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As a complement to a recent paper by Jade Vinson we study
the distribution of the sequence (327_; j~*)n>1 modulo 1 with
the aim of explaining its different behaviour when s = 1 and
when 1 < s < 1. We tackle this question from a different point

of view using the theory of uniformly distributed sequences.

1. INTRODUCTION

In a recent paper, Jade Vinson [Vinson 01] studied the
distribution modulo 1 of the sequence (3°7_, 7™ %)n>1
(where s € (0,1)) with the aim of explaining the strik-
ing difference between the distributions when s = % and
s # % We try to shed more light on some of the phenom-
ena described in [Vinson 01] using the theory of uniform
distribution.

1.1 Notation
If © € R, then {z} = = — [z] denotes the fractional part

s __ n ]
of z. We use wy, = > .,
convenient shorthand notation. If (z,),>1 is a sequence

in the unit interval [0,1), then

and w® = (w8)p>1 as

DN(Z‘l,...,.CIJN) =

’{n:l <n<N,z, € [C%b)}’
sup

0<a<b<1 N

—(b—a)

is called the discrepancy of this sequence. If & = (&,)n>1
is a sequence of real numbers, we write Dy () instead of
Dy ({&},. .., {én}). Werecall that a sequence ¢ of reals
is uniformly distributed modulo 1 if and only if Dy (§) —
0as N — oo.
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2. UNIFORMLY DISTRIBUTED SEQUENCES

Theorem 2.1. Let s € (0,1). Then w® is uniformly dis-
tributed modulo 1 and

Dy (") = Dy (g™ )az1)| < 2N 7+/(FD

for all positive integers N .

Proof: Using the Euler summation formula, we find that
Soi = kg s [ e td (2

for all positive integers n (see e.g., Theorem 3.2 in [Apos-
tol 76]. This implies that

Ln! 7 ((s) <wp < =T+ ((s) +nTE (2-2)
The sequence (72=n'"%),>1 is known to be uniformly
distributed modulo 1 (see e.g., Example 2.7 in Chap-
ter 1 of [Kuipers and Niederreiter 74]). It follows from
Lemma 1.1 in Chapter 1 of [Kuipers and Niederreiter 74]
that (;-n'~* + C(s))n>l is uniformly distributed mod-
ulo 1, and from Theorem 1.2 in Chapter 1 of [Kuipers and
Niederreiter 74] and Equation (2-2) that w?® is uniformly
distributed modulo 1. The assertion about discrepancies
is implied by the fact that

Dy (157" 4+ ¢(8))n>1) = Dn((751' " )nz1)

for all positive integers N and the following lemma by
taking € = N—%/(s+1) there. O

2.1 Notation

From now on, we will use 7, =

1_
1isnl_s’ 7 = (T3)n>1 and £ = (§3)n>1-

Lemma 2.2. Let s, w® and 7° be as above. Then
|Dn(w®) = Dn(7°)| < e + g7V/sNTt
for all e > 0.

Proof: Note that if n > e~1/%, then n~* < ¢ and therefore
TS <wi <15 +¢ by (2-2). Let [a,b) C[0,1). If {r3} €
[a,b), then either n < e~'/* or {w?} € J where

[a,b+ ¢) ifo+e<1,
J=19[0,b+e—-1)UJa,1) ifl<bte<a+l,
0,1) ifat+1<b-+e.

In all three cases, we have

{n:1<n < N {r} €la,b)}]
< |{n:1 <n<N{w)}e J}’ 4 e s,
(2-3)
We claim that
{n:1<n< NA{wj}eJ}| <N(b—a+e)+NDy(w®).
(2-4)
If b+ ¢ <1, this reduces to
Hn:1<n<N{wy}€la,b+e)}
<N(b—-a+¢)+ NDy(w)
which is obviously true. If 1 < b+¢ < a + 1, this follows
from
H{n:1<n< N {wi}eJ}
=N-|{n:1<n<N{wi}epb+e—1a)}
<N—(N(a—b—e+1)— NDy(w")).
Finally, if a+1 < b+¢, then b—a+¢ > 1 and the assertion
is trivially fulfilled. Putting Equations (2-3) and (2—4),
together we see that
H{n:1<n< N{r}€la,b)}|—Nb-a)
< Ne+ NDpy(w®) +e7 /5, (2-5)
If {w:} € [a+¢,b), then either n < e~/ or {75} € [a,])
which implies that
{n:1<n<NA{wi}€lateb)}
<Hn:1<n<N{ri}€la,b)}]| + /5.

