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We propose in this work a computational criterion to test if a
free divisor D C C™ verifies the Logarithmic Comparison The-
orem (LCT); that is, whether the complex of logarithmic differ-
ential forms computes the cohomology of the complement of D
in C™.

For Spencer free divisors D = (f = 0), we solve a conjec-
ture about the generators of the annihilating ideal of 1/f and
make a conjecture on the nature of Euler homogeneous free di-
visors which verify LCT. In addition, we provide examples of free
divisors defined by weighted homogeneous polynomials that are
not locally quasi-homogeneous.

1. INTRODUCTION

Let D be a divisor (i.e., a hypersurface) in X := C".
K. Saito introduced in [Saito 80] the complex Q°(log D)
of holomorphic differential forms with logarithmic poles
along D. It is a subcomplex of the meromorphic de Rham
complex Q°(xD) of meromorphic differential forms with
poles along D. Let us denote by ¢p the inclusion mor-
phism Q°*(log D) — Q°*(xD). Grothendieck’s Compari-
son Theorem [Grothendieck 66] proves that the last com-
plex calculates the cohomology of the complement of D
in X. It was proved in [Castro et al. 96] that if D is
a locally quasi-homogeneous free divisor then the Loga-
rithmic Comparison Theorem (LCT) holds for D. We
claim that LCT holds for D if the morphism ip is a
quasi-isomorphism, i.e., if ip induces an isomorphism on
cohomology.

Let us denote by O = Ox the sheaf of holomorphic
functions on X and take x € X. Denote by Der(O,)
the Oz-module of C-derivations of O, (the elements in
Der(0,) are called vector fields). This yields the sheaf
Der(0O) of vector fields on X.

Following K. Saito [Saito 80], a vector field § €
Der(0,) is said to be logarithmic with respect to D if
§(f) = af for some a € O,, where f is a local (reduced)
equation of the germ (D,z) C (X,z). The O,-module
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of logarithmic vector fields (or logarithmic derivations)
with respect to D is denoted by Der(—log D), and it is
closed under the bracket product [—, —]. This yields a O-
module coherent sheaf denoted by Der(—log D), which
is a submodule of the sheaf of vector fields over X.

The divisor D is said to be free at the point x € D
(see [Saito 80]) if the O, -module Der(—log D), is free
(and, in this case, of rank n). The divisor D is called
free if it is free at each point x € D. Saito’s criterion
([Saito 80]) says that a divisor D = (f = 0) is free at a
point & € D if and only if there exists a basis {d1,...,0,}
of Der(—log D), whose determinant of coefficients with
respect to the partial derivatives is equal to u- f, for some
u € O, such that u(z) # 0. Smooth divisors and normal
crossing divisor are free. By [Saito 80], any plane curve
D C C? is a free divisor.

As stated in [Castro et al. 96], a divisor D C C™ is
called locally quasi-homogeneous if for each x € D there
exists a system of local coordinates (z1,...,z2,) around
x such that the germ (D,z) is defined by a weighted
homogeneous polynomial h(z1,..., z,) with strictly pos-
itive weights for the variables z;. If a plane curve D C C?
is defined by a weighted homogeneous polynomial, then
D is a locally quasi-homogeneous free divisor—so LCT
holds for such a plane curve. In [Calderén et al. 02] a con-
verse of this last result is proved: if D is a plane curve and
LCT holds for D, then D is locally quasi-homogeneous.
It was also shown in [Calderén et al. 02] that, in dimen-
sion 3, there are free divisors that verify LCT and are
not locally quasi-homogeneous.

A divisor D C X is said to be Euler homogeneous if
for each = € D there exist a local equation f of the germ
(D, x) and a vector field § € Der(O,,) vanishing at a such
that 6(f) = f. In [Calderén et al. 02], it is proved that
LCT implies Euler homogeneity for place curves.

It is an open problem to describe which free divisors
verify LCT in dimension greater than 2, and there is an
open conjecture related to this problem:

Conjecture 1.1. ([Torrelli 04]) LCT holds for the germ
(D,x) if and only if the annihilator ideal Annp,(1/f)
is generated by elements of order 1, where f is a local
equation of the germ (D, x).

