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We introduce primality tests using algebraic groups. Some pre-
viously known tests are naturally interpreted as special cases of
these algebraic group tests. Moreover, in this framework we can
generalize Lucas and n + 1 tests in a natural way.

1. INTRODUCTION

The first deterministic polynomial-time algorithm for pri-
mality testing by Agrawal, Kayal, and Saxena [Agrawal
et al. 02] has been epoch-making. On the other hand,
some previously known primality (or pseudoprimality)
tests are still of interest not only because they are faster
practically but also because they offer interesting math-
ematical objects such as pseudoprimes.

The aim of this paper is to introduce primality tests,
essentially of theoretical nature, using simple arithmetic
of algebraic groups over finite fields. We show that if
an algebraic group defined over the rational number field
has certain good properties on reduction modulo a prime
number, then we can construct primality tests analogous
to classical tests such as the Fermat test, the Lucas test,
and so on. These rather abstract tests give a unified
viewpoint of existing tests and bring a natural and con-
crete generalization of some classical tests. In this paper,
we stress primality testing using algebraic tori. We show
that certain congruent properties of the Lucas sequence
used for the primality testing can be regarded as a con-
sequence of simple arithmetic of certain algebraic torus.
This naturally leads to a generalization of primality tests
using higher-order recurrence sequences.

For example, here we give a generalization of the Lucas
sequences to the order-three recurrence sequence. Let
f(X) = X3+ u; X%+ us X + u3 be an irreducible cubic
polynomial over Z and &1, &2, &3 the roots of f(X). We
assume that the Galois group of f(X) is cyclic. For a
triple (s,t,u) of elements in Z satisfying (¢,u) # (0,0),
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we set

Q] = S+t€1 -I-’Lbff,
Qg = S+t£2+u§§,
ag = s+ t€s + ué3.

Define three sequences {a,(f)} (s =0,1,2) by

VAW = 666 — &)k + 66(6 — &)ak
+ &1&2(& — fl)alpf,
VAWM = (& — @)k + (& — 2)ak + (&2 — )k,

\/Ka,(f) = (& — &)l + (& — &)ab + (& — &1)ak,
(1-1)

where VA = (& — &) (& — £3)(&3 — &) is a square Toot
of the discriminant of f(X). These sequences satisfy a
recurrence relation arising from the minimal equation
of a;. Namely, if ®(X) = X3 + 11X +v2X + w3 is a
minimal polynomial of o4, then {a,(j)}(i = 1,2, 3) satisfy
a,(;}rg +v1 a,(ﬁz + vza,(j}rl +v3a”
v1, U2, v3 can be given explicitly in terms of s, ¢, u, u1, us,

= 0. Here the coefficients

We can show that all terms in the sequences
are contained in Z. For these sequences, the following
theorem holds.

and ug.

Theorem 1.1. Let p be a prime number prime to disc(f) -

disc(®). Assume ged(f(X),XP~! — 1) = 1 (mod p).
Then we have
0
a;2)+p+1 = Ngjgla1) and
(1) — (2 —
Ay pi1 =0y pyg =0 (mod p).

From this theorem, we can deduce an analogue of the
Lucas test.

Corollary 1.2. Let n be a positive integer prime to disc(f)-
disc(®). Assume ged(f(X), X"t —1)=1 (mod n). If

afloz)+n+1 # Nijglai) or

a§;)+n+1 Z0 or

o Z£0

3 (mod n),

then n is a composite number.

In this corollary, we have to compute a greatest com-
mon divisor in Z/nZ[X].
clidean algorithms does not work, we can readily con-
clude that n is not a prime number.

If the usual procedure of Eu-

Since we have the freedom to choose the triple (s, ¢, u),
we can try another triple if the above test fails for one
triple.

Primality tests using higher-order linear recurrence se-
quences are studied by several authors such as Adams
and Shanks [Adams and Shanks 82] and Gurak [Gurak
89]. Our approach is completely different from theirs.
Our construction is simpler than theirs in some respect,
though we use an algebro-geometric machinery. The re-
lation between these constructions are not pursued here.
We concentrate our construction of the primality tests on
the theoretical aspects used in the previous tests.

The outline of the paper is as follows. In Section 1, we
explain primality tests in an abstract form. From these
tests, some classically-known tests are deduced. In Sec-
tion 2, new primality tests using higher-order recurrence
sequences are presented.

