Dual Cones and the Voronoi Algorithm

Jurgen Opgenorth

CONTENTS

Introduction

1. Dual Cones and Perfect Points

2. Discontinuous Groups

3. Bravais Manifolds of Finite Unimodular Groups
Acknowledgements

References

Max Koecher’s axiomatic treatment of self-dual cones is general-
ized to pairs of dual cones. This leads to a powerful algorithm, a
la Voronoi, to calculate the normalizer Ng;, 7,(G) and to decide
conjugacy in GL,(Z) for finite unimodular groups G < GL,(Z).

INTRODUCTION

Almost a century ago Voronoi [1908] formulated his
fundamental algorithm to find the perfect (real posi-
tive definite quadratic) forms in n variables. Among
these one finds the forms representing the locally
extreme lattice packings of spheres. The subject
was taken up by M. Koecher [1960], who gave an
axiomatic treatment of self-dual cones and a corre-
sponding Voronoi algorithm in this situation aim-
ing at the application of finding generators for cer-
tain arithmetic groups. Independently, the subject
of extreme forms was taken up in [Bergé et al. 1992]
to adjust Voronoi’s algorithm to find the G-perfect
forms, where G is a finite unimodular group and the
forms under consideration are G-invariant.

The key observation of the present paper is that a
wide range of applications can be made if one gen-
eralizes Koecher’s axioms to a pair of dual cones.
The theory has here its natural setting and becomes
more transparent; see Section 2. In particular, the
perfect points live in one cone and the associated
tessellation, which leads to Voronoi’s neighbouring
graph in the classical situation, lives in the dual
cone. The context of discontinuously acting groups
is treated in Section 3, where the quotient of the
resulting Voronoi graph modulo this group action
leads to a generating set for the group considered.
As an application, the last section gives an algo-
rithm to calculate normalizers of finite subgroups of
GL,(Z).

It turns out that the natural setup for a finite
unimodular group G is not just to look at the cone
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of positive definite G-invariant quadratic forms, but
at the cone of forms invariant under the transposed
group G* as dual cone at the same time. Beyond the
results of [Bergé et al. 1992] one gets a quite powerful
algorithm to find a finite generating set for the nor-
malizer of G in the full unimodular group GL,(Z)
and an algorithm to decide conjugacy of two finite
unimodular groups in the full unimodular group.
These two problems have been open for a long time
in the sense that the available finiteness proofs were
constructive in principle but did not result in ef-
fective implementations. The algorithms are more
effective than the ones I suggested in [Opgenorth
1996]. Meanwhile they have been used extensively
and form a central part of CARAT (see [Opgenorth
et al. 1998; Plesken and Schulz 2000]), a package
for handling crystallographic groups up to degree 6.
The real critical parameter is not the degree, but the
dimension of the space of invariant forms. Therefore
some groups of degree beyond 24 could be handled.

1. DUAL CONES AND PERFECT POINTS

Let V;,V, be real vector spaces of the same dimen-
sion n and ¢ : V; XV, — R a mapping that is linear
and nondegenerate in both components. Two sets
V7% C V; and V30 C V, are called dual cones (with
respect to o) if they satisfy the following axioms:

(DC1) V7% is open in V; and nonempty for 7 = 1, 2.

(DC2) For all z € V7% and y € V3° one has o(z,y) >
0.

(DC3) For every x € V;\ V7 there exists 0 # y €
V5 with o(z,y) < 0 and for every y € V;\ V5°
there exists 0 # z € V£° with o(z,y) < 0. Here
VZ% denotes the closure of V' in V; for i = 1,2.

Obviously, this definition in symmetric in V; and
V,. For the remainder of this section let V7° and
V>° be fixed dual cones in V; and Vs, respectively,
with respect to o. For i = 1,2 the boundary of V°
is denoted by V;°. Some elementary properties are
collected in the following lemma.

Lemma 1.1 [Koecher 1957]. (i) Let z,y € V7° and a,b
be positive real numbers. Then az + by is also in
V7o,

(i) For 0 £ 2 € V° and y € V3° one has o(z,y) >
0.

(iii) For every x € V; \ Vi° there exists y € V3° with
o(z,y) <0.

(iv) For every 0 # x € OV7° there exists 0 # y €
AV3° with o(z,y) = 0.

(v) z € V£° and —z € VZ° implies = = 0.

