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Let M and P be Seifert 3-manifolds. Is there a degree one map
f: M — P2 The problem was completely solved by Hayat-
Legrand, Wang, and Zieschang for all cases except when P is the
Poincaré homology sphere. We investigate the remaining case
by elaborating and implementing a computer algorithm that cal-
culates the degree. As a result, we get an explicit experimental
expression for the degree through numerical invariants of the
induced homomorphism fg : (M) — 7 (P).

1. INTRODUCTION

Let M, P be closed oriented 3-manifolds such that
the fundamental group m;(P) is finite of order n.
Let ¢ : w1 (M) — m1(P) be a homomorphism. Using
elementary facts from obstruction theory, one can
easily show that

(1) ¢ is geometrically realizable; that is, there exists
amap f: M — P such that f, = y;

(2) deg(f) mod n depends only on .

The paper is devoted to the elaboration of a com-
puter algorithm for calculating the degree. We ap-
ply the algorithm to maps into the Poincaré homol-
ogy sphere P and under certain restrictions give an
experimental explicit formula for deg(f) through nu-
merical invariants of ¢. The formula reduces the
problem of finding out degree one maps onto P to
purely number-theoretical questions. For additional
background see [Hayat-Legrand et al. 1997; Hayat-
Legrand and Zieschang 2000].

The calculation of the degree seems difficult to us,
even for concrete examples. For instance, Plotnick
[1982] constructed a self mapping of the Poincaré ho-
mology sphere which has degree 49 and induces an
automorphism of the fundamental group. Our ap-
proach requires vast manipulations with group pre-
sentations and calculations in group rings.
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2. A BIT OF THEORY

Let f: M — P be a map between closed oriented
3-manifolds such that the fundamental group 7 (P)
is finite of order n. Let both manifolds be equipped
with CW structures such that f is cellular. We also
assume that both CW complexes have exactly one
vertex, and that P has only one 3-cell. Let p: P —
P, p. : M — M be the universal coverings and
f: M — P alift of f to the universal coverings.
We describe three items needed for calculating the
degree.

The Boundary Cycle

Let By, Bs,...,By be the 3-cells of M and (3, €
C3(M;Z) the corresponding 3-chain composed from
the 3-cells taken with the orientation inherited from
the orientation of M. For every 3-cell B; we take a
lift B;. Then the boundary cycle 83y = Zle dB;
will be the first item needed for the calculation of
the degree.

Remark 2.1. The group Cy(M;Z) considered as a
71 (M )-module with respect to the covering transla-
tions can be identified with the free 7, (M )-module
Cy(M; Z|m (M)]). To specify the identification, one
should fix the orientations and the base points for
the attaching curves of all 2-cells, as well as a base
point for M over the vertex of M.

The Characteristic Cochain

Choose a point z( in the interior of the unique 3-
cell B® of P. The set X = p~!(z,) can be con-
sidered as a 0O-dimensional cycle in P with coeffi-
cients in Z,. Since P is path connected and the
coefficients are in Z,, every O-chain of P with co-
efficient sum divisible by n is a boundary. Hence
X, consisting of n points, bounds a 1-dimensional
chain Y in P with coefficients in Z,. Note that X
and Y are actually elements of the corresponding
chain groups of D, where D is the decomposition of
P dual to the one induced by the cell decomposi-
tion of P. Alternatively, one can consider X and Y
as singular chains with the additional requirement
that Y should be transverse to the 2-skeleton of P.
Hence, for any 2-chain o € CQ(P;Z), the intersec-
tion number o NY € Z, is well-defined. Therefore
we get a homomorphism &p : Co(P;Z) — Z,, that

is, a 2-cochain in C? (13, Z,,); this is the second item
needed.

The Induced Chain Map

The third item we need for the calculation is the
module homomorphism f, : Co(M;Z[m(M)]) —
C3(P;Z[m1(P)]). It can be described as the chain
map induced by f and takes

Co(M;Z) = Co(M; LIy (M)))

to Cy(P;Z) = Cy(P; Z[m,(P)]). It is easy to see that
f« preserves the module structures in the sense that
for all g € m (M), o € Co(M;Z[m1(M)]) we have

fu(go) = f4(9)fu(0), where fyu : m (M) — m (P) is
the induced homomorphism.

Theorem 2.1. deg(f) = —¢p(f.(8Bx)) mod n.

Proof. Let o' € C1(Q;Z,), o® € C3(Q;Z) be two
(say, singular) chains in an orientable 3-manifold
(@ in general position; in particular, their bound-
ary cycles are disjoint. Then the linking number
lk(8o3,80') € Z, is well-defined. It can be calcu-
lated as the intersection number o2 N do! as well
as the intersection number do® N ¢! multiplied by
(-1), see [Seifert and Threlfall 1934, Chap. 10], for
details. Thus 0°Ndc' = —00°No'. Taking Q = P,
o' =Y and 0® = f.(Bu), we get f.(Bu) N X =
—3f.(By)NY. The right side of the equality is just
-Ep( f*(aBM)), by the definition of {p. It remains to
show that the left part equals deg(f).

Let B; be a closed 3-cell of M. Denote by k;
the degree of the restriction map f, : (B;,0B;) —
(B,0B). Then we have

k;
7.~ Hy(Bi,0B;) —~% Hy(B,dB) =7

(

ZF = Hy(M,M®?) - H3(P,P?) =17,
where M) and P® denote the 2-skeletons of M
and P, respectively. Here i, sends the generator of
Hs(B;,0B;) to the i-th generator of Hs(M,M®),
considered as the 3-dimensional cellular chain group
of the CW-complex M. Denote this cellular chain by
{B;}; thus f.({B;}) = k:{B}. For the fundamental
cycle of M we have {M} = Zle{Bi}. Clearly, the
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algebraic intersection number { B}N{zo} is 1. It fol-
lows that k; coincides with the algebraic intersection
number f,({B;}) N{zo}; after a deformation of f in
B, which does not alter f on M@, we may assume
that this number is also the geometric intersection
number, which is to say that there are exactly k;
points in B; which are mapped to z,. To calculate
it, note that for any lifting B; of B; we have

LB} NX = f.({B:}) np~(z0)
= f.({B:}) Nzo = k.
Summing up, f.(By) N X = deg(f). d

Remark 2.2. It is important to have in mind that {p
and 00, depend only on P and M, respectively, but
not on f.