2. PRIMALITY TESTS

Let n be a positive integer. We discuss various methods
to tell whether or not n is prime. Let G be an algebraic
group defined over Q written multiplicatively. Assume
that G has an integral structure and that the product
N of bad primes with respect to this integral structure
is prime to n. For each p not dividing N, we can asso-
ciate the group G(F)) of the rational points over F,,. Let
G(Z/nZ) be the set of Z/nZ-rational points of G with
respect to the above integral model, which may not be
a group. If we cannot compute a power of an element
x € G(Z/nZ), then we can conclude that n is a compos-
ite number.

We first consider groups satisfying the following con-
dition:

(P1) There exists an explicit function 1 on the positive
integers such that ord(x) divides 1 (p) for any ele-
ment x € G(Fp).

Theorem 2.1. (Fermat-type test.) Let n be a positive
integer and G an algebraic group defined over Q satisfy-
ing (P1). Assume that n is prime to the product of bad
primes. If there exists an element x € G(Z/nZ) such
that

V™ £ 1 in G(Z/nZ),

then n is composite.

Proof: If n is prime, then we have z¥(™ = 1 in
G(Z/nZ) = G(F,,) by (P1). O



By taking G = G,,, and (n) = n — 1, we recover the
classical Fermat test.

Of course, this test would be useless if G is not care-
fully chosen (for example, G = G,). This remark always
applies to all tests in this section.

Next we consider the following property.

(P2) The group G(F,) can be embedded in the multiplica-
tive group of a field whose characteristic is not 2.

By adding this property we can show:

Theorem 2.2. (Miller-Rabin-type test.)
itive integer and G an algebraic group satisfying (P1)
and (P2). Assume that n is prime to the product of bad
primes. Write ¢(n) = 25m with an odd integer m. If
there exists © € G(Z/nZ) satisfying

Let n be a pos-

2" £ 1 and 22 ™ £ —1

forall r=0,1,.
posite.

..,s—1 in G(Z/nZ), then n is com-

Proof: Suppose that n is prime. Then G(Z/nZ) is the
group G(F,,). We have z¥(™ =1 by (P1). This implies
that the order of 2™ is a power of 2, say 2F with some
k=0,1,---,s. If k. =0, then 2™ = 1 holds. When
k > 1, the order of a = 22" is 2. This means that
a is a root of X2 — 1. Considering this equation in the
field containing G(F,), we find that the solutions are +1.
Since the order of a is 2, we have a = —1. O

Again if we take G = G,,, then we recover the Miller-
Rabin test [Crandall and Pomerance 01, Theorem 3.4.1].

The tests we have developed so far are pseudoprimality
tests (or composite tests). To obtain a primality test, we
require other properties on G. The first is similar to (P1).

(P3) There exists an explicit increasing function 1 on the
positive real numbers satisfying #G(F,) < ¢(p).

The second is

(P4) For every x € G(Z/nZ), one can determine whether
its natural image T € G(F),) is 1 or not for all prime
divisors p of n.

We can now state our primality test.

Theorem 2.3. (Pocklington-type test.)
itive integer and G an algebraic group satisfying (P3)
and (P4). Assume that n is prime to the product of bad
primes. Suppose there exist © € G(Z/nZ) and positive

Let n be a pos-
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integers F', m with F|m such that for a prime divisor p
of n, we have x™ =1 and

Ta #1in G(F,) for every prime divisor q of F,

where T is the image of x € G(Z/nZ) under the natural
map G(Z/nZ) — G(Fp). If moreover F > 1(y/n) holds,
then n is prime.

Remark 2.4. Here the equation ™ = 1 means that ™
can be computed in G(Z/nZ) and the result is 1. Also in
T # 1, we assume that the left-hand side is computable.
If they are not computable, we can conclude that n is
composite as before.

Proof: We first note that the condition T4 # 1 can
be verified by the property (P4). Write m = Fr with
an integer r. It is easy to observe that the order of
" divides F. From (Tr)g # 1 it follows that the or-
der of T" is exactly F. On the other hand, we have
ord(T") < #G(F,) < 9(p) by (P3). From this inequality
and our assumption, it follows ¥(y/n) < F' < 3(p). Since
1) is strictly increasing, we conclude v/n < p. This means
that n is prime. O

If we take G = G, and (n) = n—1, then (P3) is clearly
satisfied. For « € (Z/nZ)*, by checking if ged(z—1,n) =
1 or not, we can verify whether T € (Z/pZ)* is 1 or not
for all p|n. Thus (P4) is also satisfied. The theorem then
gives the Pocklington test [Crandall and Pomerance 01,
Theorem 4.1.3].