(vi) Let @4 be a positive definite scalar product on Vs
and define |yly := \/®2(y,y). For every compact
subset A C V7° there exists a real number p(A) >
0 with o(a,y) > p(A)|yls for every a € A and
y e V30

Proof. (i) Suppose ax + by ¢ V7°. Then by (DC3)
there exists z € VZ° with 0 > olax + by, z) =
ao(a,z) + bo(y, z), but this gives a contradiction,
since a,b,0(z,2) and o(y, z) are positive real num-
bers.

(i) Let 0 # z € V°. Since o is continuous, (DC2)
implies o(z,y) > 0 for every y € V;°. Suppose there
exists y € V;° with o(z,y) = 0. Then z ¢ V7°. By
(DC1) V3° is open. So for every z € V, there exists
A > 0 such that y + Az € V5°. Hence

0<o(z,y+Az) =0(z,y) + Ao(z, 2) = Ao(z, 2).

This implies o(z,2z) > 0 for every z € V, which
gives a contradiction to the assumption that o is
nondegenerate.

(iii) Suppose there exists z € V; \ V£° with o(z,y) >
0 for all y € V;°. The set V,\Vz® is open, so for
every ' € V7° there exists a positive real number
A with z + Az’ ¢ V£°. But by (DC3) there exits
0+# ¢ € V3° with o(z + Az’,y') <0, hence

0>o(z+Md,y) =o(z,y)+Ao(z',y) > Ao(2',y).

But o(z,y’) > 0 by assumption, A > 0 by assump-
tion and o(z’,y") > 0 by (ii). So we have a contra-
diction.

(iv) This can be proved with the same arguments
used in (ii) and (iii).

(v) By (ii) o(z,y) > 0 and o(—z,y) > 0 for all y €
V3°. Therefore o(z,y) = 0 for all y € V;°. Now the
claim follows from the fact that V5° is open in V,
and o is nondegenerate.

(vi) The equation is homogeneous in y on both sides,
so it suffices to prove the statement for all a € A
and y € VZ° with |yl, = 1. These tuples (a,y)
form a compact subset in V;° x Vz°. Now o(a,y) is
continuous, so the minimum is attained. By (ii) the
minimum is positive. O



Let D be a fixed subset of V5 \ {0}, that is discrete
in V, and z € V;° Now Lemma 1.1(vi) implies
o(z,d) > p(z)|d|s for every d € D. Consequently,
o(z,d) > 0 for every d € D and the number of d € D
with o(z,d) < c for a given constant ¢ € R is finite.
So the following definition makes sense.

Definition 1.2. Let D C V5°\ {0} be discrete in V,
and z € V7°.

(i) pp(z) := min{o(z,d) : d € D} is called the D-
manimum of z.

(i) Mp(z) :={d € D : up(z) = o(z,d)} is called the
set of minimal D-vectors of z. Obviously Mp(x)
is a finite set and Mp(z) = Mp(Az) for all A > 0.

(i) Vo(z) == {D s mp () @ad * aa € R=} is called
the D-Voronoi domain of z.

(iv) A vector z € V1>° is called D-perfect if its D-
Voronoi domain has a nonempty interior. The
set of D-perfect vectors with D-minimum 1 is
denoted by Pp. Note that z € V7° is D-perfect
if and only if dimspan Mp(z) = n.

Geometrically, the perfect vectors can be interpreted
as follows. Consider an affine hyperplane in V, con-
taining n linearly independent points of D. This
hyperplane divides V, into two open half-spaces one
of them containing 0. If this half-space contains no
other point of D, the vector z € V;° with o(z,h) =1
for all A in this hyperplane is an element of Pp. This
gives a bijection between Pp and affine hyperplanes
containing n linearly independent elements of D and
no elements of D in the half-space containing 0.

Lemma 1.3. Let V70, V5° be dual cones with respect
to o and D C VZ°\ {0} be discrete in V,.

(i) Let z € V7°. There exists a neighbourhood U of
z with U C V7° and Mp(u) C Mp(z) for all
uel.

(ii) The function pp is continuous.