3. HOW TO CALCULATE THE BOUNDARY CYCLE

3.1. The General Case

Let M be an oriented CW 3-manifold such that its 2-
skeleton K2, has exactly one vertex. We say that the
presentation (a1, ...,a, | Ry,...R,) of m (M) corre-
sponds to K3, if

(1) all edges of K32, are oriented and correspond bi-
jectively to the generators aq,...,a,;

(2) all 2-cells of K3, are oriented and correspond bi-
jectively to the relations R, ..., Rg;

(3) the boundary curve of each 2-cell is equipped
with a base point such that, starting from this
point, the curve follows the edges just so as they
are written in the corresponding relation.

Let (ay,...a,|Ry,...R,) corresponds to K3, and
let B be a 3-cell of M. The simplest way to calculate
the contribution 88s to the boundary cycle made
by the boundary of B is to construct a spherical
diagram for the attaching map hp : S3 — K3, of B,
that is, a cellular decomposition 65 of S% such that:

(1) every edge of 6p is oriented and labeled with a
generator a;;

(2) every 2-cell of 0p is oriented and labeled with a
relation Rj;

(3) the boundary curve of each 2-cell is equipped
with a base point such that, starting from this
point, the curve follows the edges just so as they
are written in the corresponding relation;

(4) the attaching map hp is cellular and preserves
the labels, base points, and orientations of the
edges and 2-cells.

Fix a vertex v of S% as base point for S%, and let
us assign to every 2-cell ¢ of S% the following data:

(1) the sign (c) = £1 that shows whether or not the
orientation of ¢ agrees with the orientation of 5%
induced by the fixed orientation of B C M;

(2) the element g(c) = [hp(y(c))] of (M), where
v(c) is a path in S% joining v to the base point
of ¢ and [hg(y(c))] denotes the element of 71 (M)
that corresponds to the loop hp(y(c)) in Kif;

(3) the relation R;) which labels c.

It is convenient to regard the chain group C,(M,Z)
as the m;(M)-module freely generated by the rela-
tions Ri,...,R,. The proof of the following state-
ment is evident.

Lemma 3.1.1. The contribution dBp made by a 3-cell
B of M to 0B equals Y e(c)g(c)Ry), where the
sum is taken over all 2-cells ¢ in S.

3.2. A Useful Example

We consider an informative example. Present the
torus 7% = S* x S as a CW complex with one
vertex, two edges a = S* x {x}, t = {x} x S},
and one 2-cell r; that corresponds to the relation
R, = at™'a 't of m(T?) = (a,t|R;). Choose a
pair a, 8 of coprime integers, o > 0. We extend the
cell decomposition of T2 to a cell decomposition of
a solid torus M with M = T? by attaching two
new cells: a 2-cell 7, and a 3-cell B. Note that the
boundary curve m of r, lies in @ Ut and thus can
be written as a word in generators a,t. To make
the situation interesting, we require that m wraps
totally o times around a and [ times around ¢. In
other words, the corresponding word (denote it by
Wa,g(a,t)) should determine the element aa + (Gt in
the homology group H;(a U t;Z). In general, we
cannot take w, g(a,t) = a*t? since the curve a®t?
in ¢ Ut bounds a meridional disc in M with embed-
ded interior if and only if |a| =1 or |3| = 1.

We describe a simple geometric procedure for find-
ing out w, g(a,t). Present a regular neighborhood
N of aUt in T? as the union of a disc with two dis-
joint strips (handles of index one). The key observa-
tion is that m, being the boundary of a meridional
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disc of the solid torus, can be shifted in IV to a sim-
ple closed curve m; which is normal (in the sense of
[Haken 1961]) with respect to the handle decompo-
sition of V. The normality of m; means that it can
be constructed as follows:

1. Take « parallel copies of a and |3| parallel copies
of t in the strips such that the end points of them
lie on the boundary of the disc around the vertex;

2. Join the copies inside the disc by disjoint arcs
such that no arc has both end points at the same
end of the same strip. This can be done in two
ways, and the right choice depends on the sign

of 3.

To get w,, g, it only remains to read it off by travers-
ing m;. See Figure 1 for the case « = 5, 3 = 2, when
we get w, g = a’ta’t.

i

FIGURE 1. Simple closed curve of the type («, 3).

Lemma 3.2.1. Let K be a CW complex realizing the
presentation (a,t | Ry, Ry), where Ry = at™'a™'t and
Ry = wy g(a,t) for a pair a, 3 of coprime integers,
a > 0. Suppose that a solid torus M is obtained
from K by attaching a 3-cell B. Then 8By = —R, +
(1 — a®t¥)R,, where ay — Bz = 1.

Proof. To compute the boundary cycle 6[? » (which in
our case coincides with the contribution 835 made
by B), we construct a spherical diagram for B. It
contains only three 2-cells ¢;, c,, c3 labelled by R,
R,, R, and having signs —1,1, —1, respectively. We
choose the common base point of ¢, ¢, as a global
vertex v; see Figure 2.

