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CRITERIA OF GENERAL WEAK TYPE INEQUALITIES
FOR INTEGRAL TRANSFORMS WITH POSITIVE
KERNELS

I. GENEBASHVILI, A. GOGATISHVILI, AND V. KOKILASHVILI

ABSTRACT. Necessary and sufficient conditions are derived in order
that an inequality of the form

P(NO(B{(z,t) € X x [0,00) : K(fdv)(z,t) > A}) <

f(=)
< c/x WP (W) o(z)dv(z)

be fulfilled for some positive ¢ independent of A and a v-measurable
nonnegative function f : X — R, where

K(fdv)(z,t) :/ fy)k(z,y,t)dv(y), t >0,
X

k: X x X x[0,00) — R! is a nonnegative measurable kernel, (X, d, 1)

is a homogeneous type space, ¢n and 1 are quasiconvex functions,

¥ € Ag, and t~*0(t) is a decreasing function for some a, 0 < a < 1.
A similar problem was solved in Lorentz spaces with weights.

1. INTRODUCTION

This paper presents a characterization of weight functions and kernels for
which we have general weight weak type inequalities for integral transforms
of the form

K(fdv) (. t) = /X k(e y. v (y). (L1)

where X is a homogeneous type space, and k : X x X x [0,00) — R! a
nonnegative measurable kernel.

The homogeneous type space (X,d, u) is a space with measure p such
that the class of compactly supported continuous functions is dense in the
space L'(X, ). Moreover, it is also assumed that there is a nonnegative
real-valued function d : X x X — R! satisfying the following conditions:
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(i) d(z,z) =0 for all z € X;

(ii) d(x,y) > 0 for all x # y in X;

(iii) There is a constant ag such that d(z,y) < apd(y,z) for all z,y in X;

(iv) There is a constant a; such that d(z,y) < a;(d(z,z) +d(z,y)) for all
xz,y,z in X;

(v) For each neighborhood V of  in X there is an r > 0 such that the
ball B(z,r) ={y € X : d(x,y) < r} is contained in V;

(vi) The balls B(x,r) are measurable for all x and r > 0;

(vii) There is a constant b such that uB(z,2r) < buB(z,r) for all z € X
and r > 0 (see [1], p. 2).

In the sequel B(z,r) will denote the set B(x,r) x [0,2r) for r > 0 and
the one-point set {z} for r = 0 . The set B(z,0) will be assumed to be
empty. 3 will be a measure defined on the product of o-algebras generated
by balls in X and by intervals from [0, co).

Let ¢, 1, and 1 be nonnegative nondecreasing functions on [0, c0). For
our further discussion we will also need the following basic definitions of
quasiconvex functions. We call w a Young function if it is a nonnegative
increasing convex function on [0, 00) with w(0) = 0,w(c0) = oo and not
identically zero or co on (0, 00); it may have a jump up to oo at some point
t > 0, but in that case it should be left continuous at ¢ (see [2]).

The function v is called quasiconvex if there exist a Young function w
and a constant ¢ > 1 such that

w(t) <Y(t) <w(ct), t>0. (1.2)

Clearly, 1(0) = 0, and for s <t we have 9(s) < ¢(ct) . To the quasiconvex
function 1 we can put into correspondence its complementary function

defined by 9(t) = sup,sq(st — 1(s)).
The subadditivity of the supremum easily implies that @Z is always a

Young function and (¢) < 1. The equality holds if ® is itself a Young func-
tion.

If 1 < 1bo, then 1&2 < 1)y, and if P1(t) = ayp(bt), then 1&1(15) = (M; (ﬁ)

Hence from (1.2) we have
[t ~ ~
5 () < B(t) < B(t). (1.3)
Now from the definition of 1[) we obtain Young’s inequality
st <ap(s) +(t), s,t>0. (1.4)
It should be noted that unlike 1 the function 1; may jump to oo at some

point ¢ > 0. For example, if ¢(t) = ¢, then 1)(t) = 00-X(1,00)(t) . Throughout
the paper we take 0 - co to be zero.
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We use the convention that ¢ denotes the absolute constant which may
change from line to line.

The function v satisfies the (global) Ag condition (1) € Ag) if there exists
¢ > 0 such that ¥(2t) < cip(t), t > 0.

Some properties of quasiconvex functions and also of functions satisfying
the Ay condition will be presented in Section 2.

Now we are ready to formulate the main results of this paper.

In the sequel 6 will always be a positive nondecreasing function.

