. Then a line aX + Yb+c¢ = 0 is
tangent to it precisely when a? + b?> = 2. That is,

the discriminant is A = a? + b% — 2.

Example. Consider the quartic Veronese map ¢t —
[1:¢:¢2:¢3:¢%], that is, it is an algebraic curve in P*
with parametric equation

XO = 1,X1 = t,XQ = t2,X3 = t3,X4 = t4.
A hyperplane
aoXo + a0X1 + CLoXQ + (10X3 + a0X4 =0

cuts the curve at a point if and only if ¢ satisfies the
algebraic equation ag + a1t + ast? + ast® + ast* = 0.
It is tangent precisely when t is a double root (or
a root of higher multiplicity). Thus A is the usual
discriminant of the polynomial,

A =a ]t —t),

J#k
where t; (j = 1,2,3,4) are the roots.

2. THE BINARY CASE

We turn to the case of binary trilinear forms, that
is, all the three Hilbert spaces are two dimensional,
n, = ny = nz = 2. In inhomogeneous notation, such
a form T can be written

T(z,y,2) = Z a;miy* 2t

J,k,1=0,1

Here z,y,z are complex variables and we use the
convention that z° = 1, 2! = z etc. (so that we have
the point [1:z] in the projective space corresponding
to H; etc.). The maximum norm of T is given by

T (z,y,2)|
(T4 |2)V2(1 + [y2) /2 (1 + |2]2)/2

It is also often convenient to abandon tensor no-
tation and resort to British (or literal) notation, like
the one employed by Cayley, Sylvester, and Salmon
in the nineteenth century. Instead of a;x;, with j, &,
I = 1,2, we denote the coefficients by a1, as, as, by,
bs, bs, ¢, d according to the table below; observe the
symmetry under reflection about the middle line,

IT|| = sup

which in turn is a reflection of the invariance under
the transformations z — z~! etc. (inversion).

Q000 d

Q001 as
010 a2
Qo011 by
Q100 a
@101 by
a110 b3
ai11 c

Thus we may then write
T(z,y,2)
=d+ a1z + axy + a3z + byyz + byxz + byzy + cryz.
Eliminating z and y according to the general scheme
indicated in Section 1 we obtain for the eliminant
f = f(z,Z) an expression of the type
f = Alz|* + 2Re Bz|z|?

+C|z|* +2ReDz* +2Re Ez + F, (2-1)
where the six coefficients A, ..., F' are given by
A= )\2 — (Ia3|2+ |b1 ’2‘1‘ |b2|2+ |C|2))\+ |b1b2 —G3C|2;
B = —(b1&2+b2&1+a3J+cl_)3))\

+(b1b2—a3c)(a1b1 +a2b2—(13b3—6d);

C =2X2 = (|a1|*+]az|* +|as|* +]b1 |+ |ba) >+ |bs|*
+c|*+1d[*) A+ |a1by +azb, —asbs —cd|?;
D = (byby—asc)(araz—bsd);
E = —(byay+bya; +asd+chs) A
+(Cll—az'"—b3:6—i)(alb1 +asby —azbs —cd);
F = X —(la|*+|as|*+bs|* +|d|*) +]araz —bsd|*.

Note that A, C, F are real, while B, D, E are com-
plex, which is a reflection of the fact that f is a real
polynomial in z and Z.

To find the discriminant A of f, which will give us
then the millennial equation, it will be convenient to
work for a while with a quite general function of the
type (2-1), which we go on denoting by the same
letter f. A necessary and sufficient condition for
z to be a singular point is that we have the two
equations f(z,Z) = 0 and fl(z,Z) = 0. As f is
real, as we just observed, it is clear that the second
equation is equivalent to f.(z,z) = 0. But the point




is that it also be replaced by the equation 2f(z,Z) —
zfl(z,Z) = 0. We “decouple” the variables z and Z,
that is, we consider the system

fi(z,w) =0,
2f(Z,’LU) - Zle(Z,UJ) = 07

where, if we wish, w = Z may be viewed as an aux-
iliary parameter. Eliminating z between these two
equations we obtain the relation

g(w) = 07

where § is the resultant of the two polynomials in
(2-2). It turns out that it is a quartic polynomial:

(2-2)

F(w) = vow* + uyw? + ugw?® + usw + uy.  (2-3)
where the coefficients uy, . .., us are given by

ug = B? —4AD, )

u, = 2BC —4BD — 4AE,

uy = C?* —4DD + 2BE — 4BE — 4AF, (2-4)

us = 2CE — 4DE — 4BF,
Uy = E2 —4DF. V,

Remark. For certain reasons we call § the focal poly-
nomial; namely in a special case it gives the foci of a
conic. Similarly, its roots may be called generalized
foci.