By Lemma 3.1.1, we get 88 = —R; + Ry —
g(cs3) Ry, where g(c3) € 7 (M) corresponds to a path
v(c3) in S% joining v to the base point of c5. Note
that if we push slightly the loop hg(7y(c3)) into the

)

- |
FIGURE 2. Spherical diagram for the 3-cell of M.

interior of M, we get a circle that intersects the
meridional disc 7, of the solid torus M positively
in exactly one point. It follows that g(c3) can be
presented as a®t¥ € m(M), where the integers z,y
satisfy the equation ay — Bz = 1 and thus serve as
the coordinates of a positively oriented longitude of
the torus. O

Remark 3.2.1. The following simple rules can be used
for recursive calculating of the word w, g:

wl,o(a,t) =a, wo,il(a,t) = til;

wa+ﬁﬁ(a1t) = wa,ﬂ(a’ at);
Wa,a+(a,t) = w, g(at, t).

An alternative approach to the w, s can be found
in [Osborne and Zieschang 1981; Lustig et al. 1995];
compare also [Gonzalvez-Acuna and Ramirez 1999].

3.3. Boundary Cycles of Seifert Manifolds

We restrict ourselves to Seifert manifolds fibered
over the 2-sphere with three exceptional fibers. Let
M = M ((az,p1); (a2, 82); (a3, 85)) be an oriented
Seifert manifold, where the o; and (3; are non-nor-
malized parameters of the exceptional fibers, with
a; > 0,1 < i < 3. The orientation of M is induced
by the standard orientation of S? and an orientation
of a regular fiber. Then 7, (M) can be presented by

—-14-1 ai i o
(a1,as,as,t|aita; t™t, a®itP i=1,2,3, a,a203)

(t corresponds to the oriented regular fiber), but this
presentation does not correspond to the 2-skeleton
of a CW structure of M. To ameliorate this short-
coming, we will use another presentation of the same
group with the same generators, namely,

<a1)a27a3,thj,1 < ] < 7),

where Ry;_; = a;t 'a;'t, Ry = Wa, 6, (@i, t) for ¢ =
1,2,3, R; = ajaza3. The words w,,s, have been de-
scribed above. The CW complex that realizes this
presentation embeds in M such that the complement
consists of four 3-balls B;,1 < ¢ < 4. The first three



Hayat-Legrand, Matveev, and Zieschang: Computer Calculation of the Degree of Maps into the Poincaré Homology Sphere 501

of them correspond to solid tori containing excep-

tional fibers, and the last corresponds to a regular
fiber.

Theorem 3.3.1. If M = M((al,ﬁl); (a2, B2); (03,ﬂ3))
then
3

8BM = Z(—R2i—1 +(1- afityi)R2i)
i=1
+ (Rl + a1R3 + a1a2R5 - (]. — t)R7),
where o;y; — Biz; = 1.

Proof. The first three summands can be obtained by
Lemma 3.2.1. The last summand can be obtained
in a similar way. The only difference from the proof
of Lemma 3.2.1 is that the corresponding spherical
diagram, instead of one 2-cell with one odd R-label,
contains three positively oriented 2-cells with labels
R, Rs, Rs. O

4. HOW TO CALCULATE THE CHARACTERISTIC
COCHAIN

Let P be a closed oriented 3-manifold with the finite
fundamental group m;(P) of order n. We assume
that P is equipped with a CW structure such that
there is only one vertex v, only one 3-cell B, and
the 2-dimensional skeleton K2 of P defines a presen-
tation (by,...,bs|Q1,...,Qs) of m(P) = m(P;v).
We will identify generators and relations of m;(P)
with edges and 2-cells of K%, respectively. Fix a
base point z, in the interior of B and a base point
%o € p~'(zo) in the universal cover P of P. For each
i=1,...,s choose a loop u; in P with end points in
zo such that K% Nwu; is a point in @; and the inter-
section is transverse and positive. Clearly, the loops
u;, 1 <4 < s, generate the group m; (P;zo) isomor-
phic to m;(P;v); we will call them dual generators.

Let w be a loop in P written as word in the gen-
erators u;. Denote by w the lifting of w to P with
the initial point #,. Then the formula &,(c) = cNw,
where ¢ € Cy(P;Z) and cNib is the intersection num-
ber, determines a homomorphism &, : CQ(P;Z) —
Z and hence a cochain &, € C?*(P;Z). Tt follows
from the construction that

(1) &..(Q;) = &7 where &7 is the Kronecker symbol;
() bwyws = Ewy + W1y, where w; € m(P) corre-
sponds to w; and the action of 7; (P) on cochains

is given by g(£)(c) = £(g(c))-

These rules describe actually nothing more than a
sort of Foz calculus [Crowell and Fox 1963, Chap.
VII; Burde and Zieschang 1985, Chap. 9]. They
are sufficient for finding £, for any word w in the
generators u;.

Proposition 4.1. Let the words wy,...,w,_1 in gen-
erators u; present (without repetitions) all elements
of m(P;xo). Then

n—1

(p = Z&”i mod n

i=0
is a characteristic cochain for P.

Proof. Evident, since the union of the paths given by
w; for 0 <4 < n — 1 presents a 1-chain Y such that
dY is the union of all points in p~*(z,). O

We may conclude that all what we need for calcula-
tion is a sort of normal form for elements of 7, (P),
that is, a list of words in the dual generators that
present without repetitions all elements of 7 (P).