Proof. Let B = B,.(z) be a compact ball with radius
r and center x that is contained in V7°. By Lemma
1.1(vi) there exists a constant p(B) > 0 such that
o(b,d) > p(B)|d|, for every b € B and d € D. Let
€ > 0 be arbitrary. Since D is discrete, the set

M :={de€ D:o(b,d) < up(z)+ e for some b € B}
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is finite and Mp(z) C M. Let M’ := M\ Mp(z).
Let x be a real number with

0 <k <min({e}U{o(z,d) — pp(z):d € M'}).

Now choose 0 < § < r such that |o(y,d)| < /2 for
every d € M and y € Bs(0). This implies z +y € B
for y € Bs(0). Consequently, for every y € Bs(0),

o(z+y,d) = o(z,d) +o(y,d)
< pp(x) + k/2 for all d € Mp(x),
> pup(z) +k/2 for all d € M',
> up(z) + k/2 for alld € D\ M.

So o(z +y,d) > pp(x) + € > pp(x) + k/2 for all
d € D\ M and z+y € B. This implies Mp(z+y) C
Mp(x) for every y € B;s(0). So (i) is proved.

Part (ii) follows from |up(z) — pp(z + y)| < x/2
for all y € B;(0) and the fact that x was chosen
arbitrarily. O

We do not want to consider arbitrary sets D. For
example D should contain at least a basis for Vs,
otherwise the set Pp would be empty.

Definition 1.4. A set D C V5°\ {0} that is discrete in
V, is called admissible if for every sequence (;);en C
V70 that converges to a point x € 9V7° the sequence
(p(x;))ien converges to 0.

Lemma 1.5. Let D C V5°\ {0} be discrete in V,.
Then D is admissible if and only if for every x €
OV° and € > 0 there exists d € D with o(z,d) < e.

Proof. ‘=" part: Let z € dV7° and (z;)ien C V7°
with z; — 0. The sequence (z + z;);ex lies in V;°
and converges towards « and for every ¢ there exists
d; in D with
pp(z+ ;) =o(x +z;,d;) = o(x,d;) + (x4, d;)
> o(z,d;) > 0.

Now the claim follows from up(z + z;) — 0.
‘<’ part: Let (z;);en be a sequence in V7° converg-
ing to z € V7°. Choose ¢ > 0 and d € D with
o(z,d) < e. There exists ip € N with

lo(z; —z,d)| <€

Thus pp(z;) < o(z;,d) = o(z,d) —o(z; —z,d) < 2¢
for all 7 > iy, so pup(z;) — 0. d

for all ¢ > 1.

Lemma 1.6. Let D C V3°\ {0} be discrete in V, and
admissible. Then Pp is a discrete set.
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Proof. Let (z;)iexx € Pp converging to x € VIZO. If
z is a boundary point of V7° then up(z;) — 0, but
this gives a contradiction since pp(z;) = 1 for all
i € N by the definition of Pp.

Assume z € V7°. By Lemma 1.3 there exists a
neighbourhood U of z with Mp(u) C Mp(z) for all
u € U. So there exists i € N such that Mp(z;) C
Mp(z) for all ¢ > 4. Let ¢ > 4o. Since z; is perfect
there are linearly independent vectors d,...,d, €
Mp(z;) € Mp(z). For these vectors one has

o(zi—z/pup(x), d;) =0,

for 1 < j < n. Now o is nondegenerate. This implies
that z; — x/up(z) = 0 for all 7 > 4. O

From the proof of this lemma there follows also a
corollary:

Corollary 1.7. Let z,y be D-perfect vectors and let
di,...,dy, with k > n, be vectors from the intersec-
tion of Mp(z) and Mp(y) containing a basis of V,.
Then there exists 0 < XA € R such that x = \y.

The proof of the following proposition shows a con-
structive method to calculate a D-perfect vector.

Proposition 1.8. If D C V3°\ {0} is discrete in V,
and admissible then for every y € V70 there erists
z € Pp with Mp(y) C Mp(x).

Proof. Let k be the dimension of the span of Mp(y).
If Kk = n we are done. So assume k < n. One
can calculate 0 # z € V; with o(z,d) = 0 for all
d € Mp(y). Without loss of generality, z ¢ Vi°
(otherwise take —z). Now consider y + Az for non-
negative real A\. By the choice of 2z there exists a
Ao such that y + Aoz € V7%, By assumption D is
admissible, so pup(y + Az) — 0 for A — Xg. The
continuity of pp implies that there is a A; € (0, \o)
with up(y) > pp(y + A1z) > 0. Let M be the fi-
nite set of all d € D with o(y + A\1z,d) < pp(y).
Clearly Mp(y) is a proper subset of M, and for
all d € M’ :== M\ Mp(y) one has o(z,d) < 0 and
o(y,d) > pp(y). Define

Ag 1= min{ ’uD(yU)(;Z)(y’ 9) :d € M'},

Yg i=Y + AzZ.

