F. AicARDI: ON THE NUMBER OF PERFECT BINARY (QUADRATIC
FORMS-APPENDICES

Appendix 1. Table of Perfect Forms with Small Coefficients. We give here the
distribution of the perfect triples (m,n, k) in the cube Cs: |m| < 5,|n| < 5, |k| < 5.

Type Parabolic Elliptic Hyperb. Total
Signature 0,+10,0]0,— +,+ - - +,—
Number 18 1] 18 227 | 227 840 1331
Perfect 10 | 1 - 126 - 554 691

In the following tables, the square sections k = const of Cy are shown. In each cell
corresponding to a triple, the value of the discriminant D = 4mn — k? is given at the top
part of the cell. A star indicates that the triple is perfect. Information on the semigroup—
if available—is included: the number 1 simply indicates that value 1 is attained, otherwise
the semigroup itself is given, when it is simple. For example, 5Z, the multiplicative
semigroup of the integers divisible by 5, or Z?, the semigroup of the squares of integers.

Remark. If the form f, 1) is perfect, then the form f(, m —x) is also perfect (the two
triples are in the same orbit of SL(2,Z)-action). Because of the symmetry of the family
of forms ( fimmi)(T,Y) = finmpr)(y,x)), it is clear that the sets of values attained by
fomnky and by fonn k) coincide, so the perfectness of (m,n, k) implies the perfectness of
(m,n,—k). For this reason, the two tables with opposite values of k are identical.

Appendix 2. Table of Quadruples (a, b, ¢, d) for All Perfect Forms in the Cube
C5. Integers x,y are the coordinates of a vector v such that f(v) = 1.

Appendix 3. Table of Quadruples (a, b, c,d) for Perfect Diagonal Forms with
m < n < 16. Integers z,y are the coordinates of a vector v such that f(v) = 1.

Remember that if the quadruple (a, b, ¢, d) defines the perfect triple (m,n,0), the triple
(n,m,0) is defined by the quadruple (¢, d, a,b) (see Appendix 2 in [Aicardi 03]).
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APPENDIX 1

k=0
m=1 5] 4 -37]-=27-1 0 1 2 3 4 5

n

-100 | -80 [ -60 [ -40 [ -20 0 20 [ 40 ] 60 | 80 [ 100
5 * 5 %1 * 1 * 1 * 5

80 | -64 | -48 | -32 | -16 0 16 | 32 | 48 | 64 | 80
4 * (k1| %2 *472 || J 1 | % 2 * 4

60 | -48 | -36 | -24 | -12 0 12 [ 24 |3 | 48 | 60
3 * 3| %1 * 1

40 | -32 [ -24 | -16 | -8 0 8 [ 16 | 24 | 32 | 40
2 * 2 * 1 * 1 |%2 * 2

20 | -16 | -12 | -8 | 4 0 4 8 [ 12 ] 16 | 20
1T [[dl %1/ %1%l %1 *Z2 | %1 | %1/ %1 %1 |%1

0 0 0 0 0 0 0 0 0 0 0
0 * 0 | 472 * 472

20 [ 16 | 12 | 8 4 0 4 [ 8 [-127] -16 | -20
-1 *1|%1 * 1

40 | 32 [ 24 | 16 | 8 0 8 [ -16 | 24 | -32 | -40
-2 * 1 *x1 | %2

60 | 48 | 36 | 24 | 12 0 12 [ 24 1 -36 | -48 | -60
-3 * 1 * 3| %1

80 | 64 | 48 | 32 | 16 0 16 | -32 | 48 | 64 | -80
-4 * 1 |%2 * %1

100 | 80 | 60 | 40 | 20 0 220 | -40 | -60 | -80 [-100
-5 * 1 * 5
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k=+1
m=1 5] 4] -37]-271-1 0 1 2 3 4 5

n i

101 ] 81 [ 614121 -1 19395 [ 79 99
5 | %1 *1|%1 *xZ | % 1 *

8116549 -33[-17 ] -1 | 15|31 | 47 | 63 | 79
4 * (K1 Kk [ Kh1l|x1|*xZ|*x 1| %

61 |49 [ 3725 [-13 [ -1 | 11 | 23 | 35 | 47 | 59
3 * 1 * 1 * 1| *Z||% 1| % *

41133125 [-17 | -9 || -1 7 115 [ 23] 31 | 39
2 * 1 * 1 *Z || % 1 * | K

21 [ -17 [ -13] -9 | -5 || 1 3 7 [ 11 ] 15| 19
1 * 1| %1 %1l %1l 1| *Z| %1 %1|%1 *x1 %1