5. HOW TO CALCULATE THE INDUCED CHAIN MAP

5.1. Taking Logs

Recall that M and P are closed oriented CW three-
manifolds such that 7, (P) is finite of order n. Let
(a1,...a.|Ry,...Ry) and (b1,...,b5|Q1,...,Qs) be
presentations of their fundamental groups, corres-
ponding to the 2-skeletons of M and P, respec-
tively. Suppose that the homomorphism ¢ = fx :
(M) — m(P) is given by a set of words h; in
the generators b; that represent the elements ¢(a;)
of m(P),1 < i < r. We consider the chain group
Cy(M,Z[m1(M))]) as a free Z[m;(M)]-module gener-
ated by the set Ry, ..., Ry; similarly, Co(P, Z[m(P)])
is a free module generated by @4, ..., Q,. Denote by
K the kernel of the quotient map F(by,...,bs) —
m1(P), where F = F(by,...,b,) is the free group
generated by by,...,b,.

Let R be one of the relations R;. To calculate the
image f.(R) € Ca2(P,Z[m;(P)]) of the corresponding
2-cell, one may do the following;:

(1) Replace each generator ai' in R by the corre-

sponding word hi!. We get a word w € K.
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(2) Present w as a product of conjugates of the defin-
ing relations, that is, in the form

— €k ,,—1
w = H'Uink Vg s
k

where ¢, = 1 and v, € F.

(3) Then the image f.(R) is obtained by “taking
logs”: f.(R) = logw, where logw = ), €x0;Q;,
and 7y, is the image of vy, in m;(P).

Note that logw is a multivalued function since w
can be presented as a product of conjugated rela-
tions in many different ways. This corresponds to
the fact that ¢ can be realized by many different f;
this arbitrariness does not affect the degree. One
should point out that finding logw (actually, step
(2) above) is a nontrivial procedure. The problem
is to realize it algorithmically. We solve the prob-
lem for the case when P is the Poincaré homology
sphere.

5.2. On the Fundamental Group of the Poincaré Sphere

Henceforth we denote by P the Poincaré sphere. It
is homeomorphic to the Seifert manifold

M((2,1), (3,1), (5,—4)).

Its fundamental group 7;(P) consists of 120 ele-
ments and is isomorphic to SLy(Zs) and to the bi-
nary icosahedral group I*. We will denote it by 7.
We will use the presentation (a,c|Q1, Q2), where
Q1 = c®a™? and Q, = aca!ca~'c. This presen-
tation corresponds to the Heegaard diagram of P
shown in Figure 3. Therefore it corresponds to the
2-skeleton of the natural CW structure of M.

FIGURE 3. Heegaard diagram of the Poincaré homol-
ogy sphere.

Remark 5.2.1. Looking at Figure 3, one can easily find
the dual generators (see Section 4): u; = c,uy =
cla.

We now work a little with the relations c’a™2 = 1,
aca”'ca”'c = 1. Our goal is to get new relations

appropriate for later use. We will use essentially

one basic transformation:

(x) If w; = wy is a relation, then uw,v = uw,v is a
relation for any words u, v.

Lemma 5.2.1. In 7, the following relations are true:

1) aca = c*ac™, ac7la = cac;

(
(2) ac™%a = c*ac’ac;
(3) actac’a = c*actac™t
(4) ac*ac™?ac™! = cac’ac™%a;
(5) ¥ =1.

Proof. The first three relations are easily obtained,
so we concentrate on the last two.

1 1

(a) Multiplying Q» = 1 by ¢ tac™, we get aca™ =
¢ tac™!, which implies (1).
(b) Using (a), we obtain

1 -1

ac2a=cclac ¢ lac e = caca tacale

= cac’a"le.

(c) Let w = ac®ac™2a. A consequence of (b) and
a’?=c%is

1 1

we™ =actac?ac! = actac’a! = ac %acfa

= cacta"'ca = cw.

(d) It follows from (c) that

= wwte® = wetwTil.
On the other hand, the relation a? = ¢° allows
one to permute ¢~° with any other word. Thus

0 = wePw i = wwle 5t = 1. a

The following list L presents the 120 elements of 7:
ct, ctad’, ctac*ac?, ctac’aca, where 0 < i < 9 and
0 < j < 4. The words from L will be called normal
forms.

Lemma 5.2.2. There ezxists an effective algorithm that
transforms any word in the generators a,c to a nor-
mal form presenting the same element of .

Proof. The normalizing algorithm works with re-
duced words. Thus, before and after each step, one
should reduce the word we are working with. By
the a-size of a word in generators a,c we mean the
total number of occurrences of a*! in it.

Let w be a word in generators a,c. Steps 1-5
below are based on the corresponding relations 1-5
from Lemma 5.2.1.
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Step 0. Using the relation a? = ¢®, we transform w to
the form w = c®ac*?a...c*mack=+1, where m > 0

and k; = +1,+2for 1 <i<m+1and |kni| < 2.
Step 1. If w contains the subwords aca or ac™'a, we
replace them by ctac™! or cac, respectively.

Step 2. If the initial segment of w has the form
ckrac2a (that is, if k, = —2 and m > 2), we re-
place it by c**~*ac%ac.

Step 3.
c*rac?ac’a, we replace it by ¢

Step 4. If the initial segment of w has the form
cfac’ac%ack, we replace it by ¢ "*ac’ac™%a.

If the initial segment of w has the form
k1t 02 gel.

Step 5. We reduce the power k; of the first term c*
of w modulo 10.

Now we are ready to describe the algorithm. We
apply Steps 0-5 as long as possible to the given word
w. Since Steps 1-4 strictly decrease the a-size, the
process terminates after a finite number of steps. It
is easy to verify that the resulting word is in normal
form. |

5.3. Logs in the Case of the Poincaré Sphere

The algorithm for calculating logs is similar to the
one described in Lemma 5.2.2. The only difference
is that instead of operating with words in the free
group F' = F(a,c) we will operate with their shad-
ows.