Here D, stands for the ring of germs of linear dif-
ferential operators with coefficients in the ring O, and
Annp_(1/f) for the ideal of linear differential operators
P in D, such that P(1/f) = 0. The order of a nonzero

element P of D,,

>

O‘:(al ,..,,a")EN"

aa0%,

is the integer ord(P) = max{|a| = a1+ -+ ap | aq # 0}
(here a, € O, and 0; stands for the partial derivative

a%). The principal symbol of P is by definition the ex-

pression
oP)= >

a,|a|=ord(P)

aa&”,

viewed as an element of the ring of polynomials O, [£] in n
variables, £ = (&1, ..., &), with coefficients in O,,. If D =
Dx is the sheaf of rings of linear differential operators
with holomorphic coefficients, the stalk of D at x is D,.
The ring D, is filtered by the order of its elements. The
associated graded ring is denoted by gr(D,).
to prove that gr(D,,) is isomorphic to O,[¢].

One of the difficulties in the study of which divisors
D verify LCT is addressed by the examples.
divisor D it is hard to prove whether the inclusion mor-
phism ip is a quasi-isomorphism'. We propose here a
computational tool to test LCT in the free case.

An essential ingredient for our method to cover the

It is easy

Given a

case of free divisors is a recent result of [Calderén and
Narvéez 04]: if D is a free divisor that verifies LCT then
D is a Spencer divisor. Roughly speaking, D is a Spencer
free divisor (see below) if it is free and admits a spe-
cial free resolution for the D-module D/{Der(—log D))
where (Der(—log D)) is the left ideal of D generated by
Der(—log D). With the help of this result, it is enough to
provide a criterion to test LCT for Spencer-free divisors;
the non-Spencer ones do not verify LCT.

2. SPENCER DIVISORS

In order to allow an easier reading of this article we re-
view here the results of [Castro and Ucha 02, Sections 3
and 4].

In [Calderén 99] the author associates with a free divi-
sor D C C™ the so-called augmented Spencer logarithmic
complex

D ®p A*Der(—log D) — M™@sP — 0.

It is a complex of D-modules and M8 P stands for the

: D
quotlent m .

1The reader can consider, for example, the ad hoc explicit proof
in [Calderén et al. 02] to show that the divisor (zy(z+y)(zz+vy) =
0) C C3 verifies LCT.
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Definition 2.1. ([Castro and Ucha 02, Definition 3.3])
We say that a free divisor D is a Spencer divisor if
the D-module M"8P is holonomic and the augmented

Spencer logarithmic complex is a (locally) free resolution
of MesD,

A coherent D-module M on X is said to be holonomic
if its characteristic variety (see [Mebkhout 89, Chapter I,
(2.2)]) has dimension n.

Definition 2.2. ([Calderén 99, Definition 4.1.1]) The di-
visor D is said to be Koszul free at the point z € D
if it is free at x and there exists a basis {d1,...,0,} of
Der(—log D), such that the sequence {¢(01),...,0(d,)}
of principal symbols is a regular sequence in the ring
gr(D,). The divisor D is Koszul free if it is Koszul free
at any point of D.

By [Saito 80] and [Calderdén 99, 4.2.2.] any plane curve
D C C? is a Koszul free divisor. By [Calderén 99, Propo-
sitions 4.1.2 and 4.1.3] if D is Koszul free (in particular
if D is a plane curve) then it is a Spencer divisor, but
the converse is not true, see [Calderén 99, Remark 4.2.4]
and [Castro and Ucha 02, Section 5.3].

Given a coherent D-module M, the solution complex of
M is by definition the complex RHomp (M, O) (see, for
example, [Mebkhout 89, Chapter I, (2.6)]). This complex
will be simply denoted by Sol(M).

The following proposition is
[Calderén 99, Theorem 4.2.1].

a consequence of

Proposition 2.3. If D is a Spencer divisor then there
ezists a natural quasi-isomorphism from Sol(M'©8) to
Q°(log D).

For each z € X, we can consider the ideal Anngz (1/1)
(here, f is a local equation of the germ (D,z)) gen-
erated by the differential operators P € D, such that
P(1/f) = 0 and the order of P is equal to 1. In fact,
such an operator P must have the form § + a where § is
a logarithmic derivation in Der(—log D), and 6(f) = af
with a € O,.

Let us denote by M'eD the quotient D-module with
stalks
Cann§) /)

The module M©°8P admits in the Spencer case a free

(Mlog D)

resolution completely analogous to the one of M08 D:

D ®0 A*Der(—log D) — MYeP — 0,

where EE"(— log D) denotes the free O-module of differ-
ential operators that can be written locally as § + a such
that 6 € Der(—log D) and 6(f) = af for some holomor-
phic germ a.

The following theorem is proved in [Castro and Ucha
02, Theorem 4.3]:

Theorem 2.4. For each Spencer divisor D C X we a have
an isomorphism (M8 P)* ~ plos D,

In this theorem (—)* means duality in the sense of D-
module theory (see, for example, [Mebkhout 89, Chapter
I, (4.1) ]).

These last two results allow us to use D-module theory
in connection with the logarithmic comparison theorem
as we will show in the following sections. The following
question is open:

Problem 2.5.

divisors.

Identify which free divisors are Spencer

An example of a free divisor that is not Spencer is
given in [Calderén and Narviez 04].

Remark 2.6. For a given divisor D = (f = 0) with
f € R=Clzy,...,2,] the modules M"8P and Mo D
can be obtained by means of computations of syzygies of
polynomials using Grobner bases: if

(a181 +--- 4+ anan)(f) = mf

for some m € R, then

7] 0
a1i+...+an f

Since the inclusion of the ring of differential operators
with coefficients in R—the Weyl algebra—in D, is flat,
these computations in R cover the analytical setting.

3. HOW TO DEDUCE THAT LCT HOLDS

Let D C C" be a free divisor. We state the first criterion
to prove that LCT holds. In the proof of its correctness,
we use some conditions that are sufficient for the com-
plexes Q°(log D) and Q°®(xD) to be quasi-isomorphic?.
For each germ (D,x) C (C™,x) defined by a holomor-
phic function f, we denote by by the b-function asso-
ciated with f (see [Bernstein 72]). Let us denote by
¢p : M'“3D — O(xD) the natural morphism defined

2The symbol ~ between complexes stands naturally for quasi-
isomorphisms from now on.
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by ¢p(P) = P(%) For any coherent D-module M the

de Rham complex DR(M) associated with M is by defi-

nition the complex of sheaves of C-vector spaces
0=MIEMeeo2' % .. % Mee Q" —0,

where O stands for the sheaf of holomorphic differential
i-forms on X and V is the exterior derivative defined by
V(im@w) = (Vm) Aw — (=1)*9")m @ dw.

Criterion 3.1. If D is a Spencer divisor, then

Annp(1/f) = AnnY) (1/f) = LCT holds for D.

Proof: Let us suppose that D is Spencer. On the one
hand, we have:

e By Proposition 2.3,
Q*(log D) ~ Sol (M),

and (see [Mebkhout 89, page 41]) Sol(M'©eP) ~
DR((M' D))

e By Theorem 2.4, we deduce that

DR((M"P)") ~ DR(M'5 D).

On the other hand, —1 is the smallest integer root of the
b-function by (see [Torrelli 04, Proposition 1.3]), and then
we have

D-— =0(xD),

e

where O(xD) is the sheaf of meromorphic functions with
poles along D and D - % is its sub-D-module generated
(locally) by the meromorphic function % So we obtain

DR(525777) ~ DR(O(+D)) = Q*(xD) as it is clear
D

1 ~__ D
that D- 7 = g7
The crucial step is then the comparison be-

tween the left ideals Anng)(l/f) and Annp(1/f): if
Amg)(l/f) = Annp(1/f) we obtain that

NlogD _ D
RO DR(Ann%><1/f>)

R (W) ~ (D).

For the computational aspects, we note:

1. The free divisor D must be Spencer. This condition
can be tested using Grobner bases in the Weyl al-
gebra to compute the modules of the syzygies that
appear, computing a free resolution of M8 and
checking whether each module is the one required
by the Spencer resolution presented in Definition
2.1. We used the package for D-modules, Macaulay 2
([Grayson et al. 99]), written by A. Leykin and H.
Tsai.

2. The between  Annp(1l/f) and
Anng)(l/ f) needs the computation of the an-
nihilator. We have used [Noro 02] in the examples.

comparison

3. By [Torrelli 04, Proposition 1.3], if Anng)(l/f) =
Annp(1/f) then the smallest integer root of the b-
function by is —1. The global b-function can be com-
puted with the algorithms of [Oaku 97] or [Noro 02].
We have used for the examples the powerful imple-
mentation of the latter in [Noro et al. 00].

With respect to the roots of the b-function of free di-
visors, we can query the following:

Problem 3.2. Let D = (f = 0) be a free divisor. Is —1
the smallest integer root of b7

In Figure 1 we give examples of free divisors with their
global b-functions and their Euler vector fields (i.e., of
type x = Y. w;x;0,, with w; > 0 and x(f) = ¢- f for
some ¢ € C\ {0}). Criterion 3.1 applies for all of them,
so LCT holds.

The examples in our list have been selected because

they belong to a family that we are about to define.

Definition 3.3. We will say that a divisor D C X is weakly
locally quasi-homogeneous if for all x € D there are local
., 2zn) on X | centered at xz, with respect
.y zn) € O
such that h(z]", ..., z%") is homogeneous of strictly pos-

rn

coordinates (z1, ..
to which D has a defining equation h(z, ..

itive weight with the weights w; positive or (not all) zero.

This is the case for our examples in Figure 1. They
have weight 0 for the variable z and the singular locus
is the z-axis. It is clear that the change z — 2z + «
(o € C) produces a equation that admits the same set of
weights. We have found many more examples of weakly
locally quasi-homogeneous divisors, and it is apparent
that they always verify LCT. We dare to propose the
next conjecture based on this experimental evidence.
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(Local) Equation f Euler operator

Global b-function by

zy(r +y)(zz +y) 0y + Y0y

(s+3/4)(s+1/2)(s +5/4)(s + 1)°

ry(xr +y)(z —y)(zz +y) 20y + YOy

(s +1)3(s +6/5)(s +3/5)(s +2/5)(s + 4/5)

y(* 4+ y)(¢°z +y) 20y + 2y0y SRS et 71/);

(zz +y) (@ — y?) 20, + yd, (s +3/4)(s + 1/2)(s + 5/4)(s + 1)°
(rz + 1) (z* —y*) z0y + Y0, (s +1)%(s + 6/5)(s + 3/5)(s + 2/5)(s + 4/5)
(22 +y)(@" —y") 0z + Yy DRy Do 4 3o+ 1d)

ry(z? +y3) (222 +9°) 320, + 2y0,

(s +20/17)(s + 7/17)(s + 23/17)(s + 16/17)
(s +13/17)(s + 5/17)(s + 14/17)(s + 12/17)
(s +10/17)(s + 18/17)(s 4+ 11/17)(s + 1)
(s +15/17)(s + 8/17)(s + 21/17)(s + 9/17)(s 4+ 19/17)

FIGURE 1. Free divisors that verify LCT.

Conjecture 3.4. If D is a weakly locally quasi-
homogeneous free divisor, then LCT holds.

Proving LCT holds for locally quasi-homogeneous free
divisors, makes strong use of the fact that such divisors
have a structure of an analytical product around any
point of the divisor. Our examples do not have this prop-
erty, so the proof of Conjecture 3.4 has to be more subtle.
We think that one of the ways in which the hypotheses
of the locally quasi-homogeneous case could be relaxed
is that some of the weights can be zero. The condition
on the existence of a local weighted equation seems to be
more complex to relax; in the next section we will give
examples of free divisors that are defined by weighted ho-
mogeneous equations (with all the weights positive) but
do not verify LCT. Thus, by [Castro et al. 96], they are
not locally quasi-homogeneous (see Remark 5.8).

4. HOW TO DEDUCE THAT LCT DOES NOT HOLD

We shall state here a criterion giving a sufficient condition
to deduce that LCT does not hold for a given free divisor.
This criterion is the converse of Criterion 3.1.

Criterion 4.1. If D is a Spencer divisor, then

Annp(1/f) # AnnY) (1/f) = LCT does not hold for D.

Proof: Let us consider the natural sequence of D-module
morphisms

0 — K — M"sP 22, 0(+D)

where ¢p(P) = P(%) for each P € M™ &2 and K is the
kernel of ¢p. We have

o Ann?(l/f) .
Ann'y (1/f)

Suppose LCT holds for D. Then the inclusion map
ip : Q*(logD) — Q*(*D) = DR(O(xD)) is a quasi-
isomorphism. On the other hand, since D is Spencer, we
have DR(M'"5P)~0*(log D) (see [Castro and Ucha 02,
Theorem 4.3]). Then the composition morphism

¥ : DR(M"8P)~Q*(log D) 2 Q*(xD) = DR(O(xD))
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is a quasi-isomorphism. We have that ¢ = DR(¢p) by
[Calderén and Narvéez 04]; thus, by Proposition 4.2, ¢p
must be an isomorphism, contradicting that K # (0). O

Proposition 4.2. [Mebkhout 89, Chapter II, Theorem
4.1.5] Suppose ¢ : M — M’ is a morphism of holonomic
D-modules. If DR(¢) : DR(M) — DR(M’) is a quasi-
isomorphism, then ¢ is an isomorphism.

Proof: Taking the kernel and cokernel of ¢, it is
enough to show that if M is a holonomic D-module
such that DR(M) = 0, then M = 0. So, suppose we
have DR(M) = 0 for a holonomic D-module M. By
[Mebkhout 89, page 41] we have Sol(M*) ~ DR(M) and
then Sol(M*) = 0. By applying [Mebkhout 89, Chapter
II, Theorem 4.1.5], we get D> @p M* = 0 where D is
the ring of linear differential operators of infinite order.
Since D™ is faithfully flat over D (see [Sato et al. 73,
Theorem 3.4.1.]), we get M* =0 and then M =0. O

Criteria 3.1 and 4.1 give a necessary and sufficient con-
dition to decide if LCT holds for a Spencer free divisor.
In particular, we have proved Conjecture 1.1 for Spencer
divisors:

Theorem 4.3. Let D be a Spencer free divisor. LCT holds
for the germ (D, z) if and only if the annihilator ideal
Annp,(1/f) is generated by elements of order 1, where
f is a local equation of the germ (D, x).

5. ON THE REGULARITY OF LOGARITHMIC
D-MODULES

To apply Criterion 4.1 we have chosen an alternative way
that, at the same time, treats the following interesting
problem:

Problem 5.1. Are the logarithmic D-modules M P and
M08 D regular holonomic for any free divisor D?

The answer is yes for plane curves (see [Ucha 99]
and [Castro and Ucha 01]) and for all the examples
we have studied, including non-Euler homogeneous ex-
amples. Moreover, for any Spencer divisor D, since
(M'°& P)* is isomorphic to Mg D (see Theorem 2.4), the
regularity of M8 is equivalent to the one of Mg D,

The module O(xD) is regular holonomic (see, for ex-
ample, [Mebkhout 89, Chap. II, Th. 2.2.4]) so it is
enough, in order to prove the regularity of Mog D , to
prove the same property for the kernel K of the natural

map
MeD 22, 0(xD).

Proving the regularity of a D-module, computation-
ally, is a very difficult problem in general. We have found
many tractable examples due to a friendly presentation
of K that we have obtained for our examples in Figure
2. These proposed free divisors are particular cases of
the family {D,, = ((zz + y)(z? — y?) = 0) C C3} for
p,q € N. They are Koszul free?, and therefore Spencer.
Criterion 4.1 applies, so they do not verify LCT. It is in-
teresting to point out that every element of the family ad-
mits an Euler vector field E = qzd, +pydy + (p—q)z0, €
Der(—log D, ;) with strictly positive weights for all the
variables when p > ¢. This fact means that the defining
equation is a weighted homogeneous polynomial.

Remark 5.2. It would be interesting to describe the b-
functions for all the elements of the family. The roots
seems to follow a pattern related to the weights of the
variables, in a way somewhat analogous to the isolated
(quasi-homogeneous) singularity case.

Let us explain how we have studied the regularity
of the kernel K for the divisors of the family {D,, =
(xz 4+ y)(aP —y9) = 0)}. To obtain a presentation of the
quotient

_ Annp(1/f)
Annip)(1/1)
the following procedure is well known:

1. Get a set of generators {gi1,...,g.} of Annp(1/f)
and a set of generators {l,...,ls} of Anng)(l/f).

2. Compute the D-module & of syzygies among
glv"').g’rallv"-;ls~

3. For every generator s € D"* of S delete its last s
components to obtain § € D".

,St) then we have

D’f‘
Ko~ ———
)

In this way, if S = (sq,...

that is, using a matrix of r rows and ¢ columns (each
column is a generator §;).

As soon as p and ¢ grow for D, , (for p,q > 8), the
computations of annihilators, b-functions, and kernels be-
come huge and the examples intractable with the imple-
mentation we have used. However, in the tractable cases

3An argument about the dimension of the characteristic variety
of M'"&Dp.a can be used for the whole family.
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(Local) Equation f Global b-function by

4 3 (s +19/15)(s +2/3)(s + 1/2)(s + 1)3(s 4+ 13/15)
(xz +y)(z* —y°) (s +17/15)(s + 4/3)(s + 16/15) (s + 14/15)(s + 5/4)
(5 +7/15)(s + 3/4)(s + 8/15)(s + 11/15)

s s (s +23/18)(s + 11/18)(s + 19/18)(s + 1/2)(s + 8/9)
(xz 4+ y)(x® —y?) (s +5/4)(s +5/9)(s + 17/18)(s + 13/18)(s + 1)°
(s +25/18)(s 4 3/4) (s + 7/9)(s + 11/9)(s + 4/9)(s + 10/9)

((Sj 1137//2244))((54jL 54//43))((5-:r 52//132))((5 j—2239//2244))((S 11295//2244))
7 3 s s s s s

(zz +y)(z" —y7) (s + 1)3(s + 7/12) (s + T/6)(s + 1/2) (s + 31/24)
(s+5/6)(s + 11/12)(s + 35/24) (s + 3/4)(s + 13/12)

3.4 (s +13/15)(s + 11/15)(s + 16/15)(s + 19/15)(s + 1)2
(zz +y) (@ —y*) (s +17/15)(s + 5/3)(5 + 4/5)(3 +/8/15;(s + 7/15)((35 +14/15)

. . (s +4/9)(s + 23/18)(s + 25/18)(s + 13/18)(s + 11/9)
(xz +y)(x® — y°) (5 +10/9)(s + 19/18)(s + 1)2(s + 17/18)
(s +7/9)(s+8/9)(s+5/9)(s + 11/18)

FIGURE 2. Free divisors that do not verify LCT.

the kernels turn out to be represented by matrices with a where
special structure. We have used [Grayson et al. 99] and

[Noro et al. 00]*. P = 3602,
48 . ., 3204 _ ., 216
= ——2°0,07 + ——20,0; — —20,0,
Example 5.3. In the case p = 4 and ¢ = 3, the kernel @ 5 #0y0; 125 20w 25 e
K can be represented (using some elementary simplifica- + 17397 0.0, — ﬂ o
tions) by the matrix 125 12577
3 _9 92
“g g 23z0+8 4?*"” 18896 ]03 Lemma 5.5. If the D-module K is represented by the
0 0 0 0 1 0 , matric
0 0 0 0 0 1 t y 20,+a P, P, --- P,
where P = 25203 + 812020, — 1000,0,0. — 202 00 0 1 0 - 0
M=1100 0 0 1 - 0 |-
Example 5.4. In the case p = 5 and ¢ = 3, the kernel can Do : : : :
be represented by 0 0 0 o 0 ... 1
r y 20.+5 P Q for any a € C and Py,..., P, € D, then
00 0 1 0 |,
00 0 0 1 K ~D/{(x,y, 20, + a).

4More precisely, we have computed Annp(1/f) computing the
annihilator of f® in D[s] with the command AnnFs of [Grayson et
al. xx| and replaced s by —1, provided that Risa/Asir (with the
command bfct) has shown that the smallest integer root of by

is —1. DN 25 D/, y, 20, + a),

Proof: Tt is enough to define the isomorphism ¢
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where N is the submodule generated by the columns of
M. Tt is defined as follows:
— 1

— _Pl

€tr1 —P;

and its inverse maps 1 to €j. O

Lemma 5.6. If the D-module K admits a presentation as
in Lemma 5.5, then it is reqular holonomic.

Proof: Obvious from the representation we have obtained
for K ~ D/(x,y, 20, + a), clearly a regular holonomic D-
module. O

Theorem 5.7. The elements of the family {D, ,} with
kernels as in Lemma 5.5 do not verify LCT. In addition,
the corresponding D-modules M98 Pr.a gnd M98 Pr.a gre

regular holonomic.

Proof: Simply apply Criterion 4.1; the corresponding ker-
nels are not null so LCT does not hold. The regularity
is a consequence of Lemma 5.6. O

Remark 5.8. In [Calderén and Narvdez 02, Problem 6.5]
the authors ask whether a free divisor defined by a quasi-
homogeneous polynomial (with strictly positive weights)
is locally quasi-homogeneous. The answer to this ques-
tion is negative: by Theorem 5.7 the first three examples
provided in Figure 2 are free divisors defined by quasi-
homogeneous polynomials (with strictly positive weights)
that do not verify LCT. Since locally quasi-homogeneous
free divisors verify LCT (see [Castro et al. 96]), these di-
visors are not locally quasi-homogeneous. We think that
every element of the family with p > ¢ (lem(p,q) = 1)
are in the same situation, but we don’t have a proof for
this general result.

In [Castro et al. 96] it was noted that if LCT holds
then the morphism

dy: H"Y(V\0,0) — H" 1 (V\0,9Q(log D))

is injective, where V' is a Stein neighborhood (sufficiently
small) of 0. In dimension 2, this condition is equivalent
to LCT (see [Calderén et al. 02]).

The examples of Figure 2 show that the condition
on d; is not sufficient in dimension greater than 2. If
{wi,...,w,} is a free basis of Q' (log D) as Oy-module

and 41, ..., 0, is the dual basis of Der(—log D), then
H" Y (V\0,0¢n) ~ H*1(V\0,2°(log D))
and

H" Y V\0,O0cn)™ ~ H* 1 (V\0,Q' (log D)).

The morphism d; can be read now as

H=Y(V\0,0cn) B H»1(V\0,0cn)"
(9] = ([61-gl- [0 g)

The space H* *(V\0,O¢n) is isomorphic to the space
S of Laurent series, convergent for all x = (z1,...,z,)
with z # 0 and whose nonzero coefficients are those with
strictly negative indices in all variables. It is clear that
if there exists an element 6; = Y. ; w;x;0; with all the
w; > 0 in the basis of Der(—log D) it follows that d; is
injective, as in the first three examples of Figure 2.

6. CONCLUSIONS

Many examples have been treated with the explicit meth-
ods we have proposed in this work to study the Logarith-
mic Comparison Theorem (LCT) on free divisors. The
results on the weakly locally quasi-homogeneous exam-
ples we have tried has lead us to conjecture that they
verify LCT. As a consequence, they would be Spencer
divisors.

We have proved that LCT holds for a Spencer free di-
visor D = (f = 0) if and only if Annp(1/f) is generated
by differential operators of order 1.

On the other hand, we have given examples that an-
swer a question proposed in [Calderén and Narviez 02]:
whether there exist free divisors defined by weighted
homogeneous polynomials that are not locally quasi-
homogeneous. We have proved that for these examples
the logarithmic D-modules are regular.
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