Now we recall some salient facts connected with
quartic polynomials and their invariants. Our main
source here has been the excellent book [Schur 1968].
(However, as in [Sch| the binomial notation for poly-
nomials is employed in that reference, our formulae
below and the formulae there are not quite com-
parable. In addition, our invariants have a differ-
ent normalization. In order to get back the formu-
lae in [Schur 1968] we have to multiply the num-
bers wug, w1, ug, U3, uq by 1,4,6,4,1 respectively, and
renormalize. )

In particular, the discriminant of a polynomial
like the one in (2-3) is given by

A = wdudul — dugudul — 4udud + 18ugu uyul
— 2Tudu; — dududug + 16uousuy + 18udusuzuy
— 80ugus uiusuy — Buguiuiuy + 14duiusuiug
— 27utud + 14duouuyu? — 128uiuiu?

— 192uluyuzul + 256udus.
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If we plug in here the values given in (2-3), we obtain
the 12-tic polynomial in the coefficients A, B, C,
D, E, F and their complex conjugates, with 1010
coefficients; we still denote it by the same letter A.
Because of this enormous size it does not make sense
to write it down explicitly here; it would have taken
quite many pages.

Luckily, we can instead make use of some well-
known facts about invariants of quartic polynomials.
Namely:

(1) The ring of all invariants is a polynomial ring
with two generators P and () given by the for-
mulae

P = u} — 3uyuz + 12uguy (2-5)

and
Q= —2u§+9u1u2u3—27u0u§—27ufu4+72u0u2u4.
(2-6)

[Schur 1968, p. 45, (59) and (60)].
(2) The discriminant A is given by the explicit for-
mula

A = 4P% — ?
[Schur 1968, p. 52].

(2-7)

We are still going to use the letters P and @ after
making the substitution in (2-2). Thus, using (2-7)
we can determine A directly by first determining P
and @ from (2-6) and (2-7).

In particular, we may apply the above result in
the case of our binary trilinear form. Using for the
coefficients A, ..., F the expressions given immedi-
ately after (2-1), we can determine the correspond-
ing focal polynomial § (see (2-3), (2-4)) and from
it the values of the basic invariants P and @ and so
the value of the discriminant A (see (2-5)—(2-T7)).
Thus we have, in principle, determined the millen-
nial equation in the case of a binary trilinear form.

Remark. We say “in principle” because although it
is possible to write down the millennial equation for
any form with numerically given coefficients, it is
beyond human — and machine — capacity to obtain
a “closed” expression for it. However, experiment-
ing with numerically given coefficients a,b,c,d us-
ing Mathematica we discovered various interesting
properties which we have not been able to prove rig-
orously so far. First of all, the millennial equation
is always of degree 12 but A = 0 seems to be a zero
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of multiplicity 4. So factoring with A* we obtain
a polynomial of degree 8; let it be denoted A, so
A = XA. We call A the reduced millennial polyno-
mial. Tt appears that the equation A = 0 has real
coefficients and, moreover, there appear to be (at
least) 4 real roots and (at most) 2 pairs of pairwise
conjugate roots. The real part of all roots seem to
be positive. It is tempting to conjecture that the
largest real root equals the square of the trilinear
form.

Below we give some concrete illustrations of what
was just said. First we observe that with no loss
of generality we may assume that ||T'|| = 1. This
implies, in the first place, that the millennial equa-
tion has the root 1 but also other simplifications are
possible. Namely, after some preliminary unitary
transformations [Cobos et al. 1997; 2000b] we may
then assume that d = 1, a; = ay, = a3z = 0, so there
are left only the parameters b and ¢, these numbers
being subject to the restriction:

D117+ |b2]* + |b3]* + L]c|* + |2b1bobs + 17| < 1. (2-8)

We may also arrange (see again [Cobos et al. 1997;
2000b]) that the b’s are non-negative real numbers.