Let M be the free m-module generated by @1, Q-.
We define the shadow group 8(F') of F to be the
semidirect product M x F'; where the operation of F’
on M is induced by the action of m (recall that = is
the quotient of F'). In other words, 8(F") consists of
pairs (u,w), where p € M, w € F. The multiplica-
tion is given by the rule (v, u)(u, w) = (v+au, vw),
where @ is the image of v in m. Note that the unit
of the group S$(F) is (0, 1), and the inverse element
of (u,w) is (—w™u, wt).

Remark 5.3.1. The above formula (v, u)(y,w) = (v +
ap,uw) is a formalization of the algebraic identity
vu - pw = vp* - uw, where p* = upu~! and v, u are
products of the relations Q', Qf* and their conju-

gates.

If w € F, any pair (u,w) € 8(F) is called a shadow
of w. The shadow (0,w) is called pure. Similarly,
the pair (u, 1) is the pure shadow of p € M. Note

that any product of shadows can be replaced by a
product of pure shadows:

Hi‘c=1(>‘i’ w;)=(,1) Hf:l(()? w;) = (K, 1)(0’ Hf=1 wi>’
where
m = )\1 +'U_)1)\2+ +1I)1’lf]2...lf)k_1)\k.

In other words, one can purify the factors. Recall
that the kernel K of the quotient map F' — = is
the normal subgroup of F' generated by @, @,. Let
8(K') denote the normal subgroup of §(F') generated
by elements (—Q;, Q;), for ¢ = 1,2. Note that the
left @; in the above expression is considered as a
generator of M while the right Q; is the word c®a =2
or aca tca"'c. We define the shadow group of m as

8(m) = 8(F)/8(K).
Another way to get 8(m) is to take the quotient of
S8(F) by the relations (0,Q;) = (Q;,1), for i = 1, 2.
Lemma 5.3.1. (—p,w) € 8§(K) <= w e K and p =

log w.

Proof. Recall that an element of a group lies in the
normal subgroup generated by some elements if and
only if it is a product of conjugates of the generators
and their inverses. Thus for some (A, v;) € 8(F),
er = £1, and i € {1,2}, the condition

(—p,w) € 8(K)
is equivalent to

(—/,L, w) = H()‘ka Ulc)(—ngika Qz?:)(—{)k—l)‘kv v;l)
k
= H(_f?k?—)ink,Uka:‘_’;l)

k
= (* Z e Qis» H Vg f’,’f”[l)
k k
= (—logw, w)
by the definition of log (see Section 5.1). O

To construct an algorithm for calculating logs, we
need a shadow counterpart of Lemma 5.2.1.

Lemma 5.3.2. One can calculate g, ..., s € M such
that in 8() the following relations are true:

8(1)  (0,aca) = (Ao, c*ac™?), (0,ac™ta) = (A1, cac);
8(2) (0,ac™2a) = (A, ¢ *ac?ac);

83) (0,ac’ac’a) = (X3, c*actac™?);
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84) (0,ac’ac?ac™t) = (A, cac’ac™%a);
8G)  (0,e) = (Xs,1).

Proof. The existence of ); is evident, since both sides
of each relation are shadows of the same element of
7. The problem consists in calculating ;. To solve
it, we repeat the proof of Lemma 5.2.1 in terms of
shadows starting with the relations (0, Q;) = (Q:,1)
instead of @; = 1, ¢ = 1,2. In particular, we apply
the following shadow version of the basic transfor-
mation (x) of Section 5.2:

8(x) If (0, w;) = (X, w,) is a relation, so is (0, uw,v) =
(@A, uwyv) for any words u, v.

For example, the shadow versions of the items (a)
and (b) in the proof of Lemma 5.2.1 look as follows:

(@) Multiplying (0,Q2) = (Q2,1) by (0,c tac™), we
get (0,aca™) = (Qq,c tac™!) or, equivalently,
(0,crac™) = (—Q2,aca™);

(b) Using (a), we get

(0,ac™%a) = (0,c ¢ tac™t ¢ tac™t ¢)
= (0,¢)(~Q2, aca™")(~Qz, aca™")(0, c)
= (—(¢+ caca ")Qa, cac’a”'c).

Recall that each A; is an element of the free -
module M with two generators @, Q, and thus can
be described by an array of 240 integers. We do
not present here the values of \; since they are large
(especially As) in the sense that many of the 240
integers presenting each )\; are not zeros. Neverthe-
less, the authors calculated them, and in the sequel
we will think of them as known. (I

Proposition 5.3.1. There ezists an effective algorithm
that, given w € K, calculates logw € M.

Proof. The algorithm is a shadow twin of the one
described in Lemma 5.2.2. Starting with the shadow
(0, w) of w, we apply shadow versions of Steps 0-5
as long as possible. It means that we use the shadow
relations 8(1)-8(5) from Lemma 5.3.2 instead of the
relations (1)—(5) from Lemma 5.2.1. After each step
we purify the words by taking nonzero lambdas to
the beginning of the word. We terminate with a
shadow (p,1) of 1. By Lemma 5.3.1, log w = p since
(0,w) = (u,1) in 8() implies (—p,w) € §(K). O

6. COMPUTER IMPLEMENTATION

6.1. Description and Verification of the Program

Recall that calculation of the degree of a map f :
M — P requires knowledge of the three items: the
boundary cycle 85 v, the characteristic cochain £p,
and the induced chain map f,, see Section 2. For
M = M((al,ﬁl); (2, B2); (i3, B3)) an explicit ex-
pression for 8[3M was obtained in Theorem 3.3.1.
Proposition 4.1 and the information on 7 = m;(P)
obtained in Section 5.2 show how to calculate &p.
The authors did this by hand, without computers.
It is the calculation of f* that requires a computer.

We assume that f is given by images 7,z1,23 €
F = F(a,c) of the generators t, a;, a3 of w1 (M), re-
spectively; the image z, of the generator a, can be
found from the relation a;asas = 1. We describe the
main steps of the computer program.