Theorem 1.1. Let k : X x X x [0,00) — R! be any measurable non-
negative kernel, let 1 € Aoy, and let the function t=*6(t) decrease for some
a € (0,1). Let, further, v be a finite measure on X, and o : X — R! be an
almost everywhere positive function which is locally summable with respect
to measure v.

Assume that there exist positive constants € and ¢1 such that

; (590(8)77(8) 0B(a, No2r 1) t)> o(g)dnly) <
s o(y) e B

< c10(s)8(BB(a, No(2r + 1)) (1.5)

foranys>0,r>0,a€cX andt >0, where Ny = a1(1 + 2ao) .
Then there exists a positive constant co such that for any A > 0 and
any nonnegative v-measurable function f : X — R the following inequality

holds:

eN)O(B{(z,t) € X x [0,00) : K(fdv)(x,t) > A}) <

<e /X¢ (i;g;) o(2)dv(z). (1.6)

Assume now that the nonnegative measurable kernel k satisfies the fol-
lowing additional condition: there exist numbers N > Ny, Ny = a1(1+ 2a)
and ¢’ such that

k(a,y,t) < 'k(z,y,7) (1.7)

when y € X \ B(a,r), (z,7) € B(a, N(r+1t)) forany a € X, r >0, t > 0.

Theorem 1.2. Let pn and i be quasiconvez functions, let 1 € Aoy, let
the function t=*0(t) decrease for some o € (0,1), and let k satisfy the
condition (1.7).

Then the inequality (1.6) is equivalent to any of the following conditions:
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(i) there exist positive constants € and c3 such that

7 _p(s)n(s) 0(8B(a,r +1))
s o(y)

k(avy,t)> o(y)dv(y) <
X\B(a,r)
< c3p()0(BB(a, 7 +1)) (L8)

for arbitrary s >0, r >0, a € X and t > 0;
(ii) there exist positive constants € and cy such that

/ IZJ 6@(5)77(3) 9(6B(a’t))k(a,y,t) U(y)du(y) <
X S a(y)

< cap(s)0(BB(a,t)) (1.9)

forany s >0, a € X andt > 0y

(iii) there exists a positive constant cs such that for any a € X, r > 0,
t > 0 and for any nonnegative v-measurable functions F : X — R!,
supp F' C X \ B(a,r) we have

o (K(Fdv)(a,t))0(8B(a,r +1)) <

< [ 0 (ormodas ) T (1.10)

Let k£ : X x X — R! be a nonnegative measurable function satisfying
the following condition: there exist numbers N > Ny and ¢’ > 0 such that
k(a,y) < dk(z,y) for any a € X, y € X \ B(a,r), and « € B(a, Nr) .

For any positive function ¢: X — R, locally summable with respect to
measure v, it will be assumed below that

oF = /E o(x)dv(x)

for any v-measurable set £ C X .
We have

Theorem 1.3. Let the functions p, n, and ¢ satisfy the conditions of
Theorem 1.2. Then the following statements are equivalent:

(i) there exists a positive constant cg such that for any A > 0 and for any
measurable nonnegative function f

(N0 (g{x e X: [ Mo f)it) > A}) <

< cg /X 0 (;’;g;) o(y)dv(y)
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for any A>0 and for any measurable nonnegative function f:X — R!;
(ii) there exist positive numbers € and cr such that

(a, y>> o(y)du(y) <

X\B(a,r)
< crp(s)0(eB(a, 7))
foranys>0,a€e X, andr >0 .

The above-formulated results contain the solutions of problems of descrip-
tion of a set of weights ensuring in Orlicz spaces the validity of both weak
and extra-weak weighted inequalities for transform (1.1) which are natural
analogies of inequalities of the weak type (p,¢). Indeed, for p =, n =1
(1.6) becomes a weak type weighted inequality, while for ¢ = 1, n(\) = A
we obtain an extra-weak type weighted inequality. It is understood that an
inequality of the weak type (i, ) is essentially stronger than an inequality
of the extra-weak type (¢, ®).

The solutions of similar problems in Lorentz spaces are derived in Sec-
tion 3. Section 4 contains a discussion of the interesting corollaries of The-
orems 1.2 and 1.3 for integral operators such as potentials and their gener-
alizations, Poisson integrals and their generalizations, the Hardy operators,
and others. Here we give a very brief survey only of the results preceding
this paper.

The solution of a weak type two weight problem for Riesz potentials in
Lebesgue spaces was obtained in [3], [4], the criterion found in [4] being
more easily verifiable. The latter result was extended to the integrals on
homogeneous type spaces in [5]. A similar problem was treated in [6] (see
also [7], Theorems 6.1.1 and 6.1.2) in Lorentz spaces over R™ for integral
transforms

Kf(x) = - k(xz,y) f(y)dy.