Remark. In this situation the interpretation of (2-8)
is that, given the values of b, the point ¢ moves inside
an ellipse € in the complex plane, which is centered
at the origin and has minor axis parallel to the ab-
scissa axis and major axis parallel to the ordinate
axis. It will be convenient to put

Then the equation of & can be written

'732 y2

1-S§_2P 1-S+2P

with £ = Rec, y = Imec. The foci of & are at the
points +2v/Pi. In general, we have S + 2P < 1.
In the case of equality the ellipse € degenerates into
a segment and the foci become the extremities of
this segment. Similarly, if P = 0, that is, at least
one of the b’s vanishes, the ellipse becomes a circle
and the foci shrink to the origin. Say that b3 = 0
making no reality assumptions on b; and b;. Then
(2-8) reduces to |b;|*+|bs|*+]|c|> < 1 which equation
defines a ball in C®.

1,

Example 1. Consider the trilinear form

T =1+ 1(yz+ 2z + zy),
thatis, by = by = b3 = %, ¢ = 0, which case in several
respects is highly atypical. In particular, S + 2P =

1 so (2-8) holds with equality. The corresponding
reduced millennial equation reads

1600X® — 664077 + 11164X° + 9845)° + 4973\*
—1490)3 + 262)\* — 250 + 1 =0,
up to a numerical multiplier. Its left hand side, the
millennial polynomial, admits the factorization
(A —1)3(5X — 1)%(4X — 1),

11

Thus the roots are 1, ¢, ;

respectively.

with multiplicities 3,2,3

Example 2. A perhaps more typical case is

by =25 by=1; bs=32; c=—15 + 1i.
In this situation we find the roots
1
0.02171
0.20749
0.43496 4+ 0.291733
0.49134

1.06247 + 0.07727:
Example 3. Again let

bh=3by=2b;=1 c=-2+ 20
This time the roots are
1
0.0127861
0.162849
0.753678

0.875813 £ 0.1467341
0.993718 £ 0.008980957

Remark. In all our computations we have taken the
b’s and ¢ to have rational values. If we instead
take numbers in decimal notation, an amusing phe-
nomenon takes place. Namely, apparently due to
the fact that the machine no longer can make cer-
tain cancellations, the degree turns out to be 18, not
12!

3. SOME GENERAL NONSENSE

Leaving the binary case, we once more return to the
general arena. We have seen (Section 1) that it is



helpful, in the complex case K = C, to pass to the
complexification of the underlying Hilbert spaces.
That has led us to ask whether it might be possible
to give a formulation which is valid directly in the
complexified situation. Indeed, it is the case! This is
in line with the bold general ideas of H. Weyl [1939]
and R. Howe [1989)] in invariant theory.

There are three cases corresponding to the series
of simple Lie groups A, BD and C corresponding
to the cases K = C, R, H respectively.

Let V;,V,,Vs be three finite dimensional vector
spaces over the complex numbers C, with generic
elements denoted z,y, 2. Let V{,V;,V; be the dual
spaces, with generic elements denoted u,v,w. The
corresponding dualities will be written [zu] etc.

A (general linear group). Assume that T'(z,y, 2)
and S(u,v,w) are trilinear forms on V; x Vy x V;
and 'V} xV, x V5 respectively. Consider the following
expression:

O =\ =T(z,y,2)S(u,v,w) — Azu][yv][zw].

For A fixed the equation & = 0 defines a cone on
the product of the above two products. We are in-
terested in the singular values, that is, those values
of A for which the cone has a singular ray.

BD (orthogonal group). Assume that our spaces
each are equipped with a nondegenerate quadratic
form, written (z,z) etc. If T'(z,y,z2) is a trilinear
form on V; x V5 x V3 we may consider the expression

®=d(\) =T(z,y,2)* — Mzz)(yy)(22)

and ask the same question, namely, for which val-
ues A does the corresponding cone ® = 0 possess a
singular ray?

C (symplectic group). Finally, we equip the same
spaces each with a nondegenerate alternating form,
written (z,2’) etc. If T(z,y, 2) is a trilinear form on
V1 x Vy x V3 we may consider the expression

®=93()) =T(z,y,2)T(¢", ¢, 2') — Mzz')(yy')(22")

and repeat the same question.