1] 1] a1l a]afJafa]-a1]-1]-17T-1
0 | *Z | %Z | %Z | *Z | %Z | *Z | *Z | %Z | *Z | *Z | *Z

915117 7 3 -1 571 -9-13]-17]-21
-1 *xZ | % 1 * 1| %1

39 |31 [ 2315 [ 7 [ -1 -9 [-17]-25]-33] -61
-2 *Z || % 1|%1 * 1% 1

50 |47 135 [ 23 | 11 || -1 | -13]-25 | -37 | -49 | -61
-3 *Z || % 1 * 1| % | %1

79 | 63 | 47 [ 31 | 15 || -1 [ -17 | -33 | -49 | -65 | -81
-4 *7Z | % 1 * 1

99 | 79 | 59 | 39 [ 19 || -1 | -21 | -41 | -61 | -81 [-101
-5 *Z | % 1| %1/ %1 % K1
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k= +2
m=1] 5 | 4 3] 2] -1] 0 1 2 1 3] 4 [ 5
n
104] 84 | 64| 44 | 24 4 | 16 | 36 | 56 | 76 | 96
5 * 1 * 1| %1 *
R4 | 68 | 52| 36 | 20 | 4 | 12 | 28 | 44 | 60 | 76
4 Yl %2 |%1| % [d1|%2Z|| %1 | %2| % | %k *
64 | 52 | 40 | 28 | -16 | -4 8 | 20 | 32 | 44 | 56
3 * 1 * 1| %1 *
44| 36 | 28| 20 |12 | 4 | 4 | 12 | 20 | 28 | 36
2 * 1 *27Z | % 1 * 2
24| 20 |16 | 12 | 8 | 4 0 L [ 8 | 12|16
1 * 1| %1l | %l| %1 |%h1|%1|*Z| %1 | %1 %1|%]1
4] 4] 4] 4] 4] 4 4] 4] 4] 4] 4
0 [H1|%2Z| % 1|%2Z | % 1| *2Z| %1 |*2Z| % 1| %2Z | % 1
16 | 12 | 8 | 4 | 0 | 4 | 8 | -12]-16] 20 | 24
1 * 1| %1 * 1
36 | 28 | 20 | 12 | 4 || 4 || -12 | 20 | 28 | -36 | -44
-2 *27 || % 1 * | %1
56 | 44 | 32 | 20 | 8 || 4 | -16 | 28 | -40 | 52 | -64
-3 * 1 |%1] %1 * 1
76 | 60 | 44 | 28 | 12 || 4 | 20 | -36 | 52 | -68 | -84
4 *27 | % 1 * 1| %2
96 | 76 | 56 | 36 | 16 || 4 || 24 | 44 | 64 | 84 |-104
5 * 1| %1 * 1
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k=+3
m=1 -5 -4 -3 -2 -1 0 1 2 3 4 5

n |

-109 | -89 | -69 | -49 | -29 -9 11 31 51 71 91
5 Y 1| %1 * 1 * 1| %

-89 | -73 | =57 | -41 | -25 -9 7 23 39 55 71
4 1| %1 %1 | %1 1 (%1 %

-69 | =57 | -45 | -33 | -21 -9 3 15 27 39 51
3 * 1 * 1 37 || % 1 * 3

-49 | 41 | -33 | -25 | -17 -9 -1 7 15 23 31
2 * (K1 * 1 *7Z | % 1 * | X

29 | <25 | 21 | -17 | -13 -9 -5 -1 3 7 11
1 K* 1| x 1| %1 |%1|%1| K1 (1| *Z|%1]|%]l | %1