Obviously 0 < Ay < A; and for all d € D\ M one

has o(yz,d) > pp(y) since o(y,d) > up(y) and
o(y + Mz,d) > up(y). By construction o(y.,d) >

pup(y) for all d € M and equality is obtained for
all d € Mp(y) and at least one d € M’'. This d
cannot be in the span of Mp(y) since z € Mp(y)*
and hence otherwise up(y) = o(y2,d) = o(y,d),
which implies d € Mp(y). So Mp(y) C Mp(yz)
and dim(Mp(y2)) > k. Iteration of this procedure
yields the desired result. O

Next we want to consider the D-Voronoi domain of
a D-perfect vector x. It is defined as the set of linear
combinations with nonnegative coefficients of the
finitely many vectors in Mp(x) and forms a cone in
V5 based at the origin. This cone can be described
in a dual way by finitely many linear inequalities of
the form o(y,.) > 0 with certain y € V;. A vector
0# y €V, witho(y,z) > 0forevery z € Mp(z) and
o(y,z) = 0 for n—1 linearly independent z € Mp(x)
is called a direction for x. The directions of = corre-
spond with the walls of Vp(z), i.e., for a direction y
of z the set W(y) := Vp(z)N{z € Vy:0(y,z) =0}
belongs to the boundary of Vp(x) and is a cone of
dimension n — 1 in V,.
If a direction y of z lies in VZ°, then

(i) o(y,d) >0 for all d € D and
(i) o(y,z) = 0 for all z € W(y).

From (i) it follows that Mp(z + A\y) = Mp(x) N
W(y), so for any A > 0 the vector z + Ay is not
D-perfect. The second point shows that W(y) is in
the boundary of V° and also that y is a boundary
point of VZ°. Therefore the directions of z that are
in V0 are called blind directions. Otherwise, if y is
not contained in Vz° there exists for admissible D
a vector d € D with o(y,d) < 0. As shown in the
proof of 1.8 one can find a A > 0 such that z + Ay is
D-perfect and Mp(z)NMp(z+ \y) generates W (y).
The vector x + Ay is called a neighbour of z (in the
direction y).

Theorem 1.9. If D C V3°\ {0} is discrete in V, and
admissible then the D-Voronoi domains of the D-
perfect vectors form an ezact tessellation of V3°.
Ezact means, that every wall of a D-Voronoi do-
main is a wall of exactly two D-Voronoi domains.

Proof. Let xz,,z, € Pp with z; # xz,. We have to
show that Vp(z,) and Vp(z2) have no interior point
in common. Suppose z € Int(Vp(z;)) NInt(Vp(z2)).
Without loss of generality, assume o(z;,z) = 1 and



o(ze,xz) < 1. There exist dy,...,dx € Mp(z,), k >
n, containing a basis of V,, with

$:>\1d1+"'+>\kdk

for all \; > 0 with Zle A; = 1. By Corollary 1.7 at
least one of the d;, say di, is not in Mp(z;). Now
k
0(z2,7) = Mo(zg,d1) + Z Ao (z2, d;).

=2
Each summand \;o0(z, d;) is greater or equal \; and
equality does not hold for the first one. Conse-
quently o(z,z) > Y., A; = 1. But this is a con-
tradiction to our assumption o(z2,z) < 1.

Exactness follows from the fact that for every
neighbour y of a D-perfect vector z the D-Voronoi
domain Vp(z) and Vp(y) have a common wall.

The next stage to show is that every D-Voronoi
domain of £ € Pp has only finitely many neigh-
bours. We have shown the exactness, so it suf-
fices to show that for every d € D N V;° the set
{z € Pp :d € Mp(z)} is finite, but this follows from
Lemma 1.1(vi) and the fact that Pp is discrete.