If we take an elliptic curve E as G and ¢(n) =
(1 + /n)?, then by Hasse’s theorem, (P3) is satis-
fied. We take a Weierstrass model of E/Q. Then
(z,y) € E(Q) corresponds to O € E(Z/pZ) if and only
if ged(n, denominator of y) > 1. Therefore E has the
property (P4). The resulting test is Goldwasser-Killian’s
ECPP [Goldwasser and Kilian 99].

3. HIGHER-ORDER RECURRENCE SEQUENCES

Let € be a primitive element of a finite Galois extension
K over Q. We may assume that £ is an algebraic integer.
We write

fX)=X"+u X 4wy 1 X 4 ug € Z[X)
for the minimal polynomial of £&. Let

M@, oM .. ald=D)
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a(©®
—a@uyy
—aMuz + aPujus

M(a©@ q®), q@)) =

a© — @)y,
—aMuy — aPuz + aPujuy

a® pe))
a® — a@qy
a® —aMy; —aPuy + a(2)u%

FIGURE 1.

be the d x d matrix corresponding to a(® +aM¢ 4. +
ald=1gd=1 by the regular representation with respect to
the basis 1,¢,...,£% 1. Namely it satisfies

1
(@@ + D¢ 4 .. 4 gld-Dgd-1) f
A
1
=M@ a?,aM, ... aldY) E
A

These matrices form an algebraic subgroup T of GL,,. In
fact, T' is isomorphic to the Weil restriction Rg /q(Gin).
Let A= M(a®,a®,. . al=D). We define d sequences
{a}2e  (i=0,1,...,d—1) by
AF = M(afco), afcl), . ,agcd_l)).

Obviously these sequences are in the same ring to which
(a®,a™ ... ald=1) belong. Let ®(t) be the charac-
teristic polynomial of A. Then each {a,(f)}zozo satisfies
the recurrence relation given by substituting a,(f) for tk
in ®(t). The initial terms are computed from A* (k =
0,1,...,d=1). Let & = &£, &, .., & be the roots of f(X).
Then oy, = a'® +aMg, +- - -—i—a(d_l)fg*l (k=1,2,...,d)
are the eigenvalues of A. The elements of T' are simulta-
neously diagonalized by the Vandermond matrix

1 1

po| & o G|
-1 pd—1
¢ o &

and we have P71AP = Diag(ay,...,aq).  There-
fore the general term of a,(;) is computed from AF =
P Diag(ak, ..
lowing relation:

., afYP~1 Tt is now easy to derive the fol-

A* =1 if and only if a,(fo) =1 and a;:) =0 for all s > 1.

(3-1)

In the following examples, we write down the se-
quences explicitly in the case where d = 2 and 3.

Example 3.1. Let K = Q(v/D) be a quadratic field with
the discriminant D. We have f(X) = X? — D and

a©® a(l)}

M(a®,a™) = {Da(l) a®

The eigenvalues are o = a(® +aMy/D and oy = a(® —
a\/D. Therefore we have

1
m(a’f *04]26)

They satisfy the second-order linear recurrence relation

0 1 1
a)) = (o} +af), o =

ag‘qu)z - 2a(1)agi)1+ det A - agu) =0
(j=01,2,...,u=1,2)

with the initial terms a(()o): 1, a(lo): a©®), a(()l): 0, and
)

Lucas sequences readily follows:

agl = a). The relation of our sequences and the classical

20\ = Vi, af) = aVU,

where
k k
k k ay — Qg
Vi=0a) +a;, Uy =———.
a1 — Qg

Thus (3-1) is paraphrased by the Lucas sequences:

A* =1 if and only if V}, = 2 and U}, = 0. (3-2)

Example 3.2. We next consider a cyclic cubic field K =
Q(&). We assume that £ is an algebraic integer. Let the
minimal equation of ¢ be f(X) = X34+ u; X2 +us X +ug.
We have the expression given in Figure 1.

By matrix multiplication, we can compute the kth
term of aéu) (u = 1,2,3). Let VA be the Vander-
mond determinant det P. Then we obtain (1-1) from
AF = PDiag(ak, ok, af)P~1 with a® = s, a(V) = ¢,
a® = u. This is a natural generalization of the Lucas
sequences. The condition (¢,u) # (0,0) is equivalent to
the condition that aq = a(® +aM¢ +a? €2 does not be-
long to Q. If it belongs to Q, then the above is a trivial
procedure. These sequences satisfy an order-three linear
recurrence relation arising from the minimal equation of
a©® +aM¢ + a@¢? as is noted in the introduction.