Subsequently in [8] generalizations were obtained for transforms of type
(1.1) when X = R",dv(y) = dy. More particular cases of generalized
potentials and Poisson integrals were considered in [8] and [9], respectively.
The latter deals with Lorentz spaces and the former with Lebesgue spaces.
In Orlicz classes the problem of description of a set of weights ensuring the
validity of weak type weighted inequalities was previously studied mainly
for maximal functions [10], [11], [12] and the Hardy operator [13], [14].

2. PROOF OF THE MAIN THEOREMS

In this section use will be made of some properties of quasiconvex func-
tions satisfying the Ay condition, also of the covering lemma in homogeneous
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type spaces.
Lemma 2.1 ([11], p. 4). The following statements are equaivalent:
(i) ¢ is a quasiconvez function;
(ii) there exists ¢ > 1 such that
p(s) _ wlet)
s =t
Hence for quasiconvex functions ¢ we immediately obtain the estimates

for s <t. (2.1)

do(t) < p(cdt), t>0, §>1, (2.2)
o(0t) < dp(et), t>0, 0<1. (2.3)

For convex functions the inequalities to be given above are valid when
c=1.

Lemma 2.2. If w is a Young function, then

w<MU)§@@,t2& (2.4)

t
Proof. By virtue of the equality (0] = w we have

o(57) =sms (757 = s

since the expression in the brackets is negative when ¢t <s. O

Lemma 2.3 ([11], p.17). Let ¢ satisfy the Ag-condition. Then there
exist p > 1 and ¢ > 1 such that

STPY(s) < b P(t) (2.5)

&

(1)

< a(t).

~+~ ‘

for0<t<s.

Lemma 2.4. Let E be a bounded set in X, and for each point x €
let a ball B, = B(x,r;) be given such that sup,cprad B, < oo. Then
from the family {By}.cr we can choose a (finite or infinite) sequence of
pairwise disjoint balls (Bj); for which E C U;j>1NoB;, No = a1(1 + 2ay),
and for each By € {B,}sck there exists a ball Bj, such that x € NyBj, and
rad B, < 2rad Bj,.

Proof. Set Ry = sup,cprad B,. There obviously exists a ball By = B,
from the family {B,}.cr provided that rad By > 27'R;. If v ¢ NoB1 N E,
then B, N B; = &. Indeed, making the opposite assumption that there
exists a point y € B, N B, we will have

d(z1,2) < a1(d(z1,y) + d(y,x)) < a1(rad By, + apd(z,y)) <
< ai(rad By + aprad By) < a1(1 + 2a¢) rad B; = Nyrad By,
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which leads to the contradiction.

Obviously, rad B, < 2rad B; for an arbitrary point z € NgB; N E. As-
suming now that Ry = sup,cp\n,p, rad By, we can find a ball By = By,
from the family { B, },c g\ n, B, Provided that BoNB; = @, rad By > 271R,
and rad B, < 2rad By for each point « € (NgBa N E)\NyBj. Proceeding in
this way, we arrive at the sequence {B;};>1 of nonintersecting balls. If this
sequence is finite, then it will be the one we wanted to obtain.

Let the sequence be infinite. If we show that for each point x € F there
exists a ball B; for which x € NyBj, then setting jo equal to the minimal
value among similar j’s, we obtain the desired covering.

Assume the opposite. Let in E there exists a point zg € E such that
xo & NoB; for every j. Then we will have B,, € {B, }a:eE\Uj-':lNqu for any
natural number n, and hence rad B;, < R,, < 2rad B,, for each n.

On the other hand, it is obvious that U,cg B, is a bounded set, i.e. it
is contained within some ball By. It therefore turns out that (B;);>1 is
an infinite sequence of nonintersecting balls contained in By. Therefore
rad B,, — 0 (see, for example, [17], p. 68). The latter result leads to the
contradiction rad By, = 0. O

Proof of Theorem 1.1. Fix the function f > 0 and A > 0. Without loss of
generality it can be assumed that

= 4 J@)
019(5(X><[0,00)))<p(k)/xw< e n(A)) (2)dv < 1. (2:6)

Otherwise we would have
PNO(B{(z,1) : K(fdv)(z,t) > A}) < p(N)O(B(X x [0,00))) <

<o [ (2L ewr

and, since 1 € Ay, the proof is complete.
Assume (z,t) € Ey, where E\ = {(2/,t') € X x [0,00) : K(fdv)(2',t)
> A}. By virtue of (2.6) for (z,t) there exists a finite r > 0 such that

CWWE@NO(%H»)@(A)/X (0 )o@ <1

If the greatest lower bound of 7 is positive, then there exists a positive
number 7o = 7o(x,t) such that the inequalities

1 ey f(x)
cle(ﬁé(:c,No(ro—i-t)))ap()\)/X (e n(A)

: dor J@)) v,
019(ﬁ§(x,No(2ro+t)))<p(A)/X‘”( e n(») (z)dv <1 (2.8)

)a(:v)du >1, (2.7
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are simultaneously fulfilled.