(1) For each relation R;,1 < i < 7, of the presen-
tation of m1(M) (see Section 3.3), the computer
determines its image w; in F'.

(2) Then the computer works according to the al-
gorithm described in Proposition 5.3.1 and finds
the logs of all w;. This is sufficient to obtain f*
since f*(Ri) = log w;.

(3) To get f.(0By), the computer substitutes all re-
lations R; in the expression for 83 by the cor-
responding f,(R;).

(4) The computer calculates the degree by evaluating
&p on f.(00u).

An extended version of the program calculates the

degree for all possible homomorphisms (M) — 7

by letting each one of 7, x;, 3 run over all 120

elements of 7 and casting off the assignments that

do not determine homomorphisms.

The program is written in PASCAL and occu-
pies about 1000 lines (not including commentaries).
It works sufficiently fast: the extended version re-
quires a few seconds to run over all 1203 cases. The
maximal range of a;,3; is about 1000. The cause
of the restriction is that for large «;,3; the words
Wa,p, (as,t) can be too long, especially after substi-
tuting the generators by their images.

The program has passed several tests. In partic-
ular:

— It gives correct answers for obvious cases, in par-
ticular, for the identity homomorphism © — .
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- It gives the same list of degrees for maps into
P for many cases of differently presented home-
omorphic Seifert manifolds.

- It gives the same degree for maps into P that
differ by an inner automorphism of 7. The mul-
tiplication of a degree d map M — P by a degree
49 map P — P inducing the unique nontrivial el-
ement of Out(m) produces a map of degree 49d.

— The results of a vast computer experiment com-
pletely agree with all known facts about the de-
gree of maps into P. In particular, the computer
rediscovered the set of Seifert homology spheres
that admit degree one maps onto P. By this
we mean homology spheres M((al,ﬁl); (a2, B2);
(i3, 33)) such that a;/2, a/3, a;3/5 are integers
and a;opa3/30 = £1,+49 mod 120. They are
the only known Seifert homology spheres with
three exceptional fibers that admit degree one
maps onto P; see [Hayat-Legrand et al. 1997].

6.2. Results

Let M = M((O[l,ﬁl);(O(Q,ﬁg);(a:g,ﬁg)) be an ori-
ented Seifert manifold and

(ay,as,a3,t|ata;t7) a®t% ) 1 <i < 3, aya,as)

the standard presentation of m;(M). Let d be an
integer modulo 120. Denote by N(d) the number of
all homomorphisms (M) — 7 induced by degree
d maps M — P. We present a few examples of
computations.

Example 1. Suppose that (o, a0, a3) = (2,3,5) and
(B1,B2,03) = (—1,1,k), with 1 < k < 4. Then
the possible values of d and corresponding numbers
N(d) are:

k 2

1
149 {0 7 103 |0
060 | 160 601

91
60

S W w
S © | >

0 13 37 (0 1
N(d) |16 60 60 |16

The case k& = 1 corresponds to maps P — P.
There exist exactly 60 inner automorphisms of .
They determine degree 1 maps. Multiplying them
by an exterior automorphism of 7w (which exists by
[Plotnick 1982]), we get 60 automorphisms that in-
duce maps of degree 49. In the cases k = 2,3,4 we
have similar situations: there are two nonzero de-
grees related by multiplication by 49. For each k =

1,2, 3,4 all 120 nontrivial homomorphisms 7(M) —
7 take the generator ¢ to the unique nontrivial ele-
ment ¢® of the center of m. Nevertheless, the next
example shows that the situation may be quite dif-
ferent.

Example 2. Suppose that (ay, s, a3) = (3,6,30) and
(B1, B2, B3) = (2,1, —1). Then the possible values of
d, corresponding numbers N(d), and corresponding
images of ¢ are:

d 0 0 4 40 60 76 80
N@) | 30 42 120 120 240 120 120
t— 1 & ¢ c® c® c® 1

The main goal of the computer experiment was to
investigate the following question:

Problem 1. Let «, s, a3 be positive integers such
that

(1) ged(ey, o) =1 for 4 # j with 1 < 4,5 < 3, and
(2)2'&1, 3'0[2, 5|C¥3.

Does there exist a degree one map of a Seifert man-
ifold M = M((al,ﬂl); (Olg,ﬁ2); (CY3,,33)) onto P?

The conditions 2| @y, 3| as, 5| a3, and ged(ay, 15) =
1 are necessary for the existence of a degree one map
M — P, see [Hayat-Legrand et al. 1997, Corollary
9.3]. Also, for the most interesting case when M is
a homology sphere we have

10203 + 3Pz + agasfy = £1,
whence ged(ay, ;) = 1 for 1 # j.

Remark 6.2.1. It is known that every homomorphism
¢ : m(M) — w induced by a degree one map f :
M — P must be surjective. Moreover, every map
f:M—>Pcanbeliftedtoamapf:M——éP,
where P is the covering of P corresponding to the
subgroup G = fu(m(M)) C w. Note that deg(f) =
[7: G] deg(f) where [r: @] is the index of G in 7. For
[7: G] > 1 this reduces the calculation of the degree
for f to that for f which is simpler.

Let M = M((al,ﬁ1)§(az»ﬂz);(aa,ﬁs)) be a mani-
fold such that

(1) ged(as, o) =1 for i # 4,1 < 4,5 < 3;
2) 2| a1,3|az,5|as;
(3) all B; are odd.
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Under these assumptions the rules

t—a? a, — a, a; = a ¢, a3 — ¢ if oy is not
divisible by 4,

t—1,a = a, ag — a lcd,
divisible by 4,

as — cif a; is

yield a surjective homomorphism ¢q : 7 (M) — ,
which we call standard. Denote by ext, the exter-
nal automorphism of 7 that takes a to a and c to
cac’*ac!. It is induced by a map P — P of degree
49; see [Plotnick 1982].