In these examples, we take an ad hoc integral model
for computational convenience. A general theory on in-
tegral models of algebraic tori is found in [Voskresenski
98, Section 6.

We now return to the general situation. Let p be a
rational prime. We assume that p does not divide det A
and disc(f), because only those primes dividing these
quantities can be bad primes with respect to the integral
model chosen above.

We consider A = A mod p. For simplicity, we restrict
ourselves to the following two extremal cases.

Case I.  p splits completely in K.

Case II: p is inert in K.

In Case I, ®(¢) mod p splits into linear factors over F),.
In particular, the roots aq,--- ,aq mod p are contained
in Fp,. From the assumption ged(p, det(A4)) = 1, it follows
that none of these roots mod p is 0. Therefore we have
a group homomorphism

T(Fy) > (A) — (F})*

sending A to (o mod p, -+ , g mod p). In other words,
T splits over Fp,.
In Case II, ®(t) mod p is irreducible and we have a
homomorphism
T(Fp) > (A) — (Fpa)* (3-3)
sending A to a root ay of ®(t) mod p.
This observation gives the following theorem.

Theorem 3.3. Let p be a prime number such that
ged(p, dise(f) - det(A)) = 1.

(i) If p splits completely in K/Q, then

al® —1andap 1 =0

a,’; = (mod p) for all s > 1.

(ii) If p remains prime in K/Q, then
s)

a(g) =1 and "% pi_1 =0 (mod p) for all s > 1.
(3-4)
Moreover we have
az()(c)L)fl+pd—2+,“+1 = NK/Q(al) and
az(;)*1+pd*2+“'+1 =0 (modp) foralls>1.
(3-5)
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Proof: Since we know that ord A divides p — 1 or p? — 1
according to Cases I and II, all but the last statements
follow from Theorem 2.1.

We shall show (3-5). We have the following commu-
tative diagram:

(A) —— (Fpu)"

l [ orm

() —— F;

where the left vertical map is the powering map send-
N It als S S
ing A— A

induced by the homomorphism (3-3).
A=t pd=24 4

and the horizontal maps are
It follows that

is the diagonal matrix whose diagonal

entries are N]Fp ./F, (). The proof is now complete. [

In fact, (3-4) and (3-5) are equivalent. If (3-5) holds,
then (3-4) holds trivially by Fermat’s theorem. Con-
versely if (3-5) holds, then the order of

Zpd71+.-4+1
divides p—1. Thus by (3-3) it corresponds to an element

x of (F

—pt1
an element of IF;‘, and Ap+

pd)* satisfying 2P~1 = 1. This implies that x is
is a diagonal matrix. The
diagonal entries are computed as in the above proof.

We note here that (3-5) can be also considered as
a Fermat-type test associated with the factor group
(Fpa)* /I, (or the corresponding algebraic group).

In Theorem 3.3 if we take a quadratic field K as in
Example 3.1, then using (3-2), we can deduce easily
the so-called Lucas test ([Crandall and Pomerance 01,
Theorem 3.5.3]) .
(3-5) is nothing but Grantham’s quadratic Frobenius test

In this quadratic case, the statement

(see [Crandall and Pomerance 01, Theorem 3.5.6] and
[Grantham 01]).

Example 3.4. We apply Theorem 3.3 to the cubic cyclic
extension K/Q in Example 3.2. The unramified primes
are those not dividing the discriminant of K/Q and they
The decom-
position of an unramified prime p can be distinguished
whether or not f(X) has a root in F,. This is easily
checked by taking the ged of f(X) and XP~! — 1. This
method is always available when K/Q is a cyclic exten-
sion of prime degree. In particular, for Case II, we have
Theorem 1.1.

Let f(X) = X2 —3X — 1 and K a cyclic cubic field
defined by f(X). The discriminant of K/Q is 81. When
we take (a(®,aM,a®) = (0,1,0), integers prime to 3

either split completely or remain prime.
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can be tested and the smallest pseudoprime (i.e., a com-
posite number satisfying the conditions in Theorem 3.3)
is 146611 = 271 - 541. Other examples of pseudoprimes
are 286903,294409. These pseudoprimes are eliminated
if we take (a(® oM, a®) = (0,0,2).

Also we can find an interesting family of pseudoprimes.

Proposition 3.5. Let f(X) € Z[X] be a cubic polynomial
defining a cyclic cubic field K. Let p be prime and n =
p(2p — 1), where ¢ = 2p — 1 is also prime. Assume that
both p and q decompose completely in K. Let f(X) =
(X =) (X —n2)(X —n3) be the decomposition modulo q.
Suppose that all m1,m2,m3 are quadratic residues modulo
q. Then n is pseudoprime for K and (a(®,a™ a(?)) =
(0,1,0).