For such r9 we would have by virtue of inequality (1.4) and condi-
tion (1.5)

A
k ) at d - —
X\B(x,0) Fte i 1erp(VO(BB (. No(2ro 1))

der fly) e(Nn(\) 6(BB(z, No(2ro + 1))
B Sy by Do)y <

X

X\B(z,ro)

A 4cq f () o(2)dy
= 4cl<,0()\)9(5§(x,N0(27"0+t)))X\B£7TO) 1/1( en(A) ) (@)dv +

+ a x
41 o(N)O(BB(x, No(2r9+1)))

~

) / (£ 0B, {‘Vg;)?ro+t>>>k<x,y,t>)a<y>dy .
X\B(z,m0)

AL AN

— 4 4 2

But since (z,t) € Ey, the latter estimate implies
A
F)k(a, v > 5 (2.9)
B(z,ro)
When the measure v is concentrated at the point x, the above-mentioned

greatest lower bound may turn out to be equal to zero. Then instead of
(2.9) we have

k(x,z,t) f(z)v{z} > % (2.10)

Therefore due to (1.4) and (1.5)

o(NO(BB(z, Not))) < 201 (4?;083;) (e)ola) +
1 = o(Mn(}) 0(3B(x, Not)))
fiﬁ(s = 0 k;(x,a:,t))a(ac)y{x} <

<or / o (L) o)ivty) + o0 No),
B(z,t)
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Hence

~ 1 4eqr f(y
00BN < o [ (P Iowa). e
B(xz,t)
Let us now consider the case when v is not concentrated at the point x.
Let n be the greatest nonnegative integer for which

b i BB(r + 1)) < 27" BB (x, No(ro +1));

n may be equal to oo if b = 0. For each k, 0 < k < n, we set r, = sup{r :
BB(x, No(r+t)) < 27¥3B(x, No(ro+t))}. Then (rp) is a decreasing (finite
or infinite) sequence and
BB(x, No(ry +1)) < 27%8B(x, No(ro + 1)) <
< BB(x, No(2ri + 1)). (2.12)
Let By = B(x,r), 0 <k <mn, and B,,+1 = {«}. Since by the condition
of the theorem u~*0(u) decreases, we have
BB(x, No(r +1))  6(3B(x, No(ro + 1))
0(BB(x, No(rx + 1)) BB(x, No(ro + 1))
BB(z, No(ri, + 1)) 0(BB(x, No(ro +t))) <
To )

(BB (, No(ri + 1)) (BB (x, No(ro + 1)) (BB (w, No(ro + £))*

11—« 1 1—a
<elz)

P __
ay, =

g
B

|
(@)
VS
=
Uu>§g>
j~3
=z
-~
ol
+
S~— \t’;
S— | ~—

Because of this
oo

iak §6%Z(2ik)l;a =a < 0.
k=0

k=0

Inequality (2.9) can now be rewritten as

)\ n ak n
k=0 F=05\ By
whence it follows that there exists kg, 0 < kg < n, such that

/ k(.. 1) f(y)dv.

Big\Brg+1

)\ako
2 a

Therefore

P(NO(BB(x, No(2rky 1 +1))) <
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- % / dacy f(y) _p(Nn(A) 0(BB(x, No(2ry 41 +1)

1 eak, N(A) A a(y)
Big\Brg+1

1 dacy f(y)
sk(z,y, )o(y)du(y) < 2013/ ¢(mk0 ﬁ)a(y)czy+

0

; o o(N(N) 08B, No(2rse41 + 1))
T3 / (=55 o

Bio \Brg+1
4
xk(z,vy, )> (y)dv < - (52?{}8}\;

2¢y )U(y)du +

ko
1

+50(NO(BB(x, No(2rko+1 +1))),

and as a result we have

PNOOB(e Nof2riysa + ) < cai? [ o

B(z,7k)

dc1 f(y)

E m)a(y)du.