It remains to show that the D-Voronoi domains
cover V9. Let y € V;% and z € Pp. If y ¢ Vp(z)
then there exists a direction z of z with o(z,y) < 0.
Let z, := = + Az be the neighbour of z in the di-
rection z. Since A > 0 one has o(z;1,y) < o(z,y).
This leads to a sequence z, 21, Zs, . .. With o(z,y) >
o(z1,y) > .... Now Lemma 1.1(vi) and the dis-
creteness of Pp imply that there are only a finite
number of z € Pp with o(z,y) < o(z,y). Conse-
quently there exists kK € N with y € Vp(zx). O

Definition 1.10. The graph T'p of D-perfect vectors
is the graph with vertex set Pp and edge set E =
{(z,y) € Pp x Pp : z and y are neighbours}.

The next corollary follows from Theorem 1.9.

Corollary 1.11. Let D C V3°\ {0} be discrete and
admissible. Then I'p is a connected, locally finite
graph.

2. DISCONTINUOUS GROUPS

In this section we want to consider sets D that are
invariant under a group acting properly discontin-
uously on V3% Let V7% V3 be dual cones with
respect to . For ¢ = 1,2 we define

Aut V70 := {g € GL(V;) : V;°g = V;°}.
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Let € be a subgroup of Aut V;° that acts properly
discontinuously on V7°, that is,

(i) for every z € V70 the stabilizer Q, := {w € Q :
zw = z} is finite, and

(ii) for every z € V7° the orbit zQ := {zw : w € O}
has no cluster point in VZ°.

Then the group Q2 := {w* : w € Q} acts on V3°
where w® is the unique element in GL(V,) with
o(zw,y) = o(z,yw??) for every z € V; and y € V.
For every = € V7° the set H(z) := {y € V5° :
o(z,y) = 1} is a compact, convex subset of V3°.
(That H(z) is bounded follows from Lemma 1.1). If
we denote by z* the center of mass of H(x), then *
defines a map from V;° to V5 with the property

(zg)* =z*g > for all z € V7°, g € Aut V;°

because g~ is a linear invertible map that maps
H(z) to H(zg) and the center of mass is respected
by linear mappings [Vinberg 1989, p. 28].

The action of 224 on V3 is again properly dis-
continuous. To prove this we assume that Q¢ acts
properly discontinuously and that 2 does not. (The
roles of  and 02¢ are swapped for simplicity of no-
tation). If the stabilizer Q, of a point z € V70 is
not finite, then (Q2,)? fixes * which contradicts the
properly discontinuous action of Q24. If the orbit 2
of z € V7° has a cluster point z, in V7° then z*Q2d
has a cluster point zj because * is obviously con-
tinuous.

Now we consider the case that D is a subset of
V5%\ {0}, discrete in V3°, admissible and invariant
under the action of 024,

Lemma 2.1. Let z € V70 and w € Q. Then

(i) pp(zw) = pp(2),
(if) Mp(zw) = Mp(z)(w*) ™,
(iii) Vp(zw) = Vp(z)(w?d) "L

In particular,  acts on the graph T'p.
Proof. Let d € Mp(z). Then
pp(z) = o(z,d) = o(zww™,d)
= o(zw,d(w*) ™) > up(zw).

Applying w™! to zw one gets pp(zw) > pp(z). Us-
ing dw™! with d' € Mp(zw) instead of d € Mp(zx)
in the above equation shows (ii) and (iii) follows
from (ii). O
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If 2 has only finitely many orbits on I'p one can
apply the theorem of Bass and Serre [Serre 1977;
Dicks 1980, p. 21]. Together with the results in the
previous section one gets the following theorem that

allows the reconstruction of the group from the finite
graph I'p /0.

Theorem 2.2. Let D C V3°\ {0} be admissible and
discrete in Vy and Q < Aut V70 acting properly dis-
continuously on V7° such that D is Q*-invariant
and the residue graph I'p /) is finite. Let z1,...,z;
be representatives of the D-perfect points spanning a
connected subtree T of I'p and T the finite set of all
y € I'p — T that have a neighbour in T. For every
y € Ty choose an element w, € Q with w;'(y) €
{z1,...,2}. Then

Q = (w,, Stabg z1,...,Stabg z; : y € Ty),

where Stabq x denotes the stabilizer of x in Q. In
particular the group ) is finitely generated.

This theorem can be formulated as an algorithm in
the following way.