Remark 6.2.2. Assumption (5) can be easily achieved
by transformations 3; — B; + oy, B; = B; — «; for
i # 7, which preserve the manifold.

Lemma 6.2.1. Let «; and (3; satisfy the above assump-
tions. Then for any homomorphism ¢ : 1y (M) — w
the following conditions are equivalent:

(1) ¢ is surjective.

(2) ¢ has the form @ = Py, where ¥ : T — w is
either an inner automorphism of m or the product
of ext, and an inner automorphism.

(3) p(t) = a?® if a; is not divisible by 4, and p(t) = 1
if it is.

Proof. Let a; = 2p1, ay = 3ps, az = 5p3. Then p; is

not divisible by 3 or 5. We assume that p; is odd;

the case p; is even (that is, o, is divisible by 4) is
similar. Denote ¢(t) by 7, ¢(a;) by z;, and the order

of z; by ki, 1 <7 < 3. If 7 is in the center {1,a%}

of 7, then it follows from z2”'7% = 1 and 72/ = 1

that k; divides 4p;. Note that all possible orders of

elements of 7 are contained in the following list: 1,

2, 3, 4, 5, 6, 10. Recall that p; is not divisible by 3

or 5. It follows that k; divides 4. Similar arguments

show that k, divides 6 and k3 divides 10 and that

ged(p2, 2 - 5) = ged(ps,3-3) = 1.

(1) = (2). Step 1. Since ¢ is surjective, 7 is in the

center of 7 and, as shown above, k; divides 4. It

follows that k; = 4. Indeed, the relation z,z,z3 =

1 shows that for k; = 1,2 the image of ¢ would

be generated by 7, o and possibly a?, the unique

element of m having order 2. In this case the image

would be abelian, contradicting the surjectivity.
Note that all order 2 elements of the icosahedral

group I = 7/(t) are conjugate. It follows that every

element of order 4 in 7 is conjugate to a or a™ .

Since for £ = c2ac’ac™? we have zaz™! = o', we
b

can conclude that all elements of order 4 in 7 are
conjugates of a (we learned this first by means of a
computer program). Thus, after a multiplication of
¢ by an inner automorphism of 7, we may assume
that z; = a. Since p; and (; are odd, the relation
2P0 = 1 implies that 7 = a?.

Step 2. Recall that k, divides 6. Just as above, we
cannot have k; = 1,2 because of the surjectivity of
@. Since 237772 = 1, 7 = a2, ged(ps,2) = 1, and S,
is odd, we have k, # 3. The only remaining case is
ko = 6. Similarly, ks = 10.

Step 3. There are only four elements x of 7 such that
z has order 10 and a~'z~! has order 6: ¢!, ac ta™?,
and their images under ext,. Certainly, this fact
could be theoretically obtained, but the authors got
it by letting a simple computer program run over all

elements of 7. It implies easily (2).

(2) => (3). Since the center {1,a?} is fixed under all
automorphisms of 7, this implication is evident.

(3) = (1). Since 7 = a* is in the center, ki, ks,
and k3 divide 4,6, and 10, respectively (see above).
The equations z7'a?’! = z2'¢®> = 1 imply that
ki, = 1,2 is impossible. Thus k; = 4. We cannot
have k, = 1,2, since then 3 = z; 'z;" would have
order 4, which is impossible. Thus k, is divisible by
3. Similarly, k3 is divisible by 5. It follows that the
order of the subgroup G C 7 generated by z,, z2, 3
is divisible by 4, 3 and 5. Since 7 contains no sub-

group of order 60, G = 7. O

2

To a great extent, Lemma 6.2.1 facilitates the com-
puter search for new degree one maps of Seifert man-
ifolds onto P: under above conditions on «;, 3;, it
suffices to check only standard maps M — P, that
is, those that correspond to the standard homomor-
phisms 7; (M) — 7. The result of the corresponding
computer experiment was negative: no new exam-
ples of degree one maps. Nevertheless, a manual
analysis of the output had shown that the degrees of
the standard maps are periodic with respect to any
of the parameters p; = a;/2, p; = a2/3, ps = as/5,
and B;. This observation allows one to suggest ex-
plicit artificial formulas for the degrees of standard
maps. Since we do not have a theoretical proof of
the periodicity, we present the formulas in a form
of a conjecture. By [z]; we denote the residue of
modulo k. In other words, [z]; is the integer sat-



Hayat-Legrand, Matveev, and Zieschang: Computer Calculation of the Degree of Maps into the Poincaré Homology Sphere 507

isfying the conditions = — [z]; is divisible by k and
0< [.’D]k < k.

Conjecture 6.2.1. Let
fo : M((2p1, B1); (3p2, B2); (5ps, Bs)) — P

be the standard map, where all §; are odd.

(a) If p, is even then

deg(fo) = 30[%]9151]4 + 40[p,32)3 + 96[p3B3s-

(b) if p1 is odd then deg(fo) = A1 + Ay + As + 39
mod 120, where

A _30( [P1+ﬂ1 ] , [ﬁl—P1—2]4+ [P1+,31+2] ) [51+P1+4] 4),

Ay =10([222] [s2p2-1] ,+ [552] [B2-r2t1] ),

Ay =19([FR] [ [ ] [2], ).

6.3. Degree One Maps of Homology Spheres

In this section we characterize (modulo Conjecture
6.2.1) all homology spheres of the type

M = M((2p1, B1); (3p2, B2); (5173,53))

that admit a degree one map onto P. The question
was posed in [Hayat-Legrand et al. 1997].