Next, taking into account (2.12), we obtain the estimate

PONOBB(, N(ry, + 1)) <ca? / ¢(W>g(y)du (2.13)
B(z,m5q+t)

which by the definition of the number ay, takes the form

p(N)BB(z, No(ry, +1)) <

ﬁB(I No(ro +1)) ¢<401f(y)

OB N+ ), S et

)a(y)du. (2.14)

Rewrite (2.7) now as

5 1 e fly)
0(BB(z, No(ro + 1)) < Cl(p(/\)/xw<7lm>a(y)du. (2.15)

If 0= is defined by 6~ !(u) = sup{T :0(1) < u}, then 9( Y(u)) < u and
0(20~(u)) > u, ie., % < (07 (u)) < u. Moreover, 71 (0(u)) = sup{r :
0(7) < 6(u)} > u. Therefore (2.15) will yield the estimate

BB(x, No(ro +1)) < 6 (0(8B(w, No(ro +1)))) <

< i [ (2
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Thus

0(91(61;@)/)(1#(4;{(?)) (2)dv)) <
c1 fx
< oo P Cay o

which by virtue of the fact that @ decreases yields the estimate

BB(z, No(ro + 1))
0(BB(x, No(ro +1)))

1(018&00 [ (%%)a(y)dy)
9(9 l(cw ey fX (%%>0<y)d”))

IN

%
—_
°
i
>/
—
><
/\
m
o
5‘3
NG
3
—~
N
=
QU
R
~

After the above manipulations condition (2.14) can be formulated as
follows: for each (x,t) € Ey there exists a ball B, ; such that z is its center,
t <rad B, and

41 f(y)

@(NB(NoB. 1) < cl(f,\) / ¢< = o0

x,t

)a(y)du. (2.16)

Now fix a ball By and consider the sets ByNEy and BoN{z : K(fdv)(z,0)
> A} = Bo n Eg

It is obvious that the latter set is contained in the former. For each
z € EY we set d(z) = sup{t : (z,t) € By N Ex}. It is easy to verify that
d(z) < 2rad Byg. For each z € By N EY there exist t, > %(:) such that
(z,t,) € Bo N Ex(Ny > 2); consequently, for (z,t,), (2.16) is valid.

As a result we have the following situation: for each @ € By N EY there
exists a ball B, with center at the point z such that rad B, > %?
(2.16) is fulfilled for B, = By ;.

If sup rad B, = oo, then, clearly, there exists a ball B; € {BJC}IGE%BO

2€BoNEY
such that Ey N EO C §1.

If suprad B, < oo, then, due to Lemma 2.4, from the family {Bm}erg N
By covering the bounded set E{ N By we can choose a sequence (B;) of
nonintersecting balls for which U;>1NoB; D EY N By and (2.16) holds.

It will be shown that (@) j>1 covers the set Iy N By. To this end we
prove that each (z,d(z)) € U;j>1NoBj. Indeed, if x is the center of some

and
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ball B;, then there is nothing to prove. Let x not be the center of Bj;
then by Lemma 2.4 for B, there exists a ball B; such that z € NoB; and
rad B < 2rad B;. Therefore d(z) < Nyorad B < 2Ngrad B; or, which is

—
0Ly

the same, (z,d(x)) € NoB
On account of the foregoing reasoning we can derive estimates

e(N)B{(z,t) € By : K(fdv)(x,t) > A} < Z P(N)BNoB; <

<Ny | zz}(iclng;)o(y)du <

<o [ o(*E et <

< (— | w(ﬁfj;gg)a(y)du)

which yield
0(3{(x,t) € By : K(fdv)(,1) > A}) <
< 9<C€_1<cl<pl(/\) /)(qp(ZLgl??Ef\)))U(x)dV)).

Taking into account ¢ € Ay and u~*t(u) |, from the latter estimate we
obtain the inequality

0(B{(x,t) € By : K(fdv)(z,t) > A}) <

= Ca9<971<cl<pl()\) /ﬂ(?nﬁii)”(@dy)) <
c f(x
=20 /;<¢(v7gxi)“(””>d”'

If we now assume that rad By tends to infinity, we obtain (1.6). O

Consider the case df = pdv®dy, where dq is the Dirac measure supported
at the origin and

k(z,y), t=0,
et = { g0 120

In that case due to Theorem 1.1 we have

Corollary 2.1. Let the functions ¢, n and v satisfy the conditions of
Theorem 1.1. It is further assumed that there exist positive € and c¢1 such
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that

/ ~<€g0(s)77(s) 6(0B(a,2Nor))

4 o(y) k(my))a(y)dy <

X\B(a,r)
c1p(s)0(0B(a, 2Nor))

forany s >0, r>0 and acX.
In that case there exists ca > 0 such that the inequality

o(N0(ofreX - /X k() f(y)du(y) > A}) <

Scz/XdJ(j;gg)J(x)du

holds for any X\ > 0 and any nonnegative measurable function f : X — R,

It is time to make some remarks. Taking a closer look at the proof of
Theorem 1.1, we readily find that if SB(x,r) is continuous with respect to
r for each x € X, the factor 2 in condition (1.5) can be omitted.