1. Calculate a D-perfect vector z,. Set L; = {z1},
L,=9,and S = 2.

2. If L, = & terminate, else take z € L,

3. Calculate a generating set S, for Stabq z and set
S=85US8,.

4. Calculate the set R of directions of x and a set
R’ of representatives of the orbits of Stabg x on
R.

5. Calculate N(R') = {y € Pp : y is a neighbour of
z in direction 7 € R'}.

6. For every y € N(R') check if there exists a z €
Ly ULy and a w € Q with yw = 2.

If no such z exists set L; = L; U {y}.
If z€ L, set S =5U{w}.
7. Set Ly = Ly U{z}, Ly = L, \ {z}. Go to step 2.

Now L, is a set of representatives of Pp/€), and S
is a generating set for ().

Remark 2.3. If one wants to apply Theorem 2.2 to
a special example of a group () acting properly dis-
continuously on a cone V7°, one has to consider the
following problems.

(i) Find a dual cone V5 0 and a bilinear form ¢ such
that V7% and V3° are dual cones with respect
to o.

(i) Find a subset D C V3°\ {0}, discrete in Vs, ad-
missible and invariant under 2.

(iii) For z € V; find a method to calculate Mp(z).

(iv) Calculate the directions for z. There exists an
algorithm to solve this [Opgenorth 1996].

(v) Prove that 2 has only finitely many orbits on Pp.

(vi) Find a method to calculate a generating set for
the stabilizer in 2 for D-perfect vectors and to
calculate an element w € Q with z;w = z, for
T4, %o in Pp.

Remark 2.4. The stabilizer of a perfect vector = per-
mutes the directions of x. Since the directions of
a D-perfect vector contain a basis (by,...,b,) of V;
every w € Stabgz is uniquely determined by the
permutation of the directions. This gives a theoret-
ical, but in general inefficient method of calculating
the stabilizer. A similar argument holds for testing
whether two D-perfect vectors are in the same orbit
under {2 or not.

In the examples given in Section 3 we describe
better ways of doing these calculations.

The last proposition of this section gives a sufficient
criterion for the finiteness of I'p/€2 when D is the
intersection of the closed cone V3° with a lattice.

Proposition 2.5. Let L be a lattice of full rank in Vs,
D = LnV5°\ {0} and Q a subgroup of Aut V;° that
acts properly discontinuously on V7°. Assume that
D is admissible. If there ezists a finite subset V' of
D such that the cone

Cz{Zavv:aveR,avZO}

veEV

contains a fundamental domain for the action of Q3¢
on V3°, then T'p/Q is a finite graph.

Proof. We define a subset
M={yeD:yy —yeV;’} CD,

where yy := n) ., v and n is the dimension of
V,. For an arbitrary z € V;° and y € M one
has o(z,y) < o(z,y) + o(z, yv—y) = o(x,yp), this
shows together with Lemma 1.1 the finiteness of M.

Let x € Pp and dy,...,d, € Mp(z) linearly in-
dependent. The cone C contains a fundamental do-
main for the action of Q2! on V3°, so one can as-
sume without loss of generality that the sum d, :=
di +---+d, is contained in C. This implies that dj



can be written as dy =
coefficients a,. Now

Y vev @V With nonnegative

n=o(z,dy) = Za” o(z,v)
veV
But o(z,v) > 1 for every v € V, s0 0 < a, < n and
yv —do =) cy(n—a,)v e V0. Also

Yy —di =yy —do + Z;L:Lj#i dj € v220

for 1 < i < n; that is, d; € M. Thus we have
proved that for every z € Pp there exists an element
w € Q such that M N Mp(zw) contains n linear
independent elements.

It was shown in the proof of Lemma 1.6 that a
vector x € Pp is uniquely determined by any subset
of Mp(x) that contains a basis of V5. Since M is
finite there are only finitely many subsets of M that
contain a basis of V,, and consequently there are
only finitely many z € Pp such that M N Mp(x)
contains n linearly independent vectors. O

3. BRAVAIS MANIFOLDS OF FINITE UNIMODULAR
GROUPS

In this section the methods developed in Section 2
are used to calculate the normalizer of a finite uni-
modular group. This is done by calculating the
graph of G-perfect forms. In his classical paper
Voronoi treated the case where G is the trivial group
represented by the d X d unit-matrix [Voronoi 1908].
In this case the normalizer is all of GL4(Z) acting
on the space of symmetric d x d matrices, denoted
by Rdxd.

sym

Definition 3.1. Let G be a subgroup of GL4(Z).