Lemma 6.3.1. Let a,b be integers such that 0 < b <
1001 and gcd(a, b) is not divisible by 2, 3, or 5. Then
for anym, 0 < m < 6 the set {a+120:|0 < i <m}
contains at most two numbers which are not rela-
tively prime to b.

Proof. Denote a + 120¢ by a; and gcd(a;,b) by d;,
for 0 < i < m. Let d be a positive common divisor
of d;,d;,i # j. Then d divides a;,a; and a; — a; =
120(¢ — ). Since |i —j| < 6 and gcd(a;,b) is not
divisible by 2,3, or 5, we may conclude that d =
1. Thus all d; are relatively prime. It follows that
not more than two of them differ from 1, since the
product of the three smallest values 7, 11, 13 of d; #
1 is equal to 1001 and cannot divide b < 1001. [

Lemma 6.3.2. Let py, p2,p3 be integers such that, for
1<i<j <3, ged(p:,p;) is not divisible by 2, 3, 5.
Then there exist positive integers Py, P2, D3 such that

(1) p; = p; mod 120;

(2) 1 < 600,57, < 360, ps < 120;

(3) ged(ps, p;) = 1 fori # j.

Proof. Reducing p; modulo 120, we get g; such that
¢; = p; mod 120 and 0 < ¢; < 120,1 <7 < 3. Set

Pz = q3. Applying Lemma 6.3.1 to a = go, b = p3,
and m = 2, we see that at most two of the num-
bers gs, g2 + 120, ¢ + 240 are not relatively prime to
P3. Hence at least one of them (denote it by ps) is
relatively prime to p3. Consider now five numbers
q1 + 120¢, where 0 < i < 4. Applying Lemma 6.3.1
twice to a = ¢;, m = 4 and b = Py, P3, we find among
them at least one number p; relatively prime to P,
and ps;. By construction, p;, s, p3 satisfy the condi-
tions (1)—(3) of Lemma 6.3.2. O

Remark 6.3.1. Any Seifert manifold fibered over S?
with three exceptional fibers of orders a;, as, az with
oy = a3 = 1 mod 2 can be presented in the form
M = M((al,ﬂl) (az, B2); (013,53)) with 8, = 63 =
1 mod 4. Indeed, any presentation can be trans-
formed to one with 3, = 83 = 1 mod 4 by trans-
formations 8, — B + ay, B2 — B2 — ap and F; —
By + oy, B3 — (B3 — a3 that preserve M.

Proposition 6.3.1. For any homology sphere M; =
M ((2p1,51); (3p2, B2); (5p3, Bs)) with By = B3 = 1

mod 4 there exists a homology sphere

M, = M ((2p1, 51); (32, B2); (553, B3))
such that

(1) p; = p; mod 120;

(2) ;1 < 600, 5, < 360,ps < 120; }

(3) 81 = B mod 8, [, = B, mod 12, and B3 = (B3
mod 20.

Proof. Since the group Hy(M;Z) is trivial, its order

|6p1p205 + 10p1p3 B2 + 15paps 31|

is equal to 1. It follows that p;,ps,ps satisfy the
assumption of Lemma 6.3.2. Therefore, one can
find py, ., P3 satisfying conditions (1)—(3) of Lemma
6.3.2. Since ged(p;,p;) = 1 for ¢ 7é j, there exist
B1, Ba, B such that 6p: 5233 + 10p1psBa + 15529301 =
6p1p2Bs + 10p;1p3B2 + 15papsfi. Using transforma-
tions B; — B142p1, B2 — B2—3ps and B; — B1+2ps,
Bs — B3 — 5Ps, one can achieve 8, = ;3 = 1 mod 4.
Note that the conditions (1), (2) of Lemma 6.3.2
are fulfilled by the construction of p;. To prove (3),
consider the expression

S = 6((pip2 — P1P2)Bs + P1b2(Bs — Bs)) _
+ 10((p1ps — P173)B2 + P1ps(B2 — 162))
+ 15((]?2103 — P2p3) B + Daps (B — Bl))
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The definition of 3; and a simple calculation show

that S = 0. Reducing the expression S modulo 8

and taking into account that p; — p; = 0 mod 120

for1§i§3andﬂj—5jEOmod4for2§j§3,

we get Ppops(B1 — Bi) = 0 mod 8. It follows that

By = 31 mod 8. Reducing S modulo 3, we get
P193(B2 — B2) = 0 mod 3,

which_, together with B, — B, = 0 mod 4, gives us
that 8, = ; mod 12. Similarly, reducing S modulo
5, we get B3 = 3 mod 20. |

Corollary 6.3.1. If Conjecture 6.2.1 is true, a Seifert
homology sphere M ((2p1, 51); (3p2, B2); (5ps, Bs)) ad-
mits degree one map onto P if and only if p1paps =
+1,+49 mod 120. (Compare [Hayat-Legrand et al.
1997].)

Proof. Assuming that Conjecture 6.2.1 is true and
taking into account that the first formula from Con-
jecture 6.2.1 always gives an even number, we can
reduce the problem of degree one maps onto P to
the question when the second formula gives 1. Note
that deg(fy) given by the formula is preserved un-
der the replacements p; — p; + 120, 8; — [; £ 8,
By = By £12, B3 — (B3 £ 20.

Thus Proposition 6.3.1 reduces the question to
checking a finite number of possibilities. For each
triple p; < 600, p, < 360, ps < 120 one should
check whether gecd(p;,p;) = 1 for ¢ # j, find some
081, B2, B3 such that B, = f3 = 1 mod 4 and

6p1p203 + 10p1p3 B2 + 15paps 1 = £1,

and calculate deg(fo). It turned out that in all cases
deg(fo) = £1 if and only if p;pops = +1,£49 mod
120. O
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