Moreover, if the space (X, d, u) possesses the Besicovitch property (con-
sisting in the fact that for every bounded set E any family {B(y,7(y))}wer
of balls contains a countable (or finite) subfamily {B,} = {B(Yn,"(yn)},
n€ N, such that E C UB,, and ) x5, <c, where xp, is the characteristic
function of the set B, ), then in Corollary 2.1 we can set Ny = 1.

Finally we remark that for p(A) = ¢(\) = AP, n =1, 0(u) = ui, X =R"
Corollary 2.1 becomes the particular case of Theorem 6.1.1 from [7], p. 171.

The proof of Theorem 1.2 rests on a number of lemmas.

Lemma 2.5. Let 6 be any increasing function, and let the kernel k sat-
isfy condition (1.7). If condition (1.6) is fulfilled, then there exists a constant
¢ > 0 such that for anya€ X, r > 0, t > 0, and any nonnegative measurable
function F: X —R! supp F C X\B(a,r) we have the inequality

P(K(Fdv)(a,t))8(BB(a, N(r +1))) <

se /X w(n(ic(;gg()a,t)))“(x)d”’

where N and ¢’ are the constants from condition (1.7).

(2.17)

Proof. Fix acX,r>0,t>0,and F : X — R! assuming that supp F' C
X\B(a,r). Inequality (2.17) is obtained if in (1.6) we set f = ¢'F and
A= K(Fdv)(a,t).

It is sufficient only to note that the inclusion

B(a,N(r+1t)) C {(z,7) : K({Fdv)(x,7) > K(Fdv)(a,t)}
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holds by virtue of condition (1.7). O

Lemma 2.6. Let ¢n and v be quasiconvex functions, and let k be a
nonnegative kernel. Then condition (2.17) with the constants ¢, ¢, and N
implies the existence of € and c1 such that the inequality

~ 1 o(\n(\) 0(BB(a, N(r +1)))
/ (=555 o)
X\B(a,r)

k(a,y,t) Jo(y)dv(y) <

< cipNO(BB(a, N(r +1) (2.18)
holds for any A >0, r>0,t>0, and a€ X.

Proof. Tt is obvious that (2.17) is fulfilled for o1 = 0 + 4, too, if & > 0.
Let a€ X, r>0,t>0, A > 0 be the fixed constants. Due to (1.8) it can
be assumed without loss of generality that the function 1 is convex. For
M > 0 we define the value

_ [ = e(n() 0(BB(a, N(r + 1))
1= [ 3(2% e D (at) ) )

where D = B(a, R)\B(a,r) N {y € X : k(a,y,t) < M}, R > r, while the
constant € will be appropriately chosen later.
We introduce the notation

allowing us to write

K(gdv)(a,1)
3 .

Our next step is to show that for sufficiently small €’s the value I is finite.

If limy . o IO 00, then zZ is finite everywhere and thus

» q,/;<EQP(A)/\77(A) 9(5B(a,15V(r + t)))M) / o1(2)dv < 0o

B(a,R)

I =o(\)0(BB(a, N(r +t))) (2.19)

for any € > 0.
Let now 9(t) < At, A > 0. Then from the condition (2.17) we obtain

p(K(Fdv)(a,))n(K(Fdv)(a, t))0(8B(a, N(r + 1)) <

< C/X F(x)o(x)dv. (2.20)
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Set
k(a,-,t)

g1 HL“‘.