-9 -9 -9 -9 -9 -9 -9 -9 -9 -9 -9
0 * 1 *37Z | % 1 37 || % 1 37 | % 1

11 7 3 -1 -5 -9 -13 | -17 | 21 | -25 | -29
-1 *7Z | % 1 * 1|%1 * 1

31 23 15 7 -1 -9 -17 | <25 | =33 | -41 | -49
-2 *Z || %1 | %1 * 1 |%1

51 39 27 15 3 -9 =21 | -33 | -45 | -57 | -69
-3 37 || % 1 * 1

71 55 39 23 7 -9 =25 | 41 | =57 | -73 | -89
4 *1|%1 *1 | %1

91 71 51 31 11 -9 29 | -49 | -69 | -89 |-109
-5 * 1%l % | %1 | %1 %1
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k=+4
m=| -5 -4 3| -2 ] -1 0 1 2 3 4 5

n i

-116 | -96 | -76 | -56 | -36 || -16 4 24 | 44 | 64 84
bt * 1 * 1 * 1| %1 *

-96 | -80 | -64 | -48 | -32 || -16 0 16 | 32 | 48 64
4 * 4 * *AZ || K27 | %k 2 * 4

-76 | -64 | -52 | -40 | -28 || -16 -4 8 20 32 44
3 * 1 * 1 [%1 *

-06 | -48 | -40 | -32 | -24 | -16 -8 0 8 16 24
2 * 1 * 2 * 1 * 1| %2

-36 | -32 | -28 | 24 | -20 || -16 || -12 | -8 | -4 0 4
1 * 1| %1 %1kl %l %1| K1 %1/ k1|KkZ|Kk1

-16 | -16 | -16 | -16 | -16 | -16 || -16 | -16 | -16 | -16 | -16
0 *47 | % 1 *47Z || % 1 *47Z | % 1

4 0 -4 | -8 | -12 || -16 || -20 | -24 | -28 | -32 | -36
-1 * 1| %1 * 1

24 16 8 0 -8 -16 || -24 | -32 | 40 | -48 | -56
-2 * 1 * 1 [%2 *

44 32 20 8 -4 -16 || -28 | -40 | -52 | -64 | -76
-3 * 1| %1 | %1 * 1 * 1

64 48 32 | 16 0 -16 || -32 | -48 | -64 | -80 | -96
-4 K47 || % 1 * 4

84 64 | 44 | 24 4 -16 || -36 | -56 | -76 | -96 |-116
-5 * 1 |%1 * 1
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k=4+5
m= | -5 -4 0 -3 | -2 ] -1 0 1 2 3 4 b}
n
-125 | -105| -85 | -65 | -45 || -25 -5 | 15 ] 35 | 55 5
) * 5 *57Z || % 1
-105 | -89 | -73 | -57 | -41 || -25 -9 7 23 | 39 25
4 1| % |[Kh1|[%x1| %1 * 1% 1| %
-85 | -73 | 61 | -49 | -37 | -25 || -13 | -1 | 11 | 23 35
3 * 1% 1 * 1 *x 1| %Z | % 1| %
-65 | -7 | -49 | 41 | -33 || -25 || -17 | -9 | -1 7 15
2 * (%1 * 1 *7Z | % 1
-45 | 41 | =37 | -33 | -29 | -25 || 21 | -17 | -13 | -9 -
1 d 1 l|%1| %1 |%1| %1 |1 %1 |kl k1|l
-25 | 25 | <25 | <25 | -25 || -25 || -25 | -25 | -25 | -25 | -25
0 || %*5Z | %1 *57 || %1 *5Z
-9 -9 | -13 | -17 | 21 || <25 || -29 | -33 | -37 | 41 | -45
-1 *1 * 1| %1 * 1 * 1| %1
15 7 -1 -9 | -17 | <25 || -33 | -41 | -49 | -57 | -65
-2 *Z | %1 | % 1 *1 %1 *1
35 23 | 11 | -1 | -13 || -25 || -37 | -49 | -61 | -73 | -85
-3 *7Z | % 1 1| % [Kh1]%1
35 39 | 23 7 -9 -25 || -41 | -57 | -73 | -89 | -105
-4 * 1| %1 * 1| %1
75 55 | 35 | 15 | -5 -25 || -45 | -65 | -85 |-105 | -125
-5 * 1 || %5Z | %1 *1 | %5
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APPENDIX 2
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D >0
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