(i) The normalizer Nz(G) of G is defined by
Nz(G) = {h € GLd(Z) :h~'Gh = G}

F(G) = {A e R gAgh = Afor all g € G}
is called the space of invariant forms of G. The
set of the positive semidefinite elements in F(G)
is denoted by F2°(G). The set of positive definite
denoted is denoted by F2°(G) and is called the
Bravais manifold of G. (F°(G) is nonempty if
and only if G is finite.)

(iii) For a subset X of R;lyxn‘f the Bravais group of X
is defined by

B(X):={geGL4(Z):gAg" = A for all Ae X}.
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(iv) B(G) := B(F(G)) is called the Bravais group of
G. A group G is called a Bravais group if G =
B(G).

Remark 3.2 (compare [Brown et al. 1973; Opgenorth
1996]). Let G < GL4(Z) be finite.

(i) B(G) is finite and B(B(G)) = B(G).

(i) F>°(G) is an open cone in F(G).

(iii) Nz(G) acts properly discontinuously on F>°(G),
by A s h='Ah~* for h € Ny(G).
F(G)}.

(v) Nz(Q) is a subgroup of finite index in Nz(B(G)).

Lemma 3.3. Let G be a finite subgroup of GL4(Z).
Then F°(G) and F>°(G*) are dual cones with re-
spect to

0:F(G) x F(G") — R : (A, B) — trace(AB).

Proof. Axiom (DC1) has already been stated in Re-
mark 3.2(ii).

The positive definite matrices in RdXd form a self-
dual cone with respect to o [Koecher 1960; Opge-
north 1996]; this implies (DC2).

To prove (DC3) let A € F(G)\F>°G) and B €
R2? positive definite with trace(AB) < 0. Then

1F(G)h Tt =

sym
C = > 9€G 9" Bg is a positive definite matrix in
F>0(G*) with
o(4,C) = Z trace(Ag‘"Bg) = Z trace(gAg™ B)
9€@ 9€G
= |G| trace(AB). O

Remark 3.4. It follows from the proof of Lemma 3.3
that the map

dxd r r
T REG 5 F(GT): A th Ag
gec
is a projection on F(G"™) that maps positive definite
matrices to positive definite matrices and has the
property
trace(AB) = trace(A(Bm))

for all A € F(G) and B € RL:Y.

Let D := {q, := (z¥z)r : © € Z%}. Then for
every A € (G) and z € Z*

o(4,q,) = trace(Az""z) = trace(zAz"™) = zAz".

So up(A) for A € F>°(G) is the usual minimum
u(A) of A as a positive definite quadratic form and
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the set Mp(A) consists of the orthogonal projec-
tions onto the lines spanned by the shortest vectors.
An algorithm for calculating the shortest vectors is
described in [Pohst and Zassenhaus 1989).

Let (A;)ien C F2°(G) be a sequence converging
to A € 0F>°(G). Then det(A;) converges to 0. By
Hermite there exists a constant ¢ depending only
on the degree d such that u(B)? < cdet B for ev-
ery positive definite B € ngxn‘f . Consequently u(A;)
converges to 0; that is, D is admissible.

A matrix A is now called G-perfect (instead of
D-perfect) if Mp(A) contains a basis of F(G™). A.-
M. Bergé, J. Martinet and F. Sigrist gave a similar
definition for G-perfect forms [Bergé and Martinet
1991; Bergé et al. 1992]. Instead of the projection
7 they took the orthogonal projection (with respect
to the trace) onto F(G). In general this projection
does not map positive definite matrices to positive
definite, but Theorem 3.6 does hold for both defini-
tions.

Before stating the theorem the following definition
is needed.

Definition 3.5. The Hermite function v : {A € R;’;,;‘f
A positive definite } — R is defined by

_ k4
YA) = Ger 2y

for all positive definite matrices A € Riss. Ob-
viously v(AA) = 7(A) for all A > 0. A matrix
A € F>°(G) is called G-eztreme if the restriction
of v to F>°(G) obtains a local maximum at A in
F>(@).

A positive definite matrix A € R2*? is called eu-
tactic if

A7l = E a,x" T

xEM(A)

with positive coefficients a,, where M(A) denotes
the set of minimal vectors of A.