From the definition of the norm in L it follows that there exists a
measurable set E C X\B(a,r), vE > 0 such that

l= HXX\B(a,T)

k(a,y,t) _ 1

_ > J—

o1(y) 2

for ye F.
Set in (2.20)
A

F = .
) = s X

Recall that a and ¢ are fixed. Obviously, K(Fdv)(a,t) = A and hence by
virtue of (2.20) we obtain the estimate

eMnA) 5 c a(y) 2c
x BB Nr+n)< g /E May )™ =T
which yields

pM)n(N)
N

where the constant does not depend on A, r, ¢, and a.
Thus we conclude that

I < 4(ec) / o1(y)dv.
B(a,r)

k(a,y,t)

(BB(a, N(r + )X x\B(ar) 1 () <c,

If now ¢ is so small that 1(ce) < oo, then the value I will be finite for
the respective ¢.
Now it will be shown that

I < bo(NO(BB(a, N(r + 1)) + cb/X

/

w(cn*‘é(;;) )Uldy, (2.21)

where the constants b, ¢ and ¢’ do not depend on A, r, and ¢.
Let a€ X and t > 0 be such that K(gdv)(a,t) < bA, where the constant
b is such that

pls)n(s) _elwn(u) (2.22)

for bs < u (see Lemma 2.1).
Then evidently (2.19) will yield

I < bp(\)O(BB(a, N(r +1))).
Let now K(gdv)(a,t) > bA.
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Using (2.22) and condition (2.17), from (2.19) we obtain the estimate

o) <7 N + 1) 0D

n(’C(ng)(a D) 068 (a, N(r + 1)) <

<ot n(A) /xw( (/C(gdu)(a,t))) 1(@)dv.

Since the function v is convex, estimating the right-hand part of the
latter inequality by means of (2.2) we conclude that

I< cb/X w(c;g(f\x)))al(sc)du.

Thus we have shown that inequality (2.21) is valid.
Rewrite (2.21) as

I < bp(N)O(BB(a, N(r+1))) +
, O(T5(y))
+cb/X w(c eﬁ)al(y)du. (2.23)

Let € be chosen so small that ¢’e < 1. Then, by virtue of the assumption
that the function v is convex and taking into account (2.3) and (2.4), from
(2.23) we have

A&m@w@WSwmmﬁwNwwm+
+cc'be /D U(Ts(y))o1(y)dv.

If € is so small that cc’be < 1, then the latter inequality implies

LﬂMWﬁMWSWWW@WMHWﬂ

Passing here to the limit when R — oo, M — oo, and § — 0, we obtain the
desired inequality (2.18). O

Lemma 2.7. Let the kernel k satisfy condition (1.7), and let inequality
(1.9) be fulfilled. Then (1.5) is valid.

Proof. Replace t by No(2r+t) in condition (1.9) and take into consideration
that by virtue of condition (1.7) we have

k(a,y,t) < c'k(a,y, No(2r +1))
for any ye X\B(a,r). O
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Proof of Theorem 2.2. The proof is accomplished by the diagram

(1.6) = (1.10)
f U
(1.9) <« (1.8)

By Lemma 2.5 (1.6) = (1.10). Then by Lemma 2.6 (1.10) = (1.8). When
r = 0, condition (1.8) yields (1.9). Next, by Lemma 2.7 we obtain (1.5).
Finally, using Theorem 1.1, we ascertain that the implication (1.5) = (1.6)
is valid. O

We make some remarks connected with the proof of Theorem 1.3. If
k(z,y,t) = k(z,y), dS = 0du®dy Lemmas 2.5 and 2.6 can be reformulated in
the respective manner. Further, proceeding from Corollary 2.1 and following
the proof of Theorem 2.2, we ascertain that Theorem 1.3 is valid.

3. CRITERIA OF GENERAL WEAK TYPE WEIGHTED INEQUALITIES IN
LORENTZ SPACES

Let (Y,v) be a space with a positive o-additive measure v. When 1 <
p < oo, 1<s< o0, the Lorentz space LP? is the space of all v-measurable
functions f for which || f||zrs(v,,) < 0o, where

lirevy = (5 [ Ay € Y2 100 > i tar)

if 1<p<oo, 1<s<o0,
and
1
[fllLesvy =supT({y €Y : [f(y)| > 7} if 1<p<oo, s=o0.

Ifl<p<oocandl<s<oo,orp=s=1,orp=s=o00,then LP*(Y,vr)
is a Banach space with norm equivalent to || - || rs(v,.)-

In the sequel X will denote a homogeneous type space, § a positive
measure given on the product of o-algebras generated by balls from X and
by intervals from [0, 00), and v a finite positive measure on X.

Theorem 3.1. Let 1 < s<p<q<oo, andletk : X x X x[0,00) — R!
be an arbitrarily chosen nonnegative kernel. In that case, if there exists a
number ¢; > 0 such that the inequality

k(a,-,t)

g

~ 1
(ﬁB(a, No(2r + t)) XX\ B(a,r) ||Lp’s’(x,adu) <a (3.1)
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holds for any a € X, r >0, t >0, then there exists a positive constant cg
such that

O{(z,t) € X x [0,00) : K(fdv)(z,t) > A} <
< ANy (32)

for any measurable nonnegative f : X — R and X > 0.