Our problem is to determine the singular values in
each of the above cases. Eliminating two of the vari-
ables (and the corresponding dual variables) there
remains only one variable, say, z (and the corre-
sponding dual variable, w) there remains only an
equation of the form f(z,w) = 0. As there exists a
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singular ray, we conclude that the discriminant must
vanish,

AN =0].

This is an algebraic equation in A of usually very
high degree.

Problem. Determine this degree in each concrete case.

Another interesting observation: the coefficients
of A()\) are algebraic invariants.

4. SINGULAR VALUES OF TRILINEAR FORMS VIA
MINIMAX PRINCIPLES

We recall the notion of approximation numbers, s-
numbers or singular values of a linear operator L
(these words are used synonymously in the current
literature; for a historical account, see the excel-
lent book [Pietsch 1987]). The singular values o; >
oy > ... of a linear operator L between two Hilbert
spaces, which for simplicity are assumed finite di-
mensional here, are defined to be the eigenvalues of
(L*L)Y2. Tt is well known that these numbers de-
scribe the distance of L to lower-rank operators

0;(L) = min{||L — L;|| : dimIm(L;) < }.

Note that the norm of L equals o;(L). Furthermore
the minimax principle reads

L
o)D) = min  max 124
codim W<j 0#ueW “U”
|| Ll

dimW>j 0ZueWw |lul| ’

which can be translated to results on bilinear forms
using the standard equivalence. These facts moti-
vated us to perform some numerical experiments
with the trilinear forms T'(z,y, 2) treated as one-
parameter families of bilinear forms with z, y, and
z, respectively, as parameter.

Introduce the two by two matrices A;, B;, C; by

T(z,y,2) = Z ziyT Az = Z v 2T Bz
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With the trilinear form in Section 2 in inhomoge-
neous notation, with a; = ay; = a3 = 0and d = 1
we have

10 10 10
A°“<0b1>’ B°_<Ob2>’ G°_<Ob3>’
(0 by (0 b AR
=) B=(n%) o=(nt)

We have now both maximized and minimized the
first and second singular values of the matrices

Zl‘z‘Ai, ZyiBia Zzici

over complex vectors z, y and z of unit length. The
results we have are only numerical and for the binary
case with dim3; = 2 for j = 1,2,3. In the binary
case this optimization can be reduced to vectors of
the form

€2 cos 6, .
< Sin01 ) s with 91 € [0, ’/T), 02 S [0, 27&')

For Example 2 with parameters (2, 1,2, —= + 1)

the maxima and minima of the square of the singular
values are as follows:

maxo? mino? maxo? mino2
> x;A; 1.0000 0.20749 0.49134  0.0000
> y;B; 1.0000 0.20749 0.49134 0.0000
>z C; 1.0000 0.49134 0.20749  0.0000
For Example 3 with parameters (3,2, 1, —& +5%)
we get the results
maxo?  mino? maxo:  mino}
> oxz;A; 1.0000 0.162849 0.753678  0.0000
> y;B; 1.0000 0.753678 0.162849  0.0000
> zC; 1.0000 0.162849 0.753678  0.0000

Similar experiments with other cases indicate that
the maxima and minima of the singular values cor-
respond to solutions of the millennial equation. Not
all of the real solutions of the millennial equation
turn up this way, however.

Parallel to the bilinear form B(y,z) introduced
in Section 1 we can introduce the bilinear forms
Az, y) : Hy x Hy = Hy, Clz,z) : Hz x Hy — Hi,.

Then the numerical results above indicate that for
Example 2

o i, [ A, )] = mex min, || By, 2)|
= i e Oz 2]
and
min max |[A(z,y)|| = min max ||B(y, 2)]
= max min [|C(z, )]

Note also that when dim H; = dim H5 one has

max min ||A(x = max min ||B(y, z

lyll=1 flell=1 Atz v)] llyll=1 ll=]l=1 B 2
(and symmetrically in the other coordinates), so
there are many equivalent ways of writing these op-
timizations.

Open Problem. Find a minimax principle for trilinear
forms and relate the singular values to the solutions
to the millennial equation.
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ELECTRONIC AVAILABILITY

The authors will send upon request a file with the
code used, which is a straightforward translation
into Mathematica of the formulae in this section.
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