(2-6)
Furthermore, we have
Hn:1<n<NA{wj}elat+eb)}
>N((b—-a—¢)— NDy(w?). (2-7)

Both Equations (2-6) and (2-7) remain true if a+¢ > b.
Together they imply that

{n:1<n<N{rj}€la,b)}| - N(Ob-a)

> —Ne — NDy(w®) — e Vs, (2-8)

From Equations (2-5) and (2-8), we can now deduce that

’{n:lSHSN,{TS} < [a,b)}’
i ~(b-a)

< Dy(w®) +e+ N1 l/s

and therefore Dy (7°) < Dy (w®) +e+ N~'e~1/*. By an
analogous argument, we can prove Dy(w®) < Dy(7%) +
€+ N~ e~/ which completes the proof. |
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The above theorem tells us that the fractional parts
of the sequence w® will be spread out evenly over the
unit interval in the long run. Furthermore, the deviation
from a perfect uniform distribution is comparable to that
of the sequence £°. The three papers [Schoiflengeier 81],
[Baxa and Schoifilengeier 98], and [Baxa 98] contain a
detailed study of the long-term behaviour of sequences
(an?)p>1 modulo 1 (where & > 0 and 0 < ¢ < 3) and
their results can be put to good use.

Corollary 2.3.

(i) If0 < s < (v/5—1)/2, then Dy (w®) = O(N—5/(s+1))
as N — oo.

(ii) If (v/5—1)/2 < s < 1, then lim N1 Dy(w*) = 4.
—00

Proof: (i) First let 1/2 < s < (v/5—1)/2. As Dy(7°) =
Dy (&%) and Dy (€°) = O(N®71) (see [Schoiflengeier 81],
it follows that

[Dn(w®)| < [Dn(w®) = Dn(7°)| + [ DN (£7)]
< N—s/(s+l) +Ns—1 < N—s/(s+l)

as —s/(s+1)>s—1if1/2 < s < (/5 —1)/2.

If 0 < s < 1/2, then DN (&%) = O(N~*) (see Exercise
3.1 in Chapter 2 of [Kuipers and Niederreiter 74] and the
assertion can be proved analogously.

(ii) As s> +s—1> 0 for s > (v/5 —1)/2, we get

N1—5|DN(ws) _ DN(TS)‘ < 2N1—s—s/(s+l)
— 2N—(S2+s—1)/(s+1) -0

as N — oo and as lim N'7*Dy(¢°) = § (because of
N—00

Corollary 3 in [Schoiflengeier 81] the assertion follows. O

3. CONCLUDING REMARKS

Corollary 2.3 tells us that the sequence w? is particularly
well-behaved when s is close to 1. As we are mainly con-
cerned with long-term behaviour, some of the phenomena
described in Vinson’s paper elude us.

Nevertheless, we are able to offer an explanation for
the large central spike in the histogram for ((3) (Figure
1 in [Vinson 01]). During the investigation of sequences
of shape (an?),>1, it turned out that their behaviour is
far more complicated when o = % and o? € Q than when
either 0 < 0 < 3 or 0 = % and o ¢ Q. As a special
instance, the behaviour of (2y/n),>1 is far more intricate

than that of (2=n'"*),>1 for 1/2 < s < 1. Although
the sequence (2y/n),>1 is uniformly distributed modulo
1, its fractional parts attain the value 0 infinitely often
as {2y/n} = 0 whenever n is a square. (This behaviour
is typical for sequences (ay/n),>1 with o? rational. A
detailed description of this phenomenon can be found in
Lemma 1 of [Baxa and Schoiflengeier 98].)

Because of Equation (2-2), we see that among the N
points {wim}, cee {w]l\,/2}, there are K := [\/m points
1/2 1/2 1/2 1/2 . .
{w1" "} {wy " F{wy 7}, - -, {wgz } which form the begin-
ning of a subsequence which will eventually converge to
{¢(3)} = ¢(3) + 2 from above. This should lead to the

spike and explains its location.

Surprisingly, the sequence (an?),>1 with % <o<l1
seems to have received far less attention than the case 0 <
o < i. J. SchoiBlengeier [Schoifiengeier 81] proved that
the estimate Dy ((an®),>1) = O(N?~1) we used above
is not sharp, but this seems to be the last published result
on this sequence. It would be an interesting problem to
study this case in detail, which should also lead to a
better understanding of the behaviour of the sequence

w?® modulo 1 with 0 < s < %
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