Theorem 3.2. Let 1 < s < p < q < oo, and let the kernel k satisfy
condition (1.7). Then the folowing statements are equivalent:

(1) (3.2) is fulfilled;
(ii) there exists a positive constant ¢ such that

N L k(av "y t)
(BB(a, (2r +1))* Ixx\san =l (xom < ¢

foranyae X, r>0, t>0;
(iil) there exists a number ¢ > 0 such that

k(a,-,t)

Q=

(8B(a, )" <o

H Lr's' (z,0dv)

The proofs of these theorems are accomplished in the manner described
in Section 2 using the technique from [7], Chapter 6, and we therefore leave
them out. Note that the solution of the two-weight problem in the sense of
[3] was previously derived in [19] in Lebesgue space for a fractional integral
over a homogenous type space.

4. GENERAL WEAK TYPE INEQUALITIES FOR CLASSICAL OPERATORS

In this section we discuss some specific examples for which the results of
the previous sections are valid.
Consider the kernel

k(z,y,t) = (uB(w,d(z,y) + 1)), §>0.
It is easy to verify that it satisfies condition (1.7). Let y € X\B(a,r)

and (z,7) € B(a, N(r +t)), where N is an arbitrary positive number. It is
sufficient to show the inclusion

B(z,d(z,y) + 7) C B(a,c(d(a,y) +1)).
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Indeed, assuming that z € B(z,d(x,y)+ 7), we obtain a chain of inequal-
ities
d(a,z) < ar(d(a,z) +d(z,2)) <a(N(r+t)+d(z,z)) <
<aN(r+1t)+ad(z,y) +a17 <3a 1 N(r+1t)+
+a3(d(z,a) + d(a,y)) < 3a1N(r +t) + alaod(a, ) +
+ajd(a,y) < (3a1 + aiag)N(r +t) + aid(a,y) <
< (3ay + afao) Nt + ((3a; + afag)N + ai)d(a,y) <
< ((3ay + aag)N + af)(d(a,y) +t).

Thus condition (1.7) is fulfilled. For such kernels we have Theorems 2.2
and 3.2 and hence we obtain the solution of the general weak type weight
problem in Orlicz and Lorentz spaces for classical operators such as Riesz
potentials, Poisson integrals, and others.

Let X = R", d a Euclidean distance, 1 a Lebesgue measure, and

f)
T, f(z,t) :/ ——————dy, 0<7y<n.
! re (lz—y[+ 1)
a generalized potential. Theorem 2.2 yields a solution of the general weak-
type weight problem for T, in Orlicz spaces. It was previously solved in
Lorentz space in [6] (see also [7], Theorem 6.5.1).
Now consider the Poisson integral in the upper half-space

Pf(x,y) = - f)P(z —y,t)dy,

where P(z,t) = c,t(t? + |x\2)*% is the Poisson kernel for R*'. The
criterion of a two-weight inequality of the weak type (p, q) was established
in [10]. From Theorem 2.2 we obtain

Corollary 4.1. Let pn and ¢ be quasiconvexr functions, 1 € As, and
let the function t~“0(t) decrease for some a € (0,1). Then the following
statements are equivalent:

(i) there exists a constant ¢y > 0 such that
1
pNO(B{(z,t) €R" x [0,00) : TP f(z,1) > A}) <

cl/nw(ﬁg)o(m)dy

for any X > 0 and any nonnegative measurable function f: R™ — R!;
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(ii) there exist positive constants € and cg such that

~ o(\)n(\) 0(BB(a,r + 1)) 1
/ ¢<g Y O’(y) E,P(a - Y t))‘j(y)dy <

R"\B(a,r)
< c2p(N0(BB(a. 7 +1))

forany A >0, aecR™, >0, t>0;
(iil) there exists positive constants € and cs such that

~ o(MNn(\) 0(BB(a,1)) 1
/nd’(g X o) ;P(a—y,t))a(y)dyg

< esp(N)0(8B(a, 1))
for any A >0, a€R™ and t > 0.

Let now X = [0,00), d a Euclidean distance, 1 a Lebesgue measure, and

|1 for x>y,
k(ac,y)—{o for =z <uy.

Then for the Hardy transform f +— fOI f(y)dv Theorem 2.3 yields the cri-
terion of validity of the weak-type inequality figuring in this theorem. This
criterion is written in the form

T = pM)n(N) B(e(x,0))
/01/)(5 A o(y)

)owdv < cp(N)0(elr, 50)).
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