Theorem 3.6. (i) [Jaquet-Chiffelle 1995; Opgenorth
1996] There exist only finitely many G-perfect
matrices up to the action of Nz(G).

(i) [Bergé and Martinet 1991; Opgenorth 1996] A
matriz A € F>°(G) is G-extreme if and only if A
is G-perfect and eutactic.

This was already proved for the case G = {I;} by
Voronoi [1908].

It remains to give a method for calculating S4
the stabilizer in Nz(G) for a Bravais group G and a
G-perfect matrix A. By Remark 3.2(iv) this means
calculating generators for

Sa={g€GL4Z): gAg" = ANgF(G)g" = F(G)}.

Let R denote the set of directions for A. Since A is
G-perfect R contains a basis Ry, ..., R, of F(G¥).
As pointed out in Remark 2.4 the stabilizer of A
induces a permutation of R. So

Sy = {g € GL4(Z) : gAg"™ = A and
gRig" € Rfor1<i< n}

W. Plesken and B. Souvignier [1997] describe an al-
gorithm to calculate generators of

Aut A = {g € GL4(Z) : gAg™ = A}.

The basic idea of the algorithm is this: If m is the
maximal entry of the diagonal of A and M is the
set of vectors 0 # x € 7% with zAz"™ < m, the rows
of a matrix g € Aut A are elements of the finite
set M. They construct the automorphisms row by
row; that is, they construct a matrix X € Z7*¢
with rows from M and try to extend this matrix
to a matrix Y by adding a row from the vectors
of M. For finding the next row the authors use
several criteria. A generating set for S, can now be
obtained by adding the criterion that for 1 <i<n
the (r+1) x (r+1) matrix Y R,Y* has to occur as
a left upper submatrix of one of the matrices in R.

An alternative method to calculate the stabilizer
of A in Nz(Q) is to calculate the stabilizer S4-1 of
A~!in Nz(G"™), since Sp-» = S%. In this case one
has to replace the set R by Mp(A).

Plesken and Souvignier give in the same paper
an analogous algorithm to decide whether or not
there exists for two positive matrices A and B in
R a matrix X € GLg(Z) with XAX*. If such
a matrix exists the algorithm constructs one. The
same modification as above allows one to construct
for G-perfect A,B € F7°(G) a matrix X € Nz(G)
with XAX* = B, if such a matrix exists.
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1 0-1-1 0
-1 0010
11000
I S R )
971 000 0 1
000 0-1
00O0O0OT1
00O0O0T1-

—~

Z) be the group generated by

Ll i e i en R e i an i e B o)

|

_ OO, OO OO

|

_ O == OOOO

g2 =

SO OO OO

OO OO O - =

o

OO OO R OOO

OO OO FEOO
|

_ oM OOOO

Opgenorth: Dual Cones and the Voronoi Algorithm

OHRH PP R OOO

o

—_ OO0 OO0

|

g3 =

ol o e i en R« B e B e B an)

|

OO OO O =

|

o

o

o

o

OO OO O

OO OO =M= O

OO OO +HOO

= =0 00O oo

o

OO OO OOoOOo

|
—_ O R OOO

o

= O = OO OO

607

G is a finite unimodular group of order 48 isomorphic to GL2(3). The space of invariant forms is of dimension
4. The algorithm leads to the following G-perfect forms
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The form P; has minimum 4 and its determinant is 5%. It has four Voronoi neighbours, one of them is P,
the three others are in the orbit PyNz(G) and are permuted by the stabilizer Sp, of P; in Nz(G). The
stabilizer is generated by g1, g2, g3, s1 and sy where
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The form P, is isomorphic to the root lattice of Fg and has minimum 2 and determinant 1. P, has eight
Voronoi neighbours (one of them P;) which are all in one orbit of the stabilizer Sp, of P, in Nz(G). The
stabilizer is generated by g1, g2, g3, t1, t2 and t3, where
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So we have the following residue graph I'p /Nz(G):
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Let
000O0O0OT1O0TPO0
000O0OOT1IO
000O0O0OT1OQO0T1
b | 00001000
) 00011000
-1 00 0-1 001
0-1 00 1-1-1-1
10-1 01100

This matrix is in the normalizer N;z(G) and maps
Py to one of its neighbours. Therefore

Nz(G) = (g1, 92, 93, S1, 52, t1, ta, t3, h).
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