Proof: Let A = M(0,1,0). We consider the nat-
ural map T(Z/nZ) — T(F,) x T'(F,) sending A to
(Amod p, Amod q). We shall show that A"~! is sent
to diagonal matrices. If this is shown, then A" itself is
diagonal by the Chinese remainder theorem.

Since p splits completely, it follows from Theorem
3.3 (i) that AP~!mod p is diagonal. Thus A1
(AP=1)2PH+1 mod p is also diagonal.

Let x; be a solution of z2 =1, (mod ¢q) for i = 1,2, 3.
These x; exist by our assumption. Now we have

A = PDiag(n1, n2,n3) P!
= P Diag(z7,23,25) P!

= (PDiag(ﬂC17l’2,1’3)P71)2 (mOd q)

This yields

AP~! = (P Diag(xy1, z2, 23)P1)2P~Y  (mod g).

Since ¢ —1 = 2(p—1) and g splits completely in K, AP~}
(mod ¢) is diagonal again by Theorem 3.3 (i). Therefore
A=t = (AP~12P+1 mod ¢ is diagonal. This completes
the proof of the proposition. O

In Example 3.4, the numbers 144611 and 286903 are
of the form p(2p — 1). The other examples produced by
this proposition are 9493903, 12890503.

In Case II, (A) is a subgroup of the multiplicative
group of a field. In particular, (P2) is satisfied.

Theorem 3.6. Let p and K be as in Theorem 3.3. Assume
that p remains prime in K. Write p® —1 = 2'm with odd
integer m. Then we have either

a9 =1andal® =0 (modp) foralls>1,

or

(0)

agyr,, = —1 and als)

srm =0 (mod p) foralls >1

for somer=0,1,...,t—1.
Example 3.7. Let f(X) and K be as in Example 3.4.
As before, we take (a(®),a™) a(®)) = (0,1,0). Then the
smallest pseudoprime for the above theorem is 59231.

If we replace f(X) with X3—X?—2X+1, which defines
a cubic cyclic field of discriminant 49, then pseudoprimes
are 61597,312391 from the smallest.

When this paper was almost finished, the author came
to know N. Suwa’s work on probable primality tests
[Suwa 04] . He also uses algebraic tori to reformulate
the primality tests using Lucas sequences. Though he
concentrates on classical quadratic cases, he obtained a
result on the probability of failure of the above test. It
would be an interesting problem to extend his result to
our case of higher-order recurrence sequences.

Deriving the Pocklington-type test is also easy.

Theorem 3.8. Let n be a positive integer satisfying
ged(n, disc(f) - det(A)) = 1 and being inert in K. As-
sume that there exists a positive divisor F' of n — 1 that
is greater than n%?—1 satisfying the following conditions:

aﬁf?,l =1 and aijd)q =0 (modn) forals>1
and, for all prime divisor q of F' and all s > 1,

gcd(a(od)f1 —1,n)=1 and gcd(a(SL1 ,n)=1.

n n

q q

Then n is a prime number.

Proof: We can take 9(n) = n¢ — 1 in (P3). The ged
conditions ensure (P4). Thus the theorem follows from
Theorem 2.3. O

Passing to the factor group modulo diagonal matrices,
we have the following corollary.

Corollary 3.9. Let n and K be as in Theorem 3.8. As-

d
n®—1
sume there exists a positive divisor F of greater
nd/2 _ _
than PR YE— satisfying
a(nst1 =0 (mod n)
n—1



and

g(‘,d(a(‘:’;)di1 ,n) =1 for all prime divisor q of F

q(n—1)

for all s > 1. Then n is a prime.

If K is a quadratic field, then this is usually called the
Lucas n+1 test (see [Crandall and Pomerance 01, 4.2.1]).
The author unfortunately could not find any good exam-
ples to which a general form of this test can apply.

Lastly we give a remark on computation. The classical
Lucas sequences can be computed in a very fast way using
the so-called binary Lucas chain. This can be generalized
as follows. Let a; = (al(-o), agl), . Edil)) be the first row
of A¥. Then directly from the definition, it follows that
a1 = a;A*. In particular, we have

ag; = ajAJ and agj+1 = ajAJH.

To recover the classical formula from this is quite easy.
Also since we are working with groups, we are able to use
the repeating square method to compute